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Preface

The purpose of this book is to bring together research on the question of how
to model the probability of ®nancial asset price returns. There is now a
consensus that conventional models that assume normality need to be
broadened to deal with such issues as tail probabilities, pricing derivatives and
outliers, to name some more obvious cases.
The ®rst chapter, by Bingham and Kiesel, discusses the modelling of stock
returns and interest rates using a family of stochastic processes called
hyperbolic LeÂvy processes. They demonstrate that such an approach can be
estimated empirically and applied to option pricing problems. Bond surveys
and discusses the use of asymmetric density functions in ®nance and their
usefulness in modelling conditional skewness. Lizieri and Ward present a
detailed investigation of UK commercial property returns. Hwang and
Satchell discuss how to build capital asset pricing models when the data is nonnormal and described by coecients of skewness and kurtosis. They apply this
methodology to emerging markets data. Rogers, Satchell and Yoon present an
analysis of returns when conditioned in various ways on volume. By changing
clocks from Newtonian time to volume time they ®nd that seemingly nonnormal data is, in eect, normal. This work was completed some years ago but
is being published in this volume as, recently, other scholars seem to be
discovering this result afresh. Jun Yu presents a chapter that addresses issues
of hypothesis testing for asset returns. In particular his test procedure allows
one to discriminate between ®nite and in®nite variance distributions. Jiang
presents an analysis of option pricing when the underlying asset return process
is both predictable and discontinuous. This extends existing results in this
literature and emphasizes how the properties of the underlying process can
in¯uence the options price. In a similar vein, Knight, Satchell and Wang
investigate the impact of dierent distributional assumptions on the future
option prices and Value-at-Risk calculations. Knight and Satchell discuss the
pricing of options when the values of skewness and kurtosis of returns are
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known to the investigator. Finally, Fritsche computes distributional results for
moving average trading rules under dierent distributional assumptions.
Taken together, these ten chapters should communicate to the reader the
importance of distributional assumptions for ®nancial modellers and the wide
variety of applications available to those wishing to undertake research in this
area.
John Knight and Stephen Satchell
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Chapter 1
Modelling asset returns with
hyperbolic distributions
N.H. BINGHAM AND RUÈDIGER KIESEL

ABSTRACT
In this chapter we discuss applications of the hyperbolic distributions in
®nancial modelling. In particular we discuss approaches to model
stock returns and interest rates using a modelling based on hyperbolic
LeÂvy processes. We consider the structure of the hyperbolic model, its
incompleteness, choice of equivalent martingale measure, option
pricing and hedging, and Value-at-Risk. We also give some empirical
studies ®tting the model to real data. The moral of this survey is simply
this: if one wants a model that goes beyond the benchmark Black±
Scholes model, but not as far as the complications of, say, stochasticvolatility models, the hyperbolic model is a good candidate for the
model of ®rst choice.

1.1

INTRODUCTION

The benchmark theory of mathematical ®nance is the Black±Scholes theory,
based on the Wiener process in the continuous-time setting or appropriate
discrete-time versions such as binomial trees. This has the virtues of being
mathematically tractable and well known, but the equally well-known
drawback of not corresponding to reality. Consequently, much work has
been done on attempts to generalize the Wiener-based Black±Scholes theory
to more complicated models chosen to provide a better ®t to empirical data,
preferably with a satisfactory theoretical basis also. We focus here on models
including the hyperbolic distributions. This family has been used to model
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®nancial data by several authors, including Eberlein and Keller (1995) and
Bibby and Sùrensen (1997); much of the underlying work derives from the
Danish school of Barndor-Nielsen and co-workers.
We mention brie¯y various other approaches to generalizations of the
Wiener-based Black±Scholes theory. One of the more immediately apparent
de®ciencies of the Black±Scholes model is the tail behaviour: most ®nancial
data exhibit thicker tails than the faster-than-exponentially decreasing tails of
the normal distribution. Replacement of the normal law by a stable
distribution, whose tails decrease much more slowly ± like a power xÿ ± is
an idea dating back to Mandelbrot's work in the 1960s; for a recent textbook
synthesis of this line of work see Mandelbrot (1997). However, it is nowadays
recognized that the tails of most ®nancial time series have to be modelled with
> 2 (see Pagan, 1996), while stable distributions correspond to 2 0; 2.
In addition, stochastic volatility models and ARCH and GARCH models
from time series have been used, e.g. by Hull and White (1987) and by Duan
(1995); overviews are given in Frey (1997), Ghysels et al. (1996) and Hobson
(1998).
We turn in Section 1.2 below to a description of the hyperbolic distribution
and theory used in modelling ®nancial data. The principal complication is that
hyperbolic-based models of ®nancial markets are incomplete (stochastic
volatility models share this drawback; for a recent alternative approach see
Rogers (1997)). Consequently, equivalent martingale measures are no longer
unique, and we thus face the question of choosing an appropriate equivalent
martingale measure for pricing purposes. We consider the relevant theory in
Section 1.3. We discuss option pricing, hedging and Value at Risk (VaR) in the
framework of a case study in Section 1.4.
1.2

HYPERBOLIC MODELS OF FINANCIAL MARKETS AND
HYPERBOLIC LEÂVY MOTION

We begin with the basic stochastic dierential equation (SDE) of Black±
Scholes theory for the price process S  St ,
dSt  St dt  dWt 

1:1

where  is the drift (mean growth rate),  the volatility, and W  Wt  ± the
driving noise process ± a Wiener process or Brownian motion. The solution of
the SDE (1) is
St  S0 expf  ÿ 2 =2t  Wt g

1:2

the stochastic exponential of the drifting Brownian motion dt  dWt . For
proof and references see e.g. Bingham and Kiesel (1998, §5.6.1).

Modelling asset returns with hyperbolic distributions

3

Now the driving noise process W is a LeÂvy process ± a stochastic process
with stationary independent increments (for a monograph treatment of LeÂvy
processes see Bertoin, 1996). Stationarity is a sensible assumption ± at least for
modelling markets in equilibrium on not too large a timescale ± and although
the independent increment assumption is certainly open to question, it is
reasonable to a ®rst approximation, which is all we attempt here. What singles
out the Wiener process W among LeÂvy processes is path-continuity. Now the
driving noise represents the net eect of the random bueting of the
multiplicity of factors at work in the economic environment, and one would
expect that, analysed closely, this would be discontinuous, as the individual
`shocks' ± pieces of price-sensitive information ± arrive. (Indeed, price
processes themselves are discontinuous looked at closely enough: in addition
to the discrete shocks, one has discreteness of monetary values and the eect
on supply and demand of individual transactions.)
One is thus led to consider a SDE for the price process Y  Yt  of the
form
dYt  bYtÿ dt  Ytÿ dZt

1:3

with Z  Zt  a suitable driving LeÂvy process. Now a LeÂvy process, or its law,
is characterized via the LeÂvy±Khintchine formula by a drift a, the variance 
of any Gaussian (Wiener, Brownian) component, and a jump measure d.
Since the form of d is constrained only by integrability restrictions, such a
model would be non-parametric. While the modelling ¯exibility of such an
approach, coupled with the theoretical power of modern non-parametric
statistics, raises interesting possibilities, these would take us far beyond our
modest scope here. We are led to seek suitable parametric families of LeÂvy
processes, ¯exible enough to provide realistic models and tractable enough to
allow empirical estimation of parameters from actual ®nancial data. We refer
to Chan (1999) for a thorough theoretical analysis of models of price processes
with driving noise a general LeÂvy process.
One such family has been mentioned in Section 1.1: the stable process.
There are four parameters, corresponding to location and scale (the two `type'
parameters one must expect in a statistical model), plus two `shape'
parameters, (governing tail decay: 0 < < 2, with  2 giving Brownian
motion) and , a skewness or asymmetry parameter. Our concern here is the
hyperbolic family, again a four-parameter family with two type and two
shape parameters. Recall that, for normal (Gaussian) distributions, the logdensity is quadratic ± that is, parabolic ± and the tails are very thin. The
hyperbolic family is speci®ed by taking the log-density instead to be
hyperbolic, and this leads to thicker tails as desired (but not as thick as for
the stable family).
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Before turning to the speci®cs of notation, parameterization, etc., we
comment brie¯y on the origin and scope of the hyperbolic distributions. Both
the de®nition and the bulk of applications stem from Barndor-Nielsen and
co-workers. Thus Barndo-Nielsen (1977) contains the de®nition and an
application to the distribution function of particle size in a medium such as
sand (see also Barndo-Nielsen et al., 1985). Later, in Barndo-Nielsen et al.
(1985), hyperbolic distribution functions are used to model turbulence. Now
the phenomenon of atmospheric turbulence may be regarded as a mechanism
whereby energy, when present in localized excess on one volume scale in air,
cascades downwards to smaller and smaller scales (note the analogy to the
decay of larger particles into increasingly smaller ones in the sand studies).
Barndor-Nielsen had the acute insight that this `energy cascade eect' might
be paralleled in the `information cascade eect', whereby price-sensitive
information originates in, say, a global news¯ash, and trickles down through
national and local level to increasingly smaller units of the economic and
social environment. This insight is acknowledged by Eberlein and Keller
(1995) (see also Eberlein et al., 1998; Eberlein and Raible, 1998), who
introduced hyperbolic distribution functions into ®nance and gave detailed
empirical studies of its use to model ®nancial data, particularly daily stock
returns. Further and related studies are Bibby and Sùrensen (1997), Chan
(1999), Eberlein and Jacob (1997), KuÈchler et al. (1994) and Rydberg (1996,
1999).
To return to the LeÂvy process, recall (see e.g. Bertoin, 1996) that the sample
path of a LeÂvy process Z  Zt  can be decomposed into a drift term bt, a
Gaussian or Wiener term, and a pure jump function. This jump component
has ®nitely or in®nitely many jumps in each time interval, almost surely,
according to whether the LeÂvy or jump measure is ®nite or in®nite. Of course,
the latter case is unrealistic in detail ± but so are all models. It is, however,
better adapted to modelling most ®nancial data than the former. There, the
in¯uence of individual jumps is visible, indeed predominates, and we are in
eect modelling shocks. This is appropriate for phenomena such as stock
market crashes, or markets dominated by `big players', where individual
trades shift prices. To model the everyday movement of ordinary quoted
stocks under the market pressure of many agents, an in®nite measure is
appropriate. Incidentally, a penetrating study of the mechanism whereby the
actions of economic agents are translated into market forces and price
movements has recently been given by Peskir and Shorish (1999).
We need some background on Bessel functions (see Watson, 1944). Recall
the Bessel functions J of the ®rst kind (Watson, 1944, §3.11), Y of the second
kind (Watson, 1944, §3.53), and K (Watson, 1944, § 3.7), there called a Bessel
function with imaginary argument or Macdonald function, nowadays usually
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called a Bessel function of the third kind. From the integral representation


Z
1 1 ÿ1
1
1:4
u exp ÿ x u  1=u du x > 0
K x 
2 0
2
(Watson, 1944, §6.23) one sees that
f x 

1

=2 ÿ1
1
p x
exp ÿ
2
2K  

x  =x



x > 0

1:5

is a probability density function. The corresponding law is called the
generalized inverse Gaussian GIG; ; ; the inverse Gaussian is the case
  1: IG;  GIG1; ; . These laws were introduced by Good (1953); for a
monograph treatment of their statistical properties, see Jùrgensen (1982), and
for their role in models of ®nancial markets, (Shiryaev, 1999, III, 1.d).
Now consider a Gaussian (normal) law N   2 ; 2  where the parameter
2
 is random and is sampled from GIG1; ; . The resulting law is a meanvariance mixture of normal laws, the mixing law being generalized inverse
Gaussian. It is written IE2 N   2 ; 2 ; it has a density of the form
p
 q
2ÿ 2
p exp ÿ
2  x ÿ 2 
2
2
2 K1 
ÿ 

x ÿ 



1:6

(Barndor-Nielsen, 1977), where 2   2 and 2  . Just as the
Gaussian law has log-density a quadratic ± or parabolic ± function, so this
law has log-density a hyperbolic function. It is accordingly called a hyperbolic
distribution. Various parameterizations are possible. Here  is a location and 
a scale parameter, while > 0 and 0  j j <  are shape parameters. One
may pass from ;  to ;  via
   =2;

  ÿ =2; so  

2

ÿ

2

and then to ;  via
  1

p ÿ1

ÿ

  2;  


This parameterization (in which  and  correspond to the classical shape
parameters of skewness and kurtosis) has the advantage of being ane
invariant (invariant under changes of location and scale). The range of ;  is
the interior of a triangle
r  f ;  : 0  jj <  < 1g
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χ
Figure 1.1 Shape triangle

called the shape traingle (see Figure 1.1). It suces for our purpose to restrict
to the centred (  0) symmetric (  0, or   0) case, giving the twoparameter family of densities (writing   ÿ2 ÿ 1)
( r)
x2
1
exp ÿ 1 
; ;  > 0:
1:7
hyp; x 
2K1 

1.2.1

In®nite divisibility

Recall (Feller, 1971, XIII,7, Theorem 1) that a function ! is the Laplace
transform of an in®nitely divisible probability law on IR i !  eÿ , where
0  0 and has a completely monotone derivative (that is, the derivatives
of 0 alternate in sign). Grosswald (1976) showed that if
Q x : Kÿ1

p p
p
x= xK x

  0; x > 0

then Q is completely monotone. Hence Barndor-Nielsen and Halgreen
(1977) showed that the generalized inverse Gaussian laws GIG are in®nitely
divisible. Now the GIG are the mixing laws giving rise to the hyperbolic laws as
normal mean-variance mixtures. This transfers in®nite divisibility (see e.g.
Kelker, 1971; Keilson and Steutel, 1974, §§1,2), so the hyperbolic laws are
in®nite divisible.
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Characteristic functions

The mixture representation transfers to characteristic functions on taking the
Fourier transform. It gives the characteristic function of hyp; as
p
 2   2 u2
K
1

p :
1:8
 u   u; ;  
K1 
 2   2 u2
If  u is the characteristic function of Z1 in the corresponding LeÂvy process
Z  Zt , that of Zt is t  t . The mixture representation of hyp; gives
t u  expftk 12u2 g
where k : is the cumulant generating function of the law IG,
ÿ

IE eÿsY  ek s

where Y has law IG ; (recall   2 , and Grosswald's result above is
Z 1
q xdx= x  t
Q t 
0

where
q  2= 2 x J2

p
p
x  Y x2  > 0

x > 0

(thus Q is a Stieltjes transform, or iterated Laplace transform; Widder, 1941,
VIII). Using this and the LeÂvy±Khintchine formula Eberlein and Keller (1995)
obtained the density  x of the LeÂvy measure  dx of Z as

q
Z 1 exp ÿjxj 2y  =2
1
expfÿjxj=g
ÿ 2 p
p  dy 
y
1:9
 x  2
2
 jxj 0 y J1  2y  Y1  2y
jxj
and then

t u  expftK 12u2 g; K 12u2  

Z

1ÿ

ÿ1

Now (Watson, 1944, §7.21)


p
1
1
J x  2=x cos x ÿ  ÿ 
2
4


p
1
1
Y x  2=x sin x ÿ  ÿ 
2
4


eiux ÿ 1 ÿ iux  xdx :

x ! 1
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So the denominator in the integral in equation (1.9) is asymptotic to a multiple
1
of y2 as y ! 1. The asymptotics of the p
integral
as x # 0 are determined by that

of the integral as y ! 1, and (writing 2y  =2 as t, say) this can be read
o from the Hardy±Littlewood±Karamata theorem for Laplace transforms
(Feller, 1971, XIII.5, Theorem 2, or Bingham et al., 1987, Theorem 1.7.1). We
see that  x  c=x2 ; x # 0 for c a constant. In particular the LeÂvy measure is
in®nite, as required.
1.2.3

From driving noise to asset returns

Returning to the SDE (1.3), with driving noise a hyperbolic LeÂvy process Z as
above, the solution is given by the stochastic exponential
Yÿ


;
1  Z; s eÿZ s
1:10
Y t  Y 0 exp Z ; t  t
0<st

(here the quadratic variation Zt is just
X
Zs 2
st

with no continuous component, as Z is a pure jump process). Passing to
logarithms to pass from prices to returns, one obtains two terms, the
hyperbolic term Zt  t and the sum-of-jumps term. To ®rst order, this is
P
2
st Zs  . Now since the LeÂvy measure is in®nite, small jumps predominate, and these become second order eects when squared, so negligible. Thus
to a ®rst approximation, the return process is hyperbolic.
1.2.4

Tails and shape

The classic empirical studies of Bagnold (1941) and Bagnold and BarndorNielsen (1979) reveal the characteristic pattern that, when log-density is
plotted against log-size of particle, one obtains a unimodal curve approaching
linear asymptotics at 1. Now the simplest such curve is the hyperbola,
which contains four parameters: location of the mode, the slopes of the
asymptotics, and curvature near the mode (the modal height is absorbed by
the density normalisation). This is the empirical basis for the hyperbolic laws
in particle-size studies. Following Barndor-Nielsen's suggested analogy, a
similar pattern was sought, and found, in ®nancial data, with log-density
plotted against log-price. Studies by Eberlein and co-workers (1995, 1998),
Bibby and Sùrensen (1997), Rydberg (1997, 1999) and other authors show that
hyperbolic densities provide a good ®t for a range of ®nancial data, not only in
the tails but throughout the distribution. The hyperbolic tails are log-linear:
much fatter than normal tails but much thinner than stable ones.
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Hyperbolic diusion model

We pointed out that the weakness of the hyperbolic LeÂvy process model lies in
the independent-increments assumption. This is avoided in the hyperbolic
diusion model of Bibby and Sùrensen (1997). They use a stochastic volatility
v Xs , where dXt  v Xt dWt . For v2 : log-hyperbolic, this gives rise to an
ergodic diusion, whose invariant distribution is hyperbolic. See Bibby and
Sùrensen (1997), §2 for the model, §3 for its ®t to real ®nancial data and §4 for
option pricing.
1.3

EQUIVALENT MARTINGALE MEASURE

As in the other non-normality approaches mentioned above the drawback of
the model is that the underlying stochastic model of the ®nancial market
becomes incomplete. We thus face the question of choosing an appropriate
equivalent martingale measure for pricing purposes. We outline here two
approaches to determining an equivalent martingale measure: the risk-neutral
Esscher measure and the minimal martingale measure.
1.3.1

General LeÂvy process-based ®nancial market model

Recall our LeÂvy process-based model of a ®nancial price process:
dYt  bYtÿ dt  Ytÿ dZt

1:3

with Z  Zt  a suitable driving LeÂvy process on a probability space
; F ; IF; IP. The characteristic function takes the form
IE expfiZt g  expfÿt
with

g

the LeÂvy exponent of Z. The LeÂvy±Khintchine formula implies
Z
ÿ

c2 2
1 ÿ eÿix ÿ ix  dx
    i  
2
fjxj<1g
Z
ÿ

1 ÿ eÿix  dx

fjxj1g

with ; c 2 IR and  a -®nite measure on IRnf0g satisfying
Z
minf1; x2 g dx < 1:
 is called the LeÂvy measure.
From the LeÂvy±Khintchine formula we deduce the LeÂvy decomposition of
Z, which says that Z must be a linear combination of a standard Brownian

10
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motion W and a pure jump process X independent of W (a process is a pure
P
jump process if its quadratic variation is simply hX i  0<st X2 ). We
write
Zt  cWt  Xt :

1:11

Under further assumptions on Zt we can ®nd a LeÂvy decomposition of X (for
details see Chan, 1999, §2 or Shiryaev, 1999, III §1b and VII §3c). This leads to
the decomposition
Zt  cWt  Mt  at

1:12

where Mt is a martingale with M0  0 and a  IE X1 . We shall assume the
existence of such a decomposition (1.12). Then we can restate equation (1.3) as
dYt  a  bYtÿ dt  Ytÿ cdWt  dMt 

1:13

where the coecients b and  are constants (though one can generalize to
deterministic functions). Now equation (1.13) has an explicit solution
Yt  Y0 exp


Z

Y

0<st

0

t

cdWs 

Z

t
0

dMs 

 
Z t
2 c2
ds
a  b ÿ
2
0

1  Ms  expfÿMs g :

In order to ensure that Yt  0 for all t almost surely, we need Mt  ÿ1 for
all t. A sucient condition is that the jumps of X should be suitably bounded
from below.
We also introduce the (locally) risk-free bank account (short rate) process Bt
with
dBt  rt Bt dt

1:14

with rt a suitable process.
1.3.2

Existence of equivalent martingale measures

To characterize equivalent martingale measures Q
Q under which discounted
price processes S~t  St =Bt are (local) Ft -martingales, we rely on Girsanov's
theorem for semi-martingales. (See Jacod and Shiryaev, 1987, III §3d, for a
thorough treatment, or Shiryaev, 1999, VII §3g for a textbook summary.
BuÈhlmann et al. (1998a) provide a discussion geared towards ®nancial
applications.) We follow the exposition in Chan (1999), to which we refer for

Modelling asset returns with hyperbolic distributions
technical details. De®ne a process Lt as
Z t
Z tZ
Lt  1 
Gs Lsÿ dBs 
Lsÿ H s; x ÿ 1M ds; dx
0

0

11

1:15

IR

with functions G and H satisfying certain regularity conditions. Then
Theorem 1. Assume Q
Q is absolutely continuous with respect to IP on FT , and
dQ
Q
dIP

Ft

 Lt

with IE LT   1. Under Q
Q the process
Z t
~ t  Wt ÿ
Gs ds
W
0

is a standard Brownian motion and the process X is a quadratic pure jump
process with compensator measure given by
~ dt; dx  dt~
t dx
where
~t dx  H t; x dx
and the previsible part is given by
Z tZ
x H s; x ÿ 1 dxds:
a~t  IEQQ Xt   at 
0

Using Theorem 1 we can write the discounted process S~ in terms of the Q
Q
~ and the Q
~ and read o a necessary and
martingale M
Q Brownian motion W
sucient condition for S~ to be a Q
Q martingale:
Z
1:16
ct Gt  at  bt ÿ rt  s x H s; x ÿ 1 dx  0:
Since the martingale condition (1.16) does not specify the functions G and H
uniquely, we have an in®nite number of equivalent martingale measures, i.e.
the market model is incomplete. We hence face the problem of choosing a
particular martingale measure for pricing (and hedging) contingent claims.
1.3.3

Choice of an equivalent martingale measure

We brie¯y discuss two widely used approaches (for an overview see Bingham
and Kiesel 1998, Chapter 7).

12
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Minimal martingale measure
Consider the problem of hedging a contingent claim H with maturity T
(modelled as a bounded FT -measurable random variable) in an incomplete
®nancial market model. Under an equivalent martingale measure Q
Q we only
can obtain a representation of the form
Z T
~
t d S~t  LT
H  H0 
0

where Lt  is a square-integrable martingale orthogonal to the martingale part
of S~ under IP.  corresponds to a trading strategy which would reduce the
remaining risk to the intrinsic component of the contingent claim. Therefore
we try to ®nd a martingale measure that allows for such a decomposition and
preserves orthogonality. Such a measure is called minimal martingale
measure.
Esscher transforms
The idea here is to de®ne equivalent measures via
 Z t

Z t
dIP
s ds
s Zs ds 
 exp ÿ
dIP F t
0
0

1:17

where
  ÿ log IE exp ÿZ1  is the LeÂvy exponent of Z given by
equation (1.3). One then has to choose s to satisfy the martingale conditions.
The use of Esscher transforms as a technical tool has a long history in actuarial
sciences. Gerber and Shiu (1995) were the ®rst to introduce it systematically to
option pricing. Chan (1999) provides an interpretation of it in terms of entropy
± the measure IP encapsulates information about market behaviour, then
pricing by Esscher transforms amounts to choosing the equivalent martingale
measure which is closest to IP in terms of information content. Equilibriumbased justi®cations have been given in BuÈhlmann et al. (1998b) and Gerber
and Shiu (1995). Further background information can be found in Chan
(1999), Bingham and Kiesel (1998, §7.3) and Shiryaev (1999, VII §3c).
We outline an approach suggested by Rogers (1998) (for a general
discussion of optimal consumption/investment problems see Karatzas and
Shreve, 1991, and Korn 1997). Consider a ®nancial market de®ned as in
Section 1.3.1 with a discount process
t  eÿt ,  > 0 a constant and
introduce a representative agent with a utility function U. Suppose that the
wealth process of the investor satis®es


dYt
dXt  rXt dt  t
ÿ rdt ÿ Ct dt
1:18
Ytÿ
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with t  resp. Ct  the portfolio resp. consumption process of the investor.
The return process dYt =Ytÿ is given as in equation (1.3) with a suitable driving
LeÂvy process. The investor wishes to maximize
Z 1

IE
expfÿtgU Ct dt :
1:19
0

We specialize to a utility function U x  ÿ ÿ1 eÿ x and solve the investors
optimization problem following the standard Hamilton±Jacobi±Bellman
approach (see Karatzas and Shreve, 1991, §5.8, or Korn, 1997). This leads
to an optimal consumption process Ct (and an optimal portfolio process  ).
Now the equivalent martingale measure is given by
eÿrt

dQ
Q
 eÿrt Lt / eÿt U 0 Ct 
dIP yt

1:20

Solving equation (1.20) leads to
Lt  expfÿ Zt 

 tg

with an optimal parameter  , which is exactly of the form (1.17).
1.4

CASE STUDY

1.4.1

Fitting the hyperbolic distribution

It is well known that the normal distribution ®ts stock returns poorly. In this
section we compare the normal ®t with the ®t obtained by using the hyperbolic
distribution (similar studies are contained in Eberlein and Keller, 1995, and
Rydberg, 1999). As an example we consider daily BMW returns during the
period September 1992±July 1996, i.e. a total of 1000 data points. We ®t the
normal distribution using the standard estimators for mean and variance. To
estimate the parameters of the hyperbolic distribution we use a computer
program described in Blaesild and Sùrensen (1992). Under the assumptions of
independence and identical distribution a maximum likelihood analysis is
performed. The maximum likelihood estimates of the parameters are
^  89:72
^  0:0009

^  4:7184
^  ÿ0:0015

Figure 1.2 shows the corresponding empirical density, the normal density and
the hyperbolic density.
Figure 1.2 indicates there is more mass around the origin and in the tails
than the normal distribution suggests and that ®tting returns to a hyperbolic
distribution is to be preferred. The same conclusion is made even more clearly
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Figure 1.2 Density plots

in the wider range of empirical studies, and the accompanying density plots,
given by Eberlein and Keller (1995).
1.4.2

Constructing the hyperbolic LeÂvy motion

Given the empirical ®ndings in Section 1.4.1 it is natural to concentrate now
on the symmetric centred case, i.e. set    0. This leads to modelling the
stock-price process by (10) (i.e. equation (1.3) with driving noise a hyperbolic
LeÂvy process). As mentioned above, the return process so generated is
hyperbolic to a ®rst approximation. To generate exactly hyperbolic returns
along time intervals of length 1 Eberlein and Keller (1995) suggest writing
S t  S 0 expfZ ; tg

1:21

as a model for stock prices, and we shall work with this model in what follows.
1.4.3

The risk-neutral Esscher measure

To price contingent claims in the hyperbolic LeÂvy model we use Esscher
transforms, which are de®ned via equation (1.17). Now in our model (1.21) the
function  : in equation (1.17) reduces to a constant. Therefore de®ning the
moment-generating function of Z ; t as
h ; i
1:22
M ; t  IE eZ t
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the Esscher transforms are de®ned by
n ;
o
L t  eZ t M ; 1ÿt
t0
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1:23

(observe that L is a positive martingale). According to equation (1.17) we
de®ne equivalent measures via
dIP
dIP

Ft

 L t

and call IP the Esscher measure of parameter .
The risk-neutral Esscher measure is the Esscher measure of parameter
   such that the process
feÿrt S tgt0

1:24

is a martingale (with r the daily interest rate). From the martingale condition
IE eÿrt S t;    S 0
we ®nd
er 

M 1   ; 1
M  ; 1

from which the parameter  is uniquely determined. Indeed, since the
moment-generating function M ; u; 1 is
p
 K1 2 ÿ 2 u2 

;
p ; juj <
M u; 1 
2
2
2
K1 

 ÿ u
we have

2 q3
"
#
K
2 ÿ 2   12
2
2
2
7 1
6 1

ÿ



1
p 7
:
r  log6
5 ÿ 2 log
4
 2 ÿ  2 2
 2 ÿ  2 2
K1

1:25

Given the daily interest rate r and the parameters ;  equation (1.25) can be
solved by numerical methods for the martingale parameter  .
1.4.4

Option pricing

A useful tool for option pricing in the hyperbolic model (1.21) (and indeed any
model of type S t  S 0expfX tg with X t a process with independent and
stationary increments) is the following (compare Gerber and Shiu, 1995)
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Lemma 2 (Factorization formula). Let g be a measurable function and h; k and t
be real numbers,   0, then
h
i
h
i
IE S tk g S t;  IE S tk ; h IE g S t; k  h:
1:26

We now value a European call with maturity T and strike K in the
hyperbolic model, that is, we assume that the underlying S t has price
dynamics given by equation (1.21). By the risk-neutral valuation principle we
have to calculate




IE eÿrT S T ÿ K ;   IE eÿrT S T ÿ K1fS T>Kg ; 

 


 eÿrT IE S T1fS T>Kg ;  ÿ KIE K1fS T>Kg ; 
To evaluate the ®rst term we apply the factorization formula with
k  1; h   and g x  1fx>Kg and get




IE S T1fS T>Kg ;   IE S T;  IE 1fS T>Kg ;   1


 IE eÿrT S T;  erT IPS T > K;   1
 S 0erT IPS T > K;   1

where we used the martingale property of eÿrt S t under the risk-neutral
Esscher measure for the last step. Now the pricing formula for the European
call becomes
S 0IPS T > K;   1 ÿ eÿrT KIPS T > K;  

1:27

We now can use formula (1.27) to compute the value of a European call with
strike K and maturity T. Denote the density of L Z ; t by ft ; (compare
equation (1.5) for the exact form). Then
Z 1
 ÿrT
 
ST ÿ K ;   S 0
fT; x;   1dx
E e
c
Z 1
ÿrT
ÿe K
fT; x;  dx
1:28
c

where c  log K=S 0:
Eberlein and co-authors (1995, 1998) compare option prices obtained from
the Black±Scholes model and prices found using the hyperbolic model with
market prices. They ®nd that the hyperbolic model provides very accurate
prices and a reduction of the smile eect observed in the Black±Scholes
model.
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Risk management: hedging and Value-at-Risk

We consider hedging ®rst, and focus on computing the standard hedge
parameters, i.e. the so-called greeks. It is relatively easy to compute the delta of
the European call C using formula (1.28). Now
Z 1
dC
K


fT; x;   1dx ÿ fT; c;   1  eÿrT fT; c;  
dS
S
c
Consider the last two terms. Using subsequently the de®nition of fT; :; : and
 we get
ÿfT; c;   1  eÿrT KS fT; c;  
ec  1 fT; c


 ÿ

M   1T

 0:

K ec fT; c
S M  T


K ec fT; c
ec fT; c
ÿrT K

e
S M   1T
S eÿrT M   1T


 ÿ

 eÿrT



So we end up with the simple expression
Z 1

fT; x;   1dx
c

Other sensitivity parameters can be computed in a similar fashion; however, as
above the evaluation has to be done numerically.
We study aspects of risk-management in terms of Value-at-Risk in a simple
linear position in the underlying asset. We compare a normal ®t and a full
hyperbolic ®t with a tail approximation via Extreme-Value theory. In
particular, to compute high quantiles we use the Peak-over-Threshold
method, which is outlined in Embrechts et al. (1997, §6.5). (A detailed study
using the POT method has been done by McNeil, 1998.) As may be seen from
Table 1.1, the EVT quantiles obtained using Extreme-Value theory are more
accurate than either the normal or hyperbolic quantiles. This is to be expected:
Extreme-Value methods, being speci®cally designed for the tails, outperform
other methods there. By contrast, the hyperbolic approach is designed to give a
reasonable ®t throughout, and in particular a better ®t overall than the
normal.
1.5

CONCLUSION

The hyperbolic model has a good case to be regarded as the model of ®rst
choice in any situation where the benchmark normal, or Black±Scholes, model
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Table 1.1 Comparison of quantiles

Quantile
%

Empirical

Normal

Hyperbolic

EVT

0.1
0.5
1
5
95
99
99.5
99.9

ÿ0.04743
ÿ0.03490
ÿ0.03004
ÿ0.01873
0.01863
0.03137
0.03541
0.06861

ÿ0.03670
ÿ0.03051
ÿ0.02751
ÿ0.01931
0.02028
0.02848
0.03148
0.03767

ÿ0.06257
ÿ0.04927
ÿ0.04138
ÿ0.02543
0.02626
0.045302
0.053259
0.069521

ÿ0.05388
ÿ0.04180
ÿ0.03655
ÿ0.02430
0.01863
0.03140
0.03894
0.06332

is found inadequate. It has a sound theoretical basis, the independentincrements assumption being the one most open to question. Also, in its fourand two-parameter forms, it has a suitable set of readily interpretable
parameters. Thanks to the already developed software (Blaesild and Sùrensen,
1992), ®tting the model empirically to actual data is quick and convenient. It
gives a reasonable ®t throughout, but is outperformed by methods based on
Extreme-Value theory in the tails. (More examples can be found on the website
of the Freiburg Center for Data Analysis and Modelling, http://www.fdm.unifreiburg.de/UK/).
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Chapter 2
A review of asymmetric conditional
density functions in autoregressive
conditional heteroscedasticity models
SHAUN A. BOND

ABSTRACT
This chapter provides a review of the use of asymmetric density
functions in models of Autoregressive Conditional Heteroscedasticity.
Recent ®ndings on the presence of skewness in ®nancial returns are
reviewed, and four parametric approaches to capturing skewness in
the conditional density function are evaluated. Using data on small
company returns in the UK, the skewed t model proposed by Hansen
(1994) is found to perform well. The chapter ends with a discussion on
the merit of attempting to capture skewness in ®nancial returns.

2.1

INTRODUCTION

Are the returns of ®nancial assets skewed? Such a question is not easily
answered and indeed, it is likely that the answer will be highly dependent on
the speci®c asset or class of assets examined. However, it is clear that it is a
question that is worthwhile asking, as skewness in the returns process may
have implications for asset pricing (Harvey and Siddique, 2000), portfolio
construction (Kraus and Litzenberger, 1976; Markowitz, 1991) and risk
management. In order to investigate this issue, one could begin by
approaching the problem from a theoretical viewpoint, and examine economic
models which may generate skewed outcomes under particular assumptions
about, for example, elements of market microstructure or particular forms of
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institutional restrictions/incentives faced by rational agents (see, for instance,
Aggarwal and Rao, 1990 or Blazenko, 1996). Alternatively the question could
be tackled in a purely empirical way by, for example, calculating a sample
skewness measure from market returns and assessing its signi®cance. The
latter, statistical based, approach has been applied much more frequently than
the former in addressing the question of skewness in asset returns, although
little consensus about the original question emerges from this body of
literature (such as Simkowitz and Beedles, 1980; Badrinath and Chatterjee,
1988; Bekaert et al., 1998; PeiroÂ, 1999).
The statistical approach will be the focus of this chapter, though not so
much as an attempt to prove or disprove whether returns are skewed, but more
so to provide a review of dynamic models which allow for asymmetry in the
conditional distribution of a stochastic process. Hence, the issue that is really
under review is not whether returns exhibit skewness, but if there is skewness in
returns what would be an appropriate model to capture that feature of the
data. Naturally any review or comparison of models will be limited in scope
and this chapter is no exception to that. The coverage of the models in this
chapter is restricted to only considering discrete time generalized autoregressive conditional heteroscedasticity (GARCH) processes with asymmetric conditional distributions captured by known parametric forms. Hence,
there is no discussion of asymmetry in stochastic volatility models. This is
partly justi®ed on the basis that GARCH models are still widely employed by
both academics and practitioners in ®nancial markets and also that the
estimation technology required for asymmetric GARCH models is less
demanding than a similarly speci®ed stochastic volatility model. In addition,
as the attention of this chapter is primarily on the distributions themselves, it
may be expected that the density functions favoured by GARCH processes
may also be the preferred ones if the comparison had been conducted
assuming a dierent speci®cation of the stochastic process (though such a
claim may well need to be subjected to further research).
To date, the literature on conditional skewness in asset returns has received
only modest attention in comparison to the number of papers focused on tests
of skewness in the unconditional distribution of returns. This lack of attention
is gradually changing and with the extensive volume of work devoted to
conditional heteroscedasticity models, it is only natural that some authors
have questioned the initial (possibly restrictive) assumption of conditional
normality used by Engle (1982) and sought to extend the GARCH class of
models to consider departures from normality.1 Indeed some of the models
1
Including conditional skewness though more commonly research has concentrated on models
which capture the excess kurtosis normally found in asset returns.
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discussed here are also able to capture time variation in conditional skewness,
and as such are a valuable addition to the econometrician's toolkit. However,
in this chapter, those models which permit time variation in the third moment
are only considered in a form which displays constant (that is, time invariant)
conditional skewness.2 A further restriction on the selection of the models
under review is that nonparametric or semi-nonparametric models, such as
those of Engle and GonzaÂlez-Rivera (1991) or Gallant et al. (1991) are not
included, because of the emphasis in this chapter on parametric density
functions. For those readers particularly interested in this aspect of volatility
model, Pagan and Schwert (1990) provide some comparative results.
The ordering of this chapter is as follows. The next section provides a brief
introduction to the previous literature on empirical aspects of skewness in
®nancial returns. Following this the ARCH class of models are introduced
before presenting the parametric density functions which are to be evaluated.
The models are applied to data on small capitalization companies in the
United Kingdom in Section 2.4. Section 2.5 provides an assessment of the
contribution of conditional skewed models and Section 2.6 concludes the
review.
2.2

THE LITERATURE ON SKEWNESS

Despite being a routinely made assumption, the returns on ®nancial assets are
generally not well described by the normal distribution. Early research found
that extreme returns occur much more frequently than would be expected if
the data-generating process was normal (for instance, Mandelbrot, 1963,
Fama, 1965 or Kon, 1984 are commonly cited references). Another feature
often observed in empirical studies of ®nancial markets is that negative (or
positive) returns may occur more than returns of the opposite sign, that is, the
returns' distribution is skewed. For example, Simkowitz and Beedles (1980),
using updated data from the study of Fama (1965), ®nd extensive evidence that
the returns of individual securities are positively skewed. This ®nding held
whether the individual stocks chosen were from the Dow Jones Index or across
a broader (random) selection of other US stocks. Interestingly, Fama had
noted `slight' evidence of positive skewness in his earlier study but chose to
proceed with the assumption of symmetry.
Kon (1984), in a later study, also found positive skewness in the individual
returns of the stocks that make up the Dow Jones Index and proposed a
discrete mixture of normal distributions as a suitable framework for capturing
the skewness. Singleton and Wingender (1986) also ®nd evidence of skewness
2

For a comparison of models displaying time-varying skewness see Bond (1999).
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in individual stocks. However, in considering whether these ®ndings of
skewness were useful for the development of investment strategies, they ®nd
little evidence to suggest that the skewness in returns persists, limiting the
applicability of the earlier ®ndings. This is even more noticeable at a portfolio
level, where skewness was found to be diversi®ed away to a large extent in a
portfolio of ®ve stocks3 and there was even less evidence to suggest that
skewness could persist in a portfolio. Evidence for the presence of skewness in
an index of security returns is provided by Badrinath and Chatterjee (1988).
They also ®nd that the evidence for skewness is not sensitive to temporal
aggregation, so that similar skewness measures are found in both daily and
monthly index returns. Alles and Kling (1994) show that skewness is present in
both equity and bond returns. Their study covers three market indices (NYSE,
AMEX and NASDAQ) and an assortment of bond indices (including
Treasury, Mortgage and Government Agency Bonds). It is also found that
skewness varies with size (small capitalization indices display more negative
skewness than large capitalization indices) and across the business cycle, with
relatively larger negative skewness found in times of favourable economic
conditions and smaller negative (and sometimes positive) skewness evident in
less favourable times.
Equity markets outside of the USA have also provided evidence for the
presence of skewness in returns. Aggarwal et al. (1989) ®nd that the proportion
of shares on the Toyko stock exchange which exhibit skewness is higher than
that found in US studies. They also ®nd stronger evidence that skewness
persists across time for individual stocks and small portfolios. Though, as
would be expected, the skewness found in portfolios declines rapidly as
portfolio size is increased. Theodossiou (1998) also notes that skewness is
found across a range of stock exchanges, foreign exchange rates and
commodities. In addition, recent research has indicated that the returns of
emerging market securities (equities and bonds) display a high degree of
skewness (Bekaert et al., 1998 for equities and Erb et al., 1999 in relation to
Bonds). Bekaert et al. (1998) examine how fundamental variables may aect
skewness and ®nd that there is a negative correlation between skewness and
GDP growth and country risk rating, and that is positively related to in¯ation,
book-to-price and beta (where beta is measured against the MSCI world
index). It should be noted that not all studies ®nd evidence of skewness in
international equity returns. A recent example of this is PeiroÂ (1999), who ®nds
that using `distribution-free' statistical procedures provides little evidence of
skewness in nine developed countries (covering the USA, Japan and Europe).
3
The evidence of diversi®cation of skewness is based on the work of Simkowitz and Beedles
(1978).
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The above survey suggests that, while dierences of opinion exist, further
investigation into modelling skewness in ®nancial returns is warranted. In
particular, as many of those studies listed have considered asymmetry in the
unconditional distribution of returns, it is interesting to consider the evidence
when a conditioning information set is included in the analysis. The next
section introduces the GARCH class of models, which form the basis of the
approach used in this paper.
2.3

DYNAMIC VOLATILITY MODELS

The Autoregressive Conditional Heteroscedasticity (ARCH) model of Engle
(1982) was originally suggested as a method of capturing the time-dependent
volatility observed in the rate of in¯ation. However the applicability of the
ARCH model was soon found to be wider than the original application of
in¯ation modelling and following the seminal work of Engle and then
Bollerslev (1986), ARCH and generalized ARCH (GARCH) models have
been applied extensively in empirical modelling in ®nance. The literature on
ARCH models is vast and a number of good survey articles exist which
provide a comprehensive summary of this ®eld (see, for instance, Bollerslev,
Chou and Kroner, 1992; Bera and Higgins, 1993; Bollerslev, Engle and
Nelson, 1994; Diebold and Lopez, 1995; Palm 1996; Shephard, 1996). Given
that ARCH models have now been discussed in the literature for almost two
decades and such a large number of surveys have been written on this subject,
only a brief introduction to the GARCH models used in this chapter will be
given here.
The GARCH model of Bollerslev (1986) generalized the original autoregressive conditional heteroscedasticity (ARCH) model of Engle (1982). For
a time series variable xt , the model is expressed as
x t  t zt

2:1

where
2t 

0



2
1 xtÿ1



2
1 tÿ1

2:2

and zt  NID 0; 1, for 0 ; 1  0 and t  1; :::; T:
The above model implies that xt j tÿ1  N 0; 2t , where the information set
which exists at time t is given by tÿ1 ; although other (non-normal) forms of
the conditional distribution have also been used (see, for instance, Nelson,
1991) and some of these are reviewed in the following section. The ARCH
model has found a particularly strong following in ®nancial econometrics as
the structure of the model allows for xt to be leptokurtotic and also captures
`volatility clustering', which are both features of ®nancial data. The model can
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also be estimated by maximum likelihood techniques, which further adds to its
appeal.
The above paragraphs presented the GARCH model in its simplest form,
(called a pure GARCH process). Clearly there are a number of alternative
choices for specifying the model. For example, a conditional mean equation
could be added to capture a non-zero (conditional) mean or dynamic eects in
the process. For example,
xt  a1  b1 xtÿ1  "t
2t 

0

2
1 "tÿ1





2:3
2
1 tÿ1 ;

2:4

which is sometimes referred to as the AR(1)-GARCH(1,1) model. Asymmetric
eects in the innovation term can also be captured. Glosten, Jagannathan and
Runkle (1993) have proposed the form
2t 

0

2
1 "tÿ1





2
2 "tÿ1 Itÿ1



2
1 tÿ1

2:5

where Itÿ1 is an indicator variable, such that
It  1

for "t > 0

2:6

0

for "t  0:

2:7

This form of the model is consistent with the `leverage eect' literature, ®rst
proposed by Black (1976), which is often found in empirical studies of equity
returns. Zakoian (1994) has also proposed a similar model with threshold
eects. The EGARCH model of Nelson (1991) is another model which
captures the asymmetric linkage between the innovation term and the
conditional variance, through a dierent mechanism than that listed above.
Nelson's model has the form
log 2t 

0



1

ztÿ1  jztÿ1 j ÿ E jztÿ1 j 

1

log 2tÿ1

2:8

which has the advantage that there are no restrictions to ensure nonnegativity.
As stated above, the ARCH model originally proposed by Engle assumed
that the conditional density of the stochastic process xt was normally
distributed. Many authors following Engle have allowed for conditional
distributions other than the normal to be used. The most common of these
alternative distributions are the Student's t-distribution (Bollerslev, 1987) and
the generalized error density (Nelson, 1991). The use of asymmetric density
functions in ARCH models has been more limited. Early attempts to capture
asymmetry include Hsieh (1989) and Gallant, Hsieh and Tauchen (1991).
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Engle and GonzaÂlez-Rivera (1991) also found evidence of asymmetry in their
semi-non-parametric model of individual stock returns and foreign exchange
rates. Parametric density forms have also been used as a method for capturing
skewness in the conditional distribution of returns. Four forms of skewed
density functions have been selected for evaluation in this chapter. The four
distributions: the skewed t of Hansen (1994); the non-central t of Harvey and
Siddique (1999); the Gram±Charlier expansion proposed by Lee and Tse
(1991);4 and the recently proposed double gamma model of Bond (2000a)
which was developed from earlier work by Knight, Satchell and Tran (1995).
2.3.1

Skewed t-distribution ± Hansen's model

Hansen (1994) proposed the Autoregressive Conditional Density (ACD)
estimator, as a means of incorporating not only leptokurtic behaviour in the
conditional distribution, but also skewness. In fact, his model provides for
skewness as well as variance to be indexed by time, although the presentation
of the skewed t model is only considered in a time invariant form in this
chapter. The model uses the Student's t-distribution as a starting point, which
has the form:
ÿ 

ÿ 1
2 
ÿ 1
z2t
2
f zt j tÿ1 ;   p ÿ 1 
2:9
 ÿ 2
  ÿ 2 ÿ 2

with 2 <  < 1: Furthermore, this distribution can be adapted to allow for
skewness and excess kurtosis by re-writing the above distribution as:


 !ÿ 1
2
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bzt  a 2
a
2:10
f zt j tÿ1 ; ;   bc 1 
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ÿ2 1ÿ
b


 !ÿ 1
2
1
bzt  a 2
a
 bc 1 
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zt  ÿ
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b
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a  4c
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b2  1  32 ÿ a2
ÿ 
ÿ 1
2
 ÿ
c  p
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2:12
2:13
2:14

4
It is noted that the Gram±Charlier expansion is not strictly de®ned as a density function but
rather an approximate density. However, it is included in this review because it provides a simple
way of capturing skewness (and excess kurtosis) in ®nancial returns.
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and ÿ1 <  < 1; where  is a parameter to control for the skewness of the
distribution. It can be readily veri®ed that if   0, the distribution will
collapse to the standardized t-distribution with  degrees of freedom.
2.3.2

Non-central t-distribution ± Harvey and Siddique's model

Harvey and Siddique's (1999) non-central t-distribution is another model
designed to investigate conditional skewness in asset returns. It is claimed by
Harvey and Siddique that Hansen's model is an alternative parameterization
of the non-central t-distribution. Nonetheless, it is worth presenting both
models to highlight the dierent parameterizations available. While two
dierent parameterizations of a density should produce the same outcome,
there may be practical dierences, such as sensitivity to initial values or speed
of estimation. As in the previous instance, the model will only be presented
with the skewness parameter in a time-invariant form. In this instance the 
and  parameters can be estimated directly, but, in the time-varying skewness
form the parameters are obtained from solving a non-linear equation system
linking the parameters with the ®rst and third conditional moments. The
density function has the form:
 2
exp ÿ2
=2
f zt j tÿ1 ; ;  
2:15
ÿ
 1=2
ÿ =2 p
   z2t
p !i

 
1
X
  i  1 i
2z t
p

2:16
ÿ
2
i!
  z2t
i0
where  is the degrees of freedom parameter and  is a parameter which
controls the shape of the distribution.
2.3.3

Gram±Charlier expansion

Another interesting implementation of a skewed conditional distribution in
the ARCH literature is by Lee and Tse (1991). (See also Knight and Satchell in
this volume.) These authors use a three-term Gram±Charlier Type A5 series to
model the conditional volatility of interest rates in the Singapore dollar
market. For the standardized innovations zt , the conditional distribution can
be approximated by


ÿ

3
4
2:17
f zt j tÿ1; 3 ; 4   zt  1  H3 zt   H4 zt 
6
24

5
See Stuart and Ord (1994) or Johnson, Kotz and Balakrishnan (1994) for a more detailed
presentation of this expansion.

Review of asymmetric conditional density functions

29

where  : is the standard normal density function. H3 : and H4 : are
Hermite polynomials de®ned by
H3 zt   z3t ÿ 3zt

2:18

H4 zt   z4t ÿ 6z2t  3

2:19

and 3 ,4 are the standardized measures of skewness and excess kurtosis,
respectively.
2.3.4

Double-gamma distribution

The double-gamma distribution was proposed by Knight, Satchell and Tran
(1995) as a method of capturing asymmetry in the distribution of ®nancial
returns. The model was later used in a conditional volatility framework by
Bond (2000a), in an application to the measurement of downside risk in
exchange rate data. The double-gamma distribution has the advantage that it
provides a convenient decomposition of the distribution into positive and
negative components. Furthermore, it can be shown that an estimate of the
semi-variance (a measure of downside risk) can be easily calculated from
the parameters of the distribution. The double-gamma conditional density is
represented by
f zt j

t;

1;

2 ;  1 ;  2 ; p

p

1 1
z
ÿ 1 t

 1 ÿ p
for

1 ÿ1

exp ÿ1 zt 

2 2
ÿzt 
ÿ 2

zt  0

2 ÿ1

for

zt > 0

exp ÿ2 ÿzt 
2:20

where
Pr zt > 0  p
Moment restrictions are typically placed on 1 and 2 during estimation to
ensure that the density function has zero mean and a variance of one.
2.4

EMPIRICAL EVIDENCE

As discussed in Section 2.2, many studies have previously found evidence of
skewness in the returns of stock market indices. This ®nding is particularly
evident in the returns of small capitalization companies (Alles and Kling, 1994;
Chelley-Steeley and Steeley, 1995). The empirical section of this chapter
applies the four models listed above, along with two symmetric GARCH

30

Return Distributions in Finance
Table 2.1 Statistical summary of dataset
FTSE Small Capitalization Companies
Mean
Variance
Semi-variance
Skewness
p-value
Kurtosis
p-value
Minimum
Maximum

0.0498
0.1967
0.1184
ÿ2.3937
[0.00]
23.2014
[0.00]
ÿ4.5649
2.5498

models (using the normal and Student's t-distributions), to evaluate the most
suitable framework for capturing asymmetry in the conditional density (if it is
present). The data series chosen is the FTSE Small Capitalization Index.6 Five
years of daily observations from 18 January 1995 to 17 January 2000 are used
in the analysis, providing a total of 1262 observations. Only the capital gains
element of the index is used, no attempt is made to allow for the inclusion of
dividends in the returns calculation or the calculation of the excess return over
a risk-free rate of interest. This may seem like a limitation at ®rst, but, Nelson
(1991) has noted that only modelling capital gains appears to have little impact
on the results of the model.
Summary statistics for the data are presented in Table 2.1. Using the
approximation that the sample skewness coecient is approximately normally
distributed, such that
PT
3
m3
t1 rt ÿ r =T
b
sk  3=2  
2:21
3=2
PT
2
m2
r

=T
r
ÿ
t
t1
where

 d
p
b ÿ sk ÿ!
T sk
N 0; 6

2:22

the series appears to exhibit negative skewness. PeiroÂ (1999) warns that an
interpretation of the signi®cant skewness coecient may simply be that
normality rather than skewness is being rejected (as the data also display
excess kurtosis). However, using the Monte Carlo critical values for the sample

6
The FTSE Small Capitalization Index consists of the UK Companies within the FTSE All Share
Index which are not large enough to be constituients of the FTSE350 (FTSE International, 2000).
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Table 2.2 LM ARCH and F-test
(squared residuals from ARMA(1,2))
Lag length
LM
p-value
F-test
p-value

4
356.22
[0.00]
124.01
[0.00]

skewness coecient generated by PeiroÂ,7 a rejection of symmetry also occurs.8
A further issue in tests of the sample skewness measure is dependency in the
dataset. As autocorrelation appears present in the series (discussed below), a
more rigorous evaluation of the sample skewness coecient would allow for
the dependency.
Table 2.2 examines whether the data exhibit time-varying conditional
heteroscedasticity. In this case the data reject the hypothesis of homoscedasticity and the process is modelled using the GARCH framework discussed in
Section 2.3 above. Model-selection criteria suggest that the mean of the series
is well captured by a ARMA(1,2) process, which was favoured by the Akaike
and Schwarz criteria marginally above an AR(3) speci®cation. This ®nding of
autocorrelation in the returns of an index of small capitalization stocks is not
surprising. Fisher (1966) was one of the ®rst researchers to conclude the nonsynchronous trading in illiquid small company securities may result in the
appearance of autocorrelation in an index as the price of illiquid securities will
respond more gradually to the arrival of news. Chelley-Steeley and Steeley
(1995) have also observed the presence of autocorrelation in an equally
weighted portfolio of small capitalization UK shares. The speci®cation of the
volatility dynamics was not as straightforward. Initial indications supported a
GARCH(3,3) model, however estimation diculties were encountered for
some of the models using this speci®cation. Finally it was decided to adopt the
simpler GARCH(1,1) speci®cation for all the models.
Asymmetry of the volatility process to innovations in returns (or news) is
captured by using the speci®cation of Glosten, Jagannathan and Runkle
(1991). In each case, the volatility associated with negative innovations is
much larger than that attributed to positive innovations. The signi®cance of
this leverage term has been noted in many studies examining equity returns.
Also included in the model (in both the conditional mean and conditional
variance equations) are day-of-week variables and a dummy variable to
7
The critical value are developed for a random variable following a Student's t-distribution to
allow for the excess kurtosis displayed by ®nancial data.
8
The 5% critical value of the sample skewness statistic for 1000 observations of a random
variable distributed according to the Student's t-distribution with four degrees of freedom is 1.89.
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Table 2.3 ARMA(1,2)-GARCH(1,1) parameters: normal distribution

Parameter

Estimate

a0
a1
b1
b2
Dum mon
Dum tue
!
Dum hol

0.0206
0.8614
ÿ0.3381
ÿ0.1493
ÿ0.0710
ÿ0.0293
0.0109
0.0548
0.5104
ÿ0.3491
0.6029



LL

Std error

t-ratio

p-value

0.0094
0.0446
0.0619
0.0592
0.0249
0.0230
0.0043
0.0409
0.1465
0.1407
0.0774

2.196
19.293
ÿ5.460
ÿ2.523
ÿ2.856
ÿ1.274
2.536
1.341
3.483
ÿ2.481
7.791

0.0141
0.0000
0.0000
0.0058
0.0021
0.1014
0.0056
0.0899
0.0002
0.0066
0.0000

ÿ220.5903

indicate when the market has reopened after a bank holiday. The day-of-week
dummy variable is added to the model as there has been an extensive literature
which ®nds that returns appear to vary systematically according to the day of
week. Hsieh (1989) has also noted that volatility also appears to vary
systematically according to the day, and further, that volatility is higher after
the market reopens following a public holiday. To allow for this second eect a
dummy variable, which takes the value of one when the market reopens after a
bank holiday, is also included.
Estimation results for each model are displayed in Tables 2.3 to 2.8.
The symmetric models using the normal distribution and the Student's
t-distribution are presented ®rst. Table 2.3 contains the parameter estimates
Table 2.4 ARMA(1,2)-GARCH(1,1) parameters: Student's t-distribution
Parameter

Estimate

a0
a1
b1
b2
Dum mon
Dum tue
!
Dum hol

0.0322
0.8334
ÿ0.3974
ÿ0.1013
ÿ0.0725
ÿ0.0203
0.0082
0.0375
0.4266
ÿ0.1935
0.6568
3.4713




LL

ÿ104.8280

Std error

t-ratio

p-value

0.0060
0.0398
0.0515
0.0420
0.0169
0.0158
0.0032
0.0255
0.1138
0.1082
0.0672
0.3748

5.351
20.927
ÿ7.714
ÿ2.412
ÿ4.301
ÿ1.285
2.561
1.473
3.749
ÿ1.788
9.773
9.263

0.0000
0.0000
0.0000
0.0079
0.0000
0.0994
0.0052
0.0704
0.0001
0.0369
0.0000
0.0000
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Table 2.5 ARMA(1,2)-GARCH(1,1) parameters: Hansen's skewed t-distribution
Parameter

Estimate

a0
a1
b1
b2
Dum mon
Dum tue
!
Dum hol

0.0191
0.8839
ÿ0.4773
ÿ0.1371
ÿ0.0717
ÿ0.0229
0.0079
0.0452
0.4286
ÿ0.1382
0.6600
3.5427
ÿ0.2739





LL

Std error
0.0055
0.0285
0.0474
0.0344
0.0160
0.0168
0.0030
0.0293
0.1065
0.1092
0.0623
0.3895
0.0378

t-ratio

p-value

3.486
30.967
ÿ10.074
ÿ3.986
ÿ4.482
ÿ1.367
2.616
1.546
4.024
ÿ1.265
10.592
9.096
ÿ7.253

0.0002
0.0000
0.0000
0.0000
0.0000
0.0858
0.0044
0.0611
0.0000
0.1029
0.0000
0.0000
0.0000

ÿ79.0004

from the ARMA(1,2)-GARCH(1,1) model with conditional normal density.
An immediate issue that arises, as discussed by Engle and GonzaÂlez-Rivera
(1991) is that the quasi-maximum likelihood estimator (QMLE) may be
inecient when the conditional density function is skewed. However, more
recently Newey and Steigerwald (1997) have suggested the addition of a
location parameter to the conditional mean equation to make the QMLE
estimators robust to skewness in the conditional density function. In the case
of the normal distribution model, the additional parameter suggested by
Table 2.6 ARMA(1,2)-GARCH(1,1) parameters: Harvey and Siddique's skewed t-distribution
Parameter

Estimate

a0
a1
b1
b2
Dum mon
Dum tue
!
Dum hol

0.0364
0.8331
ÿ0.3979
ÿ0.1022
ÿ0.0722
ÿ0.0201
0.0036
0.0161
0.1797
ÿ0.0741
0.6459
3.4694
ÿ0.0504





LL

ÿ104.6491

Std error

t-ratio

p-value

0.0084
0.0399
0.0512
0.0421
0.0169
0.0158
0.0014
0.0107
0.0447
0.0440
0.0690
0.3709
0.0650

4.333
20.870
ÿ7.771
ÿ2.427
ÿ4.285
ÿ1.268
2.584
1.510
4.021
ÿ1.682
9.367
9.355
ÿ0.776

0.0000
0.0000
0.0000
0.0076
0.0000
0.1024
0.0049
0.0655
0.0000
0.0463
0.0000
0.0000
0.2189
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Table 2.7 ARMA(1,2)-GARCH(1,1) parameters: Gram±Charlier expansion

Parameter

Estimate

a0
a1
b1
b2
Dum mon
Dum tue
!
Dum hol

0.0127
0.8680
ÿ0.4288
ÿ0.1370
ÿ0.0582
ÿ0.0187
0.0119
0.0599
0.5289
ÿ0.2433
0.5747
ÿ0.6953
1.8334



3
4

Std error

t-ratio

p-value

0.0094
0.0316
0.0550
0.0435
0.0196
0.0195
0.0062
0.0310
0.1713
0.1797
0.0819
0.1516
0.2399

1.350
27.440
ÿ7.798
ÿ3.145
ÿ2.968
ÿ0.954
1.920
1.933
3.088
ÿ1.354
7.020
ÿ4.586
7.642

0.0885
0.0000
0.0000
0.0008
0.0015
0.1699
0.0274
0.0266
0.0010
0.0879
0.0000
0.0000
0.0000

ÿ128.3286

LL

Newey and Steigerwald is found to not be signi®cant at a 5% critical value
(estimation results not reported). When the parameter is included in the
Student's t-model, it is found to be signi®cant [parameter  0.0344, p-value 
0.00].
The parameter estimates for the conditional mean equation are broadly
similar between the normal and Student's t-models. The average return on
Mondays is found to be 0.07% below the days later in the week, and there is
also a slightly lower return on Tuesdays, though this is not signi®cantly
Table 2.8 ARMA(1,2)-GARCH(1,1) parameters: double-gamma distribution
Parameter

Estimate

a0
a1
b1
b2
Dum mon
Dum tue
!
Dum hol

0.0273
0.8365
ÿ0.4041
ÿ0.1279
ÿ0.0786
ÿ0.0380
0.0074
0.0422
0.3764
ÿ0.1296
0.6392
1.5302
0.5607



1

p
LL

ÿ76.0509

Std error
0.0001
0.0019
0.0027
0.0011
0.0005
0.0002
0.0026
0.0254
0.0816
0.0714
0.0644
0.0707
0.0101

t-ratio

p-value

216.346
451.096
ÿ149.864
ÿ112.374
ÿ152.623
ÿ155.255
2.785
1.664
4.611
ÿ1.817
9.930
21.629
55.578

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0027
0.0480
0.0000
0.0346
0.0000
0.0000
0.0000
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dierent from zero for either model (it is retained for comparison with later
models). There is some indication that volatility is higher after the market
reopens following a bank holiday. However, there is no evidence that the
expected return is any dierent when the market reopens and the term is
dropped from the conditional mean equation. The leverage eect term is
signi®cant in both models, with the impact on volatility associated with
positive news shocks being around half the level of a correspondingly sized
negative shock. The stationarity conditions for the volatility process are more
dicult to assess due to the inclusion of the leverage eect term. In common
with many other studies using daily equity data, the volatility process appears
to be highly persistent. While the sum of the and parameters is greater than
one, this does not necessarily imply that the volatility process is explosive,
because of the threshold structure of the equation (for example, Tong, 1990
has shown that when the model has a threshold form, the overall system may
be stable even though an element of the subsystem is individually unstable).
This remains an area for further evaluation.
Of the two symmetric density function, the Student's t model has a far
higher likelihood function than the normal model, suggesting that the general
preference for the Student's t-distribution over the normal distribution in the
econometrics literature is not misplaced. One ®nal issue to note with the
GARCH-t model is that the  parameter (which represents the degrees of
freedom of the distribution) indicates that the fourth moment of the
conditional density function may not exist.
Table 2.5 contains the estimation results for the skewed t density of Hansen
(1994). The parameters estimates are generally of comparable magnitude to
the symmetric t model. An important exception to this is the signi®cance of the
skewness parameter : When  is equal to zero, Hansen's model collapses to
the standard t distribution. As the skewness parameter is signi®cant, it
suggests the importance of capturing this feature of the data. This is borne out
by the higher log-likelihood value of ÿ79.00 for Hansen's model, compared to
ÿ128.33 for the GARCH-t model (suggesting a signi®cant rejection of the
hypothesis that   0 using a likelihood ratio test).
Another version of a non-central t-distribution was proposed by Harvey
and Siddique (1999). The parameter estimates for this model are displayed in
Table 2.6. A number of features of the estimations results are apparent on
inspection of the table. First, the magnitude of the parameters in the
conditional variance equation are generally lower than all the other models.
For example, the value of is 0.1797, which is well outside of the range of 0.4±
0.5 found in the other tables. A second feature is that the skewness parameter
is not signi®cantly dierence from zero based on a t-test. This con¯icts with the
results of signi®cant skewness found using the skewed t model of Hansen and
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the expectation that as the distributions are essentially similar, the resulting
output should also be the same. However, such dierences may be due to
sensitivity to initial starting values.
A signi®cant (negative) skewness parameter is found when the Gram±
Charlier expansion is used as a conditional density function (results in Table
2.7). The Gram±Charlier expansion is equivalent to the normal distribution
when 3 and 4 equal zero. This joint restriction is convincingly rejected by a
likelihood ratio test. The estimated parameters 3 and 4 are consistent with
the requirements for the Gram±Charlier expansion to be non-negative (see
Draper and Tierney, 1972). Unlike the models listed above, maximum
likelihood estimation of the Gram±Charlier model is quite sensitive to initial
parameter estimates. When the estimation of the model took place it was
found necessary to search over a wide set of initial parameters before selecting
the model with the highest likelihood value. It is noted that the likelihood
value is less than that of the skewed t and non-central t models.
Estimation of the double-gamma model also proved troublesome. Initial
attempts to freely estimate all parameters proved futile. Kanno (1982) notes
the sensitivity of maximum likelihood estimation of a double-gamma model to
the starting values. However, even after covering a wide range of possible
initial values the model estimates did not converge. Knight et al. (1995) also
encounter problems in estimating the double-gamma distribution and used a
grid search procedure over a range of values for one of the parameters to ®nd a
parameter set which maximizes the likelihood. A similar approach is used in
this chapter. In the course of the initial attempts to estimate the model, it was
noticed that 2 was particularly slow to converge. A sequential grid search
procedure was used to search over a range of values of 2 at intervals of 0.1.
When the value of 2 which produced the highest likelihood was identi®ed, a
more local search over intervals of 0.01 was conducted. After ®nding the
maximum, the procedure was once again repeated over intervals of 0.001. The
resulting value of 2  1:030 was found to have the highest likelihood value.
Clearly this procedure may not produce the model with the highest likelihood
function if the likelihood surface is not well behaved. However, for the
purposes of this chapter is it sucient to illustrate the use of the doublegamma model in capturing asymmetry. It is particularly unfortunate that it
was necessary to search over the parameter 2 ; as this parameter controls the
shape of the downside part of the distribution. The information on the
downside shape of the distribution is important in providing information
about the level of downside risk of a ®nancial series (as discussed in Bond,
2000a, or Knight et al., 1995), which may then be used in either portfolio
management or risk management applications. Grid-search procedures were
also attempted over the parameters 1 and p: However, convergence problems
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Estimated conditional density functions (standardized)
daily returns FTSE Small Capitalization Index
18 January 1995 to 17 January 2000

t
t

Standardized Innovation
Figure 2.1 Hansen's skewed t

were still encountered. The model estimates obtained from the grid-search
procedure are consistent with the results obtained for the other models, which
provides some reassurance that the grid-search procedure has produced a
plausible set of parameter estimates. However, the standard errors for the
conditional mean equation appear downward biased, although this does not
appear to have occurred in the conditional variance equation. Despite the
diculties involved in estimating the model, the double-gamma model
produces one of the highest likelihood values of all the models used in this
chapter (along with the skewed t model).
Graphs of the estimated (standardized) conditional density functions are
presented in Figures 2.1±2.4. Each graph contains one of the four estimated
density functions along with the two symmetric densities and a plot of the nonparametric density estimate.9
While no attempt has been made to provide a battery of statistical tests to
assess the ®t of each density function,10 a comparison of likelihood functions
9

Using a Gaussian kernel applied to the residuals of the skewed t model (see Silverman, 1986 for
details)
10
For example, the recent work of Diebold, Gunther and Tay (1998) may provide a framework
for further research.
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Estimated conditional density function (standardized)
daily returns FTSE Small Capitalization Index
18 January 1995 to 17 January 2000

t
t

Standardized Innovation
Figure 2.2 Harvey and Siddique's non-central t

and statistical tests on individual skewness parameters clearly show that the
advantages of using density functions which incorporate skewness for
modelling this dataset. Skewness has been found in many other studies of
small company returns and this research provides further evidence for its
existence. The implications of this ®nding and a discussion of the general issue
of modelling skewness in ®nancial data are contained in the next section.
2.5

THE ROLE OF DISTRIBUTIONS

The purpose of this section is to consider the wider role and also implications
of using asymmetric density functions in ®nancial econometric work. Of
particular interest is the issue of whether explicitly modelling the skewness of
the conditional density provides information which is useful in ®nancial
applications. That is, apart from the usual desire to obtain the most accurate
statistical model, is there any bene®t in employing the more complex statistical
procedures necessary to capture skewness?
From the empirical application above, models which allow for skewness in
the conditional density appear to provide a better ®t of the data than
symmetric models. While further statistical tests may be desirable before
con®dently asserting a superior ®t, there is certainly little doubt that the
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Estimated conditional density functions (standardized)
daily returns FTSE Small Capitalization Index
18 January 1995 to 17 January 2000

t

Standardized Innovation
Figure 2.3 Gram±Charlier expansion

models which allowed for asymmetry produced a higher value of the
likelihood function. Furthermore, when the asymmetric distributions are
nested within symmetric ones (e.g. Gram±Charlier and normal distribution,
GARCH-t and Hansen), a likelihood ratio test reveals the hypothesis of
symmetry is rejected.11
In terms of the actual cost of estimating the skewed models, this is generally
low.12 The skewed t model of Hansen took only 1.6 minutes to estimate on a
Pentium III 450MHz PC, only marginally longer than the symmetric t model
(1.4 minutes). Harvey and Siddique's non-central t contains a slightly more
complex parameterization of the conditional density, which results in an
11

As a further check on the extent of asymmetry in the data, an individual dummy variable was
introduced into the conditional mean equation for the ®ve largest and smallest returns in the
dataset. Hansen's model was re-estimated on this trimmed dataset, as a means of determining
whether an appearance of skewness was induced by a few abnormally large observations. When
the model was re-estimated the estimate of the skewness parameter was still signi®cantly negative
(parameter: ÿ0.2918, standard error: 0.0381).
12
All models were estimated using the Maxlik estimation package with GAUSS (Aptech, 1996).
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Estimated conditional density function (standardized)
daily returns FTSE Small Capitalization Index
18 January 1995 to 17 January 2000

Normal
,
Student s t
Non–parametric
Double–gamma

Standardized Innovation
Figure 2.4 Double gamma

estimation time of 3.6 minutes. The remaining two asymmetric models are
much slower to estimate. The estimation time for the Gram±Charlier model is
9.7 minutes. Because of the complex search routines needed for the
maximization of the likelihood function for the double-gamma model, an
accurate estimate of the time taken for this model is not available. Needless to
say, the time component necessary here is signi®cantly longer than all other
models and is non-trivial (in excess of three hours). Hence, to allow explicitly
for skewness in the density function, the actual costs involved are generally not
large or excessive because of the low cost of computing resources (especially if
the parameterization of the density function is chosen with care). Of course, if
the skewness parameter is not of direct interest, and the conditional volatility
is the main centre of interest, a quasi-MLE approach could be taken in
estimation using the adaptation suggested by Newey and Steigerwald (1997).
However, as Engle and GonzaÂlez-Rivera (1991) found the price paid in
eciency terms may be high if the distribution is skewed.
So far the only criterion for the evaluation of explicitly modelling skewness
has been a purely statistical one. Recent literature on the evaluation of
econometric models has emphasized the importance of economic considerations in model selection, particularly when the true variable of interest is
unobserved, making the usual `®tted versus actual' comparisons more dicult
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(as in the case of conditional volatility or skewness). Such papers include
Satchell and Timmermann (1995) and Pesaran and Timmermann (1995, 2000)
for conditional mean prediction in a trading context, or West, Edison and Cho
(1993) or Ang and Bekaert (1999) for a portfolio selection using a utility-based
framework. Therefore, in evaluating the usefulness of explicitly allowing for
skewness in asset returns, some form of portfolio or trading example may be
useful. While no attempt is made to assess the economic value of the models
described in this paper, some observations based on previous research may be
made. Singleton and Wingender (1986) was an early attempt to consider the
information contained in conditional skewness measures. They found that the
lack of persistence in skewness hindered any chance of successfully
constructing portfolios to take advantage of ex-post skewness found in
returns, and conclude that `...portfolio strategies based on selecting skewed
stocks are likely to fail'. Bekaert et al. (1998) is another example of an attempt
to derive a trading strategy based on a conditional measure of skewness in
®nancial markets. Consistent with the work of Singleton and Wingender, their
results are mixed, with some evidence to suggest that the ex-post returns from
selecting either a high or low skewness portfolio (based on ex-ante estimates of
skewness) are essentially similar. In preliminary research, Bond (2000b) uses
models incorporating time-varying conditional skewness to calculate a
measure of downside risk and then from this calculate portfolio weights for
an investor who displays loss aversion. It is found that the loss-averse investor
derives higher expected utility for using some models incorporating conditional skewness. This suggests that while most results to date have found little
in the way of economic value from modelling skewness, there may be some
class of agents, particularly sensitive to asymmetric risks, for whom such an
approach is of value.
2.6

CONCLUSION

This chapter has attempted to provide a review of the use of a small selection
of asymmetric conditional density functions in models of conditional
heteroscedasticity. The motivation for this is to provide an empirical
comparison of alternative parametric assumptions about the conditional
density in light of continued empirical evidence of skewness in ®nancial asset
returns. The chapter began by outlining possible approaches which may be
taken to examining the issue of skewness in asset returns. It was decided to
focus primarily on the empirical side of the debate although it was noted that
theoretical arguments have been put forward as possible reasons why skewness
may be present in ®nancial returns. The literature on past empirical studies of
skewness in asset prices was reviewed. Several studies con®rmed the ®nding of
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skewness and this is common across both international markets and asset
class. However, this is not an uncontested belief with evidence presented which
criticizes the previous methodology employed along with evidence of
symmetry in some major equity markets.
Four asymmetric forms of conditional density functions were compared in
an application using data on small company returns in the United Kingdom.
This dataset was selected as previous research had noted skewness appeared
present in the returns of small capitalisation stocks. The four density
functions, the skewed t of Hansen (1994), the non-central t of Harvey and
Siddique (1999), the Gram±Charlier model of Lee and Tse (1991) and a model
based on the double-gamma density function were applied in the context of the
GARCH class of models. Initial attempts to allow for a richer set of volatility
dynamics were not successful and an ARMA(2,1)-GARCH(1,1) was chosen as
the preferred speci®cation for the conditional mean and variance equations.
Two symmetric density models (based on the normal and Student's tdistributions) were also estimated for comparison. The skewed t and the
double-gamma density were found to provide the highest value of the
likelihood function with the symmetric models appearing the least successful
in ®tting the data. A likelihood ratio test comparing the symmetric and skewed
versions of the Student's t density function, convincingly rejected the
hypothesis that the data was symmetric. In terms of recommendations for
use in empirical applications, the skewed t model of Harvey is the most
appealing as it provides a simple parametric form (which results is faster
estimation times) and was found to perform well in capturing the skewness in
the dataset.13 However, this study only considered the constant conditional
skewness forms of the models and the same ®ndings may not hold if a timevarying skewness comparison were undertaken. While the double-gamma
model performed well in terms of ®tting the data, it proved particularly
troublesome to estimate with this dataset, and so could not be recommended
above the model of Hansen.14
Finally an examination of the bene®ts of explicitly modelling skewness was
undertaken. While the dataset and models used in this study were not fully
evaluated from this point of view, enough evidence exists in the literature to
draw some conclusions from previous results to supplement the ®ndings of this
study. First, it was found that for some forms of the skewed distributions
(notable the skewed t and non-central t), including a skewed parametric
density function in the models, had little cost in terms of complexity or
13

However, one problem which may cause diculties in a forecasting environment is that the
skewness parameter used in the density is not the same as the third moment of the distribution.
14
It is noted, however, that the double-gamma model is an appealing model in terms of
developing estimates of downside risk.
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estimation time. A statistical improvement was noticed in models which allow
for skewness over symmetric models. However, doubt is cast on the economic
value of modelling skewness with previous studies ®nding little is gained, from
an investment perspective, from the information on skewness obtained from
the data. An exception to this is recent work which looks at a utility-based
comparison of models of time-varying skewness used in the portfolio selection
problem of a loss-averse agent. However, these results are preliminary and
further research is required to identify fully (if at all) the bene®ts of explicitly
incorporating skewness into dynamic models.15
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Chapter 3
The distribution of commercial
real estate returns
COLIN LIZIERI AND CHARLES WARD

ABSTRACT
This chapter reviews the literature on the distribution of commercial real
estate returns. There is growing evidence that the assumption of
normality in returns is not safe. Distributions are found to be peaked,
fat-tailed and, tentatively, skewed. There is some evidence of
compound distributions and non-linearity. Public traded real estate
assets (such as property company or REIT shares) behave in a fashion
more similar to other common stocks. However, as in equity markets, it
would be unwise to assume normality uncritically. Empirical evidence
for UK real estate markets is obtained by applying distribution ®tting
routines to IPD Monthly Index data for the aggregate index and
selected sub-sectors. It is clear that normality is rejected in most cases.
It is often argued that observed dierences in real estate returns are a
measurement issue resulting from appraiser behaviour. However,
desmoothing the series does not assist in modelling returns. A large
proportion of returns are close to zero. This would be characteristic of a
thinly-traded market where new information arrives infrequently.
Analysis of quarterly data suggests that, over longer trading periods,
return distributions may conform more closely to those found in other
asset markets. These results have implications for the formulation and
implementation of a multi-asset portfolio allocation strategy.

3.1

INTRODUCTION

In this chapter, we consider the distribution of returns in the commercial real
estate market. By commercial real estate, we mean land and buildings owned
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by one party (an institutional investor, a specialist property company or
private individual) and let to another party. Such real estate includes oce,
retail and industrial properties let to ®rms and apartments and homes let to
private individuals, this last category being conspicuously absent from UK
institutional investment portfolios. We, thus, distinguish commercial real
estate from private residential markets, from owner-occupied corporate real
estate and from loans secured on property (such as mortgage-backed
securities). We focus largely on the UK and US markets, re¯ecting both
available data and existing research. Initially we discuss de®nitional issues and
measurement problems. We then review the published literature on return
distributions and return-generating processes. Next, empirical evidence from
the UK market is presented. Finally, we consider the implications of the
®ndings for mixed-asset portfolio strategies.
3.2

DEFINITIONAL AND MEASUREMENT ISSUES

Within the real estate literature, research usually distinguishes between the
private and public real estate markets. The private (or direct) market consists
of buildings owned and managed by investors or their agents. Transactions are
typically by private treaty, although lower quality (`secondary') property may
be sold by auction. The public (or indirect) market consists of the securities of
®rms specializing in the management or trading of property: property
companies in the UK, real estate investment trusts (REITs) and real estate
operating companies (REOCs) in the USA. There are also some corporate or
institutional vehicles that combine characteristics of both markets ± property
unit trusts and commingled real estate funds for example. The characteristics
of each market are considered further below.
The commercial real estate market forms a small but signi®cant part of
institutional and private investors' portfolios. Despite this, real estate has been
a comparatively neglected topic in the ®nancial economics literature. There are
a number of reasons for this lacuna. First, commercial real estate has
characteristics that distinguish it from other asset markets. Properties, because
of their locational ®xity and size dierentiation, rarely have near-perfect
substitutes. Thus, the market is characterized by heterogeneity. This has
implications for portfolio construction, particularly in the direct market where
problems are exacerbated by large lot size and high transaction costs. Further,
in the private market, the absence of a transparent marketplace leads to
asymmetric information and the absence of transaction-based data. Reported
returns are frequently based on appraisals of value rather than sales
information. This has important implications for the modelling of returns
distributions, as we shall see.
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The distinct institutional structure of the real estate market has led to the
development and preservation of analytic techniques and terminology which
dier from those found in other asset markets. This is particularly true in the
UK, where the Royal Institution of Chartered Surveyors holds a quasimonopolistic position over professional advice (and education) in the real
estate ®eld. The RICS lays down a set of de®nitions and practice notes that
professional members must follow if they are to avoid potential professional
negligence claims. These enshrine certain practices and techniques, a process
reinforced by court and tribunal decisions and precedents.
The estimation of returns in the private real estate market is much more
complex than in bond and equity markets. The basic components are, of
course, income return and capital growth. Each presents particular problems
in calculation.
The income return comes from the rent paid by the tenant. The return must
account for the timing of payments (typically quarterly in advance in the UK,
monthly in the USA) and for the cost of rent collection. The latter is
problematic and there is no common standard for calculation of net operating
income. Direct costs (maintenance, repairs and insurance not chargeable to the
tenant, professional fees, marketing charges, for example) are clear, but the
indirect costs of managing the property may be obscured. This is particularly
true for properties held and managed by an institution or property company
with an in-house management function.
The estimation of the capital gain component of return is particularly
dicult in real estate. Long holding periods and infrequent transactions mean
that the capital value is an estimate provided in-house or by an external
appraiser or valuer. There is insucient space to discuss all the appraisal issues
relating to property (for a review, see Ball et al., 1998). Because the transaction
market is so thin, the valuer has to resort to a formalized version of what is,
essentially, a dividend discount model of valuation. He or she must consider
the current and future income stream, the security of that income (that is, the
probability of the tenant defaulting or vacating and the probability of securing
a new letting), the investment demand for the property (which will include
consensus estimates both of future market rental growth and of the covenant
strength of the tenant), the legal terms of the agreement between landlord and
tenant and any speci®c risk factors relating to the building. These risk factors,
typically, are incorporated into a single `initial yield' or capitalization rate.
Asset heterogeneity and thin transaction markets means that the appraisal
utilizes a very limited current information set.
Two consequences of this process are important. First, the appraisal process
creates uncertainty as to the true value, and hence about both components of
the return. There have been a number of studies concerning valuation and
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appraisal accuracy.1 These are not conclusive but cast doubt on validity of
conclusions drawn from appraisal-based data. That said, it is the appraisalbased returns that are used to measure fund performance and fund manager
added value. Thus there is a case for using unadjusted returns. Second, because
appraisers are faced with a limited information set, it is suggested that they use
evidence over a time window around (but generally preceding) the notional
date of the valuation and that they adjust prior valuations in the light of new
evidence by an intuitive process of Bayesian adjustment. The ®rst gives rise to
temporal aggregation eects, the second to an autoregressive or exponential
smoothing eect.2 The consensus position from published research is that
appraisal smoothing reduces the measured volatility of real estate. Further,
appraisals may lag turning points and understate both peaks and troughs.
Unitized property investment vehicles such as Property Unit Trusts are
similarly liable to appraisal uncertainty, since the value of each unit (and,
hence, the notional return) is determined by independent property valuers. For
larger funds, diversi®cation may reduce this valuation uncertainty ± or at least
its random component. Additional uncertainty arises in poor market
conditions as fund managers widen spreads and seek to defer redemption,
reducing liquidity.
Performance in the public market is easier to measure, since share prices and
dividend information are readily available. Two issues are worth mentioning.
First, many REITs and property companies have relatively small market
capitalizations and, in common with other small cap stocks, consequently
have larger bid±ask spreads than large cap stocks and potential problems of
illiquidity in dicult market conditions. Second, care must be taken in using
published sector indices, in that very dissimilar types of ®rms may be included.
For example, in the UK, many property sector indices include property
investment companies, speculative developer-traders and property service
providers, while the widely used US National Association of Real Estate
Investment Trusts (NAREIT) index (see below) includes both propertyowning and mortgage REITs. Although information on returns is readily
available, investors are faced with the same appraisal problem as in the private
market in attempting to estimate the net asset value of ®rms.
In the USA, the most frequently used index of private commercial real estate
performance is that produced by the National Council for Real Estate
Investment Fiduciaries (NCREIF). NCREIF provide income, capital and
total returns disaggregated by sector and region based on a sample of
1
For the UK, see, for example, Adair et al. (1996); Brown (1992); Lizieri and Venmore-Rowland
(1993); Matysiak and Wang (1995)
2
Discussions may be found in Barkham and Geltner (1994, 1995), Blundell and Ward (1987),
Brown (1991), Geltner (1991), Quan and Quigley (1991) and Ross and Zisler (1991).
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institutional-owned properties valued at $73 billion as at 1999 Q2. The data
runs from 1977 Q4 and is available on a quarterly basis. Many of the
properties are only valued on an annual basis, creating seasonality in the data.
The lack of high-frequency data is a particular problem in real estate, the high
cost of appraisal precluding frequent reporting. In the UK, an equivalent
benchmark performance service is provided by Investment Property Databank (IPD). The IPD databank contains property valued at £75 billion ($126
billion) as at December 1998. Annual performance, again separable into
sectors and regions, is available from 1980. IPD have produced a monthly
index since December 1986. However, the properties in that index are
predominantly held in unit trusts and, hence, may not be representative of the
total institutional markets. A number of commercial agents produce similar
appraisal-based indices. However, since these tend to contain small numbers
of properties and, hence, high levels of speci®c risk, they cannot be considered
as reliable indicators of market performance.
An alternative source of private returns information is to create synthetic
returns from published rent and capitalization rate (or yield) data. In the UK,
CB Hillier Parker produce a regular (quarterly) series of market rents and yields
for hypothetical, beacon properties in a number of towns. These are then
aggregated to produce regional and national indices. Calculated on a quarterly
or annual basis, such returns will overstate achievable investment performance,
since they ignore the impact of the contractual terms of leases. However, they
will be more responsive to market conditions than portfolio-based indices and
are, thus, useful as barometers of change. In the USA, the American Council of
Life Insurers publish capitalization rates which can be combined with NCREIF
rent data to produce a similar barometer (see, e.g. Ling and NaranjoÄ, 1999).
Price and return indices for public market real estate can be obtained readily
from standard sources: the FTSE in the UK, CRSP in the USA, Datastream,
for example. Care must be taken with these series; researchers must be mindful
of composition changes and survivorship bias. For US real estate investment
trusts, the NAREIT index is commonly used. The explosive growth of REITs
in the 1990s (increasing from $9 billion in 1990 to $44 billion in 1994 and
peaking in 1997 at $140 billion) and the changing nature of the REIT market
once again requires a health warning to be placed on the data. Furthermore, the
overall REIT index includes mortgage REITs, hybrid REITs and healthcare
REITs as well as commercial property equity REITs. For international
markets, Global Property Research, based in the Netherlands, publish country
and regional±continental indices of property company performance.
In comparing public and private real estate markets, analysts and
researchers must be aware of many issues: the dierent nature of index
construction; uncertainty relating to appraisal-based private returns;
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appraisal-induced smoothing and serial correlation; the impact of gearing
(leverage) on public-market returns, for example. Furthermore, international
comparisons must be mindful of dierences in the nature of the investment
vehicle. For example, REITs are a passthrough, income distribution vehicle
while UK property companies pay dividends and may retain earnings for
investment. This will alter the relationship between the public property stock,
other equities and the underlying real estate asset.
We have dwelt at some length on these de®nitional and measurement issues
to emphasize that real estate is `dierent' and that caution must be exercised in
utilizing published performance indices. Analysis and research must be
mindful of the institutional structure of the market in order to avoid misuse of
statistics and misleading interpretations of data. Next we examine the
structure of returns, turning ®rst to the direct, private, market, before
considering patterns and distributions in the public market and the linkage
between the two markets.
3.3

THE PRIVATE, DIRECT REAL ESTATE MARKET

As the previous section implied, analysis of return distributions in the direct
real estate market is hampered by the low frequency of data and uncertainty
concerning the validity of appraisal-based returns. Nonetheless, concern has
been expressed about the distributional characteristics of real estate returns
and the possible impact of non-normality. In addition to attempts to
`desmooth' property returns (that is, to attempt to remove serial correlation
and aggregation eects to extract the `true' market signal), a number of
authors have tested for normality. The results point both to peaked, fat-tailed
distributions and, more tentatively, to skewness.
Young and Gra (1995) examine returns distributions for US institutional
private real estate as captured in the NCREIF database. They decompose
annual returns data for individual properties (grouped by type of property)
over the period 1980±1992 into two components ± the mean return for a
property type in any one year and a residual return for the individual property
in that year. The residual series is taken as representing the asset-speci®c risk
for that year. They then use the methodology suggested by McCulloch to ®t
stable distributions to the residual series and estimate the parameters of the
characteristic function. The
parameter for the whole sample, at 1.48 is
signi®cantly below the value of 2.0 that characterizes a normal distribution.
This result held for the great majority of years and property types. The
parameters, as a measure of skewness, were typically negative: for the whole
sample, was ÿ0.47, signi®cantly dierent from zero at the 99% con®dence
level. Tentatively, they point to time variance in the skewness parameter.
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These ®ndings broadly con®rm those of Miles and McCue (1984) and
Hartzell et al. (1986) who ®nd evidence of non-normality in terms of skewness
and kurtosis, and Myer and Webb (1994) who provide evidence of non-normal
kurtosis and autocorrelation in private real estate returns. In similar vein,
Byrne and Lee (1997) test quarterly returns for sector/region disaggregations
of the NCREIF index between 1983 and 1994. Although the number of
observations is comparatively small, normality is rejected using the Jarque±
Bera test for ten of the sixteen sub-sectors. Consistent with earlier ®ndings,
they detect positive kurtosis and, typically, negative skewness. They suggest
that if returns are best characterized by stable Paretian distributions with
in®nite variance, portfolio-optimization strategies using the variance as a
measure of risk are inappropriate. Instead, they propose use of the mean
absolute deviation.
Gra et al. (1997) examine the distributional characteristics of Australian
real estate based on the Property Council of Australia's Performance Index.
This index illustrates many of the problems of working with direct real estate
data, in that there is only a short time series (1984±1996), low-frequency
(annual) data, just over 500 properties in the sample (and hence the likelihood
of market tracking error) and the capital component of the returns is based on
valuations rather than transactions. As with Young and Gra (1995),
McCulloch's method is used to test distributional parameters of individual
property return residuals after removal of the time-speci®c property-type
return. The mean alpha parameter, at 1.59 is signi®cantly below the value of
2.0 characteristic of a normal distribution. The betas do not give any clear
indication of skewness (nor, in contrast to Young and Gra's US results do
they appear to be time varying). The C parameter, as a proxy for risk, suggests
both heteroscedasticity and time variance.
3.4

THE PUBLIC, INDIRECT REAL ESTATE MARKET

The public, or indirect, real estate market consists largely of shares in listed
property vehicles. A distinction must be drawn between distributed earnings
vehicles such as Real Estate Investment Trusts (REITs) and more conventional real estate companies. The former are vehicles whereby all income after
deduction of management charges is distributed to shareholders. They are
frequently tax transparent and, hence, subject to restrictions on investment
policy and behaviour ± for example, there may be strict limitations on debt to
equity ratios. Property companies, by contrast, are able to retain earnings:
return thus comes from dividend payments and any share price appreciation.
Real estate companies may be further sub-divided into property investment
companies and developer-traders. The latter are typically valued on a price±
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earnings ratio basis, have higher gearing ratios and generally exhibit higher
betas than property investment companies whose share price is based on
discounted net asset value.
The behaviour of exchange traded real estate securities is, in many ways,
more similar to that of other equities (particularly small capitalization stocks)
than of the underlying private real estate. Certainly, reported contemporaneous correlations between traded real estate and stock indices are far higher
than those between the direct property market and either stocks or traded real
estate. This has led some to question whether there is a separate real estate
factor at all, or whether traded property stocks represent a pure property play.
This is explored further in the next section. More recent evidence suggests
closer links between REITs and the underlying property market. It is thus
reasonable to treat their returns as representative of some form of property
market performance. Nonetheless, research on the distribution of indirect real
estate returns produces results that are consistent with stock market research:
that is, with non-normality, peaked distributions and fat tails.
Lizieri and Satchell (1997a,b) examined the distribution of monthly property
company returns in the UK between 1972 and 1992. They found strong
evidence of non-normality, with Jarque±Bera tests rejecting the null hypothesis
at 0.001 and beyond. Returns exhibited positive skewness and kurtosis and
were fat-tailed. Equity market returns in general (proxied by the FT All Share
index) were similarly non-normal. The residual stock series resulting from an
orthogonalization based on regressing stock returns on property returns
(FTASt   FTPROPt  t  appeared much closer to (log) normality.
Seiler et al. (1999) examine the return distributions of equity real estate
investment trusts (EREITs) for quarterly data from 1986 to 1996. The
Kolmogorov±Smirnov, Shapiro±Wilks and Lilliefors tests generally reject
normality, despite the small number of observations. By sector, Oce REIT
returns appear the least normal, while the tests do not reject normality for
Industrial REITs. The oce returns are characterized by very high volatility, a
low mean return and positive skewness. Comparative ®gures for the direct
market show oce property returns exhibiting negative skewness, a disturbing
contradiction. Myer and Webb (1993) analyse quarterly returns from a small
sample of REITs over the period 1978-1990. While a composite index of
REITs shows no evidence of non-normality, individual REITs have signi®cant
skewness and kurtosis and are non-normal by at least one of the normality
tests employed. As with Seiler et al., comparative direct market returns are
shown to be non-normal.
Lu and Mei (1999) provide comparative evidence of return distributions for
property sector share indices in ten emerging markets. Hampered by short
time-series, they apply Anderson±Darling normality tests which weakly reject
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normality in four of the ten markets. As with the common stocks in those
markets, the real estate returns are fat-tailed and positively kurtotic. Kurtosis is
greater in monthly than in quarterly data which they take as implying that there
are abnormal jumps in the return series that are not persistent and are masked
in higher-frequency data. Interestingly, for portfolio strategy purposes, they
®nd that cross-market correlations are increasingly positive when US market
conditions are poor ± that is `you get diversi®cation when you don't need it'.
Almost all the studies of REIT and property company returns report very
low autocorrelation coecients. Typically, in monthly data, the ®rst-order
coecient is signi®cant and negative (see, for example, Nelling and Gyourko,
1998), possibly indicating some sort form of mean reversion, but others are
non-signi®cant. This contrasts sharply with evidence from the private market
where positive serial correlation is marked in sub-annual data and persistent.
As previously noted, this pattern is generally attributed to measurement issues
or to appraiser behaviour (but see Lai and Wang, 1998 for a contrary view).
3.5

A PROPERTY FACTOR? REAL ESTATE AND CAPITAL MARKET
INTEGRATION

A key question to be confronted in considering indirect real estate returns is
are they stock or property? This has been the subject of considerable research.
This question is embedded within a broader issue: is there a separate real estate
factor? If so, is that property factor priced? As with the distributional issues
covered above, analysis is made complex by the nature of real estate data.
Many researchers have noted that REIT and property company share
returns have much closer contemporaneous correlations with the stock market
than with the underlying real estate market. Typical coecients range between
0.65 and 0.85. Correlations between the listed real estate securities and the
underlying market are generally much lower and are frequently indistinguishable from zero. These results hold even where researchers have attempted to
correct for appraisal smoothing in the direct property market and for gearing
(leverage) in the indirect, public market series (see, for example, Barkham and
Geltner, 1995). Gordon and Canter (1999) suggest (on the basis of rolling
correlations) that there is international evidence that real estate stocks are
behaving less like stocks and more like property: particularly where the ®rm is
a distributed earnings vehicle, like a REIT. In the USA, they show rolling 36month correlations between REITs and the stock market falling from over
0.75 in 1990 to under 0.30 in 1998.
Barkham and Geltner (1995) suggest that there is price discovery between
the direct and indirect markets in both the USA and the UK. They suggest, on
the basis of Granger causality tests, that the public market leads the private
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market, implying that information is impounded into prices more eciently in
exchange-traded markets. Wang et al. (1997) demonstrate cointegration
between public and private markets with, again, price discovery from the
indirect to the direct market. Monthly private property returns are predictable
using lagged values of public and private returns. Whether such predictability
could be used pro®tably given transaction costs and illiquidity on the direct
market is moot. Long-run cointegration between real estate and stock markets
is demonstrated by Okunev and Wilson (1997) and Wilson et al. (1998).
However, portfolio diversi®cation and arbitrage opportunities rest, critically,
on short-term dierences and adjustment processes.
Other research has addressed the issue of the integration of real estate
markets with other capital markets. Such research typically tests whether there
is a separately priced property factor or whether risk factors are similarly
priced in real estate and other markets. As such, they are joint tests of market
integration and the asset pricing model employed. Thus, for example, Liu et al.
(1990) orthogonalize property returns and ®nd that they are priced in the stock
market. However, the result is dependent on the validity of the single index,
CAPM framework employed. A range of studies are reviewed in Corgel et al.
(1995) and in Ling and NaranjoÄ (1999). The consensus seem to be that indirect
real estate markets are integrated with other capital markets but direct
property markets are segmented.
Ling and NaranjoÄ (1999) employ a multi-factor risk model to test whether
risk premia are priced in the same way across US asset markets. They test a
variety of private and public market real estate indices. With constant risk
premia, they are unable to reject the null hypothesis that real estate stocks and
non-property stocks are priced in the same way. However, direct real estate
returns appear to be priced dierently. With time-varying premia, these results
broadly hold. Integration is accepted in 80% of quarters for the exchange-listed
real estate returns but rejected for the vast majority of direct market returns.
Such results are somewhat troubling. The performance of the listed real
estate securities is ultimately dependent upon the underlying private market in
that the asset values of the ®rms depend upon the capital value of the real estate
owned, the ability to pay dividends depends upon the net operating income
from the property and the ability to trade pro®tably depends on increases in
capital values which, in turn, depend on rental change and expectations of
future growth. As a result, a close link between markets might be expected. Yet
dierences persist even after correction for serial correlation in the direct
market and gearing eects in the public market. The standard explanation is
that appraisals are failing to respond to market changes and, as a result, returns
from valuation-based indices are an inadequate proxy of market performance.
However intuitively appealing, this remains an assertion. It is also possible that
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misunderstanding of the nature of the property market has led to mispricing in
the public markets. The evidence of price discovery from public to private
markets gives some support for the former thesis but is not conclusive.
3.6

NON-LINEARITY IN REAL ESTATE RETURNS

The bulk of published real estate research on return distributions has been
con®ned to testing for normality or ®tting single distributions. However, there
is a small body of work that has examined non-linearity in returns. These
studies point tentatively to non-linear forms, with implications both for
further research and for portfolio strategies.
Lizieri et al. (1998) examine the monthly returns on UK property company
shares and US equity REITs using a Threshold Autoregressive (TAR) model.
A two-regime solution is proposed, with the regimes separated by the level of
real interest rates. The results are similar for the two markets. The regimeswitching model outperforms a linear, autoregressive model. In the USA, in the
lower interest rate environment, returns are characterized by mean-reverting
behaviour about a positive trend. In the higher interest rate environment,
returns exhibit a random walk around a falling trend, with values falling with
little volatility. UK returns follow the same pattern. The steepness of the trend
slope and a negative intercept mean that prices fall more sharply in the second
regime than they rise in the ®rst, consistent with the Black leverage eect.
Maitland-Smith and Brooks (1999) investigate non-linearity in the UK and
US markets, research hampered by the lack of high-frequency data. For US
markets, they use NCREIF quarterly returns from 1978 to 1995; in the UK,
they use the Jones Lang Wootton quarterly series from 1977 to 1995 and the
IPD Monthly Index, 1987±1995. In all cases, Jarque±Bera, Lilliefors and
Shapiro±Wilks tests overwhelmingly reject normality. They argue, in contrast
to prevailing views, that this results as much from skewness as kurtosis.
Threshold autoregression (again conditioned on real interest rates) indicates
two regimes. They then apply a Hamilton-style Markov switching model to
the data which, eectively, tests the hypothesis that the returns are generated
by a mixture of two (or more) normal distributions. Tests for normality on the
returns sorted into regimes are less likely to be rejected although the authors
caution against over-interpretation given small sub-sample size.
Ambrose et al. (1992) test for deterministic non-linearity in daily US real
estate (REIT) and stock market returns, using a fractal structure approach.
For stock market returns, they are unable to ®nd evidence that would reject a
hypothesis that returns follow a random walk, although they suggest that
returns are non-normal. The REIT series, by contrast, does exhibit signi®cant
persistence. However, this was found to be attributable to short-term bias,

58

Return Distributions in Finance

rather than long-run eects. Similar results are found for other stock market
industry groups.
Newell et al. (1996) test Australian property unit trust returns for chaotic
behaviour but ®nd little evidence of chaos. They suggest that non-linear
stochastic models are more appropriate. Newell and Matysiak (1997) conduct a
battery of tests on daily and weekly UK property company returns and
conclude that there is little evidence to support any hypothesis of chaotic
behaviour, but that there is evidence that the series are non-random and nonlinear in nature. Ward and Wu (1994) ®nd evidence of property market
`memory' and smoothing in UK property market returns and suggest that
returns series may exhibit fractal integration. In similar vein, Okunev and
Wilson (1997) examine the relationship between REIT and stock market series.
While conventional (linear) cointegration tests imply that the series are
segmented, further tests indicate the presence of a non-linear adjustment
process between the series, implying fractional integration. However, they note
that the adjustment process is protracted, implying diversi®cation potential.
Research into non-linearity, deterministic/chaotic behaviour, fractional
integration and other more complex returns behaviour is hampered by data
inadequacy. Exchange listed real estate securities are less problematic ±
although composition changes, alteration to tax and legal structures and
survivorship bias must be considered. However, the low-frequency, short time
series available in the direct market make interpretation of such tests
unreliable and require bootstrapping to generate con®dence intervals.
Nonetheless, the preliminary evidence does suggest that the possibility of
non-linear returns structures must be considered in modelling behaviour and
de®ning investment strategies.
3.7

THE UK REAL ESTATE MARKET: MODELS OF RETURN
DISTRIBUTIONS

Comparatively little work has been published on ®tting theoretical distributions to observed frequency distributions although, as discussed above, several
authors have argued against normal distributions. There are, however, several
programs including BestFit and Crystal Ball available that will ®t alternative
distributions to frequency distributions. In this section we report the results
from applying BestFit for Windows3 to the sample data.
The data comprised monthly total returns for the series shown in Table 3.1
for the period from 31 December 1986 to 31 December 1998. The data consist
of direct (valuation-based) institutional property returns reported by the
3

Palisade Corporation 1993±1996 Copyright.
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Table 3.1 Description of dataset used in the distribution-®tting exercise
FTALL
Gilts
RPI
FT-RealEstate
FT-Construct
IPDMI
IPDCityO
IPDSEInd
IPDSERet
IPDMWInd
IPDNScO
Resid1
IPDMIUns
IPDCOUns
IPDSEIndUns
IPDSERetUns
IPDMWIndUns
IPDNScoOUns

FT-All Share Return Index, End Month Value, Log Dierence
Medium Dated Gilts, Return Index, Log Dierence
Retail Price Index (Headline), Log Dierence
FT-Real Estate Sector Return Index (Spliced), Log Dierence
FT-Construction Sector Index, Log Dierence
IPD Monthly Returns Index, Log Dierence
IPD City Oces Return Index, Log Dierence
IPD South East Industrial Return Index, Log Dierence
IPD South East Retail Return Index, Log Dierence
IPD Midland & Wales Industrial Return Index, Log Dierence
IPD Northern & Scottish Oce Index, Log Dierence
Residuals from FTProp  alpha  beta FTALL R-bar-sq  0.605,
beta  1.013 (.068)
IPD Monthly Returns Unsmoothed (purged of ®rst-order autocorrelation)
IPD City Oces Returns Unsmoothed (purged of ®rst-order autocorrelation)
IPD South East Industrial Returns Unsmoothed (purged of ®rst-order
autocorrelation)
IPD South East Retail Returns Unsmoothed (purged of ®rst-order
autocorrelation)
IPD Midland & Wales Industrial Returns Unsmoothed (purged of ®rst-order
autocorrelation)
IPD Northern & Scottish Oce Returns Unsmoothed (purged of ®rst-order
autocorrelation)

Note: Unsmoothing is achieved by regressing Xt on Xtÿ1 and using the beta to remove the
autocorrelation, that is, Xt  Xt ÿ Xtÿ1 = 1 ÿ  This leaves the means (almost) unchanged
but results in an increase in the standard deviation of around 4x for the whole index and
somewhere between 1.7 and 2.9 for the sector/regions. Betas lie in the range 0.57±0.85. Other
unsmoothing methods have been suggested in the literature: it is unlikely that their adoption
would alter the results signi®cantly.

Investment Property Databank (IPD) with series for all property and
sub-indices for speci®ed regional and sectoral groups of property; property
company and construction ®rm share series; a residual series estimated by
orthogonalizing property company share performance on the overall equity
market; and, for comparison, All Share and Gilt series. The ®tting exercise was
performed on the whole period and then repeated on the sub-sample March
1988 to December 1998 to avoid the eect of the extreme observations around
and immediately following October 1987. It is, of course, arguable that the
returns in that short period October 1987 to February 1988 revealed relevant
and even important information about the behaviour of the returns from
investments in the long run. It is also plausible that the returns in that period
would distort the curve-®tting process if used in the comparatively small
sample of 132 returns.
The BestFit program oers 37 dierent distributions but many of these
are inappropriate on a priori grounds. There are only ®ve distributions that are
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(1) continuous and (2) open-ended at both high and low ends.4 These are
Extreme Value, Error function, Logistic, Normal and Student's t distribution.
The Extreme Value distribution, often associated with Gumbel (1958), is
found in three forms although the ®rst is by far the most common. It has been
used in a wide range of applications from earthquake magnitudes (Fahmi and
Abbasi, 1991), horse racing (Henery, 1984) and the stock market (Wiggins,
1991). The Distribution function is given by:
F x  eÿe

ÿxÿa
b

ÿ 1 < x < 1; b > 0

3:1

0
where
pa  mode, the mean is given by a ÿ bÿ 1 and the standard deviation is
b= 6
The Error function is also known as the exponential power distribution and
is symmetric but can be leptokurtic or platykurtic depending on the shape
parameter c. Its probability density function is given by

f x 

e

ÿjxÿaj2=c
2b

b0:5 2c=2 ÿ 1  c=2

ÿ 1 < x < 1; b > 0; c > 0

3:2

where mean  a, variance  2c b2 ÿ 3c=2=ÿ c=2: If a  0 and b  c  1,
then the error function corresponds to a standard normal variate.
The Logistic distribution is not commonly used in modelling returns but
may be appropriate for modelling the returns of indices because one possible
use suggested in the program includes `... the approximation of the midrange
of a set of variables with the same distribution. For example, the average of the
minimum and maximum prices brought by identical items at auction:'
(BestFit, 1998). The probability distribution is given by:
ÿ xÿa

e b
f x  

ÿ xÿa 2
b 1e b

3:3

p
where a  mean and k  b= 3  standard deviation.
The t-distribution has been used in modelling returns and more speci®cally
ratios (McLeay, 1986) and includes the Normal distribution as a member. The
probability distribution is given by:
fÿ v  1=2g
f x; v  p

ÿ 2  v1=2
vÿ v=2 1  xv

ÿ 1 < x < 1; v  1; 2; :::
3:4

4
In principle, the lower bound should be ÿ1, but the variability of the frequency distributions
would not suggest any ®xed lower bound.
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Table 3.2 Distribution of FT-All Share Index
Distributions (ranked by likelihood)
Test\full
sample

Unrestricted ®tting (including
transformed distributions)

Chi-square

Weibull
rejected

Logistic
rejected

Beta
rejected

Kolmogorov±
Smirnov

Weibull
rejected

Logistic
>0.1

Beta
rejected

Anderson±
Darling

Logistic
>0.15

Weibull
rejected

Beta
>0.05

Logistic
>0.28

Normal
>0.23

Weibull
>0.14

Kolmogorov±
Smirnov

Logistic
>0.15

Extreme
Value
rejected

Normal
rejected

Anderson±
Darling

Logistic
>0.15

Normal
rejected

Weibull
rejected

Sub-sample
Chi-square

Open-ended
distributions

Goodness
of ®t result

Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value

Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
>0.1
Rejected
Rejected
Rejected
Rejected
>0.15
Rejected
Rejected
Rejected

Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value

Rejected
>0.28
>0.23
Rejected
Rejected
Rejected
>0.15
Rejected
Rejected
Rejected
Rejected
>0.15
Rejected
Rejected
Rejected

Note: In this and subsequent tables, the ®gures in the body of the table approximate to the
probability that the empirical distribution may be described by the theoretical distribution. Where
that probability is below 0.05, the distributional form is rejected. The appearance of the Weibull
and Beta distributions may seem odd since both are restricted to positive values. In ®tting the
distributions, however, the software transforms the values by adding to or multiplying by
constants. While the distributions may have some empirical descriptive power, they cannot be
inferred to have economic plausibility.

where v is a positive integer. The t-distribution is symmetrical and the kurtosis
is given by 3 v ÿ 2= v ÿ 4 for v > 4:
There are fourteen other distributions that have speci®c lower end
boundaries. One can justify using these distributions since the lower
bound of a returns distribution is ÿ1 or ÿ100% in any one period. However,
the program will also ®t any distribution to a sample by appropriate
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Figure 3.1 Fitted and observed returns for FT-All Share Index (March 1988 to December 1998)

transformation. For example, the Chi-squared distribution has a lower bound
of zero but can be ®tted to data that includes the minimum value of ÿ0.5 by
adding 0.5 to every observation and then subtracting 0.5 from the ®tted Chisquared value. In the following analysis we report the three distributions
highest in the list ranked by the goodness of ®t to the empirical data.
There are three tests used to test the goodness of ®t of the theoretical
distributions: the Chi-square test, the Kolmogorov±Smirnov and the
Anderson±Darling test. The ranking is carried out using each test in turn
and the goodness-of-®t tests are carried out for every distribution.
The results of this analysis of the FT-All Share index show ®rst how
sensitive is the ®tting process to outlying observations (Table 3.2). When the
full sample is used, all tests for normality reject the hypothesis that the normal
distribution is an adequate ®t of the observed returns. Instead we ®nd that the
suggested distributions are Beta and Logistic, with the Weibull being narrowly
rejected at the 0.05 level. Of these three, only the Logistic remains
untransformed. The transformation of the Weibull involves the addition of
1.22 to the returns: the ®t may be almost acceptable using the Kolmogorov±
Smirnov test but it has no rationale. Similarly the Beta distribution ®tting
involves a transformation of dividing the returns by 2.26 and then adding 1.22
to the result. For the sub-sample, the normal is not rejected by the chi-square
test and is narrowly rejected by the Anderson±Darling test.
In both the full sample and the sub-sample, the Logistic distribution appears
the most plausible using all the tests. Figure 3.1 shows the ®tted and observed
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returns for the FT-All Share Index from March 1988 to December 1998. Table
3A.1 provides comparable analysis for a long-term Government bond index
while Table 3A.2 summarizes the results for the two FT-A sector indices
(Construction and Property). In all cases, the diagnostic tests provide similar
support for the Logistic and Normal distributions: particularly in the case of
the construction sector.
3.7.1

Direct property indices

Table 3.3 presents the results for the IPD monthly index. The index consists of
properties held by funds which all have valuations at monthly intervals.
Because the distribution of properties in this index diers sharply from the
IPD Annual index (having too few City Oces, for example), it can be argued
that it is not representative of the institutional property market but, by
de®nition, the portfolios consist of properties that are of `institutional
quality'. The results are reasonably consistent with those for the other assets,
the logistic and normal distributions adequately describe the returns
distributions of property. The Beta and Gamma distributions are revealed
to ®t the distributions only after adding 0.0209 to the monthly returns (to both
the returns in the full sample and the sub-sample).
To counter the smoothing problem, discussed above, the analysis is repeated
using returns unsmoothed using a simple regression procedure. These results
are presented in Table 3.4. Unfortunately, the results are not supportive of the
process of unsmoothing. One of the reasons for unsmoothing the returns from
the property indices is the wish to create an indicator that will be more
responsive to market information than the appraisal-based valuations. One
would therefore suppose that the unsmoothed series would be closer than the
unadjusted series to a Normal Distribution; a result that would be consistent
with the Weak Form of the Ecient Market Hypothesis. However, in
comparing Table 3.3 and Table 3.4, we ®nd that the unsmoothed series appear
to be less easily modelled than the raw (smoothed) series.
In examining Figure 3.2, which presents the dierences between a Normal
distribution and the unsmoothed returns from the IPD Monthly Index, we
®nd that the actual returns, even after adjustment, contain too many returns
about zero and too few larger negative and positive returns. This might be
expected in a thinly traded market in which prices move only in response to
new company-speci®c (here, property-speci®c) information and in which that
information arrives only infrequently. This corresponds to behavioural studies
of valuer behaviour. In other words, the unsmoothing procedure does not
correct for the thinness of the trading in the property market.
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Table 3.3 Distribution of returns from IPD Monthly Property Index
Distributions (ranked by likelihood)

Test\full
sample

Unrestricted ®tting (including
transformed distributions)

Chi-square

Logistic
>0.59

Normal
>0.47

Weibull
>0.47

Kolmogorov±
Smirnov

Normal
>0.15

Beta
>0.15

Weibull
>0.1

Anderson±
Darling

Beta
>0.15

Gamma
>0.15

Erlang
>0.15

Logistic
>0.25

Gamma
>0.23

Weibull
>0.17

Kolmogorov±
Smirnov

Beta
>0.15

Weibull
>0.05

Erlang
>0.15

Anderson±
Darling

Beta
>0.15

Erlang
>0.15

Gamma
>0.15

Sub-sample
Chi-square

3.7.2

Open-ended
distributions

Goodness
of ®t result

Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value

Rejected
>0.59
>0.47
Rejected
Rejected
Rejected
>0.15
>0.15
Rejected
Rejected
Rejected
>0.15
Rejected
Rejected
Rejected

Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value

Rejected
>0.25
>0.13
Rejected
Rejected
Rejected
>0.1
Rejected
Rejected
Rejected
Rejected
>0.1
Rejected
Rejected
Rejected

The Sub-Sector Direct Property indices

The analysis for various sub-sectors of the IPD Monthly Index (for
geographical and sector groupings of properties) are summarized in Tables
3.5±3.7. Because the direct property indices do not exhibit the structural break
in October 1987 that was so obvious in the equity markets, the analysis is
carried out on the full samples only. It can be seen from Tables 3.5 and 3.6
that, as with the IPD Monthly Index, the unsmoothing procedure makes very
little dierence to the ®t of plausible distributions. Overall, the most
appropriate distribution appears to the Logistic distribution ± but even here
it is rejected in most cases (generally having a probability of around 0.025). As
before, the main reason for the inappropriate ®t is the excess of returns around
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Table 3.4 Distribution of returns from IPD Monthly Property Index (unsmoothed)
Distributions (ranked by likelihood)
Test\full
sample

Unrestricted ®tting (including
transformed distributions)

Chi-square

Logistic
rejected

Error
function
rejected

Triangular
rejected

Kolmogorov±
Smirnov

Logistic
>0.15

Extreme
Value
rejected

Normal
rejected

Anderson±
Darling

Logistic
>0.15

Normal
rejected

Beta
rejected

Logistic
rejected

Error
function
rejected

Triangular
rejected

Kolmogorov±
Smirnov

Logistic
>0.15

Extreme
Value
rejected

Normal
rejected

Anderson±
Darling

Logistic
>0.1

Normal
rejected

Beta
rejected

Sub-sample
Chi-square

Open-ended
distributions

Goodness
of ®t result

Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value

Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
>0.15
Rejected
Rejected
Rejected
Rejected
>0.15
Rejected
Rejected
Rejected

Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value

Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
>0.15
Rejected
Rejected
Rejected
Rejected
>0.1
Rejected
Rejected
Rejected

zero. In descriptive diagnostics, this is revealed in the measurement of kurtosis.
This is sharply revealed in Table 3.8, which summarizes the kurtosis of the
property sector indices and compares the measures to their theoretical
counterparts. In all cases, the kurtosis of the empirical distribution is
substantially higher than implied by the respective distribution. By contrast to
the direct property indices, the residual series from regression of property
company share returns on the all share index (shown in Table 3.5) appears
easier to model, with the normal shown as the favoured distribution.
3.7.3

Quarterly returns

If the atypical behaviour of property returns can be explained by the thinness
of the market and the lack of liquidity and trading, we should expect to see the
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Figure 3.2 Dierences between normal distribution and actual distribution of IPD monthly
returns (unsmoothed) ± negative values imply actual > normal

distributions to conform more closely with other market returns over longer
trading intervals. We therefore converted the returns of the direct property
indices (unsmoothed) to quarterly returns and re-estimated the distributions.
The results are summarized in Table 3.7 and are consistent with this
interpretation. In comparing Tables 3.5 and 3.7 we ®nd that normality is
rejected for all ®ve selected sub-sectors of the IPD (Unadjusted) Monthly
Property indices but accepted for two of the ®ve sub-sectors of the Quarterly
index with a third being narrowly rejected. The logistic distribution is not

Figure 3.3 Time series (log-scale) of FT-All Share and IPD Property Index
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Table 3.5 Distribution of returns from IPD Monthly Sub-Sector Indices (unadjusted)

Chi-square

Kolmogorov±
Smirnov

Anderson±
Darling

Chi-square

Kolmogorov±
Smirnov

Anderson±
Darling

Goodness of ®t results
IPDSERet
IPDNScO

Open-ended
distributions

IPDCityO

Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value

Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
>0.1
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected

Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected

Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected

IPDSEInd

IPDMWInd

Resid1

Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
>0.05

Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected

>0.07
>0.08
>0.09
Rejected
Rejected
>0.15
>0.1
>0.05
Rejected
Rejected
>0.15
>0.1
>0.05
Rejected
Rejected

Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value

rejected in two of the monthly indices and is not rejected in any of the quarterly
indices although the results of the dierent signi®cance tests do not always
agree. Speci®cally, the Chi-squared test diers most from the Kolmogorov±
Smirnov and the Anderson±Darling tests, albeit not in any systematic way.
It was not appropriate to estimate returns over any longer interval because
the small-sample properties of the tests would lead to inconclusive results.
However, we infer that as the trading interval is increased, the behaviour of the
property indices would conform more closely to the returns from other capital
markets.
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Table 3.6 Distribution of returns from IPD Monthly Sub-Sector Indices (unsmoothed)

Chi-square

Kolmogorov±
Smirnov

Anderson±
Darling

Chi-square

Kolmogorov±
Smirnov

Anderson±
Darling

3.8

Goodness of ®t result
IPDSERetUns
PDNScoOUns

Open-ended
distributions

IPDCOUns

Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value

Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected

Rejected
Rejected
Rejected
Rejected
>0.05
Rejected
Rejected
Rejected
Rejected
>0.05
Rejected
Rejected
Rejected
Rejected
>0.05

IPDSEIndUns

IPDMWIndUns

Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
>0.15
Rejected
Rejected
Rejected
Rejected
>0.15
Rejected
Rejected
Rejected

Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
>0.15
Rejected
Rejected
Rejected
Rejected
>0.1
Rejected
Rejected
Rejected

Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value

Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected

CONCLUSIONS

The empirical results presented above support the existing real estate literature
in emphasizing that it is unsafe to assume normality of property returns. For
the unadjusted IPD monthly data, normality was rejected by a number of test
procedures while other distributions ± notably the logistic ± were favoured.
When sub-sector returns were analysed, normality was rejected in almost all
cases. This, allied to the fact that the distribution of property returns appears
to behave in a dierent way from those of equities and bonds (and, indeed, of
securitized real estate), has implications for asset allocation. The inclusion of
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Table 3.7 Distribution of quarterly returns from IPD Sub-Sector Indices (unadjusted)

Chi-square

Kolmogorov±
Smirnov

Anderson±
Darling

Chi-square

Kolmogorov±
Smirnov

Anderson±
Darling

Goodness of ®t result
IPDSERet

Open-ended
distributions

IPDCityO

Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value

>0.20
>0.50
>0.44
Rejected
Rejected
Rejected
>0.15
Rejected
Rejected
Rejected
Rejected
>0.15
Rejected
Rejected
Rejected

Rejected
>0.09
>0.09
Rejected
Rejected
Rejected
>0.15
>0.15
Rejected
Rejected
Rejected
>0.15
>0.10
Rejected
>0.05

Rejected
Rejected
Rejected
Rejected
>0.07
Rejected
>0.15
Rejected
Rejected
>0.05
Rejected
>0.10
Rejected
Rejected
Rejected

IPDSEInd

IPDMWInd

IPDMI

Rejected
Rejected
Rejected
Rejected
>0.30
Rejected
>0.15
Rejected
Rejected
Rejected
`Rejected
>0.15
Rejected
Rejected
>0.05

Rejected
>0.05
Rejected
Rejected
>0.50
Rejected
>0.15
Rejected
Rejected
>0.15
Rejected
>0.15
Rejected
Rejected
>0.10

Rejected
>0.07
>0.13
Rejected
Rejected
Rejected
>0.15
>0.15
Rejected
>0.10
Rejected
>0.15
>0.15
Rejected
>0.15

Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value
Error function
Logistic
Normal
Student's t
Extreme Value

IPDNScO

real estate returns, especially when measured over small intervals, alongside
other asset classes in optimizing procedures may produce misleading results.
The aberrant behaviour of real estate returns has often been attributed to
the appraisal-based nature of capital returns and the problem of valuation
smoothing. It has been asserted that unsmoothing the data will result in a
returns series that impounds data more rapidly and, hence, produce returns
distributions closer to those that would be expected in an informationally
ecient market. The evidence here does not support that contention.
Unsmoothing the returns does not result in returns distributions that are
easier to model or that conform to normality. It appears that this results from
the high proportion of returns that are close to zero. We argue that this is a
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Table 3.8 Kurtosis of actual property returns, compared with model distributions

Returns
Actual

Error
function

Logistic

Normal

Student's t

Extreme
Value

3.34

3.0

4.2

3.0

3.0

5.4

6.24

3.0

4.2

3.0

3.0

5.4

8.72

3.0

4.2

3.0

3.0

5.4

8.49

3.0

4.2

3.0

3.0

5.4

15.0

3.0

4.2

3.0

3.0

5.4

7.34

3.0

4.2

3.0

3.0

5.4

4.62

3.0

4.2

3.0

3.0

5.4

IPD monthly
IPD monthly
unsmoothed
City Oces
unsmoothed
SE Oces
unsmoothed
SE Retail
unsmoothed
MW Industrials
unsmoothed
N Scot Oces
unsmoothed

result of the thinly traded market and slow arrival of information, resulting in
static individual valuations.
If our inference were correct, real estate markets should produce returns that
are more similar to those in other asset markets over longer trading and analysis
periods. The analysis of quarterly data is consistent with this view. Returns are
easier to model and the normal distribution is favoured on a number of tests
both for the aggregate index and at sub-sector level. We suspect that, were there
longer time series, still better results could be achieved with annual data. This is
consistent with the longer holding periods that characterize investment property
(themselves a response to the dierent structure of the property market, in
particular greater speci®c risk and uncertainty and higher transaction costs).
Again, this may cause problems for a formal quantitative mixed asset-allocation
procedure where the model demands higher-frequency data.
Finally, we emphasize that risk and return characteristics of real estate dier
from other asset classes. The heterogeneity, indivisibility and large lot size of
the assets, the thinly traded market, the importance of valuations rather than
transactions in determining returns and the high transaction costs that drive
longer holding periods all have an impact on the return structure. As a result,
great care must be taken in analysing and interpreting real estate returns and in
using these returns in optimized allocations for mixed-asset portfolios.
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APPENDIX
Table A.1 Distribution of UK Government Bond (medium-term) returns.
Gilts

Ranked by likelihood

Test\full
sample

Unrestricted ®tting (including
transformed distributions)

Open-ended
distributions

Goodness
of ®t result

Chi-square

Normal
>0.73

Logistic
>0.71

Triang.
>0.61

Kolmogorov±
Smirnov

Weibull
>0.1

Normal
>0.15

Logistic
>0.15

Anderson±
Darling

Normal
>0.15

Logistic
>0.15

Weibull
rejected

Error function
Logistic
Normal
Student's t
Error function
Logistic
Normal
Student's t
Error function
Logistic
Normal
Student's t

Rejected
>0.71
>0.73
Rejected
Rejected
>0.15
>0.15
Rejected
Rejected
>0.15
>0.15
Rejected

Logistic
>0.87

Normal
>0.85

Triang.
>0.59

Kolmogorov±
Smirnov

Weibull
>0.1

Normal
>0.15

Logistic
>0.15

Anderson±
Darling

Logistic
>0.15

Normal
>0.15

Weibull
Rejected

Error function
Logistic
Normal
Student's t
Error function
Logistic
Normal
Student's t
Error function
Logistic
Normal
Student's t

Rejected
>0.87
>0.85
Rejected
Rejected
>0.15
>0.15
Rejected
Rejected
>0.15
>0.15
Rejected

Sub-sample
Chi-square
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Table A.2 Distribution of FT Sector Indices return
FT-Real Estate

Test\full
sample

Open-ended
distributions

Chi-Square

Error function
Logistic
Normal
Student's t
Kolmogorov± Error function
Logistic
Smirnov
Normal
Student's t
Error function
Anderson±
Logistic
Darling
Normal
Student's t
Sub-sample
Chi-square

Error function
Logistic
Normal
Student's t
Kolmogorov± Error function
Smirnov
Logistic
Normal
Student's t
Anderson±
Error function
Darling
Logistic
Normal
Student's t

FT-Construct
Goodness
of ®t result

Test\full
sample

Open-ended
distributions

Goodness
of ®t result

Rejected
>0.14
Rejected
Rejected
Rejected
>0.15
>0.05
Rejected
Rejected
>0.15
Rejected
Rejected

Chi-square

Error function
Logistic
Normal
Student's t
Error function
Logistic
Normal
Student's t
Error function
Logistic
Normal
Student's t

Rejected
>0.71
>0.73
Rejected
Rejected
>0.15
>0.15
Rejected
Rejected
>0.15
>0.15
Rejected

Error function
Logistic
Normal
Student's t
Error function
Logistic
Normal
Student's t
Error function
Logistic
Normal
Student's t

Rejected
>0.87
>0.85
Rejected
Rejected
>0.15
>0.15
Rejected
Rejected
>0.15
>0.15
Rejected

Rejected
>0.87
>0.85
Rejected
Rejected
>0.15
>0.15
Rejected
Rejected
>0.15
>0.15
Rejected

Kolmogorov±
Smirnov

Anderson±
Darling

Sub-sample
Chi-square

Kolmogorov±
Smirnov

Anderson±
Darling

Chapter 4
Modelling emerging market risk
premia using higher moments
SOOSUNG HWANG AND STEPHEN E. SATCHELL
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Economics 4 (1999).

ABSTRACT
The purpose of this chapter is to assess the incremental value of
higher moments in modelling CAPMs of emerging markets. While it is
recognized that emerging markets are unlikely to yield sensible results
in a mean-variance world, the high skewness and kurtosis present in
emerging markets returns make our assessment potentially interesting. Generalized method of moments (GMM) is used for the
estimation. We also present new versions of higher-moment market
models of the data-generating process of the individual emerging
markets and use these to identify model parameters. We ®nd some
evidence that emerging markets are better explained with additional
systematic risks such as co-skewness and co-kurtosis than the
conventional mean-variance CAPM.

4.1

INTRODUCTION

Many empirical studies on emerging markets suggest that methods of
conventional ®nance such as the mean-variance CAPM are highly misleading
when applied to pricing assets. There are many explanations given: nonstationarity due to evolving degrees of market integration, the importance of
non-economic factors such as political risk, the presence of survivorship and
re-emerging bias in emerging markets data; country selection bias, and the
evolution from an emerging market to a mature one.
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In this study, we focus on the highly signi®cant skewness and kurtosis
prevalent in emerging markets data. The question we explore in this study is
whether emerging markets may be better explained with additional risk factors
such as higher moments, e.g. skewness and kurtosis. We develop highermoment CAPMs, and test them using generalized method of moments since
the distribution function of emerging markets return is not known. Our
empirical results show that emerging markets are better explained with highermoments CAPMs. In addition, co-kurtosis has at least as much explanatory
power as co-skewness for the countries used in this study.
In addition, we also use an alternative approach using data-generating
processes conditioning on the market as in Sharpe's market model. This is
because the high multicollinearity in sample co-moments seems to make it
hard to jointly estimate co-skewness and co-kurtosis. To reduce these
diculties, speci®c models are introduced as candidate data-generating
processes; these are the quadratic and cubic market models. We show that
higher-moment data-generating processes are consistent with higher-moment
CAPMs, and empirical tests reveal that the collinearity in the parameters
appears to be reduced.
We note that while the use of higher moments seems to explain emerging
markets better than conventional CAPMs, the higher-moment CAPMs are
based on an assumption of stationarity in emerging market returns. Since
there is clear evolution in these markets, our basic assumption is probably
inappropriate. In future research, we hope to investigate this problem further
by combining the ideas of this chapter with the evolving models of Bekaert and
Harvey (1995).
Research on emerging markets investment has identi®ed the following
features: high returns, high volatility, low correlation between emerging and
mature markets and low correlation between emerging markets which has
increased through time. Much of the research has concentrated on the
question of the usefulness of conventional ®nance to price assets in emerging
markets. The results suggest that the mean-variance CAPM is highly
misleading and that a capitalization-weighted portfolio seriously underperforms such simple constructs as an equally weighted portfolio, for example.
Explanations for the theoretical shortcomings involve non-stationarity due
to, for example, evolving degrees of market integration, the importance of
non-economic factors, such as political risk, and the inadequacy of two-fund
separation and representative agent based arguments. Bekaert et al. (1997)
discuss the above and also present other explanations concerned with the
nature of data; the presence of survivorship bias, the data are chosen over a
short period, the data miss the longer period of earlier failure (re-emerging
bias); there is also the presence of country selection bias. Other references for
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the above discussion are numerous. Results on portfolio evaluation can be
found in Masters (1998).
It is probably unlikely that any version of the CAPM will work in these
markets. One reason may be due to liberalization within the sample period
such that a local CAPM was valid before the structural break and a world
CAPM was valid after the break: see Bekaert and Harvey (1995, 1997). More
recently some markets, i.e. Malaysia, have been trying to engineer a reverse
process, referred to as submerging markets. All in all, a conventional model
will face diculties.
It is likely that one cannot model risk premia in those markets without
including political/social variables. However, we are not aware of much
modelling work that uses the highly signi®cant skewness and kurtosis
prevalent in emerging markets data; see, for example, Bekaert et al. (1998)
for the evidence of signi®cant skewness and kurtosis in these markets. Since
there exists a literature on the incorporation of higher moments into risk
premia, see Arditti (1967), Jean (1971, 1973), Ingersoll (1975), Kraus and
Litzenberger (1976), Friend and Wester®eld (1980), Sears and Wei (1985,
1988), Homaifar and Graddy (1988), and Lim (1989), it seems worth while to
explore this modelling strategy, if only to eliminate it as a potential
explanation. Therefore, throughout this study, we implicitly assume that
higher moments of returns exist; for the three-moment CAPMs, the ®rst three
moments are assumed to exist and for the four-moment CAPMs, the ®rst four
moments are assumed to exist.
Although a theory of asset pricing using co-skewness is well-known, a theory
involving co-skewness and co-kurtosis is not. Homaifar and Graddy (1988)
derive a higher-moment CAPM with Sharpe's (1964) methodology and test the
higher-moment CAPM using principal component regression, latent root
regression, and ordinary least square regression. In this chapter we develop
higher-moment CAPMs in a dierent way (see Section 4.2) and test them using
Hansen's (1982) generalized method of moments (GMM). To implement and
estimate these models, certain marginal rates of substitution between dierent
moments need to be identi®ed. We achieve this by considering (a) quartic
approximations to utility functions, (b) logarithmic utility; these calculations
extend existing results in the non-normal CAPM literature.
In Section 4.3 we describe our data and estimation technique. Following
Lim (1989), we use a multivariate approach with generalized method of
moments (GMM). This procedure is known to be consistent but inecient
relative to maximum likelihood. However, it has the important property of
being implementable without having to specify the data-generating process
(DGP) for returns. It also avoids the measurement error problem present
in traditional cross-sectional asset pricing model such as Kraus and
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Litzenberger (1976), Friend and Wester®eld (1980), Sears and Wei (1988) and
Homaifar and Graddy (1988).
There is enormous diculty in assessing the correct data-generating process
for emerging market returns. Our results re¯ect the diculty of modelling
returns in these markets; skewness and kurtosis move in a collinear manner
with the market. To reduce these diculties, speci®c models are introduced as
candidate DGPs in Section 4.4 these are the quadratic and cubic market
models. Assuming that the data are generated by these processes implies
speci®c restrictions for the higher moment CAPMs which are presented in
Theorem 4; these results are new to the literature. The relationship between the
higher-moment CAPMs and the higher-moment market models is investigated
and the higher-moment market models are estimated for the emerging
markets. We present conclusions in Section 4.5.
4.2

HIGHER-MOMENT CAPMs

In this section, we present various versions of the higher-moment CAPM. It is
assumed that there is a representative (mature-market) investor, and that all
returns are in units of period 1 consumption. We suppose that there is a
riskless asset whose return is rf and N risky assets whose ith return is
represented as ri . Investment proportions on the riskless asset and the N risky
P
assets are x0 and xi (i=1, 2, 3, ..., N), where x0  N
i1 xi  1. We assume that
for the investor, the initial investment is 1 and the end-of-period wealth is
represented as w. Then the end-of-period wealth is
N
X
w  x0 1  rf  
xi 1  ri 
4:1
i1

P
Note that the portfolio return for the investor is rp  x0 rf  N
i1 xi ri :
The ®rst four moments of the end-of-period wealth and their relationship
with systematic risk measures (i.e. beta, systematic skewness, and systematic
kurtosis) can be derived as in Kraus and Litzenberger (1976) (see Appendix 1).
That is, if we de®ne the systematic risk measures, ip ; ip ; and ip as
ip



ip



ip 

Efri ÿ E ri gfrp ÿ E rp g

4:2

Efri ÿ E ri gfrp ÿ E rp g2 

4:3

Efri ÿ E ri gfrp ÿ E rp g3 

4:4

Efrp ÿ E rp g2 

Efrp ÿ E rp g3 

Efrp ÿ E rp g4 
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then it follows that
XN
 w 
x
i1 i

ip 

rp 
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4:5

where  z  Efz ÿ E zg2 1=2 ,
XN
x
rp 
w 
i1 i ip

4:6

z  Efz ÿ E zg3 1=3 , and
XN
x   rp 
 w 
i1 i ip

where

4:7

where  z  Efz ÿ E zg4 1=4 and z is a random variable (we note that the
above parameters all have the property that they are homogeneous of degree 1
in x). The measures, ip ; ip ; and ip ; are known as beta, systematic skewness
and systematic kurtosis and, as we shall see, are natural measures of systematic
risk, or exposure, of an asset to market variance, skewness and kurtosis. Here
we use the subscript p to refer to the portfolio of interest. Throughout this
study,  z; z; and  z are called standard deviation, skewness, and
kurtosis. Note that skewness and kurtosis are generally de®ned as
Efz ÿ E zg3 = z3 and Efz ÿ E zg4 = z4 ; respectively. In this study
we call these expressions `normalized skewness' and `normalized kurtosis' to
separate them from our de®nitions in equations (4.6) and (4.7) .
The investment problem is described next; the investor maximizes the
expected utility of end-of-period wealth subject to a budget constraint as
follows:
Max EU w  f E w;  w;
subject to

1  x0 

XN

i1

w;  w

4:8

xi

Taking the ®rst-order conditions for the Lagrangian which is formed for the
above maximization problem and solving for the investor's equilibrium
condition, we obtain the following equation (see Appendix 2):


dE w
E ri  ÿ rf 
d w



dE w
ip  rp  
d w



ip




dE w
rp  
ip  rp 
d w

4:9

In order to move from the individual equilibrium model to a market
equilibrium model, we need a portfolio separation theorem. Under this
theorem, all individual investors maximize their utility with two funds; a
riskless asset and the market portfolio. This is referred to as two-fund money
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separation (TFMS). Conditions which ensure TFMS are that all agents have a
hyperbolic absolute risk aversion (HARA) utility with the same `cautiousness'
parameter. In this case, the individual investor's optimum portfolio
composition is equivalent to that of the market portfolio. Therefore, equation
(4.9) becomes






dE w
dE w
dE w
E ri  ÿ rf 
im  rm 
im  rm  
im rm  
d w
d w
d w
4:10

where rm is the rate of return on the market portfolio. We present the above
result as theorem 1.
Theorem 1. The four-moment CAPM can be represented as
E ri  ÿ rf 
where

1

1 im

w
 dE
d w  rm ,


2

2 im



w
 dE
d w

3 im

rm  and

4:11
3

w
 dE
d w  rm .

Proof. See above.
Remark 1. We expect the market price of beta reduction, 1 , to be positive as in
the conventional CAPM. On the other hand, the market price of co-skewness,
rm  > 0 ( rm  < 0), since
2 , should be negative (positive) when
dE w
@EU w=@ w
ÿ
<0
d w
@EU w=@E w
under non-increasing absolute risk aversion, see equations (4.15) and (4.17).
Therefore, 2 is expected to have the opposite sign as rm ; see Kraus and
Litzenberger (1976). Finally, the market price of co-kurtosis, 3 ; is expected to
be positive, since
dE w
@EU w=@ w
ÿ
>0
d w
@EU w=@E w
see equations (4.15) and (4.18). That is, the positive 3 is an additional
measure of degree of dispersion in returns and thus should have the similar
explanation to 1 .
Remark 2. If 3  0, we have the Kraus and Litzenberger (1976) (KL) threemoment CAPM. We refer to equation (4.11) as the KL four-moment CAPM.
It is important to note that equation (4.11) has been derived without any
assumptions abut the DGP generating returns. Indeed this section is written
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consciously trying to avoid specifying a model for emerging market returns.
Authors, notably Kraus and Litzenberger (1976, 1983), have speci®ed a DGP
relating ri to a quadratic conditional expectation function (CEF) in rm . This
can then be used to make inferences about co-skewness. Likewise, if we were to
add a cubic CEF, we could model co-kurtosis. Such an approach will be left to
Section 4.4.
Empirical results on the three-moment CAPM are not consistent: KL found
signi®cant coecients on beta and co-skewness, while Friend and Wester®eld
(1980) did not. Sears and Wei (1985) argued that the empirical value of market
risk premium, E rm  ÿ rf ; can aect the estimation of asset pricing models,
that is, coecients on beta and co-skewness. When we apply equation (4.10) to
the market portfolio, we obtain the following equation:






dE w
dE w
dE w
4:12
E rm  ÿ rf 
 rm  
rm  
 rm 
d w
d w
d w
since im  im  im  1 when i is the market portfolio. Dividing equation
(4.10) by equation (4.12), we present as a corollary to theorem 1 the Sears and
Wei (1985) version of the four-moment CAPM.
Corollary 2. The Sears and Wei (1985) (SW) four-moment CAPM is
represented as
E ri  ÿ rf  b1

im

 b2

im

 b3 im  E rm  ÿ rf 

4:13

where
b1 

 rm 
;
 rm   k1 rm   k2  rm 

b3 

k 2  rm 
;
 rm   k1 rm   k2  rm 

k1 

dE w=d w
dE w=d w
; and k2 
dE w=d w
dE w=d w

b2 

k 1 rm 
;
 rm   k1 rm   k2  rm 

Remark 3. If k2  0, we have the SW three-moment CAPM.
Here, k1 is interpreted as the market's marginal rate of substitution between
skewness and risk and k2 is the market's marginal rate of substitution
between kurtosis and risk. Therefore, the coecients of KL models have the
following relationship with those of SW models: 1  b1 E rm  ÿ rf  and
2  b2 E rm  ÿ rf .

82

Return Distributions in Finance

Theoretically, the market risk premium is always positive. However, in
practice, there may be a period when the sample value of the market risk
premium has a negative sign. SW argue that the tests of asset-pricing model
may be aected by the sign of the market risk premium. These formulae
depend upon the assumption that equation (4.11) holds for the market as well,
which will be discussed later.
For the SW four-moment CAPM in equation (4.13), we further investigate
the marginal rates of substitution. The investor's expected utility of end of
period wealth function may be approximated as follows using a Taylor series
about E w:
EU w  U E w 


U 00 E w
 w2
2!

U 000 E w
3!

w3 

U 0000 E w
 w4
4!

4:14

The non-satiation and decreasing marginal utility conditions require
U 0 E w > 0 and U 00 E w < 0, respectively. In addition, the sucient
condition for the non-increasing absolute risk aversion is U 000 E w > 0.
Turning to preference for the fourth moment, Scott and Horvath (1980) show
in Theorem 2 that U 0000 E w < 0.1 Therefore, using these conditions, when
we dierentiate equation (4.14) with respect to E w,  w; w,  w; we
obtain2
@EU w
 U 0 E w > 0
@E w
@EU w
 U 00 E w w < 0
@ w
@EU w
U 000 E w

w2 > 0
@ w
2!
@EU w
U 0000 E w

 w3 < 0
@ w
3!

4:15
4:16
4:17
4:18

1

Scott and Horvath (1980, A3, p. 916) use the extra condition called strict consistency in
preference direction. This is a strong condition. More generally, Kraus and Litzenberger (1983)
show that in a Pareto-ecient allocation, the fourth derivative of the aggregated utility function
of the representative agent does not exhibit a negative or positive sign, even if all the individuals
have utility functions that have fourth derivatives with the same sign.
2
Strict consistency in preference will imply that
@EU w
>0
@ w
See Scott and Horvath, 1980, theorem 1. For the approximation given by equation (4.14), we only
require that U 000 E w > 0:
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Note that the rates of the marginal substitution can be represented as
k1 

@EU w=@ w
@EU w=@ w

k2 

@EU w=@ w
@EU w=@ w

and

using equations (A2.5), (A2.6), and (A2.7) in Appendix 2.
Remark 4. The marginal rates of substitution will have the following signs;
k1 < 0 and k2 > 0:
Negative k1 has the interpretation that rational investors prefer positive
skewness and reduced risks. On the other hand, k2 is positive, since investors
dislike dispersion which both variance and kurtosis measure. As mentioned in
Scott and Horvath (1980), U 0000 E w < 0 may be explained in the same way
as U 00 E w < 0. That is, investors dislike, in the above sense, dispersion of
wealth for a given expected wealth. It therefore follows that in some situations,
kurtosis may become an additional risk measure for assets which variance
alone fails to explain.
For the four-moment CAPM, it seems to be dicult to identify k1 and k2 .
One solution is to use a known utility function which is parameter-free. One
obvious candidate is log-utility, U w  ln w. In this case, we can represent
the CAPM with skewness and kurtosis as follows (see Appendix 3),
E ri  ÿ rf  L1

im

 L2

im

 L3 im  E rm  ÿ rf 

where
L1 

E w2  rm 2

E w2  rm 2 ÿ E w rm 3   rm 4

L2  ÿ

E w rm 3

E w2  rm 2 ÿ E w rm 3   rm 4

and
L3 

;

 rm 4

E w2  rm 2 ÿ E w rm 3   rm 4

;

4:19
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Table 4.1 Various versions of the CAPM

Names

Models

Equations Subsections and tables

Model I

Mean-variance CAPM

(4.37)

Model II

KL three-moment CAPM (4.38)

Model III

KL four-moment CAPM

Model IV

KL second- and fourth(4.40)
moment CAPM
SW three-moment CAPM (4.39)

Model V
Model VI
Model VII

SW four-moment CAPM
SW four-moment CAPM
with log-utility

(4.11)

(4.13)
(4.19)

`Mean-variance CAPM (Model I)',
Table 4.5
`KL Three-moment CAPM (Model II)',
Table 4.6
`KL Four-moment CAPM (Model III)',
Table 4.8
`KL Second and Fourth-moment CAPM
(Model IV)', Table 4.9
`SW Three-moment CAPM (Model V)',
Table 4.7
*
*

*Does not report results for these models because of convergence problem.

To summarize this section, we present seven models in Table 4.1. In the
following section, the estimation method for each model is described and
results follow.
4.3

EMPIRICAL TESTS

All empirical tests in this paper are presented from an American investors'
point of view. Returns of emerging markets are represented in dollars. For the
riskless rate of return, we use the 3-month US treasury bill. As a proxy of the
market portfolio, Morgan Stanley Capital International (MSCI) world index
total returns are used. Our emerging market return series from the
International Finance Corporation (IFC) global data set consist of 17
countries from January 1985 to January 1997 for a total of 145 observations.
All the above assumptions may involve diculties, but they are standard.
Note that the rates of return on the riskless asset are not constant through
time. As in KL, the observed excess rates of return on the individual countries
de¯ated by unity plus the riskless interest rates, Rit  rit ÿ rft = 1  rft , are
used and the observed excess rates of return on the market portfolio are also
de¯ated in the same way. This is a method to make moments of the rate of
returns intertemporal constants under a changing riskless interest rate (see
Fama, 1970). Under certain circumstances, it allows us to use one period
models for time-series data.
Table 4.2 reports the ®rst four moments of the data used in this study. As
pointed out in Bekaert et al. (1998), returns of the emerging markets are higher
than the world market portfolio in 10 out of 17 emerging markets. In
particular, all the unconditional volatilities of the emerging markets are higher
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Table 4.2 Statistical properties of emerging markets returns
Mean

S.D.

Normalized
skewness

Normalized
excess
kurtosis

Jarque±
Bera
2 2

(A) The ®rst four moments of emerging markets monthly returns ± October 1987 market crash
included
3-month Treasury Bill 0.4836
0.1391
ÿ0.0582
ÿ0.8356*
4.30
Market portfolio
0.7389
4.1172
ÿ0.8400**
3.4145**
87.49**
Greece
1.0433
10.6924
0.8131**
3.6292**
95.55**
Argentina
1.7178
22.1976
0.3413*
7.9997**
389.45**
Brazil
0.7965
18.6065
ÿ0.5772**
2.7326**
53.16**
Chile
2.3414
7.5944
ÿ0.0525
ÿ0.0902
0.12
Mexico
1.6373
14.1496
ÿ2.5179**
13.6087**
1272.11**
India
0.4136
9.3931
0.2482
0.5015
3.01
Korea
0.5534
8.0101
0.3289
ÿ0.0088
2.61
Thailand
1.0643
8.9447
ÿ0.8012**
3.5682**
92.43**
Zimbabwe
1.7897
8.7361
0.1766
2.2272**
30.72**
Jordan
0.0796
4.6921
0.1068
1.1560**
8.35**
Colombia
1.9170
8.0836
1.1363**
2.6627**
74.04**
Venezuela
0.7336
14.1033
ÿ1.3266**
6.1726**
272.72**
Taiwan
1.2000
13.5401
ÿ0.1512
1.8391**
20.99**
Malaysia
0.5891
7.5910
ÿ0.9332**
3.5182**
95.83**
Pakistan
0.5060
6.9609
0.7881**
3.6939**
97.45**
Philippines
2.2517
9.7324
0.0456
2.6773**
43.36**
Nigeria
0.0543
16.6513
ÿ3.1868**
25.2309**
4091.56**
(B) The ®rst four moments of emerging markets monthly returns ÿ October 1987 market crash
excluded
3-month Treasury Bill 0.4840
0.1395
ÿ0.0656
ÿ0.8461**
4.43
Market portfolio
0.8756
3.7873
ÿ0.2021
0.7578*
4.46
Greece
1.1423
10.6628
0.8144**
3.6977**
98.64*
Argentina
1.9019
22.1637
0.3321
8.1215**
401.17**
Brazil
0.9575
18.5698
ÿ0.5973**
2.8237**
56.79**
Chile
2.5070
7.3535
0.1149
ÿ0.4768
1.69
Mexico
2.0338
13.3659
ÿ2.5457**
15.9036**
1684.69**
India
0.4105
9.4259
0.2484
0.4778
2.87
Korea
0.5688
8.0359
0.3223
ÿ0.0290
2.52
Thailand
1.3602
8.2334
ÿ0.1618
1.0315**
7.06*
Zimbabwe
1.7265
8.7334
0.1920
2.2689**
31.99**
Jordan
0.0860
4.7079
0.1025
1.1291**
7.96*
Colombia
1.9212
8.1117
1.1309**
2.6222**
72.45**
Venezuela
0.7072
14.1489
ÿ1.3176**
6.1098**
267.49**
Taiwan
1.5148
13.0440
0.0538
1.5970**
15.48**
Malaysia
0.8487
6.9419
ÿ0.2360
0.3158
1.95
Pakistan
0.5149
6.9843
0.7818**
3.6476**
95.16**
Philippines
2.3412
9.7063
0.0348
2.7566**
45.94**
Nigeria
0.0580
16.7093
ÿ3.1768**
25.0455**
4033.68**
*Denotes signi®cance at 5% level.
**Denotes signi®cance at 1% level.
Morgan Stanley world index is used for the market portfolio. De¯ated excess returns are used for
the market portfolio and emerging markets.
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than that of the market portfolio. Consideration of the third and fourth
moments shows that 14 out of 17 emerging markets are not normally
distributed. Panel B of Table 4.2 shows certain statistical properties of
emerging markets when the market crash of October 1987 is excluded. The
results are similar to those of panel A except for the market portfolio and
Malaysia. This indirectly indicates that emerging market returns are not
closely correlated with developed market returns. In addition, note that the
number of signi®cant coecients of kurtosis is larger than the corresponding
number of skewness coecients. That is, the main source of non-normality in
emerging markets is kurtosis rather than skewness.
For the SW higher-moment CAPM we need the marginal rates of
substitution. In the next subsection, we ®rst estimate the marginal rates of
substitution between risk and skewness and kurtosis for the American
investor. Then the higher-moment CAPMs will be estimated using emerging
market data.
4.3.1

Estimation of the marginal rates of substitution

A potential diculty with our estimation is that the marginal rates of
substitution, k1 and k2 ; inferred from the emerging markets data are wildly
inaccurate measures of k1 and k2 . Emerging market returns have quite dierent
statistical properties from US asset returns and the marginal rates of
substitution calculated from emerging market returns may be dierent from
those calculated from domestic US data. If k1 and k2 are inferred from emerging
markets, the estimates of the marginal rates of substitution are sensitive to the
countries selected, since the ®rst four moments of emerging markets are quite
dierent across countries (see Table 4.2). This means that the indirect utility
function of the representative US investor inferred from our emerging market
returns is likely to contaminate all our other results via the nonlinearity of the
model. For these reasons, the marginal rates of substitution are estimated
separately using a US database rather than emerging markets data. This
procedure assumes that American investors have the same marginal rates of
substitution over domestic and overseas investment. It is only the moments that
matter in the indirect utility function, not the location of the asset.
To reduce measurement errors in beta, co-skewness, and co-kurtosis, risk
asset portfolios are formed with a grouping procedure similar to the
procedures used by Kraus and Litzenberger (1976) and Sears and Wei
(1988). We use monthly de¯ated excess returns on 273 US stocks in the MSCI
world universe from January 1985 to January 1997. The S&P 500 index total
returns are used as a proxy of the market portfolio and the 3-month US
treasury bill is used for the riskless rate of return.
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First, we calculate systematic risks using 5 years' monthly de¯ated excess
returns. Then stocks are ranked into N-tiles (N groups) on the basis of beta
estimates, and then for each group, stocks are ranked again into N-tiles on the
basis of co-skewness estimates; therefore, the number of the risk asset
portfolios for beta and co-skewness is N 2 : In addition, for risk asset portfolios
for beta, co-skewness, and co-kurtosis, stocks are ranked again into N-tiles on
the basis of co-kurtosis estimates for each groups obtained for the risk asset
portfolios of beta and co-skewness.. Therefore, the number of risk asset
portfolios for beta, co-skewness, and co-kurtosis is N 3 : The subsequent
12-month de¯ated excess returns for the risk portfolios are calculated for each
group. This procedure is repeated for the entire sample period beginning each
January. The ®nal subsequent portfolio returns consist of 13-month returns
from January 1996 to January 1997. This provides 85 monthly de¯ated excess
returns from January 1990 to January 1997 for each of the N 2 (or N 3 )
portfolios.
To avoid a risk of spurious correlation between the systematic risks of the
portfolios obtained above, the sample estimates of the systematic risks for the
portfolios are calculated as follows, see Kraus and Litzenberger (1976);
PT
t Ris ÿ Ri  Rms ÿ Rm 
bimt  s1;s6P
4:20
T
2
s1 Rms ÿ Rm 
bimt 
bimt 

PT

s1;s6t

PT

Ris ÿ Ri  Rms ÿ Rm 2

PT

s1

s1;s6t

Rms ÿ Rm 3

Ris ÿ Ri  Rms ÿ Rm 3

PT

s1

Rms ÿ Rm 4

4:21

4:22

The marginal rates of substitution are calculated using the GMM method. The
orthogonality conditions are derived as follows. We obtain the following
relationships from the SW four-moment CAPM in equation (4.13);
k1 

b2  r m 
b1 r m 

and

k2 

b3  r m 
:
b1  r m 

These relationships can also be represented as
b2 

k 1 b1 r m 
 rm 

and

b3 

k2 b1  rm 
:
 rm 

Replacing b2 and b3 with these relationships, the SW four-moment CAPM can
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be rewritten as

E ri  ÿ rf  b1

im



k1 b1 rm 
 rm 

im



k 2 b1  r m 
im  E rm  ÿ rf 
 rm 

4:23

and therefore, our orthogonality condition, ht , for the estimation of k1 and
k2 is
b Rm ÿ1 k1  b Rm bimt 
b Rm ÿ1 k2 gRmt   0
ERit ÿ b0 ÿ b1 f bimt  b Rm bimt 
4:24
where Rit and Rmt are de¯ated excess returns of portfolio i and the market
portfolio at time t, 
b Rm , b Rm ; b Rm ; bimt ; bimt ; and bimt are sample
estimates, and 0  0 ; 1 ; k1 ; k2  is a vector of parameters to be estimated.
Therefore, for the estimation of k1 and k2 , we have four parameters to estimate
and N 3 orthogonal conditions (N 3 ÿ 4 degrees of freedom). On the other hand,
for the estimation of k1 , we have three parameters, 0  0 ; 1 ; k1 , and N 2
orthogonal conditions (N 2 ÿ 3 degrees of freedom). The parameters are
estimated until convergence by iterating on the weighting matrix.
In this study, for the estimation of k1 ; N is set to 5 and 25 risky asset
portfolios are formed. For the estimation of k1 and k2 ; N is set to 3 and 27
portfolios are constructed. This should give us sensible estimates of the
marginal rates of substitution: results are reported in Table 4.3.
Panel A of Table 4.3 reports the estimates of the market's marginal rate of
substitution between skewness and risk, kb1 , for the SW three-moment CAPM.
The model is not rejected both when the market crash of October 1987 is
included and when it is excluded. Note that negative k1 is expected. This
implies that the representative investor likes positive skewness. We have
negative k1 (ÿ0.1266) when the market crash of October 1987 is included but
positive k1 (0.1693) when it is excluded. However, these estimates are not
signi®cantly dierent from zero and we do not ®nd evidence of a signi®cant
relation between risk and skewness. Lim (1989) and Sears and Wei (1988) ®nd
a signi®cant negative relationship between skewness and risk when the SW
three-moment CAPM is not rejected. However, their results are sensitive to the
sample period used.
Panel B of Table 4.3 reports the estimates of k1 and k2 for the SW fourmoment CAPM in equation (4.13). Note that in this four-moment CAPM, kb1
has the correct sign (negative) both when the market crash of October 1987 is
included (ÿ3.7964) and when it is excluded (ÿ0.3047). However, none of them
are signi®cantly dierent from zero. On the other hand, although we expect
positive kb2 (the representative investor is averse to kurtosis), the estimates
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Table 4.3 GMM estimates of the marginal rates of substitution
Estimates Normalized
(A) Three-moment CAPM
Market crash of October
1987 included

Sample estimates

GMM estimates
Lagrange multiplier
statistics ± 2 (22)
Market crash of October
1987 excluded

Sample estimates

GMM estimates
Lagrange multiplier
statistics ± 2 (22)
(B) Four-moment CAPM
Market crash of October
1987 included

GMM estimates

Lagrange multiplier
statistics ± 2 (23)
Market crash of October
1987 excluded

GMM estimates

Lagrange multiplier
statistics ± 2 (23)

Mean of market portfolio
S.D. of market portfolio
Skewness of market portfolio
Kurtosis of market portfolio
Marginal rate of substitution
between skewness and risk k1 

0.8475
4.2001
ÿ4.8976
7.7044
ÿ0.1266
(1.4736)
16.9016

Mean of market portfolio
S.D. of market portfolio
Skewness of market portfolio
Kurtosis of market portfolio
Marginal rate of substitution
between skewness and risk k1 

1.0239
3.6406
ÿ2.2615
5.0779
0.1693
(0.2574)
24.2233

Marginal rate of substitution
between skewness and risk k1 
Marginal rate of substitution
between kurtosis and risk k2 

ÿ3.7964
(5.9402)
ÿ2.7887
(4.0337)
20.1909

Marginal rate of substitution
between skewness and risk k1 
Marginal rate of substitution
between kurtosis and risk k2 

ÿ0.3047
(2.0027)
ÿ1.6856
(7.3457)
25.8026

ÿ1.5855
8.3215

ÿ0.2397
0.7849

For panel (A) the three-moment CAPM in equation (4.24) by setting k2  0 is used for the GMM estimate of
k1 . Chi-square (22) statistics at 10% is 30.8. Values in parentheses are the standard errors of the estimates.
Values in the `normalized' column are sample estimated normalized skewness and normalized excess kurtosis.
For panel (B) the four-moment CAPM in equation (4.24) is used for the GMM estimates of k1 and k2 .
Chi-square (23) statistics at 10% is 32.0.

when the market crash of October 1987 is included and when it is excluded are
negative (ÿ2.7887 and ÿ1.6856, respectively). Again all estimates are not
signi®cantly dierent from zero, suggesting that the expected relationship
between skewness and risk is not strong.
We do not ®nd positive evidence on a relationship between risk and
skewness or kurtosis for US investors for the given sample period. We believe
that it is dicult to ®nd signi®cant estimates of k1 and k2 in mature markets,
since the returns in these markets are close to normal and do not have
signi®cantly large skewness or kurtosis. In our example, this argument is
supported by the fact that the estimates of the normalized skewness and
normalized excess kurtosis of the S&P 500 index return in Table 4.3 are not
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signi®cantly dierent from zero when the 1987 market crash is excluded. When
the 1987 market crash is included, we have signi®cant estimates both for
normalized skewness and normalized excess kurtosis. However, the 1987
market crash, one observation, does not seem enough to give us signi®cant
estimates of k1 and k2 .
Another reason why we fail to have signi®cant estimates of k1 and k2 may be
the time-varying properties of risks. The studies of Friend and Wester®eld
(1980), Lim (1989), and Sears and Wei (1988) suggest that estimates of k1
change in dierent sample periods. Time-varying systematic risks may be an
appropriate tool for the analysis. In addition, estimates of higher moments are
more sensitive to a small number of extreme returns. In this case, although we
construct portfolios in an appropriate way to reduce measurement errors, ex
post returns may have quite dierent properties from ex ante returns especially
in higher moments.
4.3.2

Estimation procedure of higher-moment CAPM

The four-moment CAPM is tested using Hansen's (1982) generalized method
of moments (GMM); this procedure is distribution free and is used when the
assumption of normality is not appropriate. The evidence presented in panel B
of Table 4.2 strongly suggests that it would be inappropriate to assume
normality for emerging market returns. We explain the GMM estimation for
the SW four-moment CAPM of equation (4.13). Detailed explanations for the
other models follow later. Note that all the other models use the same
procedure, diering only in the orthogonality conditions imposed.
Following the three-moment CAPM of Lim (1989), the orthogonality
conditions, ht , for estimating the SW four-moment CAPM are


f Rm   k1 Rm   k2  Rm gRit
E
0
4:25
ÿf Rm  im  k1 Rm  im  k2  Rm im gRmt
h
E Rit Rmt ÿ  Rm Rit ÿ
E

"

E

"

im fRmt

i
ÿ  R m  g2  0

4:26

Rit R2mt ÿ 2 Rm Rit Rmt   Rm 2 Rit ÿ  Rm 2 Rit
ÿ

im fRmt

ÿ  R m  g3

Rit R3mt ÿ 3 Rm Rit R3mt  3 Rm 2 Rit Rmt

ÿ Rm 3 Rit ÿ

Rm 3 Rit ÿ im fRmt ÿ  Rm g4

#

#

0

0

4:27

4:28
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E Rmt ÿ  Rm   0
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E fRmt ÿ  Rm g2 ÿ Rm 2  0

4:30

h
i
E fRmt ÿ  Rm g3 ÿ Rm 3  0

h
i
E fRmt ÿ  Rm g4 ÿ Rm 4  0

4:31
4:32

where i  1; :::; N and N is the number of emerging markets. The ®rst N
orthogonality conditions come from the four-moment CAPM of equation
(4.13). The next 3N orthogonality conditions are N conditions for beta, N
conditions for co-skewness, and N conditions for co-kurtosis. The last four
orthogonality conditions are for mean, variance, skewness, and kurtosis of the
market returns. Therefore, we have 4N  4 orthogonality conditions and
3N  6 parameters,   1m ; 2m ; :::; Nm , 1m ; 2m ; :::; Nm , 1m ; 2m ; :::; Nm ,
 Rm ,  Rm , Rm ,  Rm , k1 , k2 0 , to be estimated. There are N ÿ 2
overidentifying restrictions in the system. The numbers of the overidentifying
restrictions for the other models are explained later.
Without losing asymptotic eciency, we apply a linear Taylor series
approximation about our sample estimators to deal with the nonlinearity of
the orthogonality conditions.3 For the one-step Gauss±Newton procedure,
b T , is the value of  that minimizes
the GMM estimate, 
ÿ1

gT 0 ST gT 

where
gT  T ÿ1

T
X

ht 

t1

and
ST  T ÿ1

T 
X

0
ht  ht 

4:33

t1

and sample estimators of the parameter vector, ; are calculated from the
de®nition of each parameter.

3
The estimators obtained using this method are asymptotically the same as the unmodi®ed
estimators; see Lim (1989).
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Table 4.4 Correlation matrix between im , im and im
im

im

im

Market crash of October 1987 included
im
1
im
0.6673
1
0.8873
0.8826
im

1

Market crash of October 1987 excluded
im
1
im
0.2612
1
im
0.9386
0.3712

1

The GMM estimate can be treated as if
b T  N 0 ; T D
b T Sÿ1 D
b 0 ÿ1 

T
T

4:34

where

b T  @gT  j
D
bT
@0 

4:35

The Lagrange Multiplier (LM) test statistic for the validity of the restricted
four-moment CAPM is
h
i
h
i0
b ! 2 N ÿ 2
b Sÿ1 gT 
T gT 
4:36
T

since we have N ÿ 2 degrees of freedom. Note that this test statistic is
equivalent to that of the overidentifying restrictions; see Hansen (1982).
There is a statistical problem in estimating higher-moment CAPMs; the
systematic risk measures, im ; im ; and im ; are collinear. The correlation
matrix obtained from sample estimators, im ; im ; and im is reported in Table
4.4. It is apparent that the data are quite collinear which may well lead to
identi®cation problems.
A referee has commented that when all 17 emerging markets are considered
jointly, the GMM system becomes too large. For example, for our SW fourmoment CAPM, we have 72 (17  4  4) orthogonality conditions. In this
case, the estimation results may become unreliable: see Ferson and Foerster
(1994) and Bekaert and Uris (1996) for further discussion on this point. The
referee also suggests grouping emerging markets sensibly to avoid collinearity
problem in the GMM system.
Accordingly we have divided our emerging markets into groups to reduce
the orthogonality conditions and possible multicollinearity. In previous work
Hwang and Satchell (1998a,b) analyse both currency and equity return in
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emerging markets, and suggest that there are dierent regional factors in these
markets. They ®nd that emerging markets factors can be related to Asia,
Southern Asia, Latin America, Central America, and Middle East groupings.
In this study, we divide the 17 emerging markets into three groups and
estimate a GMM system for each of the three groups. The three groups are the
Asian group which includes India, Korea, Thailand, Taiwan, Malaysia,
Pakistan, and Philippines (seven countries), the Latin American Group which
includes Argentina, Brazil, Chile, Mexico, Colombia, and Venezuela (six
countries), and the Other Country group which includes Greece, Zimbabwe,
Jordan, and Nigeria (four countries). This reduces the number of orthogonality conditions to 32 (7  4  4) for the Asian group with the SW fourmoment CAPM and less for the other two groups.
Mean-variance CAPM (Model I)
Table 4.5 reports the results of the GMM estimates of the mean-variance
CAPM for the emerging markets. That is,
E Ri  

1 im

4:37

where 1  E Rm : For the mean-variance CAPM, the orthogonality
conditions consist of equations (4.37), (4.36), and (4.29) and the number of
the overidentifying restrictions is N.
Table 4.5 shows that the LM statistics do not reject the mean-variance
CAPM except for the Latin American group. Note that Asian markets are
relatively well explained with the traditional mean-variance CAPM. The value
of the adjusted R2 is relatively high. India and Pakistan are not explained by
the mean-variance CAPM. The results are consistent with Hwang and Satchell
(1998a,b) who show that Eastern Asia has dierent factors from those of
Southern Asia such as India, Pakistan, and Sri Lanka.
On the other hand, the mean-variance CAPM is rejected for the Latin
American markets both when the market crash of October 1987 is included and
when it is excluded. Only Mexico which has a strong relation with the USA is
explained by the mean-variance CAPM. Also note that Greece has a signi®cant
beta. Greece is often considered one of the European markets which has a
signi®cant contribution to the world index. The values of the adjusted R2 are
small for the Latin America and Other Country groups, suggesting that the
mean-variance CAPM is not an appropriate model for these markets.
The results in Table 4.5 suggest that the mean-variance CAPM can be used
for Eastern Asian countries and countries which have a close relationship with
mature markets. One of the main reasons why the Latin American markets are
not explained with the mean-variance CAPM may be the highly volatile Latin
American currency returns, see Hwang and Satchell (1998a,b).
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Table 4.5 GMM estimates of mean-variance CAPM

Group

Country

Lagrange multiplier
test chi-square

Adjusted R2

19.2529**
(df: 6)

0.0899

(0.1776)
(0.1558)**
(0.2392)**
(0.3287)**
(0.1910)**
(0.1266)
(0.2261)**

5.8164
(df: 7)

0.2149

(0.2126)*
(0.1842)
(0.1049)
(0.3102)

5.9612
(df: 4)

0.0464

23.3978**
(df: 6)

0.0591

(0.2036)
(0.1574)**
(0.1922)**
(0.3318)*
(0.1541)**
(0.1475)
(0.2538)**

5.0968
(df: 7)

0.2163

(0.2444)*
(0.1907)*
(0.1197)
(0.3677)

4.9969
(df: 4)

0.0750

Beta

(A) Market crash of October 1987 included
Latin America Argentina
ÿ0.1661 (0.5596)
Brazil
0.6249 (0.4223)
Chile
0.4009 (0.1865)*
Mexico
1.3657 (0.3066)**
Colombia
0.1485 (0.1481)
Venezuela
ÿ0.3096 (0.2746)
Asia

India
Korea
Thailand
Taiwan
Malaysia
Pakistan
Philippines

ÿ0.2277
0.6023
0.8235
0.8252
0.8107
0.0799
0.9535

Other
Countries

Greece
Zimbabwe
Jordan
Nigeria

0.4482
0.1971
0.1385
0.3122

(B) Market crash of October 1987 excluded
Latin America Argentina
ÿ0.4721 (0.6014)
Brazil
0.5455 (0.4838)
Chile
0.1895 (0.1647)
Mexico
0.8529 (0.2221)**
Colombia
0.2254 (0.1711)
Venezuela
ÿ0.4059 (0.3150)

Asia

India
Korea
Thailand
Taiwan
Malaysia
Pakistan
Philippines

ÿ0.2345
0.6753
0.7052
0.7349
0.6934
0.0970
1.0701

Other
Countries

Greece
Zimbabwe
Jordan
Nigeria

0.4365
0.3149
0.1490
0.3395

*Denotes signi®cance at 5% level.
**Denotes signi®cance at 1% level.
Numbers in parentheses are standard errors. The CAPM estimated is E Ri  ÿ rf  E Rm  ÿ rf  i .

KL three-moment CAPM (Model II)
Table 4.6 shows the results of the GMM estimates for the following KL threemoment CAPM;
E Ri  

1 im



2 im

4:38

Table 4.6 GMM estimates of KL three-moment CAPM

Group

Country

Beta

Co-skewness

Kraus and Litzenberger
(1976)
1

(A) Market crash of October 1987 included
Latin
Argentina
ÿ0.3605
(0.5655)
America
Brazil
0.4892
(0.4292)
Chile
0.3032
(0.1974)
Mexico
1.1198
(0.3616)**
Colombia
0.1571
(0.1512)
Venezuela
ÿ0.2132
(0.2752)

Asia

India
Korea
Thailand
Taiwan
Malaysia
Pakistan
Philippines

ÿ0.1986
0.5713
0.8287
0.8684
0.8065
0.0829
0.9897

Other
Countries

Greece
Zimbabwe
Jordan
Nigeria

0.4510
0.1390
0.1247
0.0810

4.3880
3.2379
1.9471
4.1734
0.0408
ÿ1.4043

Lagrange
multiplier test
chi-square

Adjusted R2

2

(1.5129)**
(1.2170)**
(0.9131)*
(2.0827)*
(0.1745)
(0.5494)**

0.6526
(1.3011)

0.2851
(0.3292)

14.0651**
(df: 4)

0.3089

(0.1722)
(0.1577)**
(0.2788)**
(0.3680)**
(0.2127)**
(0.1226)
(0.2244)**

ÿ0.1989
0.0161
2.6818
2.9329
2.1808
ÿ0.0928
1.6814

(0.3136)
(0.2633)
(2.4250)
(2.6610)
(2.0532)
(0.1590)
(1.2023)

1.3524
(0.9992)

ÿ0.1615
(0.3805)

4.9826
(df: 5)

0.2558

(0.2069)*
(0.1861)
(0.0949)
(0.2645)

0.6977
ÿ0.4539
0.2337
ÿ0.1446

(0.7244)
(0.4749)
(0.2271)
(0.2484)

4.8183

ÿ1.9001
(3.7150)

0.9416
(1.9751)

0.7319
(df: 2)

Table 4.6 Continued
Group

Country

Beta

Co-skewness

Kraus and Litzenberger
(1976)
1

(B) Market crash of October 1987 excluded
Latin
Argentina
ÿ0.2776
(0.6024)
America
Brazil
0.3154
(0.4508)
Chile
0.2973
(0.1630)*
Mexico
0.6910
(0.2371)**
Colombia
0.3046
(0.1567)*
Venezuela
ÿ0.1054
(0.2892)
Asia

India
Korea
Thailand
Taiwan
Malaysia
Pakistan
Philippines

ÿ0.2273
0.6553
0.6048
0.5482
0.6569
0.0966
0.9045

Other
Countries

Greece
Zimbabwe
Jordan
Nigeria

0.3322
0.3521
0.0835
0.2069

Lagrange
multiplier test
chi-square

Adjusted R2

2

(12.1322)
(8.0795)
(1.8135)
(2.2841)
(1.2004)
(6.5286)

2.2005
(1.5568)

0.1534
(0.2531)

15.7981**
(df: 3)

0.3696

(0.2006)
(0.1588)**
(0.2112)**
(0.3441)
(0.1602)**
(0.1465)
(0.2766)**

10.7892
6.7817
1.4210
1.4938
0.1381
ÿ5.3016

ÿ0.1251
ÿ0.4719
4.3329
5.1181
2.9922
ÿ0.3278
5.2197

(1.1785)
(1.0729)
(5.3127)
(6.4922)
(3.7053)
(0.6964)
(6.5957)

1.0084
(0.8485)

0.1327
(0.2458)

2.8400
(df: 5)

0.5609

(0.2205)
(0.1787)*
(0.1141)
(0.3502)

ÿ0.1184
0.4599
0.9390
ÿ1.1654

(2.8129)
(1.4982)
(2.2144)
(2.4932)

3.0577
(2.2279)

0.0562
(0.5678)

2.1532
(df: 2)

0.4252

*Denotes signi®cance at 5%.
**Denotes signi®cance at 1%.
Numbers in parentheses are standard errors. The three-moment CAPM estimated is E Ri  ÿ rf 
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The orthogonality conditions are equations (4.38), (4.26), (4.27), (4.29), (4.30),
and (4.31). For the KL three-moment CAPM, the number of the overidentifying restrictions is N ÿ 2.
Here, we do not reject the model for the Asian and Other Country groups,
but reject the model for the Latin American group at the 1% level as we did in
the mean-variance CAPM. Although the coecients, 1 and 2 ; are not
signi®cant as in Friend and West®eld (1980), Lim (1989), and Sears and Wei
(1988), the market price of beta, 1 , and the market price of co-skewness, 2 ,
have correct signs when the 1987 crash is excluded; 1 and 2 are positive,
since rm  < 0: Investors need more return for the negative skewness of the
market portfolio over the test period and thus, expected returns should
increase to the co-skewness. These results do not apply with the case when the
1987 crash is included, since Asian and Other Country groups have negative
2 . However, the coecients are insigni®cant.
Another interesting point is that none of the estimates of im is signi®cant
when the 1987 crash is excluded, while we can ®nd signi®cant bim in the Latin
American group when it is included. In particular, the adjusted R2 increases
dramatically for the Latin America and other countries groups, especially
when the 1987 crash is included. Here, the adjusted R2 for these two groups are
now larger than that of Asia. For the Asian countries the adjusted R2 is not
increased with the inclusion of co-skewness and none of the co-skewness
estimates are signi®cant in the presence of the 1987 market crash. This suggests
that for these countries co-skewness may not be an appropriate risk measure.
It is by no means clear, however, that it is correct to regard the 1987 crash as a
one-o bizarre event to be ignored or downscaled.
The addition of co-skewness as a risk measure increases the explanatory
power of the KL three-moment CAPM for some emerging markets. Our
results suggest that Latin America and Other Country groups can be explained
better with co-skewness.
SW three-moment CAPM (Model V)
Table 4.7 shows the results of the GMM estimates for the SW three-moment
CAPM;


 Rm  im
k1 Rm  im
E Ri  

4:39
E Rm 
 Rm   k1 Rm   Rm   k1 Rm 
In this case, the orthogonality conditions consist of equations (4.39), (4.26),
(4.27), (4.29), (4.30), and (4.31), and the number of the overidentifying
restrictions is N. This diers from the KL model by using the restrictions of the
marginal rate of substitution between skewness and risk (k1 ).

Table 4.7 GMM estimates of the SW three-moment CAPM
Group

Country

Beta

(A) Market crash of October 1987 included
Latin America
Argentina
ÿ0.2352
Brazil
0.5810
Chile
0.2997
Mexico
1.2170
Colombia
0.0838
Venezuela
ÿ0.3093

Asia

India
Korea
Thailand
Taiwan
Malaysia
Pakistan
Philippines

ÿ0.2113
0.8426
0.3098
0.3307
0.3918
0.1498
0.7566

Other Countries

Greece
Zimbabwe
Jordan
Nigeria

0.4248
0.2131
0.1317
0.3066

Co-skewness

(0.5592)
(0.4223)
(0.1848)
(0.2890)**
(0.1491)
(0.2731)

3.0413
2.4827
1.2873
2.6217
ÿ0.0162
ÿ1.1109

Marginal rate of
substitution, k1

Lagrange multiplier
test chi-square

(1.5962)*
(1.3035)*
(0.9725)
(2.2558)
(0.2215)
(0.6244)*

ÿ0.0762

18.3257**
(df: 6)

(0.1528)
(0.1231)**
(0.1252)**
(0.2147)
(0.1090)**
(0.1028)
(0.2057)**

0.3623
ÿ1.4376
3.0454
3.6698
1.9604
ÿ0.6788
6.2330

(27.1801)
(33.1106)
(35.9829)
(49.8408)
(29.3719)
(21.5858)
(65.7401)

ÿ0.0762

33.2984**
(df: 7)

(0.2122)*
(0.1836)
(0.1048)
(0.3075)

0.5103
ÿ0.2746
0.2565
ÿ0.0837

(1.1966)
(0.7604)
(0.4019)
(0.4896)

ÿ0.0762

5.9314
(df: 4)

Table 4.7 Continued
Group

Country

Beta

(B) Market crash of October 1987 excluded
Latin America
Argentina
0.3179
Brazil
0.5087
Chile
0.5029
Mexico
0.8861
Colombia
0.2329
Venezuela
ÿ0.2515
Asia

India
Korea
Thailand
Taiwan
Malaysia
Pakistan
Philippines

ÿ0.1348
0.7458
0.3980
0.3008
0.4484
0.1579
0.6525

Other Countries

Greece
Zimbabwe
Jordan
Nigeria

0.4449
0.2901
0.1367
0.3127

Co-skewness

(0.5586)
(0.4986)
(0.1678)**
(0.2266)**
(0.1763)
(0.3578)
(0.2219)
(0.1637)**
(0.1683)**
(0.2826)
(0.1484)**
(0.1625)
(0.2120)**
(0.2366)*
(0.1900)
(0.1213)
(0.3695)

Marginal rate of
substitution, k1

Lagrange multiplier
test chi-square

1.5638
1.9612
0.2635
0.5793
ÿ0.3747
ÿ1.3355

(6.9722)
(6.7243)
(1.7795)
(2.8248)
(2.0441)
(5.4844)

0.1552

29.8616**
(df: 6)

(32.0763)
(27.9801)
(35.4312)
(52.8443)
(23.5707)
(26.2289)
(58.3052)

0.1552

18.0976*
(df: 7)

ÿ0.0250
0.4824
0.8921
ÿ1.2667

(2.3713)
(1.2224)
(1.8387)
(2.1351)

0.1552

5.9529
(df: 4)

0.2302
ÿ0.4047
ÿ0.0483
ÿ0.9132
0.6586
ÿ0.5712
ÿ0.9978

*Denotes signi®cance at 5% level.
**Denotes signi®cance at 1%.
Numbers in parentheses are standard errors. The three-moment CAPM estimated is
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As explained above, the marginal rates of substitution reported in Table 4.3
are used for the estimation of the SW three-moment CAPM model in the
emerging markets. This is known as a sequential GMM technique.. That is,
consistent estimates kb1 of k1 will be used as given values for the estimation of
the SW three-moment CAPM. The sampling errors in the estimation of k1
should be considered when other parameters in the SW three-moment CAPM
are estimated for the ®xed kb1 ; see Bekaert (1994), Burnside (1994), and Heaton
(1995) for further details. We use the Newey and West (1987) method to
construct a consistent estimate of the variance±covariance matrix as in
Bekaert (1994). In addition, we use a multi-step Gauss±Newton procedure:
using the previous estimators of ST and T , the calculation was repeated until
there is no change in the estimates of T .
Table 4.7 reports the results of the multi-step Gauss±Newton procedure.
The LM statistics show that we reject the SW three-moment CAPM at 1%
level for Latin America and Asia (four out of six cases). As in the KL threemoment CAPM, none of the estimates of im except some Latin American
countries is signi®cant. We do not calculate adjusted R2 values for the SW
three-moment CAPM, since the SW three-moment CAPM is a non-linear
model.
The SW three-moment CAPM does not seem to explain emerging markets
well. The LM statistics of the SW three-moment CAPM are much larger than
those of the KL three-moment CAPM. In addition, the number of signi®cant
beta and co-skewness in the SW three-moment CAPM is smaller than that in
the KL three-moment CAPM.
Although the SW three-moment CAPM allows us to divide coecients of
the KL three-moment CAPM into the market risk premium and the marginal
rates of substitution, the results in Table 4.7 do not seem to be encouraging.
The KL higher-moment CAPMs are an ex ante model as is the conventional
mean-variance CAPM and thus, theoretically we do not expect a negative
market premium. In addition, the actual average value of our de¯ated excess
market returns used in this study (de¯ated excess MSCI world index total
returns) is always positive. These theoretical and empirical explanations
suggest that we may not get a great deal of insight from the SW highermoment CAPM. Moreover, as explained above, we have some diculties in
estimating the marginal substitution rates.
We tried to estimate the SW four-moment CAPM as described by equations
(4.25) to (4.32). However, this failed to converge.
KL four-moment CAPM (Model III)
In Table 4.8 we represent the results of the GMM estimates for the KL fourmoment CAPM given by equation (4.11). Here, the orthogonality conditions

Table 4.8 GMM estimates of KL four-moment CAPM
Group

Country

Beta

Co-skewness

Co-kurtosis

Kraus and Litzenberger (1976)
1

(A) Market crash of October 1987
Latin
Argentina ÿ0.2735
America
Brazil
0.3982
Chile
0.1105
Mexico
1.0021
Colombia ÿ0.0212
Venezuela ÿ0.2681

included
(0.5445)
(0.3912)
(0.1661)
(0.2962)**
(0.1537)
(0.2604)
(0.1747)
(0.1514)**
(0.2777)**
(0.3594)**
(0.2161)**
(0.1116)
(0.2273)**

ÿ0.0521
ÿ0.0255
2.7040
2.9871
2.2161
ÿ0.0292
1.4389

Other
Greece
Countries Zimbabwe
Jordan
Nigeria

(0.2131)*
(0.1868)
(0.1023)
(0.2904)

0.5608
ÿ0.3589
0.2110
ÿ0.1922

Asia

India
ÿ0.2122
Korea
0.6037
Thailand
0.8216
Taiwan
0.8749
Malaysia
0.8391
Pakistan
0.1055
Philippines
0.8401
0.4672
0.1448
0.1057
0.1033

2.4148
2.2398
0.8044
1.4360
ÿ0.0325
ÿ0.9959

2

3

Lagrange Adjusted
multiplier R2
test chisquare

(0.6350)
(0.3510)*
(0.3220)*
(0.6178)**
(0.1326)
(0.2704)

ÿ6.8755*
(3.8163)

ÿ0.9120
(1.0850)

6.1857*
(2.9170)

4.0432
(df: 3)

0.8680

(0.2335) ÿ0.1913
(0.2409) 0.3438
(2.3255) 1.6346
(2.5386) 1.7828
(1.9793) 1.4644
(0.1367) 0.0332
(1.0576) 0.9744

(0.1187)
(0.1221)**
(0.4367)**
(0.4721)**
(0.3629)**
(0.0456)
(0.2433)**

6.2822
(7.0614)

3.9333
(6.0249)

ÿ9.1157
(12.3959)

0.9240
(df: 4)

0.7403

(0.8149) 0.7609
(0.5195) ÿ0.2637
(0.2537) 0.1265
(0.3040) 0.1556

(0.1299)**
(0.1623)
(0.0928)
(0.1296)

5.8229
(4.1364)

ÿ0.7827
(4.0986)

ÿ1.9953
(4.6666)

0.8560
(df: 1)

0.7343

(1.9374) 0.3097
(1.6816) 0.8111
(1.0366) 0.5503
(2.2327) 1.7245
(0.3551) 0.1882
(0.9525) ÿ0.3833

Table 4.8 Continued
Group

Country

Beta

Co-skewness

Co-kurtosis

Kraus and Litzenberger (1976)
1

(B) Market crash of October 1987
Latin
Argentina ÿ0.2555
America
Brazil
0.3209
Chile
0.2974
Mexico
0.6860
Colombia
0.3247
Venezuela ÿ0.1280
Asia
India
ÿ0.2651
Korea
0.6339
Thailand
0.5170
Taiwan
0.5873
Malaysia
0.6254
Pakistan
0.0303
Philippines
0.8676
Other
Greece
0.4214
Countries Zimbabwe
0.2470
Jordan
0.1375
Nigeria
0.0990

excluded
(0.6016)
(0.4523)
(0.1629)*
(0.2319)**
(0.1765)*
(0.3188)
(0.2151)
(0.1614)**
(0.2172)**
(0.3620)
(0.1580)**
(0.1525)
(0.2804)**
(0.2446)*
(0.1885)
(0.1269)
(0.2789)

10.4321
6.9989
1.4744
1.6703
0.2655
ÿ5.5679
ÿ0.9959
ÿ0.5464
4.6942
4.6307
3.5637
ÿ0.9247
4.6934
ÿ0.0998
0.5034
0.9783
ÿ1.2669

(10.5650)
(7.5721)
(1.7013)
(2.2681)
(1.2198)
(6.2577)
(1.7098)
(1.1604)
(5.8607)
(6.3161)
(4.3531)
(1.1897)
(6.3668)
(2.1106)
(1.1200)
(1.7754)
(1.9591)

ÿ0.2615
0.5785
0.2433
0.7722
0.5857
ÿ0.6739
ÿ0.3551
0.5723
0.9967
1.1686
0.9215
ÿ0.0222
1.5131
0.8279
0.0182
0.2699
0.2834

(0.7698)
(0.5610)
(0.1706)
(0.2069)**
(0.1585)**
(0.4655)
(0.1980)*
(0.1661)**
(0.3814)**
(0.5624)*
(0.2216)**
(0.0900)
(0.4887)**
(0.2674)**
(0.1619)
(0.2024)
(0.2153)

2

3

Lagrange Adjusted
multiplier R2
test chisquare

2.8003
(3.1288)

0.1568
(0.2529)

ÿ0.4775
(2.4001)

ÿ2.8462
(3.7133)

ÿ0.2449
(0.4895)

3.7297
(3.5975)

2.1662
(df: 4)

0.7352

7.3458
(5.7803)

ÿ0.1767
(0.7813)

ÿ2.6033
(3.0823)

0.4189
(df: 1)

0.8257

*Denotes signi®cance at 5% level.
**Denotes signi®cance at 1% level.
Numbers in parentheses are standard errors. The four-moment CAPM estimated is E Ri  ÿ rf 
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15.7894** 0.3712
(df: 3)
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consist of equations (4.11), (4.26), (4.27), (4.28), (4.29), (4.30), (4.31), and
(4.32), and the number of the overidentifying restrictions is N ÿ 3. The sample
estimators of 1 ; 2 ; and 3 are obtained from the GMM estimation described
in Section 4.3.2. The LM statistics in Table 4.8 shows that we do not reject the
model at the 5% level except Latin America when the 1987 market crash is
excluded. The adjusted R2 values are larger than those in Tables 4.6 and 4.5.
The LM statistics and R2 indicate that the KL four-moment CAPM explains
emerging markets better than other models we reported in the previous
subsections.
As explained in Section 4.2, we expect 1 > 0; 2 > 0; and 3 > 0, since
b rm  < 0. None of the coecients are signi®cant except 1 and 3 of Latin
American group in the presence of the market crash.
When we compare the results to those of the KL three-moment CAPM in
Table 4.6, the numbers of signi®cant co-kurtosis terms are nine when the
market crash is included and also nine when it is excluded, respectively,
without changes in the signi®cance of the estimated im : Interestingly, the
signi®cance of co-skewness in Latin America for the KL three-moment CAPM
disappears and none of the co-skewness estimates in the KL four-moment
CAPM is signi®cant. This suggests that Latin American countries can be
better explained with co-kurtosis than co-skewness when the 1987 market
crash is included.
The adjusted R2 values of the four-moment CAPM are all higher than those
of the KL three-moment CAPM. In particular, Latin American and Asian
groups when the 1987 market crash is included and Asian and Other Country
groups when it is excluded show signi®cant bene®ts from the inclusion of the
co-kurtosis. However, the Other Country group in the presence of the market
crash and the Latin American group when the 1987 market crash is excluded
do not have larger adjusted R2 by adding co-kurtosis; see the adjusted R2 in
Tables 4.5 and 4.6.
KL second- and fourth-moment CAPM (Model IV)
The dierent explanatory power of systematic risks in Tables 4.5, 4.6, and 4.8
is further investigated by estimating the mean-variance CAPM with cokurtosis. In Table 4.9 we report the estimation results of the model. The
CAPM with co-kurtosis is represented as
E Ri  

1 im



3 im

4:40

When the skewness of the market portfolio is negligible, that is, rm   0, the
second term of the right-hand side of equation (4.11) may be disregarded
( 2  dE w=d w rm   0. The orthogonality conditions for the CAPM

Table 4.9
Group

Country

Beta

GMM estimates of KL second- and fourth-moment CAPM
Co-kurtosis

Kraus and Litzenberger
(1976)
1

(A) Market crash of October 1987 included
Latin
Argentina
ÿ0.1266
(0.4831)
America
Brazil
0.5943
(0.3460)*
Chile
0.1127
(0.1569)
Mexico
0.9465
(0.2635)**
Colombia
ÿ0.0414
(0.1523)
Venezuela
ÿ0.3756
(0.2658)
Asia

India
Korea
Thailand
Taiwan
Malaysia
Pakistan
Philippines

ÿ0.1948
0.5705
0.8473
0.8874
0.8184
0.0874
0.9869

Other
Countries

Greece
Zimbabwe
Jordan
Nigeria

0.4739
0.1568
0.0966
0.1321

(0.1705)
(0.1561)**
(0.2768)**
(0.3676)**
(0.2152)**
(0.1209)
(0.2249)**

(0.2130)*
(0.1839)
(0.0839)
(0.2516)

Lagrange
multiplier test
chi-square

Adjusted R2

3

0.3770
0.9074
0.5460
1.6870
0.1997
ÿ0.4609

(0.6129)
(0.3443)**
(0.2926)*
(0.5457)**
(0.1251)
(0.2736)*

ÿ5.3487
(2.9863)

4.2478
(2.2005)

6.1082
(df: 4)

0.8593

ÿ0.2247
0.3602
1.6423
1.8050
1.4395
0.0281
1.1077

(0.1361)*
(0.1384)**
(0.4618)**
(0.4953)**
(0.3957)**
(0.0494)
(0.2836)**

1.6804
(1.3350)

ÿ0.4713
(0.8838)

4.5508
(df: 5)

0.2538

0.7564
ÿ0.2581
0.1209
0.1599

(0.1304)**
(0.1643)
(0.0868)
(0.1281)

5.8727
(3.7425)

ÿ2.7068
(2.2894)

0.9239
(df: 2)

0.6650

Table 4.9 Continued
Group

Country

Beta

Co-kurtosis

Kraus and Litzenberger
(1976)
1

(B) Market crash of October 1987 excluded
Latin
Argentina
0.1666
(0.4949)
America
Brazil
0.5162
(0.4163)
Chile
0.3528
(0.1619)*
Mexico
0.7016
(0.2279)**
Colombia
0.2918
(0.1760)*
Venezuela
ÿ0.2442
(0.3084)
Asia
India
ÿ0.2515
(0.2085)
Korea
0.6272
(0.1547)**
Thailand
0.5644
(0.2134)**
Taiwan
0.5603
(0.3545)
Malaysia
0.6575
(0.1553)**
Pakistan
0.0634
(0.1543)
Philippines
0.8921
(0.2762)**
Other
Greece
0.4298
(0.2383)*
Countries Zimbabwe
0.2545
(0.1885)
Jordan
0.1184
(0.1089)
Nigeria
0.1370
(0.2486)

0.2133
0.7534
0.3237
0.8043
0.6116
ÿ0.8147
ÿ0.3811
0.5860
1.0384
1.1592
0.9467
ÿ0.0103
1.5166
0.8158
0.0290
0.2471
0.3049

(0.7550)
(0.5199)
(0.1736)*
(0.2082)**
(0.1610)**
(0.4456)*
(0.1980)*
(0.1692)**
(0.3858)**
(0.5767)*
(0.2227)**
(0.0918)
(0.4910)**
(0.2673)**
(0.1611)
(0.1943)
(0.2023)

Lagrange
multiplier test
chi-square

Adjusted R2

3

1.7905
(2.8412)

0.4485
(1.8993)

16.6484**
(df: 4)

0.1577

ÿ1.1257
(2.2127)

1.7968
(1.7209)

2.9034
(df: 5)

0.6427

6.8025
(4.9611)

ÿ2.4800
(2.8957)

0.5460
(df: 2)

0.7676

*Denotes signi®cance at 5% level.
**Denotes signi®cance at 1%level.
Numbers in parentheses are standard errors. The three-moment CAPM estimated is E Ri  ÿ rf 
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with kurtosis are equations (4.40), (4.26), (4.28), (4.29), (4.30), (4.31), and
(4.32) and the number of overidentifying restrictions is N ÿ 2.
As in Table 4.8, the signs on the coecients ( 1 and 3 ) are not always
positive and the estimates are not signi®cant. The LM statistics show that we
reject only one case, the Latin American group when the 1987 market crash is
excluded. This is the same as the KL four-moment CAPM. However, the
number of signi®cant beta and co-kurtosis terms is larger than those of the KL
four-moment and three-moment CAPMs.
The adjusted R2 values in Table 4.9 together with those in Tables 4.5, 4.6,
and 4.8 suggest the following. When the 1987 market crash is included, the
Latin American group is explained with beta and co-kurtosis, the Asian group
is explained by beta, co-skewness, and co-kurtosis, and the Other Country
group is explained by beta and co-skewness or beta and co-kurtosis. On the
other hand, when the 1987 market crash is excluded, the Latin American
group is explained with beta and co-skewness, and the Asian and the Other
Country groups are explained by beta, co-skewness, and co-kurtosis.
The KL second- and fourth-moment CAPM does not seem to be inferior to
the Kraus and Litzenberger three-moment CAPM for emerging markets. The
number of signi®cant risks and the LM statistics support the KL second- and
fourth-moment CAPM rather than the KL three-moment CAPM. The
individual emerging markets may be better explained with co-kurtosis rather
than co-skewness. Concluding from Table 4.9, co-kurtosis rather than coskewness may be a more appropriate additional risk measure for the emerging
markets.
4.3.3

Summary of GMM results

The adjusted R2 , LM statistics, and number of signi®cant systematic risks
support the modelling of higher moments for emerging markets. Our ancillary
assumptions about the i s and ki s and their signs are not contradictory to the
empirical ®ndings.
Attempts to utilize log-utility, which obviates the need to estimate k1 and k2 ,
did not do any better, indeed our iterations failed to converge. This is the
reason why we do not report results for the SW four-moment CAPM with logutility. Another assumption, that of a simple representative agent, seems too
strong as well. It may be better to consider a multiple-agent equilibrium so that
risk premia are generated by more than two funds. However, pricing assets in
this situation tends to be much more complicated.
Turning to the role of the market crash, all estimations were re-calculated
without October 1987. The eect of this was actually minimal except that
co-skewness was dramatically increased without the crash. This seemingly
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paradoxical result follows from the fact that the numerator of co-skewness did
not change much with the exclusion of the crash while the denominator was
substantially reduced.
4.4

HIGHER-MOMENT DGPs

The previous sections avoid a speci®cation of the DGP and use the GMM to
estimate the higher-moment CAPMs. However, as mentioned earlier, the
estimated versions of the higher-moment CAPMs have a statistical problem,
non-identi®ability between risk measures. Barone-Adesi (1985) suggests the
quadratic market model can be used to reduce the collinearity problem in the
KL three-moment CAPM.
In this section, we specify the DGPs; the linear market model, the quadratic
market model, and the cubic market model. The DGPs are shown to be
consistent with their equivalent higher-moment CAPMs as well as reducing
the multicollinearity of the systematic risk measures.
We ®rst consider the linear market model. That is, the DGP of an asset i is
presented as a linear function of the excess rate of return on the market
portfolio,
ri;t ÿ rf 

0;i



1;i

rm;t ÿ rf   "i;t

4:41

Subtracting the expected value of equation (4.41) from equation (4.41), and
using the de®nition of the systematic risk measures, im ; im ; and im ; in
equations (4.2), (4.3), and (4.4), we obtain im  im  im  1;i . That is,
when individual asset's excess rate of return is simply represented as a linear
function of excess rate of return on the market portfolio, the mean-variance
CAPM rather than higher-moment CAPMs should be used. Otherwise, the
systematic risk measures in the higher-moment CAPMs are perfectly collinear.
For the following quadratic market model,
ri;t ÿ rf 

0;i



1;i

rm;t ÿ rf  

2;i

rm;t ÿ E rm 2  "i;t

4:42

using the same method as in the linear market model, we obtain
im



1;i



2;i

im



1;i



2;i

rm 3

4:43

 rm 2
 rm 4 ÿ  rm 4
rm 3

4:44

We suggest only beta and co-skewness, since for the two parameters, 1;i and
2;i ; of the quadratic market model, only the ®rst two systematic risk measures
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can be derived, unless other information on the relation between co-kurtosis
and beta and co-skewness is available; Kraus and Litzenberger (1976) and
Barone-Adesi (1985) provide further discussion on the quadratic market
model. Equations (4.43) and (4.44) give us some insight into the nature of the
multicollinearity between im and im : For example, if the weights on 2;i in
equations (4.43) and (4.44) are equal, im  im . If either 1;i or 2;i is constant
for all i, then im and im will be collinear.
A generalization of equation (4.42) is the cubic market model given below
ri;t ÿ rf 

0;i



1;i

rm;t ÿ rf  

2;i

rm;t ÿ E rm 2 

3;i

rm;t ÿ E rm 3  "i;t

4:45

We can use equation (4.45) to evaluate the relationships given in equation
(4.11). We present this as a theorem.
Theorem 3. If we assume the validity of the KL four-moment CAPM as given
by equation (4.11) and a DGP as in equation (4.45), then the systematic risk
measures, im ; im ; and im ; are
im

im




im 

1;i

1;i

1;i





2;i

rm 3 

3;i 
2

rm 4

 rm 
n
o
4
4

r

ÿ

r


2;i
m
m
2;i

n
 rm 5 ÿ  rm 2

4:46
3;i

n

 rm 5 ÿ

rm 3
o
rm 3 
 rm 4

3;i

n

rm 3  rm 2

' rm 6 ÿ

o

rm 6

o

4:47

4:48

where  rm   Efrm ÿ E rm g5 1=5 , ' rm   Efrm ÿ E rm g6 1=6 , and the
other parameters are de®ned the same as in the previous sections.
Proof. See the explanation of the above linear market model. We omit details.
The higher-moment CAPMs depend on the highest moment of the DGP; if
the DGP is quadratic, we cannot use the four-moment CAPM but the threemoment CAPM. Only when the DGP is cubic, can we use the four-moment
CAPM. Therefore, if the unknown DGP is a quadratic and the four-moment
CAPM is estimated, the four-moment CAPM is not identi®able, and the
multicollinearity problem in the systematic risk measures creates estimation
problems.
Tables 4.10 and 4.11 report the GLS estimates for the quadratic and cubic
market models. Here we do not divide the 17 emerging markets into groups,
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Table 4.10 GLS estimates based on quadratic market DGP
Country

0;i

S.D.

1;i

S.D.

2;i

S.D.

(A) Market crash of October 1987 included
Greece
0.8756
1.0062
0.4070
Argentina
4.4622
2.0655*
ÿ0.5873
Brazil
1.8761
1.7309
0.4292
Chile
2.9395
0.6984**
0.1738
Mexico
2.3858
1.2652*
0.7375
India
0.6787
0.8924
ÿ0.2418
Korea
ÿ0.4141
0.7225
0.6848
Thailand
2.1843
0.7407**
0.4689
Zimbabwe
1.3116
0.8298
0.1954
Jordan
0.0273
0.4447
0.1274
Colombia
1.6706
0.7696*
0.1602
Venezuela
0.2366
1.3374
ÿ0.1325
Taiwan
2.3212
1.2062*
0.5610
Malaysia
1.2512
0.6091*
0.5949
Pakistan
0.3395
0.6639
0.0800
Philippines
2.1227
0.8707**
0.7180
Nigeria
ÿ0.4712
1.5865
0.2663

0.2289*
0.4698
0.3937
0.1589
0.2878**
0.2030
0.1643**
0.1685**
0.1887
0.1012
0.1750
0.3042
0.2744*
0.1386**
0.1510
0.1980**
0.3609

ÿ0.0079
ÿ0.1372
ÿ0.0830
ÿ0.0432
ÿ0.0768
ÿ0.0051
0.0274
ÿ0.0871
0.0198
ÿ0.0025
0.0076
0.0353
ÿ0.0912
ÿ0.0654
0.0064
ÿ0.0239
0.0195

0.0243
0.0499**
0.0419*
0.0169**
0.0306**
0.0216
0.0175
0.0179**
0.0201
0.0108
0.0186
0.0323
0.0292**
0.0147**
0.0161
0.0211
0.0384

(B) Market crash of October 1987 excluded
Greece
0.6960
1.0663
0.3845
Argentina
5.1883
2.1833**
ÿ0.5468
Brazil
2.7666
1.8216
0.5044
Chile
2.7069
0.7381**
0.1349
Mexico
1.6316
1.3266
0.6300
India
0.5478
0.9459
ÿ0.2580
Korea
ÿ0.3603
0.7662
0.6990
Thailand
2.1431
0.7855**
0.4383
Zimbabwe
1.6125
0.8766*
0.2351
Jordan
0.1652
0.4704
0.1422
Colombia
1.6537
0.8163*
0.1606
Venezuela
ÿ0.4197
1.4083
ÿ0.1956
Taiwan
2.3138
1.2795*
0.5330
Malaysia
1.1875
0.6458*
0.5682
Pakistan
0.2249
0.7036
0.0690
Philippines
2.6773
0.9121**
0.7731
Nigeria
ÿ0.6133
1.6825
0.2562

0.2350
0.4812
0.4015
0.1627
0.2924*
0.2085
0.1689**
0.1731**
0.1932
0.1037
0.1799
0.3104
0.2820*
0.1423**
0.1551
0.2010**
0.3708

0.0077
ÿ0.1971
ÿ0.1580
ÿ0.0223
ÿ0.0105
0.0062
0.0223
ÿ0.0819
ÿ0.0064
ÿ0.0143
0.0089
0.0911
ÿ0.0889
ÿ0.0587
0.0161
ÿ0.0711
0.0314

0.0380
0.0777**
0.0649**
0.0263
0.0472
0.0337
0.0273
0.0280**
0.0312
0.0167
0.0291
0.0501*
0.0456*
0.0230**
0.0251
0.0325**
0.0599

R2

R2

0.0732

0.0565

*Denotes signi®cance at 5% level.
**Denotes signi®cance at 1% level.
The quadratic market DGP estimated is
Ri;t ÿ rf  0;i  1;i Rm;t ÿ rf   2;i Rm;t ÿ E Rm 2  "i;t .
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Table 4.11 GLS estimates based on cubic market DGP

Country

0;i

S.D.

1;i

S.D.

(A) Market crash of
Greece
0.4772
Argentina 5.2017
Brazil
2.4631
Chile
2.8332
Mexico
1.8950
India
0.6731
Korea
ÿ0.3786
Thailand
1.9739
Zimbabwe 1.6516
Jordan
0.0526
Colombia
1.4588
Venezuela ÿ0.0436
Taiwan
2.0629
Malaysia
1.1021
Pakistan
0.2952
Philippines 2.1892
Nigeria
ÿ0.6575

October 1987 included
1.0249
0.1095 0.2884
2.1075** ÿ0.0352 0.5931
1.7675
0.8676 0.4975*
0.7172**
0.0944 0.2018
1.2892
0.3711 0.3628
0.9176
ÿ0.2460 0.2583
0.7429
0.7113 0.2091**
0.7579**
0.3118 0.2133
0.8446*
0.4492 0.2377*
0.4572
0.1463 0.1287
0.7878*
0.0021 0.2217
1.3716
ÿ0.3417 0.3860
1.2370*
0.3682 0.3481
0.6241*
0.4836 0.1757**
0.6825
0.0469 0.1921
0.8950**
0.7677 0.2519**
1.6301
0.1273 0.4588

(B) Market crash of
Greece
0.9391
Argentina 4.9295
Brazil
2.7323
Chile
2.6681
Mexico
1.6378
India
0.4818
Korea
ÿ0.3585
Thailand
2.2904
Zimbabwe 1.4856
Jordan
0.2172
Colombia
1.8264
Venezuela ÿ0.5277
Taiwan
2.5197
Malaysia
1.2730
Pakistan
0.2021
Philippines 2.9147
Nigeria
ÿ0.5281

October 1987 excluded
1.0482
ÿ0.3218 0.3640
2.1802*
0.2052 0.7571
1.8292
0.6039 0.6352
0.7404**
0.2477 0.2571
1.3323
0.6122 0.4626
0.9482
ÿ0.0665 0.3293
0.7695
0.6940 0.2672**
0.7776**
0.0104 0.2700
0.8729*
0.6036 0.3031*
0.4701
ÿ0.0088 0.1632
0.8049** ÿ0.3412 0.2795
1.4110
0.1182 0.4900
1.2715*
ÿ0.0650 0.4415
0.6440*
0.3199 0.2236
0.7063
0.1353 0.2453
0.8906**
0.0835 0.3093
1.6881
0.0085 0.5862

R2

R2

2;i

S.D.

3;i

S.D.

0.0442
ÿ0.2340
ÿ0.1598
ÿ0.0293
ÿ0.0126
ÿ0.0044
0.0228
ÿ0.0596
ÿ0.0246
ÿ0.0058
0.0353
0.0720
ÿ0.0574
ÿ0.0459
0.0122
ÿ0.0325
0.0439

0.0395
0.0811**
0.0681*
0.0276
0.0496
0.0353
0.0286
0.0292*
0.0325
0.0176
0.0303
0.0528
0.0476
0.0240*
0.0263
0.0345
0.0628

0.0045
ÿ0.0084
ÿ0.0066
0.0012
0.0056
0.0001
ÿ0.0004
0.0024
ÿ0.0039
ÿ0.0003
0.0024
0.0032
0.0029
0.0017
0.0005
ÿ0.0008
0.0021

0.0027*
0.0056
0.0047
0.0019
0.0034
0.0024
0.0020
0.0020
0.0022*
0.0012
0.0021
0.0036
0.0033
0.0016
0.0018
0.0024
0.0043

0.0446
ÿ0.2364
ÿ0.1632
ÿ0.0282
ÿ0.0096
ÿ0.0038
0.0225
ÿ0.0596
ÿ0.0257
ÿ0.0064
0.0351
0.0747
ÿ0.0576
ÿ0.0458
0.0127
ÿ0.0351
0.0443

0.0400
0.0831**
0.0698*
0.0282
0.0508
0.0362
0.0293
0.0297*
0.0333
0.0179
0.0307
0.0538
0.0485
0.0246*
0.0269
0.0340
0.0644

0.0140
ÿ0.0149
ÿ0.0020
ÿ0.0022
0.0004
ÿ0.0038
0.0001
0.0085
ÿ0.0073
0.0030
0.0099
ÿ0.0062
0.0118
0.0049
ÿ0.0013
0.0136
0.0049

0.0056**
0.0116
0.0097
0.0039
0.0071
0.0050
0.0041
0.0041*
0.0046
0.0025
0.0043*
0.0075
0.0068*
0.0034
0.0038
0.0047**
0.0090

0.0807

0.0727

*Denotes signi®cance at 5% level.
**Denotes signi®cance at 1% level.
The cubic market DGP estimated is
Ri;t ÿ rf  0;i  1;i Rm;t ÿ rf   1;i Rm;t ÿ E Rm 2 

3;i

Rm;t ÿ E Rm 3  "i;t .
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since the problems that arise in a large system in GMM estimation is not
expected in the GLS estimation that we carry out. Table 4.10 shows that the
signi®cant estimates of 1;i are all positive and the signi®cant estimates of 2;i
are all negative except one. This implies that individual emerging market
returns increase (decrease) as the market portfolio increases (decreases), but
decrease as the world market returns become more volatile. In addition,
Table 4.11 reports that the signi®cant estimates of 3;i are all positive except
one. This has the implication that the emerging market returns increase
(decrease) as the positive (negative) skewness of the market portfolio
becomes larger. However, the total number of signi®cant estimates in the
cubic market model is less than that in the quadratic market model. The R2
values also suggest that there is not much gain from using the cubic market
model.
The R2 values are relatively small, when they are compared with other R2
values in the previous tables. The dierence comes from the fact that the R2
values in Tables 4.5±4.9 are obtained from the cross-sectional calculation,
while the R2 values in Tables 4.10 and 4.11 are obtained from the seemingly
unrelated regressions model. The beta, co-skewness, and co-kurtosis
calculated from the GLS estimates of the DGP parameters (see the
relationship between systematic risk measures and 1;i ; 2;i ; and 3;i ) are not
signi®cantly dierent from the sample estimators, im ; im ; and im :
4.5

CONCLUSION

This study proposes the four-moment CAPM that explicitly involves skewness
and kurtosis as additional risk measures. We use a multivariate approach and
estimate the models with GMM. Like studies for mature markets such as
Friend and Wester®eld (1980), Sears and Wei (1988), Homaifar and Graddy
(1988), and Lim (1989), our study shows that there is no signi®cant
relationship between expected return and risk ( 1 ), skewness ( 2 , and
kurtosis ( 3 . However, we also ®nd insigni®cant marginal rates of
substitution between risk and skewness (k1 ) and kurtosis (k2 ). This is due to
the lack of normalized skewness and normalized kurtosis in US returns.
Despite the poor estimates of the coecients and marginal rates of
substitution, however, higher-moment CAPMs seem to be preferred to the
conventional mean-variance CAPM. Some test statistics such as the adjusted
R2 and the LM statistics reported in this study suggest that emerging markets
are better explained with higher-moments CAPMs. Interestingly, co-kurtosis
has at least as much explanatory power as co-skewness. This is consistent with
the result in Table 4.2 that the main source of non-normality in emerging
markets is kurtosis rather than skewness.
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Our initial approach explicitly imposes the condition that the market is
ecient, mm  mm  mm  1 as in Sears and Wei (1985, 1988) and Lim
(1989). When we use an alternative approach using DGPs, we can condition
on the market, as in Sharpe's market model. In addition, the high
multicollinearity in sample co-moments seems to make it hard to jointly
estimate co-skewness and co-kurtosis. Therefore, we speci®ed higher-moment
DGPs such as the quadratic market model as in Kraus and Litzenberger
(1976) and Barone-Adesi (1985). We showed that higher-moment DGPs are
consistent with higher-moment CAPMs, while reducing the collinearity in the
parameters.
Adding a note of realism to our study, we acknowledge that we are applying
a stationary analysis to an evolutionary problem. Our reason for doing so is to
assess the degree of explanation possible using higher-moment CAPMs with
emerging markets data. Our predictable conclusion is that while the use of
higher moments seems to improve matters, it cannot compensate for the
fundamental non-stationarity of emerging market returns. The non-normality
of emerging market returns is not enough in itself to build models that fail to
take account of the evolutionary nature of emerging markets. Nevertheless, we
do not regard the construction of these models as having no practical
relevance. In Hwang and Satchell (1998a,b) we have used models similar to the
ones in this chapter to assess risk adjusted performance of emerging market
funds. We found there that outperformance in emerging markets is eliminated
once risk adjustment for higher moments is carried out.
APPENDIX 1
Since the initial investment is set to 1, the moments of end-of-period wealth are
equivalent to those of the rate of return on the portfolio. That is,  w   rp ,
P
w  rp  and  w   rp : The equation, N
i1 xi ip  1, can be shown as
XN

x
i1 i

ip



XN



P
PN
Ef N
i1 xi ri ÿ
i1 xi E ri gfrp ÿ E rp g

i1

xi

Efri ÿ E ri gfrp ÿ E rp g
Efrp ÿ E rp g2 

A1.1

Efrp ÿ E rp g2 

1
PN
PN
using
xi ri  rp ÿ x0 rf and
ÿ x0 rf : Therefore,
i1
i1 xi E ri   E rp P
P
N
 w  N
x

r
:
With
the
same
method,
p
i1 i ip
i1 xi ip  1 and
PN
i1 xi ip  1 can be easily shown and the results follow.
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APPENDIX 2
A Lagrangian for the given maximization problem is
XN
x ÿ 1
L  EU w ÿ  x0 
i1 i

A2.1

The ®rst derivatives of the Lagrangrian with respect to x0 and xi are
@L @EU w
1  rf  ÿ   0

@x0
@E w

A2.2

@L @EU w
@EU w
1  E ri  

@xi
@E w
@ w


@EU w
@ w

rp  

ip

ip 

rp 

A2.3

@EU w
ip  rp  ÿ   0
@ w

using
@E w
@ w
 1  E ri ;

@xi
@xi

ip 

rp ;

@ w

@xi

ip

rp ; and

@ w
 ip  rp 
@xi

Rearranging equations (A2.2) and (A2.3), we obtain the following equation:
@EU w
@ w
w
@E w

E ri  ÿ rf  ÿ @EU

ip 

@EU w
@ w
w ip
@E w

rp  ÿ @EU

@EU w
@ w
 
w ip
@E w

rp  ÿ @EU

rp 
A2.4

In addition, since the expected utility curve of the investor is constant at the
maximum, the changes in expected return and variance are zero for the given
skewness and kurtosis. Using this property, the total dierential of EU w is
set to zero, and we obtain the following equations:
dEU w 

@EU w
@EU w
dE w 
d w  0
@E w
@ w

A2.5

dEU w 

@EU w
@EU w
dE w 
d
@E w
@ w

w  0

A2.6

dEU w 

@EU w
@EU w
dE w 
d w  0
@E w
@ w

A2.7

When these three equations are used for the marginal rate of substitutions in
equation (A2.4), the results follow.
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APPENDIX 3
For the logarithmic utility function, a Taylor approximation of the investor's
expected utility of end-of-period wealth yields
EU w  log E w ÿ

 w2

w3

2E w

3E w


2

ÿ
3

 w4

A3.1

4E w4

Therefore,
@EU w
1
 w2
w3  w4


ÿ

@E w
E w E w3 E w4 E w5

A3.2

@EU w
 w
ÿ
@ w
E w2

A3.3

@EU w
w2

@ w
E w3

A3.4

@EU w
 w3
ÿ
@ w
E w4

A3.5

When these equations are put into equation (A2.4), we obtain the following
equation:
E ri  ÿ rf 

 w
E w2

ip 

2

rp  ÿ E w
w3

1
E w

2

3

ip

rp   E w
  rp 
w4 ip
3

4

ÿ E w
 E w
 E w
w5
w3
w4

A3.6

Under the TFMS assumption used in this study, the above equation is
E ri  ÿ rf 

E 1  rm 3  rm 2

im

ÿ E 1  rm 2 rm 3

im

 E 1  rm  rm 4 im

E 1  rm 4  E 1  rm 2  rm 2 ÿ E 1  rm  rm 3   rm 4

A3.7

since w  w0 1  rm  and thus,  w  w0  rm ,
w  w0 rm , and
 w  w0  rm : For the market portfolio, equation (A3.7) is
E rm  ÿ rf 

E 1  rm 3  rm 2 ÿ E 1  rm 2 rm 3  E 1  rm  rm 4

E 1  rm 4  E 1  rm 2  rm 2 ÿ E 1  rm  rm 3   rm 4
A3.8
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Dividing equation (A3.7) by (A3.8), the following equation is obtained:
E ri  ÿ rf 

E 1  rm 2  rm 2
2

im

ÿ E 1  rm  rm 3

2

im
3

  rm 4 im

E 1  rm   rm  ÿ E 1  rm  rm    rm 4

E rm  ÿ rf 

A3.9

By de®ning
L1 

E 1  rm 2  rm 2

2

E 1  rm   rm 2 ÿ E 1  rm  rm 3   rm 4

L2  ÿ

2

;

E 1  rm  rm 3

E 1  rm   rm 2 ÿ E 1  rm  rm 3   rm 4

and
L3 

 rm 4

E 1  rm 2  rm 2 ÿ E 1  rm  rm 3   rm 4

we obtain the following four-moment CAPM for the investor who has logutility function:
A3.10
E ri  ÿ rf  L1 im  L2 im  L3 im  E rm  ÿ rf 
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Chapter 5
Are stock prices driven by the
volume of trade? Empirical analysis
of the FT30, FT100 and certain
British shares over 1988±1990
L.C.G. ROGERS, STEPHEN E. SATCHELL,
AND YOUNGJUN YOON

ABSTRACT
This chapter explains how volume of trade appears to in¯uence the
log-return distribution of assets. To compensate for this is rather
dicult. One strategy if you wish to predict prices is to consider the
joint distribution of price and volume and derive the marginal
distribution of price. This will be typically more fat-tailed than the
normal. One can base con®dence intervals on the predicted price
based on the marginal distribution which will be smaller than under
normality. The point estimate of price should be the same. A simpler
alternative is to work with the conditional distribution of price given
volume. To predict prices you can derive a con®dence internal, but this
will depend upon predictions of tomorrow's volume which may prove
rather troublesome.

5.1

INTRODUCTION

For many years both ®nancial economists and statisticians have been
concerned with describing the behaviour of stock prices. The price changes
in a stock market can be regarded as a result of the in¯ux of new information
into the market and of the re-evaluation of existing information. At any point
in time there will be many items of information available. Thus, price changes
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between transactions will re¯ect the interactions of many dierent items of
information. For example, in the prediction of price changes the diculty
comes from the uncertain arrival of new information as well as the random
quantity of information at each point of the time series under study. Even
though there is a remarkable discrepancy between the concepts of behaviour
of stock prices held by professional stock market analysts, on the one hand,
and by academics on the other, the form of the distribution of stock returns is
important to both groups because it is a crucial assumption for mean-variance
portfolio theory, theoretical models of capital asset prices, and the prices of
contingent claims. In this chapter we examine the distribution of daily and
weekly logarithmic returns of the FT100, FT30 and the ®rms that make up the
FT30 over the period of 1988 to 1990. We uncover the usual results found by
authors working with American data, namely that logarithmic returns
measured either daily or weekly do not look normally distributed.
We then brie¯y discuss the literature that relates the price distribution to the
volume of shares traded, a topic which has been examined in great detail by
®nancial economists. The contribution of this chapter is to use volume, rather
than time, as the forcing variable in our stochastic process for prices. Based on
this assumption that business activity (volume) is driving the price and not
time, we `change the clock' of our process and re-evaluate the distribution of
logarithmic returns when a certain volume of trade has elapsed, equal to the
average weekly volume. This brings about a signi®cant change in the
distribution. It now appears much more normal and adds evidence to the
hypothesis that share prices follow a subordinated log-normal process where
the conditioning variable is volume. In Section 5.2 we present a review of the
existing literature and the mathematical framework. In Section 5.3 we discuss
normality testing, stock price indices and the price-volume relationship. In
Section 5.4 we present our conclusions. We include de®nitions of the dierent
normality tests in an appendix.
5.2

EARLY RESEARCH

Past studies of time series of prices at short intervals on a speculative market
such as that for corporation shares, indices or futures on commodities are
usually compatible with the log-normal random walk model which we shall
describe next. We shall present this model in its continuous time version, the
form in which it is currently most popular in ®nancial economics. We assume
that s t, the price of the asset at time t, is generated by
ds t 
where

t; ss tdt   t; ss tdW t

1

and  represent instantaneous mean and volatility, respectively, and
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W t is standard Brownian motion (BM). The use of equation (5.1) is based on
the hypothesis that the continuous Brownian motion is followed during
periods between transactions and during periods of exchange closure, even
though prices cannot be observed in such intervals. It is well known that, if
t; s  and  t; s   where and  are constant, equation (5.1) has the
solution
s t  s 0 exp

ÿ 122 t   W t ÿ W 0

and that in the logarithmic form,


s t
ln

ÿ 122    W t ÿ W t ÿ 1
s t ÿ 1

5:2

5:3

We see from equation (5.3) that ln s t follows a random walk with drift and
that errors are i:i:d. N 0; 2 , i.e.
ln s t  ln s t ÿ 1 

ÿ 122    t

5:4

where
 t   W t ÿ W t ÿ 1  N 0; 2 
The increments in the price process are stationary in the mean and
independent. If the mean is zero, this is exactly the random walk model.
Here, the price changes are not absolute price changes but changes in the
logarithmic prices which are independent of one another because stock
market investors are interested in proportionate changes in the value of
stocks.1 Henceforth we will use the notation S t  ln s t and
S t  ln s t ÿ ln s t ÿ 1:
Besides empirical realism, the random walk model has a theoretical basis. If
price changes are predictable, then alert speculators can make money until
these opportunities are removed. Based on this argument, the ecient markets
hypothesis implies that security prices re¯ect all publicly available information.
This was ®rst shown by Bachelier in 1900, when he derived the diusion
equation of a random walk model for security from a condition that
speculators should receive no information from past prices. Later, Kendall
(1953) con®rmed that each period's price change was not signi®cantly
1

The reasons for using changes in logarithmic price is well explained in E. Fama (1965): the
change in logarithmic price is the yield, with continuous compounding, from holding the security
for that day; taking logarithms neutralizes most of the price level eect since the variability of
simple price changes is an increasing function of the price level; for changes less than 15% the
change in logarithmic price is very close to the percentage price change.
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correlated with the preceding period's price change nor with the price change of
any earlier period. While Kendall worked with serial correlations for each
series separately, Osborne (1959) worked with ensembles of price changes,
which appeared to be approximately normally distributed with a standard
deviation proportional to the square root of the length of the period. This
proportionality of the standard deviation of price dierences to the square root
of the dierencing period is a characteristic of a random walk and had been
pointed out much earlier by Bachelier (1900). In Bachelier's case, however, the
dierences were arithmetic, while in Osborne's they were logarithmic.
Normality of asset returns was a popular assumption in investigations of
investors' behaviour. For this reason in the early stage of stock market study,
the normal distribution was considered as a good description of stock market
returns. The normal distribution arises in many stochastic processes involving
large numbers of independent variables. The traditional justi®cation of lognormality is based on a multiplicative version of the Central Limit Theorem
because the change of returns within a certain interval is a product of each
individual transaction change of returns. The normal distribution has special
virtues; it is linked with the classical Central Limit Theorem; it is stable,
meaning any linear combination of independent normals is itself normal; and
it is analytically tractable.
In the general theory of random walks the form or shape of the distribution
need not be speci®ed. Previous authors (Clark, 1973; Epps and Epps, 1976;
Fama, 1963; Mandelbrot, 1963; Tauchen and Pitts, 1983) have found that the
price changes St  ln s t ÿ ln s t ÿ 1, however independent, are not
normally distributed. Instead of having the normal shape, which would be the
case if the components in St were almost independent and almost identically
distributed, St is consistently more leptokurtic (is more peaked and has fatter
tails) than normality indicates. Also, several authors have noted that the
nature of the return distribution may change as the period length changes.
Assuming that the distribution is stationary with ®nite mean and variance, this
would imply that the leptokurtosis observed in the distribution of daily returns
will become less severe as we increase the interval of measurement. This is
because we are adding together independent increments with a ®nite variance
which allows an application of the Central Limit Theorem. However,
conditions sucient for the Central Limit Theorem are not met by the
in¯uences which make up St . The standard Central Limit Theorem holds
only when the number of random variables being added is at least nonstochastic; in the case of speculative markets, this restriction may be violated.
The number of individual eects added together to give the price change
during a certain interval is random, making the standard Central Limit
Theorem inapplicable. Although this does not exclude the possibility of
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normal distributions from our consideration, it gives an insight into why nonnormality may arise in practice.
Two responses to these empirical ®ndings have evolved. The ®rst centred on
the use of stable Paretian distributions (see Fama, 1963, and Mandelbrot,
1963). We shall not discuss the stable distribution in this chapter but look
directly at the second approach, the use of subordinated stochastic processes.
The hypothesis is that the distribution of price changes is subordinate to a
stochastic process generated from a mixture or combination of distributions.
The price series evolves at dierent rates during identical intervals of time
where the variance of the distribution is itself a random variable. The dierent
evolution of price series on dierent days is due to the fact that information is
available to traders at a varying rate. Therefore, the distribution of price
changes should be de®ned conditional on the information-generating process,
so that the limit distribution of price changes is subordinate to some
distribution. For example, if P t is normal with stationary independent
increments, and T t has stationary independent positive increments with
®nite second moments which are independent of P, then the subordinated
stochastic process P T t has stationary independent increments and the
kurtosis of the increments of P T t is an increasing function of the variance
of the increments of T t. Therefore, the introduction of any directing process
makes the distribution of the increments of P T t only more leptokurtic. The
limit distribution of a random sum of random variables which obey the
Central Limit Theorem is asymptotically normal with random variance, or
new terminology, subordinate to the normal distribution. Upton and Shannon
(1979) found that the asymptotic tendencies of the return distribution are in
agreement with the implications of the subordinated stochastic process
approach rather than the stable Paretian distribution. Kon (1984) proposed a
discrete mixture of normal distributions rather than a continuous mixture to
explain the observed signi®cant kurtosis (fat tail) and signi®cant positive
skewness2 in the distribution of daily rate of returns for a sample of common
stocks and indices. He found that the data could be well described by a mixture
of normals, the actual number of normal distributions involved may vary
across ®rms. Stationarity tests on the parameter estimates of the discrete
mixture of normal distributions model revealed signi®cant dierences in the
mean estimates that can explain the observed skewness in security returns.
Signi®cant dierences in the variance estimates also can explain the observed
kurtosis.

2
There is some evidence indicating that the assumption of symmetric empirical distributions may
be violated for certain phenomena, see Fielitz and Smith (1972) and Leitch and Paulson (1975).
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TESTING NORMALITY IN THE INDIVIDUAL STOCKS

We next describe our data. We collected the data for two Financial Times
indices and 30 individual British companies for the period of 1/1/88-31/12/90.
We chose this period to avoid any diculty due to distributional shifts pre and
post the October 1987 crash. We started at 1/1/88 to allow some of the shortrun perturbations of the crash to settle down. It is an interesting question as to
whether there has been a distributional shift before and after the crash, but we
shall not address it in this chapter. Two indices, FT-SE100 and FT30, were
chosen since they have distinct features, which will be explained later in this
section. The 30 companies3 chosen are the constituents of the FT30 index.
Three dierent time intervals, daily, weekly and fortnightly, were used for the
normality tests. For the weekly and fortnightly data, Friday was chosen as the
day to measure returns from.
The goodness-of-®t tests of normality4 are based on the skewness statistic
p
p
b1 , the kurtosis statistic b2 , a joint test using b1 , and b2 (Bera±Jarque Test),
and de®nitions are given in the Appendix. Where these tests are used, some
care should be taken; they are asymptotic tests and can only be justi®ed by a
relatively large sample size, also the tests are sensitive to outliers (e.g.
unusually large deviations perhaps caused by stock crashes) (see Spanos,
1986). To cover this weakness, Klein's method is added, which is based on the
comparison of observed frequencies with theoretical frequency within quantile
limits. Also, we reported the results from the Kolmogorov-Smirnov test.5
Detailed descriptions of these tests are in the Appendix.
We apply these test procedures to the 30 constituent companies of the FT30.
The results are generated in Table 5.1 for daily, Table 5.2 for weekly, and Table
5.3 for fortnightly. Only 12 companies out of 30 satis®ed the ®ve test statistics
used for normality based on the fortnightly data at  0:05, 11 for the weekly
data. None of the daily data satisfy all test statistics. This leads us to reject the
normal distribution of the stock returns traded in the London Stock Exchange.
Most of them failed to satisfy the kurtosis statistic b2 , especially in the daily
3
The weekly result for Beecham is omitted because of insucient data since it was merged into
SmithKline Beecham during the period.
4
Tests for departures from normality can be divided into parametric and non-parametric tests
depending on whether the alternative is given a p
parametric
form or not. Several works on the

power of tests for normality reported that b2 and b1 are generally preferred, see (see D'Agostino
and Pearson, 1973; Gastwirth and Owens, 1977; Saniga and Miles, 1979; Shapiro and Wilk, 1965;
Shapiro, Wilk and Chen, 1968).
5
Since the Kolmogorov±Smirnov test requires the complete speci®cation of the null distribution,
the mean and variance of the speci®ed simple normal hypothesis were taken as the (known) mean
and variance of the actual alternative distribution. This will cause a slight mismeasurement akin
to using normal tables for the t test. Our smallest sample is 156 observations, which renders this
eects quite negligible.
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Table 5.1 (S2 ÿ S1 ), (S3 ÿ S2 ), (S4 ÿ S3 ), ... (daily price)
B±J

Allied-Lyons
Asda-MFI
BICC
BOC
BTR
Beecham
Blue Circle
Boots
British Airways
British Gas
British Petrol
British Telecom
Cadbury
Courtaulds
Gen. Electric
Glaxo
Grand Metro.
GKN
Guinness
Hanson Trust
Hawker Siddeley
ICI
Lucas
M&S
Nat. West. Bank
P&O
Royal Ins.
Tate & Lyle
Thorn-EMI
Trusthouse

331.2
1026.3
197.2
109.1
1108.8
14.39
64.31
156.1
117.1
19.79
120.4
48.61
1224.8
353.8
136.4
27.05
40.68
134.7
319.8
76.68
1782.9
312.7
781.1
130.8
371.3
178.5
81.80
43.30
85.96
6.945

2 2  5:99
p
ÿ0:23  b1  0:28
2:51  b2 p3:57

KS  1:36= N
2
 27  40:1

at
at
at
at
at

 0:05
 0:05
 0:05
 0:05
 0:05

p
b1

0.505
ÿ0.391
ÿ0.196
0.048
ÿ0.649
0.161
0.224
ÿ0.042
ÿ0.071
0.058
0.392
0.202
1.064
0.414
0.222
0.037
ÿ0.123
ÿ0.482
0.601
ÿ0.042
ÿ1.052
ÿ0.696
ÿ0.356
0.059
0.095
ÿ0.024
ÿ0.086
0.087
0.027
0.063
and
and
and
and
and

b2
6.089
8.650
5.470
4.857
8.485
3.878
4.356
5.223
4.921
3.784
4.790
4.174
8.857
6.245
5.032
3.923
4.109
4.828
5.948
4.557
10.22
5.824
7.925
5.033
6.426
5.378
4.601
4.159
4.650
3.452

Klein's 2 (27)

K±S

110.7
148.8
82.74
150.4
90.70
44.28
96.56
58.79
199.6
77.19
64.71
78.98
142.2
92.00
168.4
40.13
43.98
105.9
129.8
90.85
102.2
55.07
113.8
122.2
108.2
75.62
129.5
134.7
54.58
79.61

0.057
0.079
0.048
0.051
0.055
0.038
0.058
0.058
0.067
0.068
0.062
0.059
0.092
0.062
0.083
0.038
0.050
0.064
0.065
0.060
0.060
0.045
0.067
0.072
0.063
0.044
0.061
0.077
0.050
0.063

2 2  9:21
p
ÿ0:403  b1  0:403
2:37  b2 p3:98

KS  1:63= N
2
 27  47:0

at
at
at
at
at

 0:01
 0:01
 0:01
 0:01
 0:01

data, while the symmetry looked quite reasonable. The tables suggest that the
length of interval is closely related to the kurtosis of stock returns. Weekly
versus daily of not rejecting the null hypothesis is 14 versus 1. This indicates
that daily information arrivals ¯uctuate relatively more than weekly ones. This
phenomenon becomes more apparent in our fortnightly data of Table 5.3. Only
nine companies failed to satisfy the kurtosis statistic, and in general normality is
improved. However, there exists a diculty in symmetry due to the insucient
data since the fortnightly data reduced the sample size. This evidence is
consistent with the ®ndings of other authors.
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Table 5.2 (S2 ÿ S1 ), (S3 ÿ S2 ), (S4 ÿ S3 ), ... (weekly price)
B±J
Allied-Lyons
Asda-MFI
BICC
BOC
BTR
Beecham
Blue Circle
Boots
British Airways
British Gas
British Petrol
British Telecom
Cadbury
Courtaulds
Gen. Electric
Glaxo
Grand Metro.
GKN
Guinness
Hanson Trust
Hawker Siddeley
ICI
Lucas
M&S
Nat. West. Bank
P&O
Royal Ins.
Tate & Lyle
Thorn-EMI
Trusthouse
2 2  5:99
p
ÿ0:23  b1  0:28
2:51  b2 p3:57

KS  1:36= N
2
 12  21:0

5.3.1

30.28
28.29
1.632
1.701
8.118
±
5.572
0.853
3.720
12.88
7.801
7.816
388.3
0.777
0.313
3.354
1.284
1.225
3.990
0.897
44.45
10.94
49.08
0.452
31.67
1.048
6.284
6.696
2.266
2.809
at
at
at
at
at

 0:05
 0:05
 0:05
 0:05
 0:05

p
b1

0.664
ÿ0.519
ÿ0.140
0.091
ÿ0.339
±
0.431
0.091
0.110
0.231
0.421
0.271
1.838
ÿ0.162
ÿ0.087
0.242
ÿ0.122
ÿ0.203
0.244
ÿ0.185
ÿ0.792
ÿ0.254
ÿ0.424
0.125
0.543
ÿ0.115
0.322
0.353
ÿ0.293
0.302
and
and
and
and
and

b2
4.702
3.416
3.416
3.478
3.889
±
3.337
2.687
3.724
4.330
3.702
3.953
9.799
3.119
3.133
3.531
3.372
3.152
3.612
2.980
5.080
4.194
5.614
2.913
4.922
3.329
3.743
3.730
2.928
3.258

Klein's 2 (12)
41.04
11.29
9.803
15.01
9.311
±
9.783
11.83
16.19
17.69
21.96
10.93
27.93
8.831
4.739
9.253
9.937
20.08
14.62
10.12
25.87
12.27
19.70
8.444
8.595
7.529
9.471
38.93
9.243
8.897

2 2  9:21
p
ÿ0:403  b1  0:403
2:37  b2 p3:98

KS  1:63= N
2
 12  26:2

at
at
at
at
at

K±S
0.090
0.051
0.053
0.067
0.041
±
0.057
0.042
0.049
0.053
0.063
0.057
0.107
0.030
0.042
0.040
0.046
0.041
0.049
0.050
0.050
0.065
0.062
0.045
0.064
0.038
0.044
0.050
0.047
0.061

 0:01
 0:01
 0:01
 0:01
 0:01

Indices and their distributions

There has always been the need for a summary statistic to measure stock
market performance, since the aggregate performance of the stock market is
an indicator of the state of the overall economy and monitoring the
performance of the market provides a powerful source of information for
investment decisions. As a summary of the direction and extent of average
changes of stock prices, stock price averages6 or indices provide a convenient
way to summarize general market movements. They are constructed by
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Table 5.3 (S2 ÿ S1 ), (S3 ÿ S2 ), (S4 ÿ S3 ), ... (fortnightly price)
B±J

FT30 Index
FT100 Index
Allied-Lyons
Asda-MFI
BICC
BOC
BTR
Blue Circle
Boots
British Airways
British Gas
British Petrol
British Telecom
Cadbury
Courtaulds
Gen. Electric
Glaxo
Grand Metro.
GKN
Guinness
Hanson Trust
Hawker Siddeley
ICI
Lucas
M&S
Nat. West. Bank
P&O
Royal Ins.
Tate & Lyle
Thorn-EMI
Trusthouse
2 2  5:99
p
ÿ0:23  b1  0:28
2:51  b2 p3:57

KS  1:36= N
2 3  7:81

0.215
0.310
3.779
56.55
1.463
0.035
1.637
1.475
0.600
0.788
0.093
1.552
0.690
63.33
3.023
0.023
0.263
0.593
0.553
16.39
1.455
24.75
4.045
8.645
1.590
7.491
2.644
1.453
0.241
2.069
2.508
at
at
at
at
at

 0:05
 0:05
 0:05
 0:05
 0:05

p
b1

ÿ0.104
ÿ0.047
0.382
ÿ1.179
ÿ0.244
0.020
ÿ0.325
0.299
ÿ0.150
ÿ0.245
0.066
0.203
ÿ0.198
1.453
ÿ0.435
ÿ0.037
ÿ0.034
ÿ0.115
ÿ0.201
ÿ0.541
0.174
ÿ1.110
ÿ0.537
ÿ0.117
0.341
0.137
ÿ0.341
0.248
0.010
ÿ0.265
0.409
and
and
and
and
and

b2
2.849
2.705
3.760
6.439
2.540
3.096
3.282
2.690
2.692
3.026
2.489
3.558
2.765
6.322
2.586
2.962
2.723
2.640
3.086
4.967
2.428
4.638
3.299
4.614
3.154
4.493
2.411
3.447
3.271
2.404
3.316

Klein's 2 (3)
0.697
1.973
4.391
8.004
4.654
1.635
3.762
3.171
1.106
2.620
2.040
2.007
3.093
15.90
5.477
3.438
2.331
3.439
0.557
2.343
1.160
14.67
2.025
3.521
4.609
7.115
5.513
3.745
1.586
8.086
1.994

2 2  9:21
p
ÿ0:403  b1  0:403
2:37  b2 p3:98

KS  1:63= N
2 3  11:3

at
at
at
at
at

K±S
0.034
0.034
0.066
0.085
0.065
0.062
0.083
0.072
0.046
0.067
0.064
0.071
0.046
0.133
0.064
0.073
0.051
0.040
0.036
0.051
0.069
0.1169
0.048
0.082
0.070
0.088
0.070
0.081
0.062
0.098
0.072

 0:01
 0:01
 0:01
 0:01
 0:01

6
Even though the price average such as the Dow Jones Average has been widely quoted, it is
criticized for the following reasons; splitting bias in which the divisor for the average has to be
adjusted regularly to accommodate splits and it implicitly puts more weight to the stocks that
remain unsplit, anti-growth bias since growth stocks split more than non-growth stocks,
arithmetic mean bias which gives equal weight to equal absolute rather than the percentage
changes in stock prices, etc.
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sampling; selecting some manageable number of stocks to act as a proxy for
the universe of all stocks. The sample is then weighted in some way, assigning
dierent levels of importance to various component stocks. Next, the weighted
sample is averaged, arithmetically or geometrically, to produce a single
summary number. If it is a price index, the weighted average of the sample is
further divided by a constant to relate it to an arbitrary but intuitively
meaningful base value.
Indices are usually weighted by the number of shares outstanding for each
stock multiplied by the price of the stock. These capitalization weights re¯ect
relative weights based on each company's capitalization. FT-SE 100, S&P 500
and NYSE indices belong to this category. The value weight indicates changes
in the aggregate market value of stocks. Thus, changes in general market value
are more re¯ected in these indices for studies of relationships between stock
prices and other things in the national economy with more importance to a
relatively few large companies.
The FT-Actuaries Share Indices are weighted arithmetic averages of the
price relative; the weights used being the initial capitalization, subsequently
modi®ed to maintain the continuity when capital and constituent changes
occur. They are derived to show the longer-term changes associated with the
value of a portfolio over time, although still re¯ecting day-to-day movements.
The Financial Times±Stock Exchange 100 Share Index generally represents
the 100 largest companies by market capitalization. The choice of 100 shares
was to hit the balance between the practical diculty of collecting around 750
shares on a real-time basis needed to turn the All Share Index into a real-time
index, and yet having sucient cover of the market to closely follow the
movement of the All Share Index. It mirrors the movement of a typical
institutional portfolio. A base ®gure of 1000 was chosen to make the index
more tradeable on the futures or options markets as a high base contract ®gure
usually produces whole number changes every day. As a preliminary, we
carried out the same tests reported in Tables 5.1 and 5.2 for the FT100 from
1/1/88 to 31/12/90. The results are presented in Table 5.3. We delay the
discussions of results until after an analysis of the FT30.
The Financial Times Ordinary Share Index (FT30) is the geometric average
of 30 securities on an unweighted or unit-weighted basis and aims to show
short-term movements in the market. The geometric average7 involves the
product of n numbers of component stocks and the nth root of that product
which preserves the integrity of successive upward and downward percentage
changes in stock prices. The Index is calculated on a `real-time' basis from the
7
It has an unavoidable downward bias; the geometric mean is always less than the arithmetic
mean of the same numbers.
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start of trading at 9 a.m. A closing Index is produced soon after 5 p.m. on the
basis of prices collected at the close down of the Stock Exchange SEQA
system. Since the Index is unweighted the calculation is simple. Also, it is
sensitive because it is based on heavily traded blue chip shares which are the
®rst to respond to any changes in stock market sentiment. The equal-weight
indices may be more appropriate for indicating movements in the prices of
typical or average stocks and are better indicators of the expected change in
the prices of stocks selected at random since relatively small companies are
more sensitive to economic trends. Thus it has been widely followed up to the
advent of the FT100.8 The 30 constituents are carefully selected so as to form a
representative spread across British industry and commerce. The number 30
was originally chosen as the best compromise between ease and spread of
calculation, on the one hand, and, on the other, the need to avoid too large an
in¯uence by freak movements in one or two individual share prices. Its
constituents are heavy industry (6), textiles (4), motor and aviations (3),
electrical manufacturer and radio (3), building materials (3), food, drink and
tobacco (6), retail stores (2), ®nancial institutions (2), miscellaneous (1):
Since the FT30 is a geometric average index, it is easier to make allowances
for capital changes, and to replace constituents, without the need for rebasing.
Moreover, it damps down the impact of large rises in individual constituents.
Despite its advantages it tends to bias the Index downwards over the longer
term. This is partly a purely mathematical eect,9 but it also re¯ects the way
that poorly performing constituents enter into the Index. Therefore, the FT30
Index should not be used as a long-term measure of market levels or as a
yardstick for portfolio performance. It should be used for the purpose for
which it was precisely designed, as a sensitive indicator of the mood of the
market, originally from day-to-day and now from hour-to-hour.
We present the results of our normality tests on the indices in Table 5.4 and
Table 5.5. The normality tests of the FT100 and the FT30 show similar
conclusions to the individual stocks as before. Each day of the trading days
from Monday to Friday was tested. Only Monday and Friday for the FT30
and Wednesday for the FT100 follow a normal distribution at the 5% level.
There is no striking improvement in the FT30 compared with individual shares
while the FT100 looks reasonably normal. In fact, the FT100 index satis®es all
the tests at the 1% level.
A possible problem with these datasets is the presence of serial correlation.
We investigated the FT30 and FT100 daily and weekly data. The only
8

The Index has been used since 1935. About a quarter of its constituents have remained in the 30
throughout the period.
9
This is by Jensen's Inequality, Eg X  g EX where h is convex.
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Table 5.4 Tests for normality of FT100

Observations
BeraÿJarque 2 (2)
p
3=2
b1  m3 =m2
2
b2  m4 =m2
Klein's 2 (12)

Monday

Tuesday

Wednesday

Thursday

Friday

157
3.3529
0.0610
3.7078
15.8752

157
1.0450
ÿ0.1771
3.1877
21.9950

156
2.2581
ÿ0.2545
3.3010
6.6425

156
6.6615
ÿ0.2496
3.8845
7.6476

157
4.3629
0.2709
3.6146
10.3683

Notes: Details and de®nitions of the notation are given in the Appendix.
Here and in Table 5.6 the bold numbers indicate not rejecting the null hypothesis of normality.
Table 5.5 Tests for normality of FT30

Observations
Bera±Jarque 2 (2)
p
3=2
b1  m3 =m2
b2  m4 =m22
Klein's 2 (12)
2 2  5:99
p
ÿ0:23  b1  0:28
2:51  b2  3:57
2 12  21:0

Monday

Tuesday

Wednesday

Thursday

Friday

157
1.8002
ÿ0.0247
3.5239
6.7854

157
6.6907
0.3476
3.7390
11.0823

156
6.3208
ÿ0.2507
3.8528
7.1537

156
9.9176
ÿ0.2845
4.1008
11.6313

157
2.8183
0.2448
3.4403
18.1187

at
at
at
at

 0:05
 0:05
 0:05
 0:05

and
and
and
and

2 2  9:21
p
ÿ0:403  b1  0:403
2:37  b2  3:98
2 12  26:2

at
at
at
at

 0:01
 0:01
 0:01
 0:01

signi®cant autocorrelations found were the ®rst lagged variables for daily data
in both cases, in fact the coecient for the FT30 was estimated at 0.083 with a
t-level of 2.226 and for the FT100 0.084 with a level of 2.257. For stationary
processes, the behaviour of test statistics based on functions of the ®rst four
moments will not be in¯uenced by autocorrelation under the null at least
asymptotically. However, the power of the tests may well be aected. Since the
alternative to normality is not speci®ed, this seems a problem for further
research. One could ®t an Edgeworth-type family under the alternative and
calculate the power function as a function of the autocorrelation coecient,
but we have not done this. If the autocorrelation processes were nonstationary this would in¯uence our test statistics, but then the question of
testing for normality becomes meaningless.
Log-normal and log-stable distributions have multiplicative stability but
not additive stability. Strictly speaking, if individual asset returns are lognormally (or log-stably) distributed, FT100 returns must have some other
distribution while FT30 has a log-normal distribution. Thus if we believe the
process has each share generated by equation (5.1), we might expect better
results for normality for the FT30 than for the FT100. Against this, there is a
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possibility that adding more shares together, in the case of the FT100, will
induce normality via central limit theorem results. The results in Tables 5.4
and 5.5 indicate that instability under addition, and the problem of changing
weights, are not a practical concern under the conditions studied because there
is little evidence that FT30 is better suited to a normal distribution than
FT100.10 The practical importance of these complications is an empirical
question.
5.3.2

The price±volume relationship

The price±volume relation is critical to the debate over the empirical
distribution of stock prices. According to Karpo (1987), the variance of the
daily price change and the mean daily trading volume depend upon three
factors: (1) the average daily rate at which new information ¯ows to the market,
(2) the extent to which traders disagree when they respond to new information,
and (3) the number of active traders in the market. In general, volume is
positively related to the magnitude of the price change and, in equity markets,
to the price change per se. Clark (1973) derives the positive relationship through
randomness in the number of within-period transactions. The daily price
change is the sum of a random number of within-day price changes. The
variance of the daily price change is thus a random variable with a mean
proportional to the mean number of daily transaction. Since the trading
volume is related positively to the number of within-day transactions, so the
trading volume is related positively to the variability of the price change.
Another possibility, suggested by Tauchen and Pitts (1983), comes from the
fact that the change in the market price on each within-day transaction or
market clearing is the average of the changes in all of the traders' reservation
prices. Assuming that there is a positive relationship between the extent to
which traders disagree when they revise their reservation prices and the
absolute value of the change in the market price, the price variability±volume
relationship arises because the volume of trading is positively related to the
extent to which traders disagree when they revise their reservation prices.
When sampled over ®xed calendar intervals (e.g. days), rates of return
turned to appear kurtotic compared to the normal distribution in the previous
tests. Here, we can develop the explanation of price behaviour by
incorporating volume into our consideration. Price±volume tests generally
support the mixture of distributions hypothesis which implies that price data
are generated by a conditional stochastic process with a changing variance
parameter that can be proxied by volume. Osborne (1959) attempted to model
10

In fact, there are 12 for FT30 versus 14 for FT100 signi®cant entries in the tables.
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the stock price change as a diusion process with variance dependent on the
number of transactions. This could imply a positive correlation between V and
jSj, as later developed by Clark (1973), Tauchen and Pitts (1983), and Harris
and Gurel (1986). In statistical terms, we are postulating a conditional
distribution of S, given V. If we assume a marginal distribution of V we
know the joint distribution of S and V, and if we integrate out V we have the
marginal distribution of S. This marginal distribution may well exhibit the
characteristics discussed earlier.
Clark (1973) used trading volume as a measure of the speed of evolution
from new information. The distribution of the increments of the price process
would then have a distribution subordinate to that of the price changes on
individual trades, and directed by the distribution of trading volume. Trading
volume is taken as an instrument for the true operational time, or an imperfect
clock measuring the speed of evolution of the price-change process. Clark
showed that the kurtosis has been very much reduced when price changes with
similar volumes were considered. His method is to group by similar volume
classes, treating each observation independently, not as time-series data. As
long as there is no autocorrelation, his regrouping works. However, if there is
any serial correlation, this method will be misleading. Epps and Epps (1976)
have suggested that volume moves with measures of within-day price
variability because the distribution of the transaction price change is a
function of volume. The change in the logarithm of price can therefore be
viewed as following a mixture of distributions, with transaction volume as a
mixing variable. Tauchen and Pitts (1983) derived a bivariate normal mixture
model of price and volume with a likelihood function based on the variancecomponents scheme. They also considered growth in the size of speculative
markets; as the number of traders grows secularly over days, the variance of
price changes declines monotonically while the mean volume of trading grows
linearly with traders.
First, following Clark's (1973) method, the normalities of weekly FT30 and
FT100 changes were tested conditional on the traded volume. Instead of
grouping the samples within the same range of volume, the prices were
Table 5.6 Tests for normality conditional on volume

Observations
BeraÿJarque 2 (2)
p
3=2
b1  m3 =m2
b2  m4 =m22
Klein's 2 (12)

FT-SE100 Index

FT-30 Index

157
1.6505
0.2270
2.5869
12.8490

157
0.2492
0.2477
3.0129
11.0454
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Table 5.7 Price change at every equal amount of traded volume based on weekly averages
B±J
FT30 Index
Allied-Lyons
Asda-MFI
BICC
BOC
BTR
Blue Circle
Boots
British Airways
British Gas
British Petrol
British Telecom
Cadbury
Courtaulds
Gen. Electric
Glaxo
Grand Metro.
GKN
Guinness
Hanson Trust
Hawker Siddeley
ICI
Lucas
M&S
Nat. West. Bank
P&O
Royal Ins.
Tate & Lyle
Thorn-EMI
Trusthouse
2 2  5:99
p
ÿ0:23  b1  0:28
2:51  b2 p3:57

KS  1:36= N
2
 3  21:0

0.249
9.573
0.310
4.034
0.958
16.80
7.147
0.480
2.120
0.573
1.155
0.159
5.429
16.75
4.769
3.115
2.130
14.66
21.97
0.182
2.807
0.663
39.75
8.721
21.59
53.59
1.415
2.661
0.179
4.245
at
at
at
at
at

 0:05
 0:05
 0:05
 0:05
 0:05

p
b1

0.247
0.203
ÿ0.074
ÿ0.400
ÿ0.190
ÿ0.513
0.225
ÿ0.121
ÿ0.286
0.052
0.190
0.066
0.498
ÿ0.331
0.304
ÿ0.317
ÿ0.269
ÿ0.688
0.007
0.082
ÿ0.329
ÿ0.030
ÿ0.066
0.382
0.264
0.653
0.152
ÿ0.143
0.081
ÿ0.098
and
and
and
and
and

b2
3.012
4.187
2.834
3.073
3.060
4.258
3.947
2.872
2.958
3.281
2.804
3.084
3.024
4.474
3.608
2.721
3.198
3.659
4.907
2.970
3.022
3.314
5.494
3.870
4.744
5.621
3.360
3.572
2.960
3.789

Klein's 2 (12)
11.05
15.06
4.427
19.26
11.88
15.73
16.59
5.296
8.973
8.381
5.674
8.378
18.82
22.62
21.60
10.53
11.73
23.09
15.80
13.86
6.110
6.726
29.17
10.23
8.464
14.09
8.354
15.61
9.308
10.66

2 2  9:21
p
ÿ0:403  b1  0:403
2:37  b2 p3:98

KS  1:63= N
2
 3  26:2

at
at
at
at
at

K±S
0.054
0.059
0.053
0.037
0.065
0.061
0.054
0.044
0.045
0.056
0.055
0.034
0.060
0.063
0.059
0.051
0.061
0.068
0.072
0.044
0.043
0.039
0.054
0.040
0.052
0.058
0.044
0.038
0.044
0.041

 0:01
 0:01
 0:01
 0:01
 0:01

collected at every 4010 million volume of trade based on the London Stock
Exchange as an approximation since FT30 and FT100 are not real instruments
for trading. The reason for 4010 million is a convenience to compare the result
with those from Tables 5.3 and 5.4 since 4010 million is an average weekly
trading volume during the period.
While this is a very crude approximation to market activity, the results are
very encouraging. Table 5.6 shows strong support for the subordinated
stochastic process hypothesis with a volume-normalization. Both indices are
not signi®cant under the normal distribution hypothesis at  0:05. The total
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Table 5.8 Price change at every equal amount of traded volume based on fortnightly averages
B±J
FT30 Index
FT100 Index
Allied-Lyons
Asda-MFI
BICC
BOC
BTR
Blue Circle
Boots
British Airways
British Gas
British Petrol
British Telecom
Cadbury
Courtaulds
Gen. Electric
Glaxo
Grand Metro.
GKN
Guinness
Hanson Trust
Hawker Siddeley
ICI
Lucas
M&S
Nat. West. Bank
P&O
Royal Ins.
Tate & Lyle
Thorn-EMI
Trusthouse
2 2  5:99
p
ÿ0:23  b1  0:28
2:51  b2 p3:57

KS  1:36= N
2 3  7:81

0.957
1.604
1.593
0.615
4.137
3.396
0.491
2.417
0.827
3.201
2.436
1.132
1.633
2.276
1.891
2.177
1.090
3.226
1.304
8.824
0.856
8.218
3.397
2.768
15.47
52.34
4.036
0.200
4.549
0.343
2.089
at
at
at
at
at

 0:05
 0:05
 0:05
 0:05
 0:05

p
b1

ÿ0.096
ÿ0.130
ÿ0.321
ÿ0.180
ÿ0.567
ÿ0.508
ÿ0.161
0.415
ÿ0.124
ÿ0.472
0.275
0.076
ÿ0.317
0.188
ÿ0.171
0.367
ÿ0.252
ÿ0.491
ÿ0.221
ÿ0.440
ÿ0.194
ÿ0.718
ÿ0.409
ÿ0.467
0.817
0.527
0.002
ÿ0.118
ÿ0.449
0.087
ÿ0.347
and
and
and
and
and

b2

Klein's 2 (3)

2.485
2.337
3.300
2.748
3.132
2.803
2.774
2.730
2.553
3.341
2.318
2.422
2.664
3.759
2.307
3.383
3.299
3.231
2.536
4.417
2.655
3.727
2.365
3.016
4.488
6.926
4.128
2.914
3.793
3.279
2.580
2 2  9:21
p
ÿ0:403  b1  0:403
2:37  b2 p3:98

KS  1:63= N
2 3  11:3

0.314
3.988
5.509
3.013
4.699
4.334
1.228
7.915
4.799
4.548
3.839
0.810
7.829
5.967
2.885
2.172
2.137
4.227
2.279
2.205
2.842
7.689
6.110
2.885
6.764
5.602
0.704
2.444
1.093
0.482
0.412
at
at
at
at
at

K±S
0.045
0.063
0.073
0.071
0.080
0.046
0.050
0.062
0.074
0.090
0.063
0.051
0.087
0.117
0.060
0.054
0.053
0.051
0.047
0.048
0.055
0.114
0.077
0.069
0.078
0.077
0.070
0.047
0.053
0.059
0.090

 0:01
 0:01
 0:01
 0:01
 0:01

trade-volume of the London Exchange was used for indices measured in
millions since the indices are not traded, and the trade-volume for individual
companies is measured in thousands. When applied to individual companies,
the normality was also improved by a 20% increase in the numbers of
companies that satisfy all tests (see Table 5.7).
Finally, relating to footnote 5, we attempted to improve our K ÿ S test by
eliminating the mean and variance. This can be chosen by the following
argument. The rates of return normalized by volume St ÿ St ÿ1 = Vt and
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Table 5.9 (S2 ÿ S1 )=V2 , (S3 ÿ S2 )=V3 , (S4 ÿ S3 )=V4 , ... (daily price)
B±J

FT30 Index
Allied-Lyons
Asda-MFI
BICC
BOC
BTR
Beecham
Blue Circle
Boots
British Airways
British Gas
British Petrol
British Telecom
Cadbury
Courtaulds
Gen. Electric
Glaxo
Grand Metro.
GKN
Guinness
Hanson Trust
Hawker Siddeley
ICI
Lucas
M&S
Nat. West. Bank
P&O
Royal Ins.
Tate & Lyle
Thorn-EMI
Trusthouse
2 2  5:99
p
ÿ0:23  b1  0:28
2:51  b2 p3:57

KS  1:36= N
2 27  40:1

22.70
50.36
10.68
226206
35.60
36.33
1.714
166.3
12.37
172.8
9.164
64.50
0.070
11.40
135.7
15.40
8.491
3.285
113.5
7.453
38.45
1215.4
10.60
1060.2
3.929
302.6
4.680
45.25
210.5
11.44
275.0
at
at
at
at
at

 0:05
 0:05
 0:05
 0:05
 0:05

p
b1

ÿ0.191
0.273
ÿ0.028
ÿ4.566
ÿ0.049
ÿ0.238
ÿ0.129
ÿ0.232
0.113
ÿ0.084
0.179
ÿ0.052
0.011
0.124
ÿ0.084
ÿ0.075
0.052
0.078
ÿ0.104
0.010
ÿ0.169
ÿ0.055
ÿ0.215
ÿ0.041
ÿ0.039
0.265
ÿ0.099
ÿ0.227
ÿ0.182
ÿ0.246
0.422
and
and
and
and
and

b2
3.758
4.140
3.579
87.19
4.058
3.962
2.807
5.249
3.584
5.334
3.402
4.426
3.042
3.548
5.067
3.682
3.508
2.717
4.886
3.486
4.051
9.206
3.389
8.797
3.344
6.051
3.331
4.108
5.557
3.348
5.829

Klein's 2 (12)

K±S

46.68
25.28
73.07
133.3
58.73
43.34
25.99
56.53
20.42
60.98
29.51
36.15
49.68
47.49
51.94
58.30
30.55
31.16
63.84
40.74
59.29
72.26
33.16
116.2
90.39
55.90
46.10
95.98
122.2
41.28
21.27

0.034
0.073
0.072
0.212
0.052
0.064
0.057
0.070
0.063
0.067
0.052
0.045
0.054
0.046
0.053
0.067
0.020
0.031
0.050
0.044
0.081
0.079
0.044
0.070
0.080
0.069
0.038
0.059
0.104
0.036
0.051

2 2  9:21
p
ÿ0:403  b1  0:403
2:37  b2 p3:98

KS  1:63= N
2 27  47:0

at
at
at
at
at

 0:01
 0:01
 0:01
 0:01
 0:01

St2 ÿ St1 = Vt2 ÿ St1 ÿ St = Vt1 where S is the logarithmic price, were
tested for the daily and weekly data. The latter one is motivated for the
Kolmogorov±Smirnov test because it doesn't require specifying any
parameter except the variance. Of course, since the variance is unknown, we
have to estimate it and the discrepancy from the `true' variable is quite minimal
± see footnote 5. The reason of normalization by volume is that traded volume
re¯ects the market activities, upon which the behaviour of prices depends.
Then, the result is quite close to the normal distribution. Tables 5.7±5.10
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Table 5.10 (S2 ÿ S1 )=V2 , (S3 ÿ S2 )=V3 , (S4 ÿ S3 )=V4 , ... (weekly price)
B±J
FT30 Index
Allied-Lyons
Asda-MFI
BICC
BOC
BTR
Beecham
Blue Circle
Boots
British Airways
British Gas
British Petrol
British Telecom
Cadbury
Courtaulds
Gen. Electric
Glaxo
Grand Metro.
GKN
Guinness
Hanson Trust
Hawker Siddeley
ICI
Lucas
M&S
Nat. West. Bank
P&O
Royal Ins.
Tate & Lyle
Thorn-EMI
Trusthouse
2 2  5:99
p
ÿ0:23  b1  0:28
2:51  b2 p3:57

KS  1:36= N
2 12  21:0

6.753
13.44
2.147
1.197
2.339
1.330
±
10.74
1.000
0.366
35.00
0.855
0.205
7.519
0.128
1.823
1.520
0.561
1.633
1.322
1.935
4.149
0.378
20.33
1.290
12.33
2.634
5.126
2.550
1.390
0.912
at
at
at
at
at

 0:05
 0:05
 0:05
 0:05
 0:05

p
b1

0.294
0.298
ÿ0.198
0.042
0.264
ÿ0.134
±
0.459
0.047
0.101
0.294
0.151
ÿ0.007
0.534
ÿ0.070
0.032
0.183
ÿ0.108
ÿ0.240
0.222
ÿ0.272
ÿ0.396
0.040
ÿ0.163
0.170
0.456
ÿ0.188
0.330
0.211
ÿ0.190
0.187
and
and
and
and
and

b2
3.832
4.309
2.583
2.579
3.283
2.636
±
3.899
2.619
2.877
5.245
2.800
2.823
2.875
2.986
2.474
3.315
2.801
3.146
3.077
2.958
3.108
3.228
4.738
2.713
4.033
3.513
3.595
3.462
2.737
3.001

Klein's 2 (12)
21.92
11.11
10.15
9.926
11.39
8.070
±
9.616
14.58
16.97
16.28
9.522
4.047
20.86
12.43
19.53
21.54
8.944
10.38
6.755
18.03
15.97
6.476
29.72
7.605
17.23
6.908
17.27
19.52
20.31
7.984

2 2  9:21
p
ÿ0:403  b1  0:403
2:37  b2 p3:98

KS  1:63= N
2 12  26:2

at
at
at
at
at

K±S
0.054
0.061
0.050
0.051
0.059
0.044
±
0.050
0.045
0.060
0.055
0.046
0.049
0.056
0.035
0.056
0.057
0.039
0.044
0.029
0.058
0.068
0.030
0.057
0.053
0.063
0.050
0.041
0.062
0.061
0.048

 0:01
 0:01
 0:01
 0:01
 0:01

clearly show the improvement upon the normalization by volume, but the
eect on the K±S test is minimal.
To summarize the results of our transformations, we shall use the Bera±
Jarque statistic, which could be thought of as a quadratic loss function in
skewness and kurtosis. For the 29 companies in the FT30, excluding Beecham
because of merger within the data period, the average value of the Bera±
Jarque for weekly data is 22.91 (Table 5.2), for the equal volume case it is 8.549
(Table 5.7) and for the volume weighted case it is 4.694 (Table 5.10). If we
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Table 5.11 (S3 ÿ S2 )=V3 , (S2 ÿ S1 )=V3 , (S5 ÿ S4 )=V3 , (S4 ÿ S3 )=V4 ... (daily price)
B±J

FT30 Index
Allied-Lyons
Asda-MFI
BICC
BOC
BTR
Beecham
Blue Circle
Boots
British Airways
British Gas
British Petrol
British Telecom
Cadbury
Courtaulds
Gen. Electric
Glaxo
Grand Metro.
GKN
Guinness
Hanson Trust
Hawker Siddeley
ICI
Lucas
M&S
Nat. West. Bank
P&O
Royal Ins.
Tate & Lyle
Thorn-EMI
Trusthouse
2 2  5:99
p
ÿ0:23  b1  0:28
2:51  b2 p3:57

KS  1:36= N
2 27  40:1

0.929
35.08
10.68
130828
39.46
33.19
0.458
202.4
34.50
285.6
3.674
23.89
3.364
9.237
144.1
5.820
13.62
0.014
105.8
36.57
13.34
1211.9
12.83
462.8
8.824
319.8
3.829
27.43
47.97
2.172
240.7
at
at
at
at
at

 0:05
 0:05
 0:05
 0:05
 0:05

p
b1

ÿ0.095
ÿ0.125
ÿ0.028
ÿ6.929
0.099
0.098
0.038
ÿ0.125
0.183
ÿ0.307
0.172
ÿ0.223
ÿ0.048
0.335
0.016
ÿ0.066
ÿ0.051
0.012
0.649
0.032
0.162
0. 974
ÿ0.450
ÿ0.450
0.135
0.174
ÿ0.002
0.147
ÿ0.090
0.108
0.285
and
and
and
and
and

b2
2.849
4.472
3.579
93.08
4.570
4.438
3.224
6.576
4.434
7.214
3.339
4.148
3.452
3.370
6.024
3.594
3.924
2.982
5.244
4.522
3.861
11.55
8.345
8.345
3.698
7.493
3.493
4.287
4.736
3.302
6.867

Klein's 2 (27)

K±S

21.17
22.59
73.07
123.6
29.73
39.98
2.118
39.48
36.13
32.00
18.80
60.07
31.24
47.44
38.94
31.35
26.65
33.34
94.64
24.74
25.56
39.46
84.28
84.28
33.56
55.78
39.94
42.86
46.82
26.47
32.38

0.027
0.056
0.072
0.149
0.053
0.058
0.041
0.051
0.052
0.043
0.038
0.050
0.062
0.093
0.059
0.045
0.060
0.031
0.091
0.030
0.047
0.074
0.096
0.096
0.043
0.102
0.053
0.062
0.073
0.058
0.068

2 2  9:21
p
ÿ0:403  b1  0:403
2:37  b2 p3:98

KS  1:63= N
2 27  47:0

at
at
at
at
at

 0:01
 0:01
 0:01
 0:01
 0:01

throw out the largest in each case and divide by 28, we get 9.86, 6.94 and 3.61
respectively. Further, when we used a volume amount equivalent to the
average of two weeks' trade, only three out of 31 time series rejected the Bera±
Jarque statistic (Table 5.8), which is also consistent with the fact that the
nature of the return distribution becomes normal as the period length
increases. We might hope that these adjustments to normalize each ®rm,
indeed using our, admittedly crude, adjustment brings about a substantial
improvement. For the FT30 the corresponding Bera±Jarque values are 30.28,
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Table 5.12 (S3 ÿ S2 )=V3 , (S2 ÿ S1 )=V2 , (S5 ÿ S4 )=V5 , (S4 ÿ S3 )=V4 ... (weekly price)
B±J
FT30 Index
Allied-Lyons
Asda-MFI
BICC
BOC
BTR
Beecham
Blue Circle
Boots
British Airways
British Gas
British Petrol
British Telecom
Cadbury
Courtaulds
Gen. Electric
Glaxo
Grand Metro.
GKN
Guinness
Hanson Trust
Hawker Siddeley
ICI
Lucas
M&S
Nat. West. Bank
P&O
Royal Ins.
Tate & Lyle
Thorn-EMI
Trusthouse
2 2  5:99
p
ÿ0:23  b1  0:28
2:51  b2 p3:57

KS  1:36= N
2 12  21:0

7.371
12.69
0.270
0.309
0.437
3.806
±
21.56
0.873
2.590
72.68
1.164
0.100
0.493
1.673
0.137
0.380
0.975
0.323
0.268
1.015
0.636
0.311
1.716
1.136
8.706
4.441
1.369
1.961
2.735
0.563
at
at
at
at
at

 0:05
 0:05
 0:05
 0:05
 0:05

p
b1

0.031
ÿ0.078
0.131
ÿ0.090
0.180
ÿ0.012
±
ÿ0.305
ÿ0.199
ÿ0.311
1.140
0.286
ÿ0.004
ÿ0.148
ÿ0.109
0.010
ÿ0.027
ÿ0.250
ÿ0.051
ÿ0.114
0.035
0.029
0.152
0.031
0.240
0.676
ÿ0.053
0.321
ÿ0.320
ÿ0.321
ÿ0.041
and
and
and
and
and

b2

Klein's 2 (12)

4.505
4.970
2.880
2.750
3.073
4.082
±
5.502
3.331
3.639
7.143
2.823
2.825
2.747
2.316
2.796
3.338
3.224
3.299
2.825
3.555
2.562
3.059
3.724
3.346
3.922
4.164
2.908
3.440
3.655
3.408
2 2  9:21
p
ÿ0:403  b1  0:403
2:37  b2 p3:98

KS  1:63= N
2 12  25:2

1.219
7.715
3.767
2.123
2.160
2.474
±
9.549
0.558
6.538
4.219
1.105
0.408
0.729
5.131
3.237
1.087
4.534
1.910
2.802
3.561
2.001
0.569
4.377
2.381
7.570
3.635
4.688
2.328
2.615
3.487
at
at
at
at
at

K±S
0.089
0.104
0.069
0.083
0.070
0.054
±
0.101
0.068
0.103
0.134
0.087
0.056
0.054
0.096
0.071
0.033
0.073
0.076
0.061
0.092
0.093
0.045
0.131
0.072
0.062
0.074
0.062
0.113
0.091
0.100

 0:01
 0:01
 0:01
 0:01
 0:01

0.249, and 6.753. The improvement for the FT30 in the weekly equal volume
case is quite remarkable. However, when we extended normality tests in the
fortnightly data, the improvement is not so dramatic as in the weekly data.
This is because a fortnight period is more normal and volume eects are
averaged out in the fortnightly data (see Tables 5.3 and 5.8). We have not
analysed our fortnightly observations any further as they appear normal in the
®rst case and the number of observations is only 78.
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5.4

CONCLUSION

We tested the normality of speculative asset returns and indices in the London
Stock Exchange. Our results are consistent with previous studies. The
dierence between the FT30 and the FT100 was one of our interests. If
individual asset returns were log-normally (or log-stably) distributed, FT30 is
expected to be better suited to a normal distribution. However, we found that
there was little evidence to support this assumption. When we normalized by
volume, FT30 performed better under the normal hypothesis. This gives some
support for the subordinated stochastic process hypothesis rather than the
stable Paretian distribution or the normal distribution hypotheses. Still, this
®nding is limited to the speci®c time-period and speci®c market, further
theoretical work and methods are required.
The length of period has an importance for the nature of the return
distribution. In empirical observations, the minimum satisfactory period is
called for because the possibility of signi®cant non-stationarity of the return
distribution increases as the time period lengthens. The problem of
stationarity occurs both intra- and inter-period. For example, in order to
observe log-normality in monthly returns it is necessary that the process
remain stationary not only during the individual months but also over the
collection of months observed. If the underlying process were slowly changing,
it might be that log-normality might be observed over some short sampling
interval, but over some longer sampling log-normality might be rejected due to
signi®cant cumulative changes in the process. The question of the appropriate
length of individual periods, and appropriate length of sampling interval, is
empirical.
Finally one can interpret our results in two ways. In the literature that
regards prices following a logarithmic Brownian motion, we have shown that
the clock of the process is volume, not time. In the literature that is concerned
with the distribution of share prices, we have shown that the conditional
distribution of logarithmic price changes given volume is normally distributed.
These two ideas are not mutually exclusive. We have not considered how to
model volume. If we were to do so, we could, in principle, derive the marginal
distribution of prices and examine its properties directly.
APPENDIX
We encounter several distributions, related to the normal distribution, which
play important parts in the theory of statistics precisely because they are the
forms taken by the sampling distributions of various statistics in samples from
normal populations. The special position which the normal distribution holds,
mainly by virtue of the Central Limit Theorem in one or other of its forms, is
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re¯ected in the positions of central importance occupied by these related
distributions. Tests for normality can be divided into parametric and
nonparametric tests depending on whether the alternative is given a
parametric form or not.
The Kolmogorov±Smirnov test is a test of goodness of ®t. Goodness-of-®t
tests are based on a comparison of the hypothesized cumulative distribution
function F x with the empirical distribution function Fn x obtained from a
random sample of n observations. That is, it is concerned with the degree of
agreement between the distribution of a set of sample values (observed scores)
and some speci®ed theoretical distribution. It determines whether the scores in
the sample can reasonably be thought to have come from a population having
the theoretical distribution. The test involves specifying the cumulative
frequency distribution which would occur under the theoretical distribution.
The point at which these two distributions, theoretical and observed, show the
greatest divergence is determined. Reference to the sampling distribution
indicates whether such a large divergence is likely on the basis of chance.
De®ne F0 X  a completely speci®ed cumulative frequency distribution
function, the theoretical cumulative distribution under H0 and SN X  the
observed cumulative frequency distribution of a random sample of N
observations  k=N where k is the number of observations equal to or less
than X. Then, the test statistic is D  maxx jF0 X ÿ SN Xj. The distribution
of D is not known for the case when certain parameters of the population have
been estimated from the sample. However, Massey (1951) gives some evidence
which indicates that if the K ÿ S test is applied in such cases (e.g. for testing
goodness of ®t to a normal distribution with mean and standard deviation
estimated from the sample), the use of the table will lead to a conservative test.
Empirically the K ÿ S test exhibits surprisingly poor power (see D'Agostino,
1971; D'Agostino and Pearson, 1973; Pearson, D'Agostino and Bowman,
1977).
The most widely used parametric tests for normality are those based on the
skewness-kurtosis. The parametric alternative in these tests comes in the form
of the Pearson family of densities. The goodness-of-®t tests are based on the
sample second, third and fourth moment of the empirical distributions. These
are given, respectively, by
p
m3
m4
A.1
b1  3=2 and b2  2
m2
m2
where
mr 

n
X
i1

Xi ÿ Xr =n and X 

n
X
i1

Xi :
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The second moment is measure of spread or dispersion, the third moment is
measure of skewness or asymmetry, and the fourth moment is measure of
excess or kurtosis, which is the degree of ¯atness of a density near its centre.
The normal distribution has the property that its third and fourth cumulants
p
are both zero. Then, b1 is a good measure of non-normality against highly
skewed and long-tailed distribution since all odd moments of a random
variable about its mean are zero if the density function of random variable is
symmetrical about the mean, provided such moments exist. And b2 is sensitive
to continuous, symmetric alternatives with heavy tails.
p
Under the null hypothesis of population normality,
b1 and b2 are
independent and their standardized normal equivalent deviates are approxip
mately X b1  and X b2 , where X  denotes a standardized normal
p
distribution, hence X 2 b1   X 2 b2  is asymptotically 2 2, for details see
equation (A2). Bera and Jarque (1981) using the Pearson family as the
parametric alternative derived the following skewness-kurtosis test as a
Lagrange multiplier test. Let BJ be the Bera±Jarque statistic, then
n
n ^
b2 ÿ 32 ÿ 2 2
BJn   b^1 
6
24

A.2

where
,
q
n
n
3
1X
1X
3
^
b1  
u^t 
u^2t 2 
n t1
n t1
1
b^2  
n

n
X
t1

u^4t 

,

n
1X
u^2 2 
n t1 t

where u^t is typically a regression residual in our case u^t  rt ÿ r  r. Notice
that equation (A2) is the same as (A1) but that (A2) allows one to consider
residuals from linear regressions with sets of regression variables other than
just a constant.
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Chapter 6
Testing for a ®nite variance in
stock return distributions
JUN YU

ABSTRACT
In this chapter a test statistic is proposed to discriminate between ®nite
variance distributions and in®nite variance distributions for stock
returns. The test statistic is the ratio of the sample interquartile range
and the sample standard deviation. The asymptotic distribution of the
test statistic is obtained. We show that the test is consistent against
in®nite variance distributions. The test is applied to Nikkei and CRSP
indices. The results show that ®nite variance distributions except
normality and lognormality cannot be rejected for Nikkei but all ®nite
variance distributions considered have to be rejected at the 1%
signi®cance level for CRSP.

6.1

INTRODUCTION

Researchers have been interested in modelling stock return distributions for
many years. One main reason for their interest is that the distribution form of
return distributions has a direct bearing on the descriptive validity of
theoretical models in ®nance. Such models include mean-variance portfolio
theory, capital asset pricing models, and pricing models of derivative
securities. In the search for satisfactory descriptive models of stock returns,
many distributions have been attempted and some new distributions have been
created over past decades. The distributions proposed include both unconditional and conditional distributions. Despite the recent bent toward using
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conditional distributions,1 Tucker (1992) claims that the descriptive validity of
unconditional distributions still remains unknown and it is not entirely clear
which distribution one needs to use in practice.
All unconditional distributions or time-independent models can be divided
by two families. One family has ®nite variance. Examples include the normal
distribution, lognormal distribution, Student distribution, mixture of normals
(MN), compound log-normal and normal distribution, mixed diusion-jump
(MDJ) process and more recent distributions, such as the generalized beta
(GB) distribution, Weibull distribution, Variance Gamma (VG) distribution,
hyperbolic distribution and generalized lambda distribution. The other family
has in®nite variance. A widely used in®nite variance model is the stable
distribution.
The stable distribution has been appreciated as a distribution to model stock
returns for both statistical and economic reasons. Statistically speaking, the
stable distribution has domains of attraction and belongs to its own domain of
attraction. Economically, the stable distribution has unbounded variation,
and hence is consistent with continuous-time equilibrium in competitive
markets (see McCulloch, 1978).
Despite the above appealing properties, the stable distribution is less
commonly used today. It has fallen out of favour for several reasons, First, it
involves more diculties in theoretical modelling. For example, standard
®nancial theory, such as option theory, typically requires ®nite variance of
returns. Second, some evidence has been documented against the stable
distribution. For instance, by ®tting both the Student and symmetric stable
distributions into the same datasets, Blattberg and Gonedes (1974) ®nd that
likelihood from the Student distribution is larger than that from the symmetric
stable distribution. Tucker (1992) ®nds, however, the asymmetric stable
distribution outperforms the Student distribution in terms of the likelihood
value when he ®ts both distributions into 200 randomly chosen stocks. Using
the same datasets and the same criterion, he further reports that both the MDJ
process and mixture of normals perform better than the asymmetric stable
distribution. Using the Kolmogorov±Smirnov test, Mittnik and Rachev (1993)
suggest that the Weibull distribution is the most suitable candidate to describe
S&P500 daily index returns. Moreover, when investigating the tail behaviour,
Akgiray and Booth (1987) ®nd that the tails of the stable distribution are too
thick to ®t the empirical data. Relatedly, Lau, Lau and Wingender (1990) ®nd
that as the sample size gets larger the sample higher moments seem to converge
1
The conditional distributions, sometimes called time-dependent models, include the autoregressive conditional heteroscedastic (ARCH) model (Engle, 1982), generalized autoregressive
conditional heteroscedastic (GARCH) model (Bollerslev, 1982) and stochastic volatility (SV)
model (Taylor, 1986).
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while the stable distribution implies that the sample higher moments should
increase rapidly with sample size. Finally, evidence provided by Blattberg and
Gonedes (1974) indicates that the distribution of monthly returns conforms
well to the normal distribution, while the stable distribution implies that longhorizon (for example, monthly) returns will be just as non-normal as shorthorizon (for example, daily) returns.
The purpose of this chapter is to re-examine the descriptive power of ®nite
variance distributions and in®nite variance distributions as models of daily
stock returns. Instead of examining overall goodness-of-®t of competing
distributions or employing Bayesian model selection criteria, we concentrate
on studying the variance behaviour of chosen distribution families. To be
more speci®c, we propose a test statistic to distinguish between ®nite
variance distributions and in®nite variance distributions for modelling stock
returns.
Particular attention is paid to variance for three principal reasons. First, as
far as variance is concerned, an in®nite variance model is fundamentally riskier
than a ®nite variance model. Second, many ®nancial models critically depend
on the assumption on the second moment. Such models include the capital
asset pricing models (CAPM),2 the Black±Scholes option pricing model, and
expected utility theory. As a result, ®nite variance and in®nite variance could
have very dierent implications for theoretical and empirical analysis. Finally,
conventional asymptotic theories fail for some widely used statistics when the
variance is not ®nite. For example, Rundle (1997) shows that the Box±Pierce
Q-statistic does not tend to a conventional 2 in distribution if the random
variable follows a stable distribution. Unfortunately, testing for ®nite variance
or in®nite variance based on a sample without choosing a speci®c
distributional family will probably never be possible since such a test could
have no power. Instead of directing the test on variance itself, we test a speci®c
®nite variance distribution against a speci®c in®nite variance distribution.
The chapter is organized as follows. The next section introduces the test
statistic, motivates the intuition behind it, and obtains the statistical properties
of it. Section 6.3 summarizes the candidate models of stock returns. Section 6.4
applies the proposed test statistic to two actual series, the Nikkei Stock
Average 225 daily index and the value-weighted CRSP daily index. Section 6.5
concludes. All the proofs are collected in the Appendix.
6.2

PROPOSED STATISTIC AND ITS PROPERTIES

Let Pt denote the nominal price of a ®nancial instrument on trading day t.
2

Examples include Lintner (1965), Mossin (1966) and Sharpe (1964).
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Usually two de®nitions of returns are used:
Zt  Pt =Ptÿ1

6:1

Xt  ln Pt  ÿ ln Ptÿ1 

6:2

and

where Zt is the simple return and is always positive,3 and Xt is the compound
return and can be positive or negative. Some statistical models are proposed to
describe the simple return while many others describe the compound return.
These two forms are, however, related to each other. For example, if the
random variable Z is lognormally distributed, then X  ln Z is normally
distributed. In this chapter, we will use X or x to represent a distribution of
compound returns and Z or z to represent a distribution of simple returns. The
proposed statistic is based on the compound return, X.
Suppose fXi gni1 is a sequence of observations with a common distribution
function F x, a common density function f x, a mean  and variance 2 . Let
s2n 

n
1 X
Xi ÿ ^2
n ÿ 1 i1

be the sample variance, where ^ is the sample mean. Denote the quantile
process by Qn t (see CsoÈrg}
o and HorvaÂth, 1993, Chapter 6). The proposed
test statistic is then de®ned as
Tn 0  

Qn 1 ÿ 0  ÿ Qn 0 
sn

6:3

where 0 < 0 < 0:5. Hence the numerator is the 0 -quartile range and is indeed
the interquartile range when 0  0:25. As an important special case Tn 0:25
is the ratio of the sample interquartile range and the sample standard
deviation. The statistic is the reciprocal to the statistic proposed by Shao, Yu
and Yu (1999) (hereafter SYY). The advantages of using our statistic over the
one in SYY will be discussed below.
The statistic (6.3) bears some resemblance with the `Studentized' test
xmax ÿ xmin =sn , which has been proposed by David, Hartley and Pearson
(1954) to test for normality and to detect heterogeneity of data. There are two
important dierences between our proposed test and the `Studentized' test,
however. First, our test includes the `Studentized' test as a special case and
hence can be used for more general purposes. Second, only the ®nite sample
3
In the literature, Zt ÿ 1 is sometimes referred to as the simple return. It diers from the
compound returns by a small amount according to Taylor series expansion.
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distributions of the `Studentized' test from a single normal population have
been obtained. Not surprisingly, it cannot be used to test for ®nite variance
distributions except for normality.
It seems natural to use sample variance or sample standard deviation to
discriminate between ®nite variance distributions and in®nite variance
distributions. Unfortunately, the power based on the sample variance or
sample standard deviation may not be good since a ®nite variance distribution
can generate a larger sample variance than an in®nite variance distribution,
even when the sample size is large. By taking the ratio of two dispersion
parameters, however, we standardize or reduce the dispersion in the proposed
test for any ®nite variance distribution.
The rationale for the proposed test may work as follows. When the true
data-generating process (DGP) has a ®nite variance, fewer observations come
from the tails and hence sn !  as n ! 1. Since both Qn 0:75 and Qn 0:25
are ®nite for any n, Tn converges to a positive number as n ! 1. On the other
hand, if the true DGP has in®nite variance, more observations come from the
tails compared with a ®nite variance DGP. Hence, sn will increase with sample
size while both Qn 0:75 and Qn 0:25 are still bounded away from zero. This
implies that Tn will converge to 0 as n ! 1. Consequently, it is reasonable to
believe that a small Tn comes from a DGP with in®nite variance rather than a
DGP with ®nite variance. Thus we set up the hypothesis as
(
H0 : DGP is a certain finite variance distribution;
6:4
H1 : DGP is a certain infinite variance distribution:
If H0 is rejected, the distribution in H0 should not be used as a candidate to
model the returns.
In this chapter we assume X1 ; X2 ; :::; Xn to be iid random variables. The
properties of Tn are established below. Their proofs are found in the
Appendix.
Proposition 1. Tn is invariant for a scale-location family.
This is an appealing property. For a scale-location family, no matter where the
density locates and how large the scale is, the expectation of the statistic always
takes the same value. In other words, if we think of Tn as a measure of risk, the
risk associated with a scale-location family is a constant. Because of this
property, any scale-location family can be treated as one model. Two statistics
which have the feature of scale and location invariance are sample kurtosis and
sample skewness. They have been widely used to detect departures from
normality in practice.
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Proposition 2. If 2 < 1, and Q t is continuous at 0 and 1 ÿ 0 , then, under
H0
q1 ÿ q0
> 0;


a:s:

Tn ! T 

6:5

where q1  Q 1 ÿ 0 , q0  Q 0  with Q t  inffx : F x  tg.
This result is very intuitive since it says that Tn converges almost surely to its
population counterpart. According to this proposition, if the distribution in
H0 has good descriptive power, it must yield a value of T close enough to the
empirical Tn .
Proposition 3. Assume that
(i) f q1  > 0, f q0  > 0:
(ii) f x is continuous in a neighbourhood of q1 and q0 :
(iii) 2 < 1.
Under the above three assumptions, and under H0 we have
p
d
n Tn ÿ T ! N 0; 2 

6:6

that is,

a

Tn  N T;

2

n

6:7

where
1
  2

2

(

0 1 ÿ 0  0 1 ÿ 0 
220

ÿ
2
2
f q0 
f q1 
f q0 f q1 

)

6:8

The asymptotic distribution in Proposition 3 is the main result of the
chapter since it provides the asymptotics to test the proposed hypothesis.
Although Tn is invariant for a scale-location family, it is important to note that
in general both T and 2 depend on f and hence H0 . Generally, therefore, our
statistic cannot be used to test the following hypotheses:
(
H0 : DGP is any finite variance distribution;
6:9
H1 : DGP is any infinite variance distribution:
Instead Tn can be used as a non-nested test for a speci®c ®nite variance
distribution against a speci®c in®nite variance distribution. And the
distribution form along with the parameters in H0 has to be speci®ed except
for the scale and location parameters. In this sense the test is similar to a
mis-speci®cation test.
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There are two advantages of using our proposed statistic over the test of
SYY. One is that our test requires that only the second moment be ®nite while
in the test of SYY the fourth absolute moment has to be ®nite. As we will see in
Section 6.4, the fourth moment of some ®nite variance distributions may not
be ®nite for actual series. The empirical evidence makes the test of SYY not
applicable. The other advantage is that the asymptotic variance of our test has
simpler expression and hence is easier to calculate.
Proposition 4. Under assumptions of Proposition 3, if f is symmetric (that is,
f q1   f q0 ) the asymptotic variance simpli®es to
2 

20 1 ÿ 20 
 2 f 2 q0 

6:10

Again the expression of the asymptotic variance is simpler than the
corresponding one in SYY.
Proposition 5. If Q t is continuous at 0 and 1 ÿ 0 , the test `Reject H0 if
Tn < c', for some 0 < c < 1, is consistent against H1 .
This is a valuable result because it guarantees a reasonable power of the
proposed test in large samples, provided that the assumption in the
proposition is satis®ed.
6.3

CANDIDATE DISTRIBUTIONS FOR STOCK RETURNS

In this section we review the time-independent distributions for daily stock
returns and brie¯y discuss the properties of competing distributions. In the
®nite variance family, we present the normal, lognormal, Student, mixture of
normals, mixed diusion-jump, compound lognormal and normal, generalized beta, Weibull, Variance Gamma, hyperbolic, and generalized lambda
distributions. The stable distribution represents the in®nite variance family.
There are two common approaches to model return distributions. The ®rst
describes the underlying stochastic process that generates prices. Usually it
claims that the security prices involve a mixture of distributions. Not
surprisingly, most mixed distributions, such as the Student, mixture of
normals, mixed diusion-jump, compound lognormal and normal model and
Variance Gamma distributions, take this approach. The second approach
speci®es a statistical distribution which provides a good ®t to the actual
observations and/or explains stylised facts observed in the empirical
observations. A classical example which follows the second approach is the
stable distribution.
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Normal distribution

The ®rst model used in the literature to describe daily stock returns is the
normal distribution proposed by Bachelier (1900) and extended by Osborne
(1959). The normal distribution is de®ned the probability density function
(pdf)


1
x ÿ 2
f x  p exp
:
6:11
22
22
The normal distribution is symmetric. The mean, variance and kurtosis are
; 2 , and 3 respectively. Black and Scholes (1973) provide a formula to price
an option assuming the normality of underlying assets. Although the
assumption of normality greatly simpli®es the theoretical modelling, many
empirical studies have shown evidence against it (see Blattberg and Gonedes,
1974; Clark, 1973; Kon, 1984; Niederhoer and Osborne, 1966). For example,
empirical daily stock returns usually exhibit fatter tails and higher kurtosis
than the normal distribution. Despite evidence against normality, in this
chapter we still choose it as a competing model because we want to check the
validity of normality by using our test statistic. Note that all moments for the
normal distribution exist. Furthermore, since the normal distribution belongs
to a scale-location family, Tn is invariant to both  and 2 .
6.3.2

Lognormal distribution

The lognormal has been used widely for modelling stock return distributions
(see, for example, Elton and Gruber, 1974). The pdf of the lognormal
distribution is


1
ln z ÿ 2
;z > 0
6:12
f z  p exp ÿ
22
z 22

The mean and variance of the lognormal distribution are exp   2 =2;
exp 2  ÿ 1 exp 2  2 . Obviously, if a simple return follows a lognormal distribution, the compound return should follow the corresponding
normal distribution. Therefore, the lognormal distribution suers the same
problems as the normal distribution.
6.3.3

Student distribution

The Student distribution has been proposed to model the stock returns by
Praetz (1972) and Blattberg and Gonedes (1974). Its pdf is
p
ÿ 1  =2 =2 H
  H x ÿ m2 ÿ 1=2
g x 
6:13
ÿ 1=2ÿ =2
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where   1, and H; m;  are the scale, location and degrees-of-freedom
parameters. If  ! 1, the Student distribution converges to the normal
distribution. If   1, the Student distribution is the Cauchy distribution. When
 > 2 the variance of the density is = H  ÿ 2 and thus ®nite. If  is ®nite, the
Student distribution has thicker tails than the normal distribution. Hence, the
degrees-of-freedom parameter  determines the fatness of tails. Also, the Student
distribution is symmetric around m. Therefore, Tn depends on  but is invariant
to both H and m. It is interesting to note that the Student distribution has a
structural interpretation. According to Praetz (1972), if one believes returns
follow a continuous mixture of normal distributions where the variance is an
inverted gamma distribution, then the resulting distribution is the Student one.
6.3.4

Mixture of normals

Kon (1984) has proposed to use the mixture of discrete normals to model stock
returns. Formally, the stock return X comes from N j ; 2j  with probability j
and 1      k  1. The mixture of normals has two advantages over the
Student distribution. One is that it can capture the structural change not only
in the variance but also in the mean. The other advantage is that it can be
asymmetric. The pdf of the mixture of normals is given by
(
)
k
X
1
x ÿ  j 2
g x 
6:14
j q exp ÿ
22j
22
j1
j

All moments exist for the density. In this chapter we will only use the mixture
of two normals for two reasons. First, Tucker (1992) ®nds that among the
family of mixture of normals the mixture of two normals has the greatest
descriptive power. Second, as a rule of thumb, a model with too many
parameters is avoided. The mixture of two normals has ®ve parameters,
; 1 ; 2 ; 21 , and 22 . Tn depends on all of them.

6.3.5

Mixed diusion-jump (MDJ) process

Press (1967) and Merton (1976) have proposed a process which mixes
Brownian motion and a compound Poisson process to model the movement of
stock prices:
dP t  P tdt  D P tdB t  P t exp Q ÿ 1dN t

6:15

where B t is a standard Brownian motion (BM), N t a homogeneous Poisson
process with parameter , Q a normal variate with mean Q and variance 2Q .
Merton (1976) provide a formula to price an option assuming the underlying
asset follows the MDJ process.
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Using Ito's Lemma, we can solve the stochastic dierential equation 6:15)
for the compound return X t:
X t  D  D B 1 

N
Xt

Qn ;

6:16

ÿ 2D =2. The density function for the process is,


1 ÿ n
X
x ÿ D ÿ nQ 2
e 
1
q
exp ÿ
g x 
2  n2 
n!
2

2
D
Q
2   n2 
n0

6:17

n1

where D 

D

Q

All moments are ®nite for the density. For example, E X  D  Q ;
Var x  2D  2Q   2Q . Tn depends on all ®ve parameters D ; 2D ; Q ; 2Q
and .
6.3.6

Compound lognormal and normal

The compound lognormal and normal model has been proposed by Clark
(1973). Instead of assuming the variance of the normal distribution is an
inverted gamma distribution as in the Student, Clark (1973) assumes that the
returns are conditional normal, with the conditional variance parameter
lognormally distributed. The rationale for lognormality of the conditional
variance is that the variance is time variant and should be a function of
trading volume or trading activities. This idea has motivated researchers to
use the stochastic volatility model to describe ®nancial time series; see
Tauchen and Pitts (1983) and Taylor (1986, 1994). According to Clark
(1973), the unobserved information ¯ow, which is assumed to be
independently distributed, produces a random volume of trade. Formally,
XjY  N ; Y21  and log Y  N 0; 22 . The pdf of the model is then


Z 1
1
x ÿ 2 ln2 y
ÿ3=2
f x 
y
exp ÿ
ÿ
dy
6:18
21 2 0
222
2y21
All moments exist for this density. For example, E X  ;
Var X  21 exp 22 =2 and the kurtosis is 3 exp 22  which is larger than 3
for any ®nite value of 22 . Hence, 22 determines the tail behaviour of the
density. The compound lognormal and normal distribution is symmetric
around . Tn is invariant to  and 21 . A disadvantage of using the
compound lognormal and normal distribution is that the pdf has no exact
solution and hence the integration in equation 6:18 has to be done
numerically.
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Generalized beta distribution

The generalized beta distribution has been proposed by Bookstaber and
McDonald (1987). Its pdf is de®ned by
f z 

jajzapÿ1
;z  0
bap B p; q 1  z=ba pq

6:19

where the parameters b; p and q are positive and B p; q is the beta function.4 If
ÿp < k=a < q, moments up to the kth order exist. For example, the kth order
moments is5
E Zk  

bk B p  k=a; q ÿ h=a
:
B p; q

6:20

From the above equation we note that the parameters a; b; p and q determine
the shape and location of the density in a complex fashion. To be more speci®c,
a and q determine the tail behaviour. The larger the value of a or q, the thinner
the tails of the density. The skewness of the density is determined by p and q.
Also both positive and negative skewness are permitted depending on the
values of p and q. A great advantage of the generalized beta distribution is that
it provides a great deal of ¯exibility with only four parameters. For example, it
nests the lognormal, log-Student, log-Cauchy and Weibull distributions as
special or limit cases. McDonald and Bookstaber (1991) provide a formula to
price an option assuming the underlying asset follows the generalized beta
distribution.
6.3.8

Weibull distribution

Mittnik and Rachev (1993) have proposed to use the Weibull distribution
to model stock daily returns. The Weibull distribution is attractive
since it is a type of min-stable distribution. More speci®cally, suppose
fn  minfZ1 ;    ; Zn g, where Z1 ;    ; Zn are iid random variates. For some real
d
constants cn > 0 and dn , if cn fn  dn ! Z, where Z is a random variable with
non-degenerate distribution function f , then f could be the Weibull distribution.
The density function of the Weibull distribution is

 ÿ1


zÿb
zÿb
 ;z  b
f z 
exp ÿ
a
a
a
4

See Abramowitz and Stegun (1964) for further information about the beta function.
Although in theory the generalized beta distribution will permit in®nite variance when
ÿp < 2=a < q is not satis®ed. In most empirical applications ÿp < k=a < q holds for a large value
of k and hence yields ®nite variance; see Bookstaber and McDonald (1987).
5
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where , b, and a are the index, location and scale parameters respectively.
Thus, Tn depends on
but is invariant to a and b. The density can be
asymmetric and has ®nite moments of all orders. For example,
E Z  aÿ 1  1  b; Var Z  a2 fÿ 2  1 ÿ ÿ 1  12 g.
6.3.9

Variance gamma distribution

The Variance Gamma (VG) distribution has been proposed by Madan and
Seneta (1990). It is similar in spirit to the compound lognormal and normal
distribution and Student distribution in the sense that the normal distribution
is continuously mixed with another distribution of conditional variance. The
VG distribution assumes that the conditional variance is distributed as a
gamma variate. Formally, XjV  N ; V2  and V  ÿ c; . The density is
then
f x 

Z

0

1

exp ÿ x ÿ 2 = 2v2 c v
p
 2vÿ 

ÿ1

exp ÿcv

dv

6:21

All moments exist for this density. For example, E X  ; Var X  2 c and
the kurtosis is 3 1  1 which is larger than 3 for any positive value of . Hence,
ÿ1
can be regarded as a measure of the degree of long-tailedness. The VG
distribution, however, is symmetric around . Hence, Tn is invariant to .
Madan and Seneta (1990) show that the VG distribution can be approximated
by a compound Poisson process with high jump frequency and low jump
magnitudes. Also, they provide a formula to price an option assuming the
underlying asset follows the VG distribution. However, a disadvantage of
using the VG distribution is that the pdf has no analytic expression and hence
the integration in equation 6:21 has to be done numerically.
6.3.10

Hyperbolic distribution

The hyperbolic distribution had been used in various scienti®c ®elds before
it was applied to ®nance by Eberlein and Keller (1995). The hyperbolic
distribution is characterized by its log-density being a hyperbola and hence
permits heavier tails than the normal distribution.6 Its pdf is
p


q
2ÿ 2
p exp ÿ
2  x ÿ 2  x ÿ 
f x 
2 ÿ 2
2 K1 

6:22

6

The log-density of the normal distribution is a parabola.
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where ; ; , and  are parameters, and K1 the modi®ed Bessel function of the
third kind with index 1.7 Parameters
and determine the shape of the
density while  and  determine the scale and location respectively. Therefore,
Tn is invariant to both  and .
6.3.11

Generalized lambda distribution

The generalized lambda distribution has been proposed by Corrado (1999).
The two-parameter generalized lambda distribution has the pdf
f x 

2 3 ; 4 

 4 1 ÿ x4 ÿ1
q
where 2 3 ; 4   sign 3  C2 ÿ C12 with
C1 

3

x3 ÿ1

6:23

1
1
1
1
ÿ
and C2 

ÿ 2B 3  1; 4  1:
3  1 4  1
23  1 24  1

The skewness and kurtosis are determined by the shape parameters 3
and 4 . An advantage of using the generalized lambda distribution is that
it has a closed-form expression for the percentile function which is given
by


1
1
1
3
3
ÿ
s p 
p ÿ 1 ÿ p 
6:24
2 3 ; 4 
4  1 3  1
Hence it is well suited to Monte Carlo simulation procedures, such as
Monte Carlo Value-at-Risk analyses. The four-parameter generalized
lambda distribution allows both the mean and variance to dier from 1
and its percentile function is given by


b
1
1
3
3
s p  a 1 
p ÿ 1 ÿ p 
ÿ

6:25
2 3 ; 4 
4  1 3  1
Corrado (1999) provides a formula to price an option assuming the
underlying asset follows the generalized lambda distribution.
6.3.12

Stable distribution

Mandlebrot (1963) and Fama (1965) ®rst proposed the stable distribution to
model stock returns. The stable distribution is usually characterized by the
characteristic function. The characteristic function of the general stable
7

See Abramowitz and Stegun (1964) for further information about the Bessel function.
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distribution is given by
(
expfiat ÿ jctj 1 ÿ i sign t tan 2 g
c t 
expfiat ÿ jctj 1  i 2 sign t ln jtjg

if

6 1

if

1

6:26

where , , c, and a are index, skewness, scale, and location parameters
respectively. The stable distribution can be skewed to the left or right,
depending on the sign of . If  1;  0, the stable distribution is the
Cauchy distribution. If  2;  0, the stable distribution is the normal
distribution. If 1 < < 2, the most plausible case for actual ®nancial series,
the tails of the stable are fatter than those of the normal and the variance is
in®nite. Unfortunately, the density function has no closed form for 1 < < 2.
Hence, the density of the stable distribution has to be calculated numerically
by inverting the characteristic function 3:26.
Despite the diculty of evaluating the density function, the stable
distribution has good statistical and economic properties. For example, it
has domains of attraction (generalized central limit theorem) and it belongs to
its own domain of attraction, i.e. the distribution of the sum of iid stable
variates is in the stable family with the same index parameter; see
Samorodnitsky and Taqqu (1994) for detailed statistical descriptions of the
stable distribution. McCulloch (1978) demonstrates that no arbitrage can
exploit the in®nite speed of Brownian motion and that price processes
exhibiting bounded variation generally are inconsistent with continuous-time
equilibrium in competitive markets. The stable distribution has unbounded
variation and is thus consistent with equilibrium.

6.4

APPLICATIONS

In the applications we apply the proposed test statistic to two data sets. The
®rst series consists of 2017 daily observations of the spot index of Nikkei Stock
Average 225 (NSA), covering the period from 1 January 1989 to 30 August
1997. The other series consists of 2529 daily observations of the spot index of
value-weighted CRSP index, covering the period from 1 January 1986 to 1
December 1995. Figure 6.1 plots both simple and compound returns for these
two series. Not surprisingly, the simple and corresponding compound returns
have very similar patterns and approximately dier by 1. Also of note is that in
CRSP the 1987 crash can be easily identi®ed.
Table 6.1 reports Tn with 0  0:25 for these two compound returns.
Noticeably CRSP has a smaller value of Tn 0:25. This is not surprising since
CRSP includes the 1987 crash and hence has more outliers. The outliers
increase the denominator in Tn 0:25 and decrease the value of Tn 0:25.
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Figure 6.1 This graph plots the simple and compound returns of Nikkei and CRSP. Nikkei
consists of 2017 daily observations of the spot index of Nikkei Stock Average 225 (NSA),
covering the period from 1 January 1989 to 30 August 1997. CRSP consists of 2529 daily
observations of the spot index of value-weighted CRSP index, covering the period from 1 January
1986 to 1 December 1995. The simple and compound returns are de®ned by Pt =Ptÿ1 and
ln Pt ÿ ln Ptÿ1 respectively where Pt is the daily closing index at day t.

The hypothesis we are going to test is the one given by (6.4). Since all the
competing distributions except the stable distribution have ®nite variance, we
set H0 to be one of the ®nite variance distributions and H1 the stable
distribution. For brevity we consider only those ®nite variance distributions
which have attracted the most attention in the literature. Speci®cally, we use
the normal, lognormal, Student, mixture of normals, mixed diusion-jump,
and generalized beta distributions as H0 respectively. After setting up the
hypothesis, we can obtain the asymptotic mean and asymptotic variance of
Tn 0:25 according to Proposition 2.3. The p-values are then calculatable.
Table 6.2 presents the maximum likelihood (ML) estimates of ®nite variance
distributions for Nikkei.8 In Table 6.2 we also present the log-likelihood of
®nite variance distributions. Of note is that the ML estimates guarantee the
variance in every distribution to be ®nite. For example, the ML estimate of  in
the Student distribution is greater than 2 and the ML estimates of a; p; q in the
generalized beta distribution satisfy ÿp < k=a < q for k  2. In terms of the
likelihood value, the mixed diusion-jump process provides the best ®t to the
8
To maximize the likelihood function of the MDJ process, we have to truncate the in®nite sum in
equation (6.17) after some value of N. In practice, we choose N  11 which provides satisfactory
accuracy; see Jorion (1988) for more detailed discussion.
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Table 6.1 Tn of Nikkei and CRSP.

Tn 0:25

Nikkei

CRSP

1.0019

0.7861

Note: Nikkei consists of 2017 daily observations of
the spot index of Nikkei Stock Average 225
(NSA), covering the period from 1 January 1989
to 30 August 1997. CRSP consists of 2529 daily
observations of the spot index of value-weighted
CRSP index, covering the period from 1 January
1986 to 1 December 1995. Tn 0:25  Qn 0:75 ÿ
Qn 0:25=sn .

data, followed by the generalized beta and Student distributions with very
small margin in between. However, the Student distribution has only three
parameters, one parameter less than the generalized beta distribution and two
less than the mixed diusion-jump process. Hence, the Student distribution
should be the choice among the ®nite variance distributions for Nikkei if the
likelihood value and parsimony are one's concerns.
Table 6.3 presents the maximum likelihood estimates and the log-likelihood
of the ®nite variance distributions for CRSP. Again the ML estimates imply
that we cannot reject the hypothesis that the variance in every distribution is
®nite. In terms of the likelihood value, in spite of its parsimony the Student
distribution surprisingly provides the best ®t to the data, followed by the
generalized beta and mixed diusion-jump distributions with a substantial
margin in between. As with Nikkei, the Student distribution should be the
Table 6.2 The ML estimates and log-likelihood of ®nite variance distributions for Nikkei
Distributions

ML Estimates

Log-likelihood

Normal
Lognormal
Student

^  ÿ0:00024; ^  0:01422
^  ÿ0:00024; ^  0:01422
^  10849:37
^  3:3774; H
^  ÿ0:00024
m
^  0:7122
^1  ÿ0:000019; ^1  0:0086
^2  ÿ0:00036; ^2  0:02279
^  0:4969
^D  ÿ0:000262; ^2D  0:000061
^Q  ÿ0:000288; ^2Q  0:000275
a^  453:67; b^  0:9998
p^  0:23197; q^  0:23225

5966
5966
6133

MN

MDJ

GB

6128

6134

6133

Note: Here and in Tables 6.3 and 6.4 MN represents the mixture of two normal distributions,
MDJ the mixed diusion-jump process and GB the generalized beta distribution.
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Table 6.3 The ML estimates and log-likelihood of ®nite variance distributions for CRSP
Distributions

ML Estimates

Log-likelihood

Normal
Lognormal
Student

^  0:000514; ^  0:00906
^  0:000514; ^  0:00906
^  41465:89
^  2:8428; H
^  0:000514
m
^  0:9304
^1  0:0008488; ^1  0:0060
^2  ÿ0:00396; ^2  0:02599
^  0:3512
^D  0:001036; ^2D  0:00002
^Q  ÿ0:001487; ^2Q  0:0001265
a^  5691; b^  1:001
p^  0:0305; q^  0:0338

8305
8305
8905

MN

MDJ

GB

8825

8860

8878

choice among the ®nite variance distributions for CRSP if the likelihood value
is the concern.
We then use the proposed statistic to test for validity of the ®nite variance
distributions. Table 6.4 presents the asymptotic mean, asymptotic variance
and p-value of Tn under the various ®nite variance distributions for Nikkei. By
using the proposed test, as indicated by the p-values, both normality for
compound returns and lognormality for simple returns have to be rejected at
the 1% signi®cance level. Note that other statistics, such as the sample
kurtosis, may also reject normality and lognormality. In this respect our test
provides a result consistent with the literature. Moreover, our test suggests
that all the other ®nite variance distributions considered cannot be rejected,
even at the 10% signi®cance level. This ®nding is consistent with what has been
normally found in the recent literature when other criteria have been used; see
Tucker (1992) and Kon (1984).
Table 6.4 also presents the asymptotic mean, asymptotic variance and
p-value of Tn under various ®nite variance distributions for CRSP. As with
Nikkei, the normality and lognormality can be easily rejected for CRSP at the
1% signi®cance level. However, our test indicates that all the other ®nite
variance distributions considered have to be also rejected at the 1%
signi®cance level. The ®nding is very interesting and suggests that when the
value of Tn becomes increasingly smaller, it is increasingly dicult to model
the return by the existing ®nite variance distributions. The result is not
surprising since a ®nite variance distribution tends to generate a value of T
which is too large to match the empirical Tn . Intuitively speaking, therefore,
®nite variance distributions considered have diculties in explaining the high
risk that the CRSP series exhibits.
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Of note is that the degrees-of-freedom estimates from the Student
distribution for both Nikkei and CRSP are less than 4. This suggests that
the fourth moment of the Student distribution is not ®nite for both series. This
makes the test of SYY not applicable.
Table 6.4 The asymptotic distribution and p-value of Tn 0:25 under various ®nite variance
distributions for both Nikkei and CRSP

onumberormal
Lognormal
Student
MN
MDJ
GB

Mean

Nikkei
Variance

P-value

Mean

CRSP
Variance

P-value

1.3490
1.3490
0.9630
1.0220
1.0163
1.0374

0.001176
0.001176
0.000696
0.000754
0.000772
0.000919

0
0
0.930*
0.232*
0.302*
0.121*

1.3490
1.3490
0.8389
1.0704
0.9575
1.0470

0.00098
0.00098
0.000454
0.000638
0.000565
0.000899

0
0
0.0066
0
0
0

*The corresponding ®nite variance distribution is signi®cant at the 10% level.

6.5

CONCLUSIONS

This chapter has proposed a test to distinguish competing distributions for
modelling daily stock returns with particular concern about variance
behaviour. In the recent literature, the likelihood ratio test and Kolmogorov±
Smirnov test have been used to compare the descriptive power of the
competing distributions. Both tests suggest that distributions with ®nite
variance outperform distributions with in®nite variance. A common feature of
these two tests is that all the observations receive the same weight. Model
selection criteria, such as the Akaike Information Criterion (AIC) and the
Bayesian Information Criterion (BIC), share the same spirit as the likelihood
ratio test. Our test statistic, however, assigns dierent observations dierent
weights. In fact in our test statistic outliers receive larger weight than inliers.
Consequently, our test statistic prefers a distribution whose tail behaviour is
closer to the empirical distribution to a distribution whose near-origin
behaviour is closer to the empirical distribution. Although recent literature
unanimously favours various ®nite variance distributions, our results suggest
either direction, depending on the dataset used.
It is important to stress that the purpose of the proposed test is not to choose
a distribution out of a ®xed set of distributions as the `best' one and hence
dierent from that of model selection criteria. Our test could, however, serve
as diagnostic checking in order to ®lter out a ®nite variance distribution which
appears to be incompatible with the data in the sense that T is too far away
from Tn .
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APPENDIX
Proof of Proposition 1
Since the random variable X belongs to a scale-location family, we assume
that
x ÿ 
;
F x  G

where F is the distribution function of X,  is the location of X, and  is
the scale of X. De®ne Y  X ÿ =, then G y is the distribution
function of Y. With the new notations, we have
s2n X 


n
1 X
 2
Yi  ÿ Y
n ÿ 1 i1
n
2 X
 2
Yi ÿ Y
n ÿ 1 i1

 2 s2n Y
and
Fnÿ1 0   inffx : Fn x  0 g
xÿ
  0 g

 inffy : Gn y  0 g
 inffx : Gn

 Gÿ1
n 0 

Therefore,
Tn X; 0  


Fnÿ1 1 ÿ 0  ÿ Fnÿ1 0 
sn X
ÿ1
Gÿ1
n 1 ÿ 0  ÿ Gn 0 
sn Y

 Tn Y; 0 
Proof of Proposition 2
The proposition follows immediately from the strong law of large numbers,
a:s:
a:s:
since sn !  and Qn 1 ÿ 0  ÿ Qn 0  ! q1 ÿ q0 .
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Proof of Proposition 3
Note that
sn a:s:
!1

under assumption (iii). Hence, we can consider the asymptotic behaviour of
Qn 1 ÿ 0  ÿ Qn 0 

as opposed to
Qn 1 ÿ 0  ÿ Qn 0 
sn
Note that
Qn 1 ÿ 0  ÿ Qn 0  q1 ÿ q0 Qn 1 ÿ 0  ÿ q1 ÿ Qn 0  ÿ q0 
ÿ




A.1
According to the Bahadur representation (see CsoÈrg}
o and HorvaÂth, 1993,
Chapter 3), we have
n
1 X
Q n 1 ÿ  0  ÿ q1  ÿ
fIfXi  q1 g ÿ 1 ÿ 0 g  oP nÿ1=2 
nf q1  i1

and
Q n  0  ÿ q0  ÿ

n
1 X
fIfXi  q0 g ÿ 0 g  oP nÿ1=2 
nf q0  i1

The above two equations together yield

p
n Q n 1 ÿ  0  ÿ q1 ÿ Q n  0  ÿ q0 
n

ÿ1=2

(

n
n
1 X
1 X
fIfXi  q1 g ÿ 1 ÿ 0 g ÿ
fIfXi  q0 g ÿ 0 g
f q1  i1
f q0  i1

 oP 1
This proves equation (6.6). Equation (6.7) simply follows (6.6).

)

A.2
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Proof of Proposition 5
De®ne An  Tn < cjH1 is true for some 0 < c < 1: Provided H1 is true,
a:s:
Tn ! 0. Therefore,
a:s:

An !
This implies
PrAn  ! 1:
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Chapter 7
Implementing option pricing
models when asset returns are
predictable and discontinuous
GEORGE J. JIANG

ABSTRACT
The discontinuity and predictability of an asset's returns will aect the
prices of options on that asset as shown respectively in Merton
(1976a,b) and Lo and Wang (1995). In this chapter we investigate the
joint eect of discontinuity and predictability of an asset's returns on
the prices of options in a continuous-time jump-diusion framework.
We extend the Black±Scholes (1973) model through alternative
speci®cation of the drift term and the introduction of a jump component
to incorporate predictability and discontinuity into the underlying asset
price process. In addition, we model the conditional heteroscedasticity
of asset returns through a predictable jump size process instead of the
non-jump conditional volatility. From a model (mis-)speci®cation point
of view, we examine the basic properties of various competing models
as well as their implications on European call option prices of the
asset. We illustrate various patterns of mispricing of both the Black±
Scholes model and the Merton model and demonstrate that the pricing
errors can be signi®cant when asset returns are discontinuous and to a
certain extent predictable. In the case that the predictability is induced
by a linear mean-reverting drift function as in Lo and Wang (1995), we
propose adjustments to both the Black±Scholes (1973) and Merton
(1976a) option pricing formulas. For models with conditional heteroscedasticity induced by the predictable jump size, the implications on
option prices are investigated based on simulation results.
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7.1

INTRODUCTION

When modelling ®nancial asset returns, empirical stylized facts drawn from
both static behaviour (unconditional distribution) and dynamic behaviour
(conditional distribution) of state variables are the major factors in the
consideration of model speci®cation and selection. A model's ability to
reproduce certain empirical stylized facts is often an important criterion to
judge whether such a model represents the true underlying data-generating
process (DGP). It is well documented in the literature that the Black±Scholes
model which assumes asset returns follow continuous diusion processes as
random walk with drift and of constant conditional volatility is inconsistent
with empirical ®ndings on many traded assets. It is also well documented that
the Black±Scholes option-pricing formula generates systematic biases of
option prices. Since the early 1960s it has been observed, notably by
Mandelbrot (1963) and Fama (1963, 1965), among others, that asset returns
have leptokurtic distributions1 and the volatilities of asset returns have strong
intertemporal persistence. Extension of the underlying Black±Scholes model
has been mainly along the following three directions in the literature.
One direction is to introduce time-varying conditional volatility or
heteroscedasticity into the underlying asset price process through various
volatility changing models, for instance the autoregressive conditional
heteroscedasticity (ARCH) model introduced by Engle (1982), the generalized
ARCH (GARCH) models extended by Bollerslev (1986) and Taylor (1986),2
the continuous-time stochastic volatility (SV) model by Hull and White (1987)
among others,3 and the discrete-time SV model introduced by Taylor (1986).4
It is undisputed that ®nancial time series have time-varying and persistent
conditional volatility or heteroscedasticity, i.e. ®nancial time series exhibit
dierent levels of volatility over time and are sometimes clustered with
bunching of high- and low-volatility episodes. Such observations on volatility
changes naturally lead to ARCH/GARCH models and stochastic volatility
(SV) models. In fact, volatility varying or clustering and fat-tailed distributions of asset returns are believed to be intimately related. In the case of
stochastic autoregressive volatility (SARV) models, it can be shown that the
1

Such observation on the unconditional density has led people to propose modelling asset returns
as iid draws from fat-tailed distributions, such as Student-t, Paretian or LeÂvy.
2
For a survey of the ARCH/GARCH applications to ®nancial time series, see Bollerslev, Chou
and Kroner (1992). Duan (1995) considers the application of GARCH model in pricing options.
3
Other examples include Johnson and Shanno (1987), Wiggins (1987), Scott (1987, 1991, 1997),
Bailey and Stulz (1989), Chesney and Scott (1989), Melino and Turnbull (1990), Stein and Stein
(1991), Heston (1993), Bates (1996), and Bakshi, Cao and Chen (1997).
4
Other examples include Amin and Ng (1993), Andersen (1994), Taylor (1994), and Kim,
Shephard and Chib (1996).
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autoregressive behaviour of dynamic (conditional) volatility also implies
(unconditional) fat-tailed distribution in the steady state.5 Implications of
changing volatility on option prices have been investigated in the literature.
For instance, Hull and White (1987) show that when the conditional volatility
is stochastic but uncorrelated with the stock price, the Black±Scholes model
underprices the in-the-money and out-of-the-money options but overprices
the at-the-money options. When the asset prices are also dependent on other
factors, e.g. systematic volatility, stochastic interest rates, the joint eect of
stochastic volatility and these factors can be complicated and the empirical
investigation is far from being conclusive (e.g. Bailey and Stulz, 1989; Amin
and Ng, 1993).
The second direction, pioneered by Merton (1976a), is to model the
sampling path of underlying asset returns as a mixture of both a continuous
diusion process and a discontinuous jump process through the introduction
of the jump component. Motivations of using the jump-diusion process to
model stock returns were clearly stated in Merton (1976a) in which he
distinguishes two types of changes in the stock price: the `normal' vibrations in
price due to e.g. a temporary supply and demand imbalance, changes in
capitalization rates or in the economic outlook, or other information that
causes only marginal changes in the stock's value; and the `abnormal'
vibrations in price due to random arrivals of important new information about
the stock that has more than a marginal eect on prices. The ®rst type of price
change can be modelled by a stochastic process with a continuous sampling
path, e.g. a Wiener process, and the second type of price change can be
modelled by a process which explicitly allows for jumps, e.g. a `Poisson-driven'
process.6 In the case of foreign currency prices, shifts in interest rate
dierentials between two countries or monetary and ®scal policy changes are
also believed to usually result in a revaluation of foreign currency. As Jorion
(1988) points out, the foreign exchange market is characterized by active
exchange rate management policies which do not exist in other securities'
markets, e.g. the stock market. Therefore, stochastic processes which
incorporate jumps might re¯ect the change of foreign currency prices better
than the pure continuous-time Wiener process, and thus provide models which
5

See Shephard (1996) and Ghysels, Harvey and Renault (1996) for statistical properties of SV
models.
6
Press (1967) ®rst proposed a jump-diusion model for stock price changes which is dierent
from the `random walk model' originally proposed by Bachelier in 1900 and its modi®ed versions.
Press assumes that the changes of logarithmic stock prices follow the distribution of a Poisson
mixture of normal distributions, that is, the combination of a Wiener process and a compound
Poisson process. The model resembles earlier random walk models in that it is a Markov process
with discrete parameter space and continuous state space. But the presence of the compound
Poisson process produces a non-Gaussian and essentially discontinuous process.
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are more accurate in pricing currency options.7 Apart from the formally
justi®ed motivations, any casual observation of the sampling paths of most
®nancial asset returns can reveal discontinuity or jumps over time. Like the
ARCH/GARCH or SV models, the jump-diusion model can oer a formal
link between the description of dynamic path behaviour and explanation of
steady-state leptokurtic distributions. It can be shown that the analytical
characteristics of such a distribution agree with what has been found
empirically about most asset returns. That is, this distribution is in general
skewed, leptokurtic, fatter-tailed, and more peaked around its mean compared
to the distribution of a normal random variable. Moreover, if underlying asset
prices are modelled in continuous-time diusion processes, allowing for timevarying conditional volatility in the model would not be sucient to re¯ect
discontinuity of asset returns as the underlying processes are still continuous.
Thus explicit inclusion of jump components, such as Bernoulli jump or
Poisson jump, in the model seems to be essential to describe the dynamics of
asset returns. The jump-diusion option pricing model proposed by Merton
(1976a) is an important alternative to and extension of the Black and Scholes
(1973) model. Merton (1976a) suggested that distributions with fatter tails
than the lognormal in Black and Scholes (1973) might explain the tendency for
deep-in-the-money, deep-out-of-the-money, and short maturity options to sell
for more than their Black±Scholes values, and the tendency of near-the-money
and longer-maturity options to sell for less.
The third direction, initiated more recently by Lo and Wang (1995), is to
extend the model to allow for certain predictability of asset returns as
evidenced in empirical ®ndings. As Lo and Wang (1995) point out, there is
increasingly substantial evidence documenting that many ®nancial asset
returns are predictable to a certain degree.8 Such an observation is a clear
violation of one of the fundamental assumptions made in the Black and
Scholes (1973) option pricing model in which they assume that asset returns
are pure random walks, i.e. asset returns are perfectly unpredictable. Since
predictability is often manifested through the speci®cation of drift function,
Lo and Wang (1995) proposed models with alternative drift functions to study
the impact of predictability on option prices. It is a misconception in the
7

Bodurtha and Courtadon (1987) claim that the systematic biases of the modi®ed Black±Scholes
American option pricing model for currency options are partly due to the jumps along the
exchange rate processes.
8
As Campbell, Lo and MacKinlay (1997) point out, modern ®nancial economics teaches us that
some perfectly rational factors may account for the predictability of asset returns. For example,
the ®ne structure of securities markets and frictions in the trading process can generate
predictability. Time-varying expected returns due to changing business conditions can generate
predictability. A certain degree of predictability may be necessary to reward investors for bearing
certain dynamic risks.
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literature that the drift term of a diusion model of asset returns does not
aect option prices as it does not enter the option pricing formula. This
misconception is due to the fact that a risk-neutral speci®cation of an asset's
return process is irrelevant to the functional form of the drift term speci®ed in
the objective measure since it is replaced by the risk-free rate of return with
adjustments of risk factors. However, when ®tting the model into the observed
unconditional distribution of the underlying asset returns, speci®cation of the
drift term will have a direct impact on the value of the diusion coecient even
though there is no alternative speci®cation of the diusion function. That
leads to a dierent input of volatility in the option pricing formula and thus
dierent option prices as output. Grundy (1991) also points out that strong
mean reversion in the drift term could introduce a substantial disparity
between the discrete-time sample volatility and the instantaneous conditional
volatility of log-dierenced asset prices. By comparing the polar cases of
perfect predictability and perfect unpredictability, Lo and Wang (1995)
successfully demonstrated that predictability of asset returns has a signi®cant
impact on the option prices of that asset, even though predictability is typically
induced by the drift term which does not enter the option pricing formula.
In this chapter we investigate the joint implications of an asset return's
predictability and discontinuity as well as conditional heteroscedasticity
induced by predictable jump sizes on the option prices of an asset. We model
the discontinuity of asset returns using a compound Poisson jump process as in
Merton (1976a), and consider the most parsimonious form of predictability
(autocorrelated asset returns) as in Lo and Wang (1995). However, unlike the
current literature which introduces conditional heteroscedasticity through the
non-jump instantaneous conditional volatility, we model conditional heteroscedasticity through the introduction of an uneven and yet correlated
information ¯ow process in the unobserved jump size process. We illustrate
various patterns of mispricing of the Black±Scholes and Merton models and
demonstrate that the pricing errors can be signi®cant both statistically and
economically. In the case that the predictability is induced by a linear meanreverting drift function as in Lo and Wang (1995), we provide adjustments to
both the Black±Scholes (1973) and Merton (1976a) option pricing formulas.
For models with predictable jump sizes, we perform a comparison among
alternative option pricing models based on simulation results.
In Section 7.2 we ®rst review various option pricing models, namely the
Black±Scholes (1973) and Merton (1973) model, the Merton (1976a) model,
and the Lo±Wang (1995) model, then propose new option pricing models,
namely the trending O-U jump-diusion model and the jump-diusion model
with predictable jump size, to incorporate predictability and discontinuity as
well as conditional heteroscedasticity; Section 7.3 investigates the implications
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of dierent model speci®cations on the prices of European call options using
the Black±Scholes (1973) model as the benchmark model. The option pricing
errors are measured in terms of the absolute dierence and the relative
percentage dierence, as well as the Black±Scholes implied volatility; Section
7.4 contains discussion on related issues; and Section 7.5 concludes.
7.2

ALTERNATIVE MODEL SPECIFICATIONS AND OPTION PRICING

7.2.1

The Black±Scholes (1973) and Merton (1973) models

In the classic papers on the theory of option pricing by Black and Scholes
(1973) and Merton (1973), the underlying asset's price P t is assumed to
follow an ItoÃ diusion process:
or

dP t=P t 

dt  dW t

dp t   dt  dW t

7:1

where p t  lnP t;     ÿ 12 2 is the drift coecient,  is the diusion
coecient, and W t is a Wiener process or a standard Brownian motion
process. Under standard assumptions,9 it can be shown that the no-arbitrage
price at time t of an European call option C P t; t; K; T; r; 2  on the stock
with strike price K and expiration date T is given by:
CBS P t; t; K; T; r; 2   P t d1  ÿ Keÿr Tÿt  d2 

7:2

where
d1 

p
ln P t=K  r  12 2  T ÿ t
p
; d2  d1 ÿ  T ÿ t
 T ÿt

r is the instantaneous risk-free rate of return, and   is the cumulative
distribution function (CDF) of a standard normal distribution. The most
important and attractive feature of the above option pricing formula is that
the diusion coecient 2 is the only unobserved element and the drift term in
(7.1) can be any arbitrary function of P t and even other economic variables.
This is due to the fact that the drift term does not appear in the pricing partial
dierential equation (PDE) derived in the continuous-time no-arbitrage
pricing framework of Black and Scholes (1973) and Merton (1973) or the more
obvious fact that the risk-neutral speci®cation of the price process is irrelevant
to the drift function in the martingale pricing approach of Cox and Ross
(1976) and Harrison and Kreps (1979).
9
Namely, trading is continuous and `frictionless', i.e. there is no transaction costs or dierential
taxes, and there is no restriction on borrowing or short-selling.
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In particular, in Black and Scholes (1973)   is assumed to be a constant,
i.e.    . In other words, the underlying asset price P t has a lognormal
distribution and p t follows a Brownian motion with a drift process or a
random walk with drift. The major properties of the Brownian motion with a
drift process include: (1) it is a non-stationary Gaussian process. (2) the ®rst
dierence of lnP t or p t over (> 0) period, or the -period return of the
asset r t  ln P t=P t ÿ    p t  p t ÿ p t ÿ  is a stationary
Gaussian process, with mean and variance given by
Er t  ; Varr t  2 

7:3

In other words, the Brownian motion with drift process or the random walk
with drift is a dierence-stationary process. (3) It has independent increments,
i.e. with   ,
Covr t; r t ÿ   0
7.2.2

7:4

The Merton (1976a) jump-diusion model

The jump-diusion process proposed by Merton (1976a) to model asset
returns, as a mixture of both a continuous diusion path and a discontinuous
jump path, can be written as:
dP t=P t 

 ÿ 

0 dt

 dW t  Y t ÿ 1dQ t

7:5

where
 is the instantaneous expected return on the asset;
2
 is the instantaneous volatility of the asset's return conditional on no arrivals
of important new information (i.e. the Poisson jump event does not occur);
Q t is a Poisson counting process which is assumed to be iid over time,  is
the mean number of jumps per unit of time, i.e. the intensity parameter of
the Poisson distribution with Prob dQ t  1  dt; Prob dQ t  0 
1 ÿ dt;
Y t ÿ 1 is the random jump size Y t  0 representing the random variable
percentage
change in the underlying asset price if the Poisson event occurs,
Rt
Y

ÿ
1dq
  is a compound Poisson process, and 0 is the expectation
0
of the relative jump size, i.e. 0  EY t ÿ 1;
dQ t, dW t is assumed to be statistically independent.
If  is also a constant as assumed in Merton (1976a), following the
DoleÂans±Dade exponential formula the random variable ratio of the asset
price at time t to the asset price at time t ÿ  can be written as
P t=P t ÿ   exp

ÿ 2 =2 ÿ 

0 

  W t ÿ W t ÿ Y n
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Q
where Y n  1 if n  0; Y n  ni1 Yi for n  1 and Yi ; i  1; 2; :::; n; are
independently and identically distributed and n is Poisson-distributed with
parameter .
Due to the presence of `jumps', it is impossible to construct a riskless
portfolio of underlying asset and options, hence the Black±Scholes `no
arbitrage' technique can no longer be employed to price options. Under the
assumption that the jump component represents only non-systematic risk, or
the jump risk is diversi®able,10 Merton (1976a) derives the call option pricing
formula following the lines of the original Black±Scholes derivation which
assumes that the CAPM is a valid description of equilibrium asset returns.11
Let CM P t; t; K; T; r; 2  be the price of a European call option at time t for
the jump-diusion model with asset price P t, expiration date T, exercise
price K, the instantaneous riskless rate r, and the constant non-jump
instantaneous volatility 2 , then CM P t; t; K; T; r; 2  solves the following
integro-dierential-dierence equation
1 2
@ 2 CM P t; t
 P t2
 rÿ
2
@P 2 t

0 P

t

@CM P t; t @CM P t; t

@P t
@t

 EY CM P tY t; t ÿ CM P t; t
 rCM P t; t

7:6

subject to the boundary conditions: CM 0; t  0; CM P T; T 
Max0; P T ÿ K. If   0, i.e. there is no jump, this pricing PDE reduces
to the Black±Scholes equation and its solution for the option price formula is
given by (7.2). Merton (1976a) showed that the solution of a call option price
with jumps can be written as:
CM P t; t; K; T; r; 2 


10

1 ÿ
X
e
n
EY
n!
n0

n CBS

P tY neÿ

0

; t; K; T; r; 2 

7:7

Subsequent research by Jones (1984), Naik and Lee (1990) and Bates (1991) shows that
Merton's option pricing formulas with modi®ed parameters are still relevant under nondiversi®able jump risk or more general distributional assumptions.
11
Alternatively, using the equivalent martingale measure approach of Cox and Ross (1976) and
Harrison and Kreps (1979) as in Aase (1988) and Bardhan and Chao (1993) for general random,
marked point process, or Jeanblanc-Picque and Pontier (1990) for non-homogeneous Poisson
jumps, or using a general equilibrium argument as in Bates (1988), the same valuation PDE can
also be derived.
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Q
where Y n  1 for n  0; Y n  ni1 Yi ; for n  1, Yi , i  1; 2; :::; n, are iid n
jumps. Under the further condition that Y t follows a log-normal distribution
as assumed by Press (1967), i.e. lnY t  i:i:d:N ln 1  0  ÿ 12  2 ;  2 , thus
Y n has a log-normal distribution with the variance of logarithm of Y n,
VarlnY n   2 n, and EY n Y n  1  0 n , a closed-form solution is
given by
CM

1 ÿ0 
X
e
0 n
CBS P t; t; K; T;
P t; t; K; T; r;   
n!
n0
2

2
n ; n 

7:8

where 0   1  0 , n2  2  n 2 = and n  r ÿ  0  nln 1  0 =. The
option price is simply the weighted sum of the price conditional on knowing
that exactly n Poisson jumps will occur during the life of the option with each
weight being the probability that a Poisson random variable with intensity 0 
will take on the value n.
The jump-diusion process de®ned in equation (7.5) can be rewritten in
terms of the logarithmic asset prices, i.e., p t  lnP t, as:
dp t   dt  dW t  lnY tdQ t

7:9

where     ÿ  0 ÿ 12 2 . When     and Y t is assumed to be iid
lognormal, i.e. lnY t  i:i:d:N 0 ;  2 , the above process is a well-de®ned
Markov process with discrete parameter space and continuous state space and
the SDE (7.9) has an explicit solution.12 The major properties of this process
include: (1) it is a non-stationary compounding Poisson process. (2) similar to
the Brownian motion with drift process, the ®rst dierence of lnP t or p t
over  > 0-period or the ÿperiod return of asset r t is a stationary process,
with density given by
f r t  r 

1 ÿ
X
e
n
 r;   n0 ; 2   n 2 
n!
n0

7:10

which has an in®nite series representation, where  x; ;  is the pdf of a
standard normal distribution of x ÿ =. Let 'r u denote the characteristic
function of the asset return r , then ln'r u  ui ÿ 12 2 u2 
 exp 0 ui ÿ 12  2 u2  ÿ 1. It is easy to derive that
Er     0 ; Varr   2   20   2 
E r ÿ Er 3   0 20  3 2 ; E r ÿ Er 4   3Varr 2  0

7:11

12
When Y t is assumed to be lognormally distributed with 0  EY t ÿ 1 and 0  ElnY t,
the relation between 0 and 0 is 0  ln 1  0  ÿ 12  2 , where  2  VarlnY t.
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where 0  4o  6 2 20  3 4 , and the distribution of r is leptokurtic,
more peaked in the vicinity of its mean than the distribution of a comparable
normal random variable, asymmetric if 0 6 0, and the skewness has the same
sign as that of 0 . These features are more consistent with the empirical
®ndings on the unconditional distributions of asset returns. (3) Furthermore,
r t is a process with independent increments, i.e.
Covr t; r t ÿ   0

7:12

for   . Special cases of the above model include: Press (1967) with   0,
Beckers (1981) and Ball and Torous (1985) with 0  0, and Lo (1988) with
lnY t   p t, i.e. the jump size is determined by the process itself.
7.2.3

The Lo±Wang (1995) model

As Lo and Wang (1995) point out, although it is well known that the Black±
Scholes formula does not depend on the drift term  , it is rarely emphasized
that the drift need not be a constant as in the case of geometric Brownian
motion, but may be an arbitrary function of P t and even other economic
variables.13 This remarkable fact implies that the Black±Scholes formula is
applicable to a wide variety of price processes that exhibit complex patterns of
predictability and dependence on other observed and unobserved economic
factors. The fact that the drift term does not enter into the option pricing
formula seems to imply that option prices are irrelevant to the functional form
of the drift term. Since predictability of the stochastic process often manifests
itself through the speci®cation of drift function, this seems to imply that the
predictability of the asset's return is irrelevant for option prices. Lo and Wang
(1995) investigate the impact of asset return predictability on the prices of an
asset's options by extending the drift function to incorporate various patterns
of predictability.
The Lo and Wang (1995) model is an extension of the Black±Scholes (1973)
model along another direction by assuming that the time-trended logarithmic
price process p t follows an Ornstein±Uhlenbeck process, i.e.,
dp t  ÿ p t ÿ t  dt  dW t

7:13

or
p t  t  q t
dq t  ÿ q tdt  dW t
13

This was ®rst observed by Merton (1973) and also explicitly acknowledged by Jagannathan
(1984) and Grundy (1991).

Implementing option pricing models

175

where > 0 ensures the stationarity of q t which has the following explicit
solution:
Z t
ÿ tÿt0 
q t  e
eÿ tÿs dW s
q0  
t0

where q0  q t0   p t0  ÿ t0 . The above model leads to the same European
call option price formula as the Black±Scholes (1973) model given by equation
(7.2).
The Ornstein±Uhlenbeck process q t also has a normal transition density,
and if the process does display the property of mean reversion ( > 0), then as
t0 ! ÿ1 or t ÿ t0 ! 1, the marginal density of the stochastic process is
invariant to time, i.e. the Ornstein±Uhlenbeck process is stationary with a
Gaussian marginal density.14 The major properties of the trending O-U
process include: (1) unlike the Brownian motion with drift process which is
`dierence-stationary', the O-U process is stationary and hence the trending
O-U process is `trend-stationary', i.e. q t, the detrending process of p t, is a
stationary Gaussian process. (2) The ®rst dierence of lnP t or p t over
 > 0-period, or the -period return of the asset r t   p t 
 q t   is also a stationary Gaussian process with mean and variance
Er t  ; Varr t 

2

1 ÿ eÿ  

7:14

which is dierent from the volatility for the increments of the Brownian
motion with a drift process. Only if
! 0 does Varr t ! 2 . An
implication of trend-stationarity is that the unconditional variance of -period
returns has a ®nite limit as  increases without bound ± in this case 2 = ± in
contrast to the case of a random walk in which the unconditional variance
increases linearly with , i.e. 2 . (3) Increments of both q t and p t are no
longer independent, i.e. for -period dierence of the trending O-U process,
r t   p t  p t ÿ p t ÿ , we have for   ,
Cov r t; r t ÿ   ÿ

2 ÿ
e
2

ÿ

1 ÿ eÿ   2

or
1
Corr r t; r t ÿ   ÿ eÿ
2
14

ÿ

1 ÿ eÿ  

7:15

To derive the stationary unconditional density function of the stochastic process, one can either
assume t0 ! ÿ1 or t ÿ t0 ! 1 to obtain the steady-state marginal density function or assume
the initial p t0  at t0 of the stochastic process follows the steady-state distribution.
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Note that the ®rst-order autocorrelation (  ) of the trending O-U
increments is always less than or equal to zero, bounded below by ÿ 12 and
approaches ÿ 12 as  goes to in®nity, the second-order autocorrelation (  2)
is also always less than or equal to zero and bounded below by ÿ 18 and
approaches ÿ 18 as  goes to in®nity, and so on. These, and other aspects of the
trending O-U process, prove to be serious restrictions for many empirical
applications.
7.2.4

The trending O-U jump-diusion model

Like the Lo±Wang (1995) model in extending the Black±Scholes (1973)
model, in this chapter we extend the Merton (1976a) jump-diusion model by
assuming that the time-trended logarithmic asset prices follow a jumpdiusion process with a linear mean-reverting drift function to incorporate
certain pattern of asset return predictability, i.e.
dp t  ÿ p t ÿ t  dt  dW t  lnY tdQ t

7:16

or
p t  t  q t
dq t  ÿ q tdt  dW t  lnY tdQ t
where > 0. For simplicity, we assume 0  0. The model also represents a
Markov process with discrete parameter and continuous state space, but it
does not always have an explicit solution.
In a special case when lnY t  idN 0; eÿ2 tÿt0   2 , i.e. the jump size is
uncorrelated over time but decays exponentially, where t0 is the initial
time. The process is governed by the transition density given in the
Appendix with conditional mean and variance Eq tjq t0   eÿ tÿt0  q t0 ;
Varq tjq t0   2 =2 1 ÿ eÿ2 tÿt0     t ÿ t0 eÿ2 tÿt0   2 . This process
converges to the Ornstein±Uhlenbeck process since the jump component dies
out as time goes to in®nity. Suppose q t0   N 0; 2 =2 , then Eq t  0;
Varq t  2 =2   t ÿ t0 eÿ2 tÿt0   2 . As t0 ! ÿ1, or t ÿ t0 ! 1, q t
converges to the Ornstein±Uhlenbeck process with a Gaussian marginal
density N 0; 2 =2 . Further dierence from the constant drift jump-diusion
model with iid lognormal jump is that the Ornstein±Uhlenbeck process with an
exponentially decaying jump no longer has independent increments even
though its driving processes, the Brownian motion and compound Poisson,
both do. Let r t   p t  p t ÿ p t ÿ     q t ÿ q t ÿ , we have
2
Er   ; Varr    1 ÿ eÿ       1 ÿ e  2 t ÿ  ÿ t0 eÿ2 tÿt0   2 ;
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Covr t; r t ÿ   ÿ 2 eÿ ÿ 1 ÿ eÿ  2    1 ÿ e   t ÿ  ÿ  ÿ t0 
1 ÿ e  eÿ 2tÿÿ2t0   2 for   . Again as t0 ! ÿ1, or t ÿ t0 ! 1, we
2
have Er   ; Varr  !  1 ÿ eÿ  ; Covr t; r t ÿ  ! ÿeÿ ÿ
2
2
for
  ,
or
Corrr t; r t ÿ  ! ÿ 12 eÿ ÿ
1 ÿ eÿ   2 < 0
ÿ 
1 ÿ e  < 0 for   .
Since the only dierence between (7.16) and (7.9) is the drift term, this model
leads to the same European call option price formula as the Merton (1976a)
model given by (7.7). In particular, if lnY t  iid N 0 ;  2 , the option price
formula is given by (7.8). In this case, the solution of q t is represented by the
following integral:
Z t
Z t
q t  eÿ tÿt0  q t0  
eÿ tÿu lnY udQ u 7:17
eÿ tÿu dW u 
2

t0

t0

It can be shown (see Appendix) that the second term follows a normal
distribution with mean zero and variance
2
1 ÿ eÿ2
2

tÿt0 



The third term follows a compound Poisson distribution with mean
0

1 ÿ eÿ

tÿt0 



and variance
20   2
1 ÿ eÿ2
2

tÿt0 



The distribution is asymmetric and skewed in the same direction as 0
and has fatter tails than the normal distributions. The ®rst dierence of
q t or p t over the -period or the -period return of the asset
r t   p t   q t   is a co-variance stationary process, i.e. the
covariance between r t and r t ÿ  depends only on . When 0  0, its
mean and variance as well as skewness and kurtosis are given by
Er t  ; Varr t 

2   2

1 ÿ eÿ  

E r t ÿ Er t3   0; E r t ÿ Er t4   3Varr t2  0 7:18
where
0 

3 4
1 ÿ eÿ   1 ÿ eÿ
2



 2eÿ2  
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As in the case of the Lo±Wang (1995) model, the return of asset is no longer
uncorrelated, as seen from
2   2 ÿ ÿ
Covr t; r t ÿ   ÿ
e
1 ÿ e  2
2
or
1
Corrr t; r t ÿ   ÿ eÿ ÿ 1 ÿ e  
7:19
2
where   . That is, as in the case of the trending O-U model, the trending
O-U jump-diusion model also assumes that the autocorrelations of stock
returns are negative for all orders over a ®nite time period, with the ®rst-order
autocorrelation bounded between ÿ 12 ; 0 and the second autocorrelation
bounded between ÿ 18 ; 0, and so on.
As Lo and Wang (1995) point out, an obvious de®ciency in the trending
O-U process as a general model of the asset return process is that its returns are
negatively autocorrelated at all lags, which is inconsistent with the empirical
®ndings for autocorrelations of many traded assets. For example, Lo and
MacKinlay (1988, 1990) show that equity portfolios tend to be positively
autocorrelated at shorter horizons, while Fama and French (1988) and
Poterba and Summers (1988) ®nd negative autocorrelation at longer horizons.
The remedy for the above drawback proposed by Lo and Wang (1995) is to
introduce other economic variables which are believed to play a role in
determining the predictability of asset returns. The model proposed is the socalled `multivariate trending O-U' process, with the `bivariate trending O-U'
process as a special case. In this chapter we can extend the trending O-U jumpdiusion process in the same direction, i.e. the following bivariate trending OU jump-diusion process:
dq t  ÿ q t ÿ X tdt  dWq t  lnY tdQ t
dX t  ÿX tdt  x dWx t

7:20

where  0;   0; q t0   q0 ; X t0   X0 , Wx t and Wq t are two standard
Wiener processes such that dWq tdWx t  dt, dWx tdQ t  0, and X t
is another stochastic process that may or may not be observable. The solution
for the above system of linear SDE can be written as
Z t

ÿ tÿt0 
ÿ tÿt0 
ÿ tÿt0 
q t  e
e
q0 
ÿe
X0 
eÿ tÿs dWq s
ÿ
t0
Z t
Z t


eÿ tÿs lnY sdQ s
eÿ tÿs ÿ eÿ tÿs x dWx s 
ÿ  t0
t0
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t

eÿ tÿs x dWx s

7:21

t0

where t  t0 , q t follows a mixture of normal distribution and compounding
Poisson distribution and X follows a normal distribution given the initial
values. The bivariate trending O-U jump-diusion process can capture more
complex patterns of autocorrelation than its univariate counterpart as seen
from the ®rst-order autocorrelation function (see Appendix). For a small
holding period , the ®rst-order autocorrelation function for the special case
  can be derived as
 1  ÿ


2

ÿ

COVqx Vq

1 ÿ COVqx Vq

7:22

where COVqx  Cov q t; x t; Vq  Varq t. In this case,  1 can be
either positive or negative, depending on whether COVqx Vq is greater or
less than =  . Since  1 ! ÿ 12 as  increases without bound for
-period increments, or the continuously compound -period return, of
any stationary process with linear mean-reverting drift function, when
1 > COVqx Vx > =  ,  1 > 0, the bivariate trending O-U jumpdiusion process will display an autocorrelation pattern that matches the
empirical ®ndings of both Lo and MacKinlay (1988) and Fama and French
(1988) simultaneously: positive autocorrelation for a short horizon and
negative autocorrelation for a long horizon. Like the bivariate O-U process in
Lo and Wang (1995), there is no longer a simple relationship between
autocorrelation and the conditional volatility.
7.2.5

The jump-diusion model with predictable jump size

In reality, predictability may not be re¯ected in the directly observed asset
returns but in the not directly observed subordinated process, e.g. the
information ¯ow process. Earlier, several authors, including Mandelbrot and
Taylor (1967) and Clark (1973), proposed to link asset returns explicitly to the
¯ow of information arrivals which are non-uniform through time and quite
often not directly observable. Conceptually, one can think of asset price
movements as the realization of a process P t  P Z t where Z t is a socalled directing process. This positive non-decreasing stochastic process Z t
can be thought of as being related to the arrival of information.15 Suppose
such an information ¯ow has more than a marginal eect on asset prices,
15

This idea of time deformation or subordinated stochastic process was also used by Mandelbrot
and Taylor (1967) to explain fat-tailed returns, by Clark (1973) to explain volatility behaviour
and was recently re®ned and further explored by Ghysels, Gourieroux and Jasiak (1995).
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predictability of the information ¯ow can be modelled by either assuming the
jump intensity follows a temporarily correlated process or the jump size
process follows a predictable process. For instance, in the currency exchange
market, the value of a currency is subject to the changes of monetary policies
or economic situations in both domestic and foreign economies. Major
changes of such factors can be viewed as information shocks to the market,
which are often followed by the release of important macroeconomic news. In
the case that the market overreacts to information shock, it is not surprising to
see that a negative (or respectively positive) jump could be followed by a
positive (or respectively negative) jump. While in the case that the market
underreacts to information shock, there might be a sequential positive or
negative jumps associated with a major information shock. Similarly, in the
stock market one often observes that the stock prices move in a cyclical pattern
consisting of periods of upward movement and periods of downward
movement mixed with periods of directionsless movements. In a upward
trend a positive price change is followed by another positive price change,
while in a downward trend a negative price change is followed by another
positive price change on a daily basis, and the reversing point of such shortterm trends is unpredictable. Such a phenomenon cannot be explained by a
simple diusion process driven by an increment-independent Gaussian Wiener
process. A general speci®cation of the jump process, however, could
substantially reduce the tractability of the model and make it dicult to
investigate its impact on option prices. In this section, we look at the simple
case that the information arrival is still unpredictable, i.e. the Poisson counting
process is still a temporarily independent process, but the jump size is
predictable. That is,
dp t  dt  dW t  lnY tdQ t
dlnY t  ÿlnY tdt  Y dWY t

7:23

or
lnY t  eÿ tÿt0  lnY t0  

Z

t

eÿ tÿs Y dWY s

t0

where dW tdWY t  dWY tdQ t  0, and lnY t is a stationary
process when  > 0 with ElnY t  0; VarlnY t  2Y =2, and
Corr lnY t; lnY t ÿ   eÿ which approaches 1 as  ! 0 and 0 as
 ! 1. That is, the jump size follows a stationary process and has a short
memory, the duration of the memory is determined by the value of parameter 
± a larger value of  represents a shorter duration of memory and a smaller
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value of  represents a longer duration of memory. Since the sign of jump can
be interpreted as the feature of information, say positive or negative news,
such a speci®cation implies that a positive (respectively negative) news is more
likely to be followed by another positive (respectively negative) news, if it ever
arrives. The model can explain the observed cyclical patterns of price
movement for many traded assets.
This model is interesting in that the directly observed process is
unpredictable while only the subordinated (hidden) process is partially
predictable. It can be used to illustrate that such implicit predictability can
also have signi®cant impact on option prices. Let r t  p t ÿ p t ÿ  be the
-period return of the asset. It can be derived (see Appendix) that
Er t  ; Varr t  2 

2Y

2

7:24

and
Corrr t; r t ÿ   0

7:25

for   . More interestingly, the conditional mean and volatility of the asset
returns can be derived as
Er tjF tÿ    

1 ÿ eÿ
lnY t ÿ 


Varr tjF tÿ   Varr t ÿ

 1 ÿ eÿ2  2  1 ÿ eÿ2  2
ln Y t ÿ 
Y 
42
2
7:26

where F tÿ is a natural ®ltration which represents the information available at
time t ÿ . Since lnY t, as an AR(1) process, is a temporarily correlated
process, so is the conditional mean. In addition, the conditional volatility is
time dependent and is driven by a predictable state variable, i.e. the
conditional volatility is not only heteroscedastic but also correlated over
time. This property is consistent with many empirical ®ndings that the
conditional volatility is intertemporally persistent, varying over time and
sometimes clustered with bunching of high and low episodes. In the literature,
the conditional heteroscedasticity in a jump-diusion framework is typically
introduced through the non-jump instantaneous conditional volatility. That
is, the non-jump conditional volatility is changing and yet correlated over
time; see e.g. Jorion (1988), Bates (1995, 1996), Ho, Perraudin and Sùresen
(1996), Bakshi, Cao and Chen (1997), and Scott (1997). From a model
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speci®cation point of view, it is more reasonable to assume  as a constant as it
measures the `normal' vibrations of asset returns and introduce time-varying
and clustering volatility through the jump component which measures the
`abnormal' vibrations of asset returns.
7.3

IMPLICATIONS OF MODEL (MIS-)SPECIFICATION ON OPTION
PRICES

Empirical evidence con®rms systematic mispricing of the Black±Scholes call
option pricing models. These biases have been documented with respect to the
call option's exercise prices, its time to expiration, and the underlying common
stock's volatility; see e.g. Black (1975), Gultekin, Rogalski and Tinic (1982),
MacBeth and Merville (1979), Rubinstein (1985), and Bodurtha and
Courtadon (1987). Various patterns of mispricing of the Black±Scholes
model have been documented in the literature. Since there is a one-to-one
relationship between volatility and the option's price through the Black±
Scholes formula, an equivalent measure for the mispricing of Black±Scholes
model is thus the implicit or implied Black±Scholes volatility, i.e. the volatility
which generates the corresponding option price. The Black±Scholes model
imposes a ¯at term structure of volatility, i.e. the volatility is constant across
both maturity and moneyness of options. In reality this is not the case, and the
Black±Scholes-implied volatility heavily depends on the calendar time, the
time to maturity, and the moneyness of the options.16 The price distortions,
well known to practitioners, are usually documented in the empirical literature
under the terminology of the smile eect, referring to the U-shaped pattern of
implied volatilities across dierent strike prices. The use of implied volatility as
a measure of mispricing has a few advantages. First, since volatility is an input
factor in the Black±Scholes option pricing formula, the implied volatility can
directly measure the magnitudes of input errors. Second, since the Black±
Scholes implied volatility is assumed to be constant over time and to cross
dierent degrees of moneyness and terms of expiration, the comparison base
of the implied volatility is not sensitive to the calendar time, the moneyness, or
the maturity as much as the absolute or relative errors of option prices. Third,
empirical ®ndings on the patterns of implied volatility are well documented
and more agreeable for certain traded assets. The following stylized facts are
extensively documented in the literature (see, for instance, Rubinstein, 1985;
Clewlow and Xu, 1993; Taylor and Xu, 1994): (i) the U-shaped pattern of
implied volatility as a function of moneyness has its minimum centred at nearthe-money options; (ii) the volatility smile is often but not always symmetric as
16

This may produce various biases in option pricing or hedging when Black±Scholes-implied
volatilities are used to evaluate new options with dierent strike prices and maturities.
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a function of moneyness; and (iii) the amplitude of the smile increases quickly
when time to maturity decreases. Indeed, for short maturities the smile eect is
very pronounced while it almost completely disappears for longer maturities.
In this chapter we use a slightly dierent de®nition of moneyness for options
from the conventional one17 following Ghysels, Harvey and Renault (1996).
We de®ne
xt  ln P t=Keÿr Tÿt 
If xt  0, the current stock price P t coincides with the present value of the
strike price K, the option is called at-the-money (ATM); if xt > 0 (respectively
xt < 0), the option is called in-the-money (ITM) (respectively out-of-themoney (OTM)).
7.3.1

The Merton jump-diusion price versus Black±Scholes price

The question raised in Merton (1976a) and answered in details in Merton
(1976b) is as follows. Suppose an investor believes that the stock price
dynamics follow a continuous sample-path process with a constant variance
per unit time and therefore uses the standard Black±Scholes formula to
evaluate the options when the true process for the underlying stock price is
described by the jump-diusion process (7.5) with constant drift. How will the
investor's appraised value based on a misspeci®ed process for the stock
compare with the true value based on the correct process?
To make the comparison feasible and straightforward, Merton (1976b)
assumed that lnY  i:i:d:N ÿ 12  2 ;  2 , or 0  EY ÿ 1  0. Let V 
2   N 2 be the random volatility of the true jump-diusion process for
the -period return, i.e. N is a Poisson-distributed random variable with
intensity parameter . So the true volatility observed over -period is
Vn  2   n 2

7:27

when N  n. From Merton's jump-diusion option price formula, we have the
true option price given by CM  En CBS P t; t; K; T; r; Vn =. Based
on a suciently long time series of data, the investor can obtain a true
unconditional volatility for a -period stock return, i.e.
VBS  EV  2   2 
17

7:28

In practice, it is more common to call an option as at-the-money, in-the-money, or out-of-themoney when P t  K, P t > K, or P t < K respectively. For American-type options with the
possibility of early exercise, it is more convenient to compare P t with K, while for Europeantype options and from an economic point of view, it is more appealing to compare P t with the
present value of the strike price K.
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and the incorrect price of the option based on the Black±Scholes model is
given by CBS  CBS P t; t; K; T; r; VBS =. In general, Merton (1976b)
concluded as follows. First, due to the strict convexity in the stock price of
the Black-Scholes option price formula (7.2), it is straightforward to show that
ceteris paribus, @CM =@ > 0 at   0, i.e. an option on a stock whose return
tends to jump is more valuable than an option on a stock without a jump
component. Second, for xt  0 or P  Keÿr Tÿt , i.e. the option is at the
money, CBS > CM , i.e. the Black±Scholes estimate will be larger than the true
value
and
thus
it
overestimates
the
option.
For
either
xt >> 0 P >> Keÿr Tÿt  or xt << 0 P << Keÿr Tÿt  i.e. the options are
either deep ITM or deep OTM, CBS < CM , i.e. the Black±Scholes price will be
smaller than the true value.
The exact magnitude of the dierence depends very much on the values of
parameters. For maximum eectiveness, Merton (1976b) used the following
four parameters to gauge the speci®c patterns of Black±Scholes model
biases: (i) Xt  P=Keÿr Tÿt  exp xt , i.e. the measure of moneyness; (ii)
V  2   2  T ÿ t, the expected variance, or total volatility, of the
logarithmic return on the stock over the life of the option which depends on
both the stock volatility per unit period and the length of maturity; (iii)
  2 = 2   2 , the fraction of the total expected variance in the stock's
return caused by the jump component which measures the signi®cance of the
jump factor in the process and therefore re¯ects the degree of misspeci®cation
of the Black±Scholes model; (iv) !   T ÿ t=V, the ratio of the expected
number of jumps over the life of the option to the expected variance of the
stock's return. Like , ! is also a measure of the degree of misspeci®cation. For
given values of the above four parameters, Merton (1976b) showed that: (a)
the Black±Scholes model tends to undervalue deep in- or out-of-the-money
options, while it overvalues the near-the-money options; (b) in terms of
percentage dierence, there are two local extreme points: one is the largest
percentage overvaluation of option price at-the-money, and the other is the
largest percentage undervaluation for in-the-money options. There is no local
maximum for the percentage undervaluation for out-of-the-money options,
the error becomes increasingly larger as the option becomes more out-of-themoney; and (c) the magnitude of the percentage error increases as either
increases or ! decreases. In particular, if the value of the total conditional
volatility 2   2 is ®xed, an increase of  2 will have a larger impact on the
option prices. If  2 is ®xed, when  is relatively small, but  2 is relatively
large, then the dierence between the Merton price and the Black±Scholes
price will be relatively larger, especially for short-maturity and out-of-the
money options. Otherwise, if the jump frequency is very high while the
variance of the jump becomes very small, applying the Central Limit Theorem
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(see e.g. Cox and Ross, 1976 for this case), it can be shown that the
compounding Poisson jump process approaches a continuous process with a
corresponding normal distribution in the limit. Thus, the Merton jumpdiusion process and the Black±Scholes continuous sample process would not
be distinguishable and hence the prices of options would not be very dierent.
Merton (1976b) focused his comparison on the relative percentage
dierences of option prices. In this chapter we compare the dierences
between the Merton (1976a) jump-diusion prices and the Black±Scholes
(1973) prices in terms of both absolute biases and relative percentage biases as
well as implied Black±Scholes volatilities. In addition, we also look at the
impact of asymmetric jump on the biases of option prices and the shapes of
implied Black±Scholes volatilities. Setting the stock price P  $40:00, the
strike price K ranges from $35.00 to $50.00, maturities  equal respectively
7; 14; 30; 91 days, and the annualized compound risk-free rate r  5%,
Figure 7.1(a), 7.1(b), 7.2(a), 7.2(b), 7.3(a) and 7.3(b) show the biases of
the Black±Scholes model when stock returns follow a jump-diusion
for
  2 = 2   2  changing from 1=2; to 3=4 while holding
2
   2  0:4  0:022 as constant. The Black±Scholes model tends to
overprice near-the-money options and underprice both deep ITM and OTM
options. The absolute dierences are most pronounced for near-the-money
options, while the percentage dierences are most pronounced for deep OTM
options. Overall, for both absolute and percentage dierences, the biases
increase as the time to expiration decreases and as the values of , i.e. the jump
factor, increases. The implied Black±Scholes volatilities exhibit obvious Ushaped patterns (smiles) as the call option goes from deep OTM to ATM and
then to deep ITM, with the deepest ITM call option implied volatilities taking
the highest values. Furthermore, the volatility smiles are more pronounced
and more sensitive to the time to expiration for short-term options than for
medium-term and long-term options. Overall the implied Black±Scholes
volatility smiles more as increases. Figures 7.1(c), 7.1(d), 7.2(c), 7.2(d), 7.3(c)
and 7.3(d) show similar patterns of biases for the Black±Scholes model with 
decreasing or  2 increasing while holding both  2 and 2   2 (thus ) as
constants. When  1=4 and  decreases from 1=8 to 1=32 and the jump
volatility increases from 0:00032 to 0:00128, both the absolute and percentage
biases increase and the volatility smiles become more pronounced. Figures
7.4±7.6 further show the biases of the Black±Scholes model when the random
jump is asymmetric. As expected, when 0 > 0, i.e. there is an expected
positive jump, the Black±Scholes model tends to underprice OTM options and
overprice ITM options. The absolute biases are more severe for near-themoney short-term options and for deep ITM or deep OTM long-term options.
Similarly, the deep OTM options have the highest percentage errors. It is
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(b) Absolute difference:
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Figure 7.1 Merton (1976a) prices versus Black±Scholes (1973) prices ± absolute dierences
(Merton price ± Black±Scholes price). Setting stock price P  $40.00, strike price K  [$35.00,
$50.00], time to maturity   7, 14, 30, 91 days, annualized compound risk-free rate r  5%.
Parameter values   2 = 2   2 . (a)   0:1, 2  0:2  0:022 ,  2  2  0:022 ,  1=2;
(b)   0:1, 2  0:1  0:022 ,  2  3  0:022 ,
 3=4; (c)   1=8, 2  0:3  0:022 ,
2
2
  0:00032,  1=4; and (d)   1=32,   0:00128, 2  0:3  0:022 ,  1=4

obvious that a negative expected jump induces the implied volatility smile to
be skewed to the right. This oers a potential explanation of the empirically
often observed asymmetric volatility smiles as well as the reverse of slope from
time to time for implied volatilities (see Taylor and Xu, 1994). Even though
there is no clear conclusion on whether the asymmetric smile is a result of
skewed underlying return distribution with excess kurtosis, the above evidence
shows the other direction is true.
7.3.2

The Lo±Wang model price versus Black±Scholes price

Lo and Wang (1995) investigated the eect of predictability of asset returns on
option prices by comparing polar cases of perfect unpredictability (random walk
with drift), i.e. the Black±Scholes option prices and perfect predictability (certain
with linear mean reverting drift), i.e. the option prices based on a trending O-U
process. Let r t be the continuously compounded returns of the asset, i.e.
r t  p t ÿ p t ÿ . The ®rst-order autocorrelation of the arithmetic
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(c) Percentage difference:
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Figure 7.2 Merton (1976a) prices versus Black±Scholes (1973) prices ± percentage dierences
([Merton price ± Black±Scholes price]/Black±Scholes prices). Setting stock price P  $40.00,
strike price K  [$35.00, $50.00], time to maturity   7, 14, 30, 91 days, annualized compound
risk-free rate r  5%. Parameter values   2 = 2   2 . (a)   0:1, 2  0:2  0:022 ,
 2  2  0:022 ,  1=2; (b)   0:1, 2  0:1  0:022 ,  2  3  0:022 ,  3=4; (c)   1=8,
2  0:3  0:022 ,  2  0:00032,  1=4; and (d)   1=32,  2  0:00128, 2  0:3  0:022 ,
 1=4

Brownian motion increments is zero while that of the trending O-U process is
always negative and bounded between ÿ 12 and 0. Therefore, as two competing
models, the estimates of the diusion function ^2 would be dierent (even though
they are all constants) by matching the population moments of the marginal
distribution of the -period asset returns of each process to the sample moments
of the -period asset returns observations. Matching the mean, variance and the
®rst-order autocorrelation, we have for the Brownian motion with drift process,
r  ; s2 r   2GB 
 1  0

7:29

for the trending O-U process, we have
r  ; s2 r  

2OU

1 ÿ eÿ  
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(a) Implied B–S volatility:
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Figure 7.3 Merton (1976a) prices versus Black±Scholes (1973) prices ± implied Black±Scholes
volatility. Setting stock price P  $40.00, strike price K  [$35.00, $50.00], time to maturity   7,
14, 30, 91 days, annualized compound risk-free rate r  5%. Parameter values
  2 = 2   2 : (a)   0:1, 2  0:2  0:022 ,  2  2  0:022 ,  1=2; (b)   0:1,
2  0:1  0:022 ,  2  3  0:022 ,  3=4; (c)   1=8, 2  0:3  0:022 ,  2  0:00032,
 1=4; and (d)   1=32,  2  0:00128, 2  0:3  0:022 ,  1=4

 1  ÿ

1
1 ÿ eÿ  
2

7:30

If returns of the asset over the holding period of the unit interval are used to
obtain the unconditional variance s2 r1  and returns over the holding period of
the -unit interval are used to obtain the ®rst-order autocorrelation coecient
 1, then the relationship between the diusion function of the trending O-U
model 2OU and the diusion function of the geometric Brownian motion model
2GB is
2OU 

ln 1  2 1
1=

 1  2 1

1
2GB ;  1 2 ÿ ; 0
2
ÿ 1

7:31

Up to this point, the option pricing paradox is readily resolved by observing that
the two data-generating processes, the Brownian motion with drift process and
the trending O-U process, must ®t the same price data ± they are, after all, two

Implementing option pricing models
(a) Absolute difference:

189

(b) Absolute difference:
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Figure 7.4 Merton (1976a) prices versus Black±Scholes (1973) prices ± absolute dierences
(Merton price ± Black±Scholes price). Setting stock price P  $40.00, strike price K  [$35.00,
$50.00], time to maturity   7, 14, 30, 91 days, annualized compound risk-free rate r  5%.
Parameter values   0:1, 2  0:3  0:022 ,  2  0:1  0:022 , 2BS  2   20   2 ,
0  ln 1  0  ÿ 12  2 . (a) 0  5%; (b) 0  2%; (c) 0  ÿ2%; and (d) 0  ÿ5%

competing speci®cations of a single price process, the `true' data-generating
process. Therefore, in the presence of autocorrelation, the trending O-U process,
the numerical value for the Black±Scholes input  will be dierent from the case
of no autocorrelation, as in the arithmetic Brownian motion. The above
expression provides a simple adjustment for the input 2 of the Black±Scholes
option price formula using the unconditional variance s2 r1  of returns sampled
at unit intervals, and the ®rst-order autocorrelation  1 of returns sampled at
-intervals.
Therefore when implementing the Black±Scholes model, the input value of
2 needs to be adjusted, i.e. not 2GB but 2OU . It can be veri®ed that the
adjustment factor ln 1  2 1=  1  2 11= ÿ 1 ! 1 as  1 ! 0
and ! 1 as  1 ! ÿ 12, and increasing in the absolute value of  1, hence
the adjustment factor is greater than or equal to one. This implies that the
option prices calculated from the trending O-U process are always higher than
or equal to those calculated from the standard Black±Scholes model, and that
the dierence is an increasing function of the absolute value of the ®rst-order
autocorrelation coecient. The impact of a speci®cation error in the drift can
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(d) Percentage difference:
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Figure 7.5 Merton (1976a) prices versus Black±Scholes (1973) prices ± percentage dierences
([Merton price ± Black±Scholes price]/Black±Scholes price). Setting stock price P  $40.00,
strike price K  [$35.00, $50.00], time to maturity   7, 14, 30, 91 days, annualized compound
risk-free rate r  5%. Parameter values   0:1, 2  0:3  0:022 ,  2  0:1  0:022 ,
2BS  2   20   2 , 0  ln 1  0  ÿ 12  2 . (a) 0  5%; (b) 0  2%; (c) 0  ÿ2%; and
(d) 0  ÿ5%

be related to the sensitivity of the Black±Scholes formula to changes in
volatility . This sensitivity is measured by the derivative of the p
call
price

 with
respect to , and is often called the option's `vega' @C=@  P t T ÿ t0 d1 ,
where d1 is de®ned in the Black±Scholes option pricing formula. From this
expression, we can see that the prices of shorter-maturity options are less
sensitive to changes in , while the prices of longer-maturity options are more
sensitive. With given values of the parameters, Lo and Wang (1995) found
that: (i) for ®xed , the dierence is more signi®cant as the strike price increases
even for short-term maturity options; (ii) as the maturity of options gets longer
and the level of autocorrelation of the ®xed interval returns (in terms of its
absolute value as  1 2 ÿ 12 ; 0 for O-U process) gets higher, the dierence
becomes more pronounced.18
18

However, as the return horizon  increases, the dierence of option prices becomes increasingly
less sensitive to predictability given the same level of autocorrelation. This is a symptom of all
diusion processes, since the increments of any diusion process become less autocorrelated as
the dierencing interval declines.
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Figure 7.6 Merton (1976a) prices versus Black±Scholes (1973) prices ± implied Black±Scholes
volatility. Setting stock price P  $40.00, strike price K  [$35.00, $50.00], time to maturity
  7; 14; 30; 91 days, annualized compound risk-free rate r  5%. Parameter values   0:1,
2  0:3  0:022 ,  2  0:1  0:022 , 2BS  2   20   2 , 0  ln 1  0  ÿ 12  2 . (a)
0  5%; (b) 0  2%; (c) 0  ÿ2%; and (d) 0  ÿ5%

This is sucient to say that not only the diusion function but also the
drift function matters for the option prices. And one of the important
implications of the Black±Scholes option pricing model that investors only
have to agree upon is the diusion function 2 , not the drift function, is
under severe challenge. Figures 7.7±7.9 show the dierences between the
Black±Scholes option prices and the Lo±Wang prices when the underlying
stock return's predictability is induced by linear mean-reverting drift. For
the above reason, the Black±Scholes model underprices all options, most
severely for long-term options in terms of absolute dierence and deep
OTM options in terms of percentage dierence. As the absolute value of
autocorrelation  increases, the dierence increases. The implied Black±
Scholes volatility is ¯at as both the trending O-U diusion process and the
arithmetic Brownian motion process assume constant conditional volatility.
However the implied volatility is higher than the volatility calculated from
the underlying arithmetic Brownian motion, i.e. the historical volatility.
Interestingly, this observation is consistent with empirical ®ndings on many
traded assets that the implied Black±Scholes volatility from the observed
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Figure 7.7 Lo±Wang (1995) prices versus Black±Scholes (1973) prices ± absolute dierences
(Lo±Wang price ± Black±Scholes price). Setting stock price P  $40.00, strike price K  [$35.00,
$50.00], time to maturity   7, 14, 30, 91 days, annualized compound risk-free rate r  5%.
Parameter values 2  0:022 , (a)   ÿ0:1; (b)   ÿ0:2; (c)   ÿ0:3; and (d)   ÿ0:4

option prices is often higher than the historical volatility of the underlying
process.
To further understand the relationship between the unconditional moments
of the data or the population, the predictability of the asset's return or the drift
term, and the instantaneous volatility of the process, one can use the fact that a
diusion process is fully speci®ed by its ®rst two moments. Suppose q t
follows a well-de®ned diusion process as
dq t   q tdt   q tdWt
with q t0   q0 . Since the Brownian motion process Wt is a Gaussian process
whose distribution is entirely characterized by its ®rst two moments, it turns
out that the distribution of the diusion process which is driven by the
Brownian motion is also entirely characterized by the ®rst two moments of the
process, i.e. the instantaneous mean
 q t  lim Ef
h!0

q t  h ÿ q t
jq t !  q tg
h
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Figure 7.8 Lo±Wang (1995) prices versus Black±Scholes (1973) prices ± percentage dierences
([Lo±Wang price ± Black±Scholes price]/Black±Scholes price). Setting stock price P  $40.00,
strike price K  [$35.00, $50.00], time to maturity   7, 14, 30, 91 days, annualized compound
risk-free rate r  5%. Parameter values 2  0:022 , (a)   ÿ0:1; (b)   ÿ0:2; (c)   ÿ0:3;
and (d)   ÿ0:4

and the instantaneous variance
2 q t  lim Ef
h!0

q t  h ÿ q t2
jq t !  q tg
h

As a regular strong Markov process (see regularity conditions in e.g. Jiang and
Knight, 1997), the underlying structure of the diusion is entirely characterized by its transition density function which is related to the coecients of the
diusion model through either the Kolmogorov backward equation or the
Kolmogorov forward (or Fokker±Planck) equation (e.g. see Karlin and
Taylor, 1981). This implies that speci®cation of the drift and diusion
functions   and   fully characterize the Markov structure, i.e. the
dynamic properties, through the transition probability function.
Stronger relations between the coecients of the diusion process and its
marginal density function can be derived if the stochastic process is stationary in
the strict sense, or equivalently,Rthere exists a stationary initial probability density
f q0  such that f q t  x  f q t  xjq0  uf q0  udu  f q0  x for
any x in the state space. Solving f q t from the Kolmogorov forward
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Figure 7.9 Lo±Wang (1995) prices versus Black±Scholes (1973) prices ± implied Black±Scholes
volatility. Setting stock price P  $40.00, strike price K  [$35.00, $50.00], time to maturity   7,
14, 30, 91 days, annualized compound risk-free rate r  5%. Parameter values 2  0:022 , (a)
  ÿ0:01; (b)   ÿ0:2; (c)   ÿ0:3; and (d)   ÿ0:4

equation for ÿ1 < q t < 1 (e.g. log-stock prices are distributed over
ÿ1; 1), we have
Z qt
A
 u
f q t  2
expf2
dug
7:32
2
 q t
q0  u
with the boundary conditions f 1  f 0 1  0, or  1 
0 1  0, where A is the normalizing constant, q0 is an arbitrary interior
point of the state space, i.e. ÿ1 < q0 < 1. This implies further that the
marginal density, i.e. the static properties, of the underlying Markov process is
fully characterized by its coecients under the regularity conditions. For
example, from (7.32) we can derive that: (i) if  q t  ÿq t  > 0;
   , f q t turns out to be a Gaussian density over ÿ1; 1; (ii) if
 q t  ÿq t  > 0;  q t  q t1=2 , f q t turns out to be a Gamma
density over 0; 1.
As with the boundary condition f 1  f 0 1  0 , we have
 qt  

1
d 2
 qt f qt 
2f qt  dqt
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or
2
 qt  
f qt 
2

Z

qt

 U f UdU

ÿ1

That is, with any functional form speci®cation for either the drift or the
diusion term, the other term will be speci®ed through the above equations
given the marginal density function of the diusion process. For instance, (i) if
we specify the drift term as a constant, i.e.  q t  , it implies that
2 q t  2

F q t
f q t

where F q t and f q t are respectively the marginal cumulative distribution
and probability density functions; (ii) If we impose the linear speci®cation of
the drift term, i.e.  qt   a  bqt , it implies that
 2 qt  

2F qt 
a  bEYt yt 
f qt 

where Yt is a random variable with probability density function fYt yt  
f yt =F qt , 0  yt  qt . Similarly, (i) if we specify the diusion term as a
constant, i.e.  qt   , it implies that
 qt  

 2 f 0 qt 
2 f qt 

(ii) If we specify the diusion term as the square-root of the level of the
1=2
stochastic process, i.e.  qt   qt , it implies that


2
f 0 qt 
1  qt
 qt  
f qt 
2
It is obvious that the drift and diusion functions are related to each other
through ®tting into the given conditional and/or unconditional distribution of
underlying state variables.
7.3.3 Trending O-U jump-diusion prices versus Black±Scholes, Merton
jump-diusion, and Lo±Wang model prices
In this section, we will investigate the joint eect of predictability and
discontinuity in asset returns on option prices by comparing the option prices
based on the Black±Scholes (1973) model, the Merton (1976a) model and the
Lo±Wang (1995) model with those based on the trending O-U jump-diusion
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model in Section 7.2.4. The question we raise and will be answered in this
chapter is as follows. If the true process for the underlying asset price is
described by the trending O-U jump-diusion process in (7.16), but investor A
believes that the asset price dynamics follow a continuous sample path process
with a constant variance per unit time, therefore asset returns are perfectly
unpredictable, so the investor uses the standard Black±Scholes option price
formula (7.2) to evaluate the options on the asset. Investor B believes that the
asset price dynamics also follow a continuous sample path process with a
constant variance per unit time but a linear mean reverting drift, therefore
asset returns are perfectly predictable, so the investor also uses the standard
Black±Scholes option price formula (7.2) to evaluate options on the asset but
with the input of an adjusted volatility based on the level of ®rst-order
autocorrelation. Investor C believes that the asset price dynamics follow a
jump-diusion process and the logarithmic asset price is a random walk,
therefore asset returns are perfectly unpredictable, so the investor uses
Merton's jump-diusion option price formula (7.8) to evaluate the options on
the asset. How will investors A, B and C 's appraised values compare with the
true values based on the correct process?
To make the comparison feasible and to clarify the nature of the
misspeci®cation, it is further assumed as in Merton (1976b) that Y t is i.i.d.
lognormal, i.e. lnY t  N ÿ 12  2 ;  2  or 0  EY t ÿ 1  0. In the next
section we will relax this assumption and assume that Y t is not i.i.d. but
temporally correlated. For the true process, let N 2 be the jump volatility over
the -period, where N is a Poisson-distributed random variable with intensity
parameter . So the true jump volatility observed is n 2 when N  n. The true
option price is given by (7.8) with input of the conditional volatility
Vn  2   n 2 in the risk-neutral speci®cation. Suppose there is one
discretely sampled path of the process over -intervals with a sampling period
long enough and a sample size large enough so that the sample moments are
r be the mean of the sample and
the same as the population moments. Let 
s2 r  the variance of the sample. We have
r  ; s2 r  
 1  ÿ

1 ÿ eÿ

1
1 ÿ eÿ  
2



2   2 
7:33

Trending O-U jump-diusion price versus Black±Scholes price
For investor A, since it is believed that the underlying asset return process
is a Brownian motion with a drift process or a random walk with drift, the
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distribution is totally determined by its ®rst two moments, the constant
drift and diusion coecients can be determined by matching the
moments,
r  A ; s2 r   2A 
 1  0

7:34

The option price formula used by A is the Black±Scholes formula with
input of the volatility 2A .
The dierence between investor A's price and the true price is due to the
missing of both jump and predictability. Even though both processes are
matched to the same data-generating process, the induced conditional
volatility for the two models is dierent, i.e.
2A  6 EVn   2   2 
unless

7:35

 0. Since
1
 ÿ ln 1  2 1


7:36

The relationship between 2A and EVn  can be derived as
2A 

2 1
2   2 ;  2 ÿ 12 ; 0
ln 1  2 1

7:37

It can be veri®ed that 2 1=ln 1  2 1 ! 1 as  1 ! 0 and 0 as
 1 ! ÿ 12, and is a decreasing function of the absolute value of  1,
therefore 2 1=ln 1  2 1 will be less than or equal to one for
 1 2 ÿ 12 ; 0.
Figures 7.10±7.12 illustrate how the trending O-U jump-diusion prices and
Black±Scholes prices dier. Due to the presence of jump, Black±Scholes tends
to overestimate near-the-money options and underestimate deep OTM and
ITM options, while due to the presence of predictability induced by linear
mean-reverting drift function, the Black±Scholes model tends to underestimate all options as 2A  2   2 . While the jump factor has more impact
on the short-term options, the presence of predictability has more impact on
long-term options. When both factors are present, there is a trade-o for the
valuation of near-the-money options. Figures 7.10(a), 7.10(b), 7.11(a) and
7.11(b) show that when the jump factor is relatively small (  1=4), all
options tend to be underpriced by the Black±Scholes model. As expected, the
mispricing is most severe for long-term options in terms of the absolute
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(a) Absolute difference:

(b) Absolute difference:
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(c) Absolute difference:

(d) Absolute difference:
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Figure 7.10 Trending O-U J-D prices versus Black±Scholes (1973) prices ± absolute dierences
(trending O-U J-D price ± B±S price). Setting stock price P  $40.00, strike price K  $35.00,
$50.00], time to maturity   7, 14, 30, 91 days, annualized compound risk-free rate r  5%.
Parameter values   0:1, (a) 2  0:3  0:022 ,  2  0:1  0:022 ,  1=4.   ÿ0:05; (b)
2  0:3  0:022 ,  2  0:1  0:022 ,
 1=4,   ÿ0:20; (c) 2  0:1  0:022 ,
2
2
  0:3  0:02 ,
 3=4,   ÿ0:05; and (d) 2  0:1  0:022 ,  2  0:3  0:022 ,
 3=4,   ÿ0:20

dierences and for deep OTM options in terms of the percentage dierences.
Figures 7.10(c), 7.10(d), 7.11(c) and 7.11(d) show that as the jump factor
increases to  3=4, the Black±Scholes model tends to underprice short-term
near-the-money options when the predictability is weak (low value of jj).
However, as jj increases, the near-the-money options are again undervalued
by the Black±Scholes model when jj increases to 20%. In this case, the
mispricing is most severe for both long-term options and near-the-money
short-term options in terms of absolute dierences. Also as expected, the
implied volatility `smile' is more pronounced for models with larger jump
factors, as illustrated in Figures 7.12(c) and 7.12(d) compared to Figures 7.3(a)
and 7.3(b). The dierences between implied Black±Scholes volatilities are
aected by both the jump factor and the predictability. Similarly, the implied
Black±Scholes volatility is higher than the historical Black±Scholes volatility,
especially for models with higher absolute values of autocorrelations or
stronger predictability.
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(b) Percentage difference:
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(d) Percentage difference:

(c) Percentage difference:
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Figure 7.11 Trending O-U J-D prices versus Black±Scholes (1973) prices ± percentage
dierences ([trending O-U J-D price ± B±S price]/B±S price). Setting stock price P  $40.00,
strike price K  [$35.00, $50.00], time to maturity   7, 14, 30, 91 days, annualized compound
risk-free rate r  5%. Parameter values   0:1, (a) 2  0:3  0:022 ,  2  0:1  0:022 ,
 1=4.   ÿ0:05; (b) 2  0:3  0:022 ,  2  0:1  0:022 ,
 1=4,   ÿ0:20; (c)
2
  0:1  0:022 ,  2  0:3  0:022 ,
 3=4,   ÿ0:05; and (d) 2  0:1  0:022 ,
 2  0:3  0:022 ,  3=4,   ÿ0:20

Trending O-U jump-diusion price versus Lo±Wang price
Investor B believes that the underlying asset price process also has constant
volatility per unit time but the asset return has perfect predictability in terms of
autocorrelation due to the linear mean reverting drift function. Investor B also
uses the standard Black±Scholes option price formula (7.3) but the input of
volatility is adjusted through matching the following unconditional moments:
r  B ; s2 r  
 1  ÿ

1 ÿ eÿ



2B

1
1 ÿ eÿ  
2

In this case, 2B  EVn =  2   2 , i.e. the conditional volatility, is the
same as the true model. The only dierence is that investor B misspeci®es the
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(b) Implied B–S volatility:

(a) Implied B–S volatility:
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(d) Implied B–S volatility:

(d) Implied B–S volatility:
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Figure 7.12 Trending O-U J-D prices versus Black±Scholes (1973) prices ± implied Black±
Scholes volatility. Setting stock price P  $40.00, strike price K  [$35.00, $50.00], time to
maturity   7, 14, 30, 91 days, annualized compound risk-free rate r  5%. Parameter values
  0:1, (a) 2  0:3  0:022 ,  2  0:1  0:022 ,  1=4.   ÿ0:05; (b) 2  0:3  0:022 ,
 2  0:1  0:022 ,  1=4,   ÿ0:20; (c) 2  0:1  0:022 ,  2  0:3  0:022 ,  3=4,
  ÿ0:05; and (d) 2  0:1  0:022 ,  2  0:3  0:022 ,  3=4,   ÿ0:20

true jump-diusion model as a continuous sample path process. The eect on
option prices would be exactly as investigated in Merton (1976b) and Section
7.3.1.

Trending O-U jump-diusion price versus Merton price
Investor C believes that the underlying asset price process follows a jumpdiusion and the asset returns are perfectly unpredictable and hence uses
Merton's option pricing model (7.8). Let VC  2C   NC2 be the conditional
random volatility of the jump-diusion process speci®ed by investor C, where
N is a Poisson distributed random variable with intensity parameter C . The
parameters are to be estimated from the underlying sampling path and the
option prices are to be calculated using the Merton's option pricing model
(7.8) with the input of volatility VCn  2C  nC = when N  n. The
expected conditional volatility over the -period is EVC   2C  C C2 . To
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determine the parameters' value, one can match the following unconditional
moments:
r  C ; s2 r   2C  C C2 
 1  0

7:38

from which we expect that the parameter values of 2C ; C ; and C2 are dierent
from the true values 2 ;  and  2 as
C  
2C  C C2  

1 ÿ eÿ



2   2 

7:39

Since option prices are determined not only by the total value of 2C  C C2 
but also by the value of C C2 given 2C  C C2  and the value of C given
C C2 , the value of each individual parameter matters. The above moment
conditions are not sucient to determine the values of 2C ; C and C2 given the
true parameter values 2 ; ; and  2 . We need at least two more moment
conditions to determine the parameter values. One way to determine the
relationship between the parameters in the misspeci®ed model and the
parameters in the true model is to solve for the ML estimators of the above
parameters as functions of the parameter values of the true data-generating
process. Unfortunately there are no explicit solutions. Here we use the method
of cumulants matching, a variant of method of moments, to identify the
parameter values.19
Let Ki ; i  1; 2; :::; be the ith cumulant of the random variable. Based on the
model speci®ed by investor C, i.e. the model in Merton (1976b), one can derive
that
K1  C ; K2  2C  C C2 
K3  K5  0; K4  3C4 C C ; K6  15C6 C C

19

7:40

The method of cumulants matching are often used in the ®nance literature to estimate jumpdiusion processes, see e.g. Press (1967), and Beckers (1981). As always, since the underlying
model is misspeci®ed, strictly speaking such an approach may involve both speci®cation risk and
estimation risk in pricing options as the choice of dierent cumulants may lead to dierent
relationships between the misspeci®ed parameters and the true parameters. However, investor C
is not aware of the estimation risk as he believes that the speci®ed process represents the true
data-generating process (DGP) and the parameters are as if identi®ed from the population instead
of the sampling observations. In addition, the focus of this section is on misspeci®cation errors
instead of estimation errors which we will discuss in Section 7.4.
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from which we can solve for
C  K1 =; C  25K43 =3K62 
2C  K2 = ÿ 5K42 =3K6 ;  2  K6 =5K4

7:41

Based on the true O-U jump-diusion process in (25), one can derive that (see
Appendix)
K1  ; K2 

2   2

K4 

3 4
1 ÿ eÿ4
4

K6 

15 6
1 ÿ eÿ6
6



1 ÿ eÿ  ; K3  K5  0

 1 ÿ eÿ   4 


 1 ÿ eÿ   6 

7:42

Matching the cumulants of the true data-generating process and those of the
misspeci®ed model, we have
C  
C 

9 1 ÿ eÿ4



16  1 ÿ eÿ6

 1 ÿ eÿ  4 3


 1 ÿ eÿ  6 2



2C 

2   2
3 2 1 ÿ eÿ4   1 ÿ eÿ  4 2
1 ÿ eÿ   ÿ

8  1 ÿ eÿ6   1 ÿ eÿ  6

C2 

2 2 1 ÿ eÿ6
3 1 ÿ eÿ4




 1 ÿ eÿ   6

 1 ÿ eÿ   4

7:43

It can be veri®ed that as  1 ! 0 or ! 0; C  ; 2C  2 , and C2   2 . It
can also be veri®ed that, for  1 2 ÿ 12 ; 1 or 2 0; 1, C is increasing
with , C   and C is a decreasing function of the absolute value of  1 or
; C2 is also increasing with  2 , C2   2 and C2 is an convex function of the
absolute value of  1 or ; 2C is increasing with both 2 and  2 , the
relationship between 2C and or  1 depends on the values of 2 ; , and  2 .
Further, C  C C2 = 2C  C C2     2 = 2   2  and C is a convex
function of the absolute value of  1 or ; !C  C = 2C  C C2   ! 
= 2   2  and !C is a concave function of  1 or . The ®rst relationship
indicates that the misspeci®ed model predicts a weaker jump factor in pricing
options, while the second relationship indicates that the misspeci®ed model
predicts a stronger jump factor in pricing options. The exact eect is due to the
dominance between these two eects.
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Figures 7.13 and 7.14 illustrate the dierences between trending O-U jumpdiusion prices and Merton (1976a) prices. In Figures 7.13(a), 7.13(b), 7.14(a)
and 7.14(b) when the jump factor is relatively small,  1=4, similar to the
dierences between the Lo±Wang (1995) model and the Black±Scholes (1973)
model, all options are undervalued by the Merton model when the
predictability induced by the linear mean-reverting function is present, with
near-the-money and long-term options having the most severe absolute biases
and deep OTM and long-term options the most severe relative percentage
biases. However, when the jump factor increases to  1, that is, the process is
a pure jump process, the jump factor dominates for the short-term near-themoney options. As a result, the Merton model tends to overestimate short-term
near-the-money options, while still signi®cantly underestimating other options.
As noted, the above trending O-U jump-diusion process permits only
negative autocorrelations of all orders for the asset returns and restricts the
patterns of predictability. A remedy of this drawback is an extension of the
drift term to include more stochastic state variables, such as the bivariate
trending O-U jump-diusion process. However, like the bivariate O-U process
in Lo and Wang (1995), there is no longer a simple relationship between
autocorrelation and the conditional volatility. Thus there is no simple
adjustment to the input of conditional volatility in the option pricing formula
as we have seen. The bivariate O-U jump-diusion model can serve as an
example to show explicitly that increasing autocorrelation can aect option
prices in either direction, depending on the particular speci®cation of the
drift function (see Lo and Wang, 1995). Unless predictability is de®ned in a
speci®c manner as in Lo and Wang (1995) in which there is an unambiguous
relation between predictability and option prices,20 a simple relation between
predictability and option prices is not available.
3.4 Option prices with predictable jump size versus Black±Scholes and
Merton prices
Implications of the predictable jump sizes on option prices compared to the
Black±Scholes option prices and Merton jump-diusion option prices can be
investigated similarly. If there is a large enough sample over a suciently long
sampling period so that both the Black±Scholes volatility 2BS and the
20
The most common de®nition of predictability is the R2 coecient, i.e. the fraction of the
unconditional variance of the dependent variable that is `explained' by the conditional mean or
predictor. This interpretation is appropriate with following three additional restrictions: (1) the
unconditional variance of returns is ®xed; (2) the drift is not a function of the log-price process
(i.e. =0); (3) Wq and Wx are statistically independent. Under these restrictions, it may be shown
that an increase in predictability, measured by R2 , always decreases  and therefore decreases
option prices.
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(b) Absolute difference:
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Figure 7.13 Trending O-U J-D prices versus Merton (1976a) prices ± absolute dierences
(trending O-U J-D price ± Merton price). Setting stock price P  $40.00, strike price K  [$35.00,
$50.00], time to maturity   7, 14, 30, 91 days, annualized compound risk-free rate r  5%.
Parameter values   0:1, (a) 2  0:3  0:022 ,  2  0:1  0:022 ,  1=4,   ÿ0:05; (b)
2  0:3  0:022 ,  2  0:1  0:022 ,  1=4,   ÿ0:20; (c) 2  0:00,  2  0:4  0:022 ,
 1,   ÿ0:05; and (d) 2  0:00,  2  0:4  0:022 ,  1,   ÿ0:20

parameters of Merton jump-diusion volatility VM can be identi®ed by
matching to the moments of true distribution (see Appendix), we have the
volatility input of the Black±Scholes option pricing formula
2BS  2 

2Y
2

7:44

and the input of the Merton jump-diusion option pricing formula
n
VM
 2  n

2Y
2

7:45

n
where n is Poisson-distributed with intensity , i.e. EVM
  2  2Y =2. The
2
Black±Scholes option prices are given by (7.2) with BS as input of volatility,
n
while the Merton jump-diusion prices are given by (7.8) with VM
as input of
volatility. Under the assumption that risk associated with the jump and jump
size process is non-systematic and diversi®able, a similar PDE as (7.6) can be
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(b) Percentage difference:
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(c) Percentage difference:
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Figure 7.14 Trending O-U J-D prices versus Merton (1976a) prices ± percentage dierences
([trending OU JD ± Merton price]/Merton price). Setting stock price P  $40.00, strike price
K  [$35.00, $50.00], time to maturity   7, 14, 30, 91 days, annualized compound risk-free rate
 1=4,
r  5%. Parameter values   0:1, (a) 2  0:3  0:022 ,  2  0:1  0:022 ,
  ÿ0:05; (b) 2  0:3  0:022 ,  2  0:1  0:022 ,
 1=4,   ÿ0:20; (c) 2  0:00,
 2  0:4  0:022 ,  1,   ÿ0:05; and (d) 2  0:00,  2  0:4  0:022 ,  1,   ÿ0:20

derived for the call option prices except that the expectation of the jump
component is conditional on initial time t. The true option prices, however, do
not have a closed-form solution due to the dependence of jump size, but can be
obtained through Monte Carlo simulation based on the risk-neutral
speci®cation of the asset price process where the instantaneous return of the
asset is replaced by the risk-free rate of return.21 The simulation of the jump
component is based on the discrete approximation of Euler scheme,
R t 
P
i.e. t00 lnY tdQ t  M
i0 lnY t0  i Q t0  i  1 ÿ Q tR0  i
t i
where
  =M,
lnY t0  i  eÿ lnY t0  i ÿ 1  t00 iÿ1
ÿ t0 iÿt
e
Y dWY t and Q t0  i  1 ÿ Q t0  i  Poisson distribution with intensity parameter . The discretization error of the
approximation goes to zero uniformly in probability over a ®nite time interval
as the discretization interval goes to zero, i.e. M ! 1 (see Protter and Talay,
21

For the same reasons as the Merton (1976a) jump-diusion model, the model speci®ed here
with modi®ed parameters is also relevant in pricing options even under a non-diversi®able jump
risk or more general distributional assumptions.

206

Return Distributions in Finance

1996). In our simulation, the initial jump size is randomly
drawn from its
2
marginal distribution using the fact that lnY t0   N 0; 2Y  and the dynamics
of the jump size is simulated following the exact
dynamic path using the fact
R t i
2
that t00 iÿ1 eÿ t0 iÿt Y dWY t  N 0; 2Y 1 ÿ eÿ2 . Throughout the
simulation, the antithetic variable technique is used to reduce the variation
of the option prices (see Boyle, Broadie and Glasserman, 1996). The
discretization interval is set as 10 intervals per day and the number of
replication is set as 50; 000.
Figures 7.15±7.17 compare the option prices generated by jump-diusion
process with predictable jump sizes with Black±Scholes option prices, and
Figures 7.18, and 7.19 compare the option prices generated by the jumpdiusion process with predictable jump sizes with Merton (1976a) option
prices. As expected, the pricing errors for both the Black±Scholes model and
the Merton model increase as the predictability of the jump size increases, i.e.
the value of the memory duration parameter  decreases. Overall, the Merton
(1976a) model tends to underprice options, and the absolute pricing errors are
most severe for long-term options. This is similar to the case of predictable
asset returns in which the ®rst conditional moment of asset returns is
predictable, while in this case when the jump size is predictable, both the ®rst
and second conditional moments of asset returns are predictable. The relative
percentage errors of the Merton model are most severe for OTM options,
more signi®cantly for short-maturity options when  is high or the
predictability of jump size is low but for all options including long-maturity
options when  is low or the predictability of jump size is high. The pricing
errors of the Black±Scholes model is mixed due to the misspeci®cation of both
jump and conditional heteroscedasticity induced by predictable jump sizes.
Since the predictability of jump size has more impact on long-maturity options
and the jump component has a greater eect on short-maturity options, the
Black±Scholes model tends to underprice long-maturity options as well. For
short-term options, it tends to overprice near-the-money options but
underprice both deep ITM and OTM options. Similarly, the relative pricing
errors are most severe for deep OTM options, more signi®cantly for shortmaturity options when  is high or the predictability of jump size is low but for
all options including long-maturity options when  is low or the predictability
of jump size is high. The implied volatility of the option prices generated from
the jump-diusion process with predictable jump size is obviously U-shaped,
and the smile is more pronounced for short-maturity options. For longmaturity options, the implied volatility is almost ¯at across dierent degrees of
moneyness. Still, in general the implied Black±Scholes volatility is higher than
the underlying volatility, in particular for a lower value of  or a higher
predictability of jump sizes.
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Figure 7.15 Prices with predictable jump size versus Black±Scholes (1973) prices ± absolute
dierences (J-D price ± Black±Scholes price). Setting stock price P  $40.00, strike price
K  [$35.00, $50.00], time to maturity   7, 14, 30, 91 days, annualized compound risk-free rate
r  5%. Parameter values   0:1, 2  0:3  0:022 , 2BS  2   2Y =2. The conditional
volatility of jump size process: 2Y  0:022 , and the mean-reversion parameter: (a)   0:5; (b)
  0:25; (c)   0:1; and (d)   0:05

7.4
7.4.1

DISCUSSION OF RELATED ISSUES
Information contained in historical asset prices and option prices

The dynamics of an asset's price movement are re¯ected in the historical price
series, and such information is often referred as primitive information. When
options on the asset are also traded on exchanges, the observed prices
represent another source of information on the asset price dynamics, which is
often referred as derivative information. While the primitive information
consists of historical observations, the derivative information represents a
market's forecast of the asset price movements in the future. As Melino (1994)
also argues, since information about the stochastic properties of an asset price
movements is contained in both the history of the price series as well as the
prices of any options written on it, it is thus important and natural to combine
two sources of information in model speci®cation and selection as well as
pricing options.
However, in practice the historical time series of asset prices are not always
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Figure 7.16 Prices with predictable jump size versus Black±Scholes (1973) prices ± percentage
dierences ([J-D price ± B-S price]/B-S price). Setting stock price P  $40.00, strike price
K  [$35.00, $50.00], time to maturity   7, 14, 30, 91 days, annualized compound risk-free rate
r  5%. Parameter values   0:1, 2  0:3  0:022 , 2BS  2   2Y =2. The conditional
volatility of jump size process: 2Y  0:022 , and the mean-reversion parameter: (a)   0:5; (b)
  0:25; (c)   0:1; and (d)   0:05

available. Even they are, it is not always easy to estimate the underlying model
due to its complicated structure. Alternatively, a commonly used estimation
method is to imply the underlying price process from observed market option
prices. The problem with the use of the implied estimation method is that
many applications often rely solely on the option prices observed at a single
point of time to estimate (or back up) the underlying state variable dynamics
and predict future (out-of-sample) option prices. From a statistical point of
view, such a procedure has a few drawbacks. First, implied in the option prices
is only the risk-neutral speci®cation of underlying asset return dynamics in the
equivalent martingale measure. Therefore the estimated model can only
provide partial information for whether the underlying model speci®cation in
the objective measure is a reasonable representation of the true datagenerating process. Second, in general the derivatives are less actively traded
and less liquid than the underlying asset. Thus the options' trading is more
subject to market microstructure-related spurious eects and thus the option
prices tend to contain more noise. Apart from the fact that most option prices
and underlying asset prices are not observed synchronously as they are often
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(a) Implied B–S volatility:

T – 1-7 days
T – 1-14 days
T – 1-30 days
T –1-91 days
B–S Volatility

(c) Implied B–S volatility:
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(b) Implied B–S volatility:

T – t=7 days
T – t=14 days
T – t=30 days
T – t=91 days
B–S Volatility

(d) Implied B–S volatility:

T – t=7 days
T – t=14 days
T – t=30 days
T – t=91 days
B–S Volatility

T – t=7 days
T – t=14 days
T – t=30 days
T – t=91 days
B–S Volatility

Figure 7.17 Prices with predictable jump size versus Black±Scholes (1973) prices ± implied
Black±Scholes volatility. Setting stock price P  $40.00, strike price K  [$35.00, $50.00], time to
maturity   7, 14, 30, 91 days, annualized compound risk-free rate r  5%. Parameter values
  0:1, 2  0:3  0:022 , 2BS  2   2Y =2. The conditional volatility of jump size process:
2Y  0:022 , and the mean-reversion parameter: (a)   0:5; (b)   0:25; (c)   0:1; and (d)
  0:05.

traded in dierent markets, such noises can severely contaminate the
estimation results and invalidate the statistical tests. Third, the option prices
observed at a single point of time often fail to provide sucient information to
identify the dynamic properties of the underlying asset returns. This is
evidenced in the dramatic day-to-day changes of the implied parameter values
due to poor identi®cation of the model. As Bates (1994) points out, one
implication of the identi®cation problem is that the parameter estimates of the
model are uninformative. For instance, two sets of dierent parameter values
can lead to similar sums of squared errors, which further invalidates any
statistical tests of the model. Finally, the information contained in the
sampling observations of underlying asset prices is neglected, which reduces
the eciency of the estimation procedure.
To combine both the primitive and derivative information the key is to
identify the relationship between the speci®cation of the price process of the
underlying asset under the objective measure and the risk-neutral speci®cation
of the price process under the equivalent martingale measure. A general
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(a) Absolute difference:

(b) Absolute difference:

T – 1-7 days
T – 1-14 days
T – 1-30 days
T –1-91 days
0 Level

(c) Absolute difference:

T – t=7 days
T – t=14 days
T – t=30 days
T – t=91 days
0 – Level

(d) Absolute difference:

T – t=7 days
T – t=14 days
T – t=30 days
T – t=91 days
0 – Level
T – t=7 days
T – t=14 days
T – t=30 days
T – t=91 days
0 – Level

Figure 7.18 Prices with predictable jump size versus Merton (1976a) prices ± absolute
dierences (J-D price ± Merton price). Setting stock price P  $40.00, strike price K  [$35.00,
$50.00], time to maturity   7, 14, 30, 91 days, annualized compound risk-free rate r  5%.
Parameter values   0:1, 2  0:3  0:022 ,  2  2Y =2. The conditional volatility of jump size
process: 2Y  0:022 , and the mean-reversion parameter: (a)   0:5; (b)   0:25; (c)   0:1;
and (d)   0:05

speci®cation of an asset price process typically consists of the following terms:
the conditionally non-stochastic time trend representing the asset's rate of
return, and the conditionally stochastic components driven by random noises
representing various risk factors. In the continuous-time framework, typically
the components associated with risk factors, e.g. the conditional volatility, the
jump volatility and the correlation between risk factors, are identical in both
the objective model speci®cation and risk-neutral speci®cation, while the
conditionally non-stochastic time trend, i.e. the drift term in the objective
measure speci®cation, is modi®ed for the adjustment or compensation of risk
factors in the risk-neutral speci®cation (see e.g. Bates, 1988, 1991). While
compensations for risk factors are determined by investors' preferences in the
equilibrium and can be inferred from information of the market including the
options market, the risk factors associated with an individual asset can in
general be identi®ed from the historical sampling path. From such a point of
view, speci®cation of the underlying asset price process is relevant in pricing
options and thus the primitive information is also important. Furthermore,
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(a) Percentage difference:

(b) Percentage difference:

T – 1-7 days
T – 1-14 days
T – 1-30 days
T –1-91 days
0 Level

(c) Percentage difference:

T – t=7 days
T – t=14 days
T – t=30 days
T – t=91 days
0 – Level

(d) Percentage difference:

T – t=7 days
T – t=14 days
T – t=30 days
T – t=91 days
0 – Level

T – t=7 days
T – t=14 days
T – t=30 days
T – t=91 days
0 – Level

Figure 7.19 Prices with predictable jump size versus Merton (1976a) prices ± percentage
dierences ([J-D price ± Merton price]/Merton price). Setting stock price P  $40.00, strike price
K  [$35.00, $50.00], time to maturity   7, 14, 30, 91 days, annualized compound risk-free rate
r  5%. Parameter values   0:1, 2  0:3  0:022 ,  2  2Y =2. The conditional volatility of
jump size process: 2Y  0:022 , and the mean-reversion parameter: (a)   0:5; (b)   0:25; (c)
  0:1; and (d)   0:05

from a model speci®cation and selection point of view, it is important to
investigate the impact of certain speci®cation of the underlying asset price
processes on option prices. In addition, such a study is very useful in terms of
linking and properly utilizing both that in the option prices and the
information contained in the historical prices of underlying assets.
7.4.2

Interplay between jump and stochastic volatility

As we have mentioned, there have been many models with changing volatility,
such as ARCH/GARCH and stochastic volatility (SV) models, proposed in
the literature for the asset return process. Consider the following discrete-time
SV model for the time-detrended asset return:
rt  t t ; t  1; 2; :::; T

7:46

rt  t expfht =2g; t  1; 2; :::; T

7:47

or
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where t is a i.i.d. random noise with a standard distribution, e.g. normal
distribution or Student-t distribution. The most popular SV speci®cation
assumes that ht follows an AR(1) process, as proposed by Taylor (1986), i.e.
ht1  ht  t ; jj < 1

7:48

which is a special case of the general stochastic autoregressive volatility
(SARV) model de®ned in Andersen (1994), where t  iid 0; 2  and the
constant term is removed due to the introduction of the scale parameter  in
(7.47). One interpretation of the latent variable ht is that it represents the
random, uneven and yet autocorrelated ¯ow of new information into ®nancial
markets. When t and t are allowed to be correlated with each other, the
above model can pick up the kind of asymmetric behaviour often observed in
stock price movements, which is known as the leverage eect when the
correlation is negative (see Black, 1976). The above SV model has similar
implications on the unconditional distribution of the underlying asset returns
as the jump-diusion process. Namely, if t is normally distributed and ht
stationary and t has ®nite moments, then all the moments of yt exist and are
given by
Eyst   s Est Eexpfsht =2g  s Est expfs2 2h =8g

7:49

when s is even and Eyst   0 when s is odd. In particular, the kurtosis of yt is
E4t =4 exp 2h  which is greater than E4t =4 , the kurtosis of t , as
exp 2h  > 1. When t is also Gaussian, then E4t =4  3. In other words, the
SV model has fatter tails than that of the corresponding noise disturbance of
the return process. It is noted that the above properties of the SV model also
hold true even if t and t are contemporarily correlated.
It is obvious that implications of SV on option prices depends critically on
the speci®cation of the SV processes, which have been extensively studied in
the literature.22 For instance, based on the SV model speci®ed in Hull and
White (1987), they show that when the volatility is uncorrelated with the stock
price, the Black±Scholes model underprices the ITM and OTM options and
overprices the ATM options. The largest absolute price dierences occur at or
near the money. The actual magnitude of the pricing error, however, is quite
small in general. When the volatility is correlated with the stock price, this
ATM overprice continues on to ITM options for positive correlation and to
OTM options for negative correlation. In particular, when the volatility is
positively correlated with the stock price, the bias of the Black±Scholes model
22

We mention the numerical studies by Hull and White (1987), Johnson and Shanno (1987),
Bailey and Stulz (1989), Stein and Stein (1991), Amin and Ng (1993), and Heston (1993), and
empirical studies by Wiggins (1987), Scott (1987), Chesney and Scott (1989), and Melino and
Turnbull (1990).
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tends to decline as the stock price increases. OTM options are underpriced by
the Black±Scholes model, while ITM options are overpriced by it. When the
volatility is negatively correlated with the stock price, the reverse is true. OTM
options are overpriced by the Black±Scholes model, while ITM options are
underpriced by this model.
Since the introduction of jump component and stochastic volatility into the
underlying asset return process both are to feature the asymmetry and kurtosis
of asset return distributions, it is not surprising to see that they have similar
implications on option prices. However, while Merton's (1976a) jumpdiusion model relies on independent fat-tailed distribution due to ®nitevariance shocks to the underlying asset prices, the SV model assumes
instantaneous lognormal asset return distribution and relies on the dynamic
properties of the price process to incorporate asymmetry and kurtosis. The
numerical ®ndings in the literature as well as in this chapter have con®rmed
that jumps tends to have more in¯uence on short-term options while the
stochastic volatility tend to have more in¯uence on long-term options. In
practice, since the phenomenon of implied volatility `smile' and `skewness' are
more pronounced for the short-maturity options, inclusion of jump the
component may be necessary in order to explain the kurtosis and asymmetry
in the underlying asset return distributions. Thus, it is important to disentangle
the jump component from stochastic volatility in the underlying asset price
process. Empirically, such a task proves to be challenging. On the one hand,
very often the stochastic volatility could be misidenti®ed as jumps with high
frequency and small jump magnitudes, as reported in many empirical studies
(see Bates, 1995). On the other hand, if investors believe that the underlying
stock price process does not have jump when it actually does and estimate the
Black±Scholes model based on historical data over a relatively short time
period, they may be led to the inference that the parameters of the process are
not constant or the underlying volatility is changing over time even though it
may not be (see Merton, 1976b; Renault, 1995). Empirical results in Jiang
(1997) show that with the introduction of stochastic volatility into the
exchange rate jump-diusion process, the jump-frequency tends to decrease
and the jump volatility to increase. From this point of view, the introduction
of stochastic volatility into the model may be helpful in removing the spurious
noise which leads to misidenti®ed jumps.
7.4.3

Estimation of diusion processes and estimation risk

Merton (1976b) argued that if indeed we have a sample of asset price
observations and the parameters of the diusion process are truly constant
over the sampling period, then for a ®xed number of observations, it is
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unimportant for estimation of the volatility coecient of the Brownian with
drift process between long and short sampling periods. In this chapter, we
argue that when the drift coecient is also unknown and needs to be
estimated, Merton's (1976b) observation is still true. However, we further
argue that when the drift function is no longer a constant, the sampling
observations with high frequency is preferred to sampling with low frequency
in identifying the diusion coecient even though both samples are of the
same size. Such an argument would be strengthened if one believes that the
parameters of the diusion process are not constant over a long time period.
Suppose we have a set of sampling observations fP t1  0; P t2 ; :::;
P tn  Tg which are realizations of the stochastic process over equal
intervals, i.e.   ti ÿ tiÿ1 ; 8i and T  n ÿ 1. The ML estimators of 
and 2 for the Brownian motion with drift process are
^ 

n
1
1X
lnP T ÿ lnP 0; ^2 
ln Xti =Xtiÿ1  ÿ ^2
T
T i2

It is noted that the estimate of  depends only on the ®rst and the last
observations of the whole set of sampling observations, even though it is a
2
consistent estimator as ^  N ; T . The only way to improve the estimation
of  is to extend
sampling period T, and the convergence rate in
p theptotal
probability is T or n ÿ 1. For the diusion coecient estimator, we have:





24 

2
2
2
1ÿ
E^
  1ÿ
; Var^
 
T
T
T
From this we can see that the estimation of 2 can be improved by either
increasing the sampling period T or decreasing the sampling interval . In
both cases the sample sizes are increasing and the convergence rates in
probability are the same.
However, when the drift term is no longer a constant, sampling observations
with high frequency is of advantage. Lo and Wang (1995) point out that any
single realization of a continuous sample path over a ®nite interval is sucient
to reveal the true value of  in the geometric Brownian motion process and the
trending O-U process. From equations (7.29) and (7.30) we can see that
2GB  2OU  O 

7:50

i.e. as  decreases, the dierence between 2GB and 2OU is diminishing. That is,
when the asset returns are observed over small holding periods, the conditional
volatility of the arithmetic Brownian motion process and that of the trending
O-U process are very close to each other and the dierence falls to zero as the
sampling interval decreases. In this case, if there is an allowable estimation
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error due to speci®cation or identi®cation, there is no need to distinguish
between the arithmetic Brownian motion and the trending O-U process. In
general, for all diusion processes, the correlations of the increments is small
and goes to zero as the dierencing period decreases since the driving random
force Brownian motion is increment-dependent. Therefore predictability
embedded in the instantaneous drift term no longer matters. This is not
contradictory to the results in Lo and Wang (1995). The fact that highfrequency observations over a small holding period give almost the same
conditional volatility for the arithmetic Brownian motion and the trending
O-U process does not mean that these two processes generate the observations
of asset returns over a ®nite holding period which also gives the same or almost
the same unconditional volatility. In other words, if an arithmetic Brownian
motion and the trending O-U process have the same conditional volatility, i.e.
2AB  2OU , then the observations of the asset returns over a ®nite period will
t. The
t 6 s2 rOU
not have the same unconditional variance, i.e. s2 rAB


claim that the diusion function can be identi®ed and estimated from highfrequency observations under certain regularity conditions is also true for the
non-constant but time stationary function of   (see e.g. Florens-Zmirou,
1993 and Jiang and Knight, 1997). The intuition
p is that the drift term is of
order dt while the diusion term is of order dt, as dW t2  dt  0 dt2 ,
i.e. the diusion term has a lower order than the drift term for in®nitesimal
changes in time. Therefore, the local time dynamics of the sampling path
re¯ect more of the properties of the diusion term than those of the drift term,
which suggests the possibility of identifying the diusion term from highfrequency discrete sampling observations. Such a property is relevant and
important in practical applications. With sampling observations of a high
enough frequency, the estimation risk for the diusion coecient is
substantially eliminated and more importantly the drift function speci®cation
now becomes really irrelevant. Not only does it not enter into the option
pricing formula, but also it would not aect the estimate of the conditional
volatility and the option prices. The above fact, however, may lead some to
advocate using the most ®nely sampled data available so as to minimize the
eects of the drift term. As Lo and Wang (1995) point out, whether or not the
most ®nely sampled data available is ®ne enough is an empirical issue that
depends critically on what the true model is and on the type of market
microstructure eects that may come into play.
7.4.4

Estimation of jump-diusion processes and estimation risk

Merton (1976b) also argued that even though a sample of asset return
observations with a high frequency is sucient for correct identi®cation of the

216

Return Distributions in Finance

volatility coecient of the Brownian motion with drift, it is not sucient to
identify the total volatility of the jump diusion process. In the latter case, a
sample of observations over a long time-span is required. Therefore, if indeed
we have a very long history of price changes and if the parameters of the
process are truly constant over this period, then it is better to use the whole
history to estimate the parameters of the jump-diusion process. In the case of
the jump-diusion model with known constant drift, it can be shown as in
Merton (1976b) that the sum of squared dierences of the process over equal
intervals is a consistent estimator of the total variance, i.e.
Pnÿ1
V^  i0
lnP ti1  ÿ lnP ti 2 where V  2   2 and
^  2   2 ; VarV
^  3 2  2  2  2 2 =T
EV

Only if T increases will both the bias and variance go to zero. That is, in
contrast to the case of a pure diusion process, consistent estimation of the
jump-diusion process essentially relies on samples over a long time period.
Thus, the desirable sample no longer consists of observations over a ®nite
sampling period with a small sampling interval, instead it consists of
prolonging the sampling period in order to increase the sample size with a
®xed sampling interval.
Many estimation methods have been proposed in the literature to estimate
jump-diusion models. Unfortunately, all of them require stringent restrictions imposed on the model, namely simple coecient functions so that either
the likelihood function has an explicit functional form or the (un-conditional)
moments can be explicitly derived. Press (1967) and Beckers (1981) used the
method of `cumulant matching', a variant of the method of moments, on
simpli®ed jump-diusion models. Ball and Torous (1985) used the ML method
to estimate the jump-diusion process as considered in Beckers (1981) through
numerically maximizing a truncated likelihood function. Lo (1988) considers
ML estimation of a Poisson jump-diusion process with jump-size determined
by the process itself. In addition, Powell (1989), Longsta (1989) and Ho,
Perraudin and Sùrensen (1996) considered GMM to estimate the jumpdiusion processes. The problem with empirically estimating the parameters
based on arbitrarily chosen moments of jump-diusion models, such as the
method of cumulants matching, the method of moments or GMM, originates
from the diculty in distinguishing whether movements in the underlying
process are part of the continuous path dynamics or part of the jump path
dynamics. For estimation of a general parametric continuous-time jumpdiusion process, Jiang (1997) proposed using the indirect inference approach
developed by GourieÂroux, Monfort and Renault (1993) and Gallant and
Tauchen (1996). The basic idea of the indirect inference approach is that when
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a model leads to a complicated structural or reduced form and therefore to
intractable likelihood functions, estimation of the original model can be
indirectly achieved by estimating an instrumental or auxiliary model which is
constructed as an approximation of the original model. The consistent
parameter estimator of the original model is constructed based on simulations,
which also achieves small-sample bias correction (see GourieÂroux, Renault
and Touzi, 1994). In Jiang (1997), the associated auxiliary model for a general
parametric jump-diusion process is an approximate discrete-time Bernoulli
jump process. This model can be easily estimated via the maximum likelihood
(ML) estimation method and the discretization biases of the estimators are
then corrected based on simulations. To further achieve ML eciency, a
particular indirect inference approach termed the ecient method of moment
(EMM) proposed by Gallant and Tauchen (1996) can be employed. The EMM
approach relies on calibration of the score generator of the auxiliary model,
which embeds the original process. The embeddedness can be achieved by
specifying a semi-non-parametric (SNP) score generator (see Gallant and
Tauchen, 1996, and Gallant and Long, 1997). It is noted that the indirect
inference approach is well suited not only to the estimation of continuous-time
models but also to the estimation of dynamic latent variable models, such as
the stochastic volatility models, and the jump-diusion process with
predictable jump size considered in this chapter.
7.5

CONCLUSION

In this chapter, we extend the Merton (1976a) jump-diusion model to
incorporate discontinuity and predictability as well as conditional heteroscedasticity of asset returns in pricing options. We investigate the implications
of asset returns' predictability, discontinuity and conditional heteroscedasticity induced by predictable jump size on option prices through comparison
with the benchmark Black±Scholes model. The model pricing errors are
measured by both the absolute dierence and relative percentage dierence, as
well as implied Black±Scholes volatility. In the speci®c trending O-U jumpdiusion process, we study the impact of perfect predictability on option prices
through comparison with the model of perfect unpredictability (the random
walk with drift) and the impact of discontinuity on option prices through
comparison with the continuous diusion model. We illustrate various
patterns of mispricing of the Black±Scholes and Merton models and
demonstrate that the pricing errors can be signi®cant both statistically and
economically. When predictability is induced by a linear mean-reverting drift
function as in Lo and Wang (1995), we provide adjustments to both the
Black±Scholes (1973) and the Merton (1976a) option pricing formulas. We
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further show that the Merton (1976a) jump-diusion model can be extended to
allow for various patterns of predictability through alternative speci®cation of
the drift function and allow for conditional heteroscedasticity through
predictable jump sizes instead of the non-jump conditional volatility. The
implications of conditional heteroscedasticity induced by predictable jump
size is investigated based on simulation results.
APPENDIX
Trending the O-U jump-diusion process with exponentially decaying jump
size
p t  t  q t and dq t  ÿ q tdt  dW t  lnY tdQ t, with > 0
and lnY t  i:d:N 0; eÿ2 tÿt0   2 , i.e. the jump size decays exponentially,
where t0 is the initial time. Let u t  e t q t: using ItoÃ's lemma we have
du t  e t dW t  e t lnY tdQ t
or
q t  eÿ

tÿt0 

q t0  

Z

t

eÿ

tÿ

t0

dW  

Z

t

eÿ

tÿ

lnY tdQ 

t0

This process is governed by the transition density function
f q t; q t0  
eÿ

tÿt0 

q t0 ;

1 ÿ tÿt0 
X
e
 t ÿ t0 n
 q t;
n!
n0

2
1 ÿ eÿ2
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tÿt0 

  neÿ2

tÿt0  2

 

with conditional mean and variance
Eq tjq t0   eÿ
Varq tjq t0  

tÿt0 

q t0 ;

2
1 ÿ eÿ2
2

tÿt0 

   t ÿ t0 eÿ2

tÿt0  2

 :

Trending the O-U jump-diusion process with i.i.d. lognormal jump size
p t  t  q t and dq t  ÿ q tdt  dW t  lnY tdQ t, with > 0
and lnY t  i:i:d:N 0;  2 , where t0 is the initial time. The process has a
solution given in (7.17) in the integral form. We ®rst wish to show that the
second term follows a normal distribution with mean zero and variance
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2
2

1 ÿ e2 t0 ÿt . Then we show that the third term follows a compound
Poisson process
R t and derive its mean, variance, skewness, and kurtosis.
Let X t  t0 e ÿt dW . By the de®nition of ItoÃ's integration we have
X t  lim

n!1

n
X

ti ÿt

e

i0

W ti 

where ti ; ti1 ; i  0; 1; :::; n are equal partitions of the interval t0 ; t. Let
X t u denote the characteristic function of X t. It can be shown that
X u  EeiuX   lim

n!1

n
Y

Eeiue

2

t0 ÿt

That is, X  N 0; 2 1 ÿ e2
Rt
Similarly, let Y t  t0 e
integration we have
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n X
X

e

W ti 

i0

1 2
 expfÿ u2
1 ÿ e2
2 2

Y t  lim

ti ÿt

t0 ÿt



g

.
ln Y dQ . By the de®nition of ItoÃ's

ÿt

ti ÿt

i0 j0
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where ti ; ti1 ; i  0; 1; :::; n are equal partitions of the interval t0 ; t, Ni is
Poisson distributed with intensity  ti1 ÿ ti ; 8i, and Yj ti   i:i:d:N 0 ;  2 .
Let Y t u denote the characteristic function of Y t: It can be shown that
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Since X t and Y t are independent of each other, XY u  X uY u,
or ln XY u  ln X u  ln Y u. For simplicity, when 0  0 it is
straightforward to derive
Eq tjq t0   Eq t3 jq t0   0
Varq tjq t0  

1 2
   2  1 ÿ e2
2

t0 ÿt
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The -period dierence of q t,  q t  q t ÿ q t ÿ , can be shown
similarly with
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The following four moments can be derived in the steady state when 0  0.
That is,
2   2
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The co-variance between the time lagged ®rst dierence of q t can also be
shown to be
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That is, the -period dierence of q t is co-variance stationary as the above
covariance depends only on the time lag . Its correlation can be derived as,
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Cumulants of trending the O-U jump-diusion process
Rt
ÿt
dW  and
Using the
characteristic
functions
of
both
X
t

t0 e
Rt
ÿt
Y t  t0 e
ln Y dQ  de®ned above, one can easily derive their
cumulants as follows (for a de®nition of cumulants as well as their relationship
with moments, see Kendall and Stuart (1977, pp. 69±71)). For X t
K1  K3  K4  K5  K6  0
K2 

2
1 ÿ e2
2

t0 ÿt



and for Y t
K1  K3  K5  0
K2 

 2
1 ÿ e2
2

t0 ÿt

; K4 

3 4
1 ÿ e4
4

t0 ÿt

; K6 

15 6
1 ÿ e6
6

t0 ÿt



Based on the expression of  q t, one can derive its ®rst six cumulants when
0  0. That is,
K1  K3  K5  0
K2 
K6 

2   2

1 ÿ eÿ  ; K4 

15 6
1 ÿ eÿ6
6



3 4
1 ÿ eÿ4
4



 1 ÿ eÿ   4 

 1 ÿ eÿ   6 

Cumulants of the constant drift jump-diusion process
These can be obtained by taking the limit of the cumulants for the trending
O-U jump-diusion model as ! 0.
Bivariate trending the O-U jump-diusion process
dq t  ÿ q t ÿ X tdt  dWq t  lnY tdQ t
dX t  ÿX tdt  x dWx t
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where  0;   0; q t0   q0 ; X t0   X0 . Wx t and Wq t are two standard
Wiener processes such that dWq tdWx t  dt, dWx tdQ t  0, and X t
is another stochastic process that may or may not be observable. Solution for
the above system of linear SDE is given by (7.21). It can be veri®ed that
Eq t  0,
Varq t 

2
2 2x
x 
 2



  2
2
 
2

and EX t  0,
VarX t  2x =2
CovX t; q t 

1
2
x  x 

2

Since
 q t  q t ÿ q t ÿ 
 eÿ



Z

Z




eÿ ÿ eÿ  X t ÿ 

Z t

tÿs
dWq s 
eÿ tÿs ÿ eÿ tÿs x dWx s
ÿ  tÿ

ÿ 1q t ÿ  

t

eÿ
tÿ
t

eÿ

tÿs

lnY sdQ s

tÿ

we have
Var q t  2Varq t 1 ÿ eÿ   
where

qx


ÿ

qx


ÿ

qx

eÿ



ÿ eÿ 

 Covq t; X t=Varq t, and

Cov q t;  q t ÿ   ÿVarq t

1 ÿ eÿ 2 ÿ 1 ÿ eÿ  2 

 1 ÿ eÿ   2 
and
 1  ÿ


ÿ

qx

2

1 ÿ eÿ 2 ÿ 1 ÿ eÿ  2   1 ÿ eÿ  2

ÿ

qx

eÿ



ÿ eÿ   1 ÿ eÿ  
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when  is small, we have
 1  ÿ


2

ÿ

 qx

ÿ  qx

When   , it is < 0;  0; > 0 when
< 1 respectively.

qx

> 1 or

qx

<

 ;   ; > 

and

Jump-diusion with predictable jump sizes
The jump size of the jump-diusion process de®ned in (7.23) follows a O-U
process. It can be shown that ElnY t  0; VarlnY t  2Y =2, and
Corr lnY t; lnY t ÿ   eÿ2 which approaches 1 as  ! 0 and 0 as
 ! 1. The solution of the process can be written as
p t  p t ÿ      W t ÿ W t ÿ 
Z t
Z u

eÿ uÿ tÿ lnY t ÿ  
eÿ uÿs Y dWY sdQ u
tÿ

tÿ

It can be derived that
Er t  
Varr t  2 

2Y

2

and
Corrr t; r t ÿ   0
for   . The conditional mean and variance on the information available at
time t ÿ , denoted by F tÿ , can also be derived as
Er tjF tÿ    

lnY t ÿ 
1 ÿ eÿ 


Varr tjF tÿ   Varr t ÿ

2Y
 1 ÿ eÿ2  2
ln Y t ÿ 
1 ÿ eÿ2  
2
2
4

In addition, since X  lnY t ÿ   N 0; 2Y =2 a normal distribution, the
characteristic function for
Z t
Y
eÿ uÿ tÿ dQ u
tÿ

224

Return Distributions in Finance

can be derived as
Y v  expf

Z

t

eive

ÿ uÿ tÿ

tÿ

du ÿ g

and the characteristic function for
Z t Z u
eÿ uÿs Y dWY udQ u

Z
tÿ

tÿ

can be derived as
Z
Z v  expf

t
tÿ

eÿ

v2 2
Y
4

1ÿeÿ2 uÿ tÿ 

du ÿ g;

the moments as well as cumulants of dierent orders for r t  p t ÿ p t ÿ 
can be readily derived.
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Chapter 8
The probability functions of option prices,
risk-neutral pricing and Value-at-Risk
JOHN L. KNIGHT, STEPHEN E. SATCHELL
AND GUOQIANG WANG

ABSTRACT
The purpose of this chapter is to examine how sensitive the probability
distributions of option prices are to assumptions about the distribution
of asset returns. We employ the framework of Grundy (1991) and Lo
and Wang (1995) where two dierent models of asset returns have the
same risk-neutral distribution and lead to the same (current) option
price formula. As we forecast forward, however, the (future) prices will
re¯ect the dierences in the distributions and we can calculate the
sensitivity of the Value-at-Risk of a typical European option to the
underlying asset return distributions.

8.1

INTRODUCTION AND LITERATURE REVIEW

Since publication of the Black±Scholes option formula in 1973, the riskneutral pricing technique has become the standard regime in asset pricing,
particularly for pricing options and other derivatives. The basic idea involves
the following. Investors can duplicate the payo of options via a dynamic
portfolio strategy using the underlying and riskless borrowing. Combining this
strategy with a short position in an option, the investor can eliminate all risk
from the total position, hence to avoid arbitrage in the market, the total
position must be evaluated under the risk-free interest. In other words, since
under no-arbitrage conditions risk preferences do not enter into the pricing
decision, we can assume risk neutrality and price all assets in a preference-free
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world. For the formal argument of risk-neutral pricing, we refer the reader to
Cox and Ross (1976), Harrison and Kreps (1979), and Harrison and Pliska
(1981).
In terms of probability, the no-arbitrage condition is essentially equivalent
to the existence of a risk-neutral (equivalent martingale) measure for the
stochastic process followed by the underlying. This basic result is sometimes
called the fundamental theorem of asset pricing (see Dybvig and Ross, 1987).
The theorem states that if there is no arbitrage, the true probability measure of
an underlying asset, which depends on the investor's risk preference and other
subjective factors, can be replaced by the risk-neutral measure under which the
underlying process becomes a martingale. Consequently, the problem of fairly
pricing derivatives is reduced to taking their expected values with respect to the
risk-neutral measure. So from the perspective of derivatives pricing, the riskneutral measure is more relevant than the true measure. However, it would be
incorrect to infer that the true measure's role is no more than that of providing
a starting point for the risk-neutral measure. It turns out that there is a more
subtle relation between the true measure and derivative prices.
Lo (1987) uses the moment conditions of the true and risk-neutral
underlying distribution to construct the bound on call prices. First, it is
shown that for all risk-neutral distributions which have the same mean, ; and
variance 2 ; the one that maximizes the expected payo of an option is a twopoint distribution. We can write the upper bound, C, in terms of ; 2 ; and the
exercise price K:
8
2
2
2
<  ÿK
if K   2
2 2 q
C
2
2
: 1  ÿ K 
K ÿ 2  2  if K >  2
2
Given the risk-neutral distribution is known, it is straightforward to calculate
its mean and variance, and the upper bound for option prices, C, can be
readily attained. In Lo's paper, the results of the upper bound are calculated
when the underlying follows either a lognormal diusion or mixed diusionjump process.
However, it is not necessary to evaluate the bound only under the riskneutral distribution. It is more reasonable to take into account both the riskneutral and true distributions. Usually the moments of those two distributions
are not necessarily equal as they depend on dierent sets of factors. The above
bound formula only applies to the case where the two distributions have
common moments or there is a ready transformation from the true moments
to the risk-neutral moments. This is also the reason why only the lognormal
diusion and the mixed diusion-jump process are studied in Lo's paper, as
their risk-neutral variance is a simple transformation of the true variance.

Probability functions of option prices

231

Based on Lo (1987)'s result, Grundy (1991) generalizes the connection
between the bounds on European option price and the non-central moments of
the true underlying asset's return distribution. First he shows how the expected
payo to a call can be bounded above in terms of any chosen set of the noncentral moments of the true underlying return distribution. Second, from the
observed option prices, he can establish restrictions on the true underlying
distribution under which the expected return on an option over its life can be
bounded below by the expected return on the underlying asset. Clearly, there are
intimate links between the option prices and the true underlying distribution.
Lo and Wang (1995) further develop this theme and emphasize that all
competing speci®cations for the true Data Generating Process (DGP) must
match the unconditional moments of discretely sampled ®nancial data. Even
two competing speci®cations, like geometric Brownian motion (GBM) and the
trending Orstein±Uhlenbeck (OU) process, result in the same risk-neutral
distribution, hence the same Black±Scholes option pricing formula. When
implementing this formula, taking those sample moments as given, the drift
term will aect the estimated value of the diusion term in the underlying
process. So the value of the diusion term will change with the dierently
speci®ed DGPs and dierent option prices can be obtained even from the same
option pricing formula. Again, the true underlying distribution plays an
important role in pricing derivatives.
Ncube and Satchell (1997) make this point more clearly from a statistical
perspective. European option prices depend on ®ve factors: the current
underlying price P t, exercise price K, volatility , risk-free interest r and time
to maturity . There is no randomness in K;  and r (if we do not consider the
stochastic interest rate case). However, the randomness arising from either
price uncertainty or estimation error of volatility is of great interest, as we do
not know the underlying price in the future and true volatility, and they must
be estimated from historical data or via other methods. Certainly, the
distribution of the true option price conditional on the true volatility and the
predicted option price conditional on the current underlying price will re¯ect
the information contained in the true underlying distribution.
As the distributional properties of option prices have become of fresh
interest as a result of risk management calculations involving Value-at-Risk
(VaR), it is worth while to pursue further the sensitivity of option price
distributions to dierent speci®cations of the underlying distribution. In
practice, there is no consensus about which distribution should be used in risk
measurement. In the calculations of VaR, it seems that the true distribution of
asset return play a dominant role, for example see Engel and Gizycki (1999).
Also for regulatory purposes, as in the Basle Committee (1996), the banks are
usually required to use the true distribution to calculate their VaR.

232

Return Distributions in Finance

At the same time, the risk-neutral distributions are also important in risk
evaluation and management. They are used in the calculation of forecasted
changes in position, of option prices in VaR calculations, in the calculation of
margin requirements in derivative markets (see the Span System used in
LIFFE), and by central banks to assess changes in the underlying riskiness in a
market. They are often based on implied volatility calculations rather than
estimates of historical asset volatility. On the other hand, risk-neutral
distributions do not necessarily imply that investors are risk-neutral. Indeed
the actual risk incurred to a position typically diers from that represented in
risk-neutral models.1 So it may not be appropriate to use only risk-neutral
measures in evaluating such risk measurements as VaR.
Due and Pan (1997) argue, for purposes of measuring VaR at short time
horizons such as a few days or weeks, that it makes little dierence whether we
use the risk-neutral distribution or the true distribution. However, this does
not imply that one can draw a signi®cant amount of information for riskmeasurement purposes from one's derivative pricing models, because these
models are not correct all the time. For example, there has been an enormous
amount of literature discussing the drawbacks of the Black±Scholes formula,
even though it is still the cornerstone of modern derivatives trading and risk
management.
This chapter intends to analyse the potential error of misspeci®cation
associated with the underlying return distributions in calculations of VaR for
European options. We use the framework of Lo and Wang (1995) along with
the approach of Ncube and Satchell (1997) and examine both the distribution
of the current option price and that of its forecast when the underlying log
price process is either a geometric Brownian motion (GBM) or a trending
Orstein±Uhlenbeck (OU) process. We show how the distributions of
forecasted option prices depend on the underlying processes, the forecasting
time and other parameters. We compare the exact distribution of the forecasts
to that generated via the delta approximation and consequently show that the
error in the delta approach can be substantial. Since all the work described in
the previous paragraph is related to forecasting derivatives, we hope that our
results will help us to understand how sensitive the distributions of our option
forecasts are to the `true' nature of the underlying return process. We present
the models along with our approach in Section 2 while Section 3 contains our
results. A brief conclusion is given in Section 4.

1
For example, Ncube and Satchell (1997) note that the probability that a European call option
p
will ®nish in the money is  ln P0 =K  =    under the true measure, but under the riskp
neutral measure, the corresponding probability is  ln P0 =K  r ÿ 2 =2=   :
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MODELS AND APPROACH

As in Lo and Wang (1995), we wish to examine the distribution of option
prices where the log price of the underlying is either GBM or a trending OU
process, that is, letting P t be the price at time t of the underlying asset, we
consider the two competing processes:
(a) GBM:
d ln P t  dt  dWt

8:1

(b) Trending OU:
d ln P t   ÿ

ln P t ÿ tdt  dWt

8:2

where > 0: That means when ln P t deviates from its trend t; it is pulled
back at a rate proportional to its deviation where measures the speed of
adjustment. The trending OU process can then model the well-addressed
stylized fact of mean-reversion in asset prices.2 The associated Risk-Neutral
(RN) process is given by
d ln P t  rdt  dWt

8:3

The solution of the three stochastic dierential equations is straightforward.
For equations (8.1) and (8.3) we get respectively, that
ln P t j ln P 0  N ln P 0  t; 2 t

8:4

ln P t j ln P 0  N ln P 0  rt; 2 t

8:5

and

For equation (8.2) we ®rst note that, letting
y t  ln P t ÿ t
we have from Ito's Lemma
dy t  ÿ y tdt  dWt
with
y t j y 0  N eÿ t y 0; 2 1 ÿ eÿ2 t =2 
2
Fama and French (1988) show that there is signi®cant negative autocorrelation in long-run
returns. Lo and Mackinlay (1988) ®nd that stock returns are positively correlated, using weekly
observation. The trending OU process only admit the ®rst-order autocorrelation with value
2 ÿ1=2; 0; if > 0:
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and thus
ln P t j ln P 0  N t  eÿ t ln P 0; 2 1 ÿ eÿ2 t =2 

8:6

We observe that all the parameters in these distributions are assumed to be
positive. That implies the mean of OU process is the smallest among the three
processes, so is its variance. This is not coincidental as the trending OU process
is trend stationary. As time goes to in®nity, the variances of both GBM and
RN process are in®nite, while the variance of the OU process approaches
2 =2 .
In the following analysis, we may condition on time t or time 0 information,
we refer to the latter as unconditional. We present these results in Proposition 1.
Proposition 1. The unconditional distributions of log price under the geometric
Brownian motion, risk neutral and trending OU process are all normal, with the
forms given in equations (8.4)±(8.6). The variance in (8.6) is the smallest, and
is an increasing function of t:
Proof. By inspection.
The reason that the GBM and trending OU process can be competing
speci®cations for the underlying is that in the short run, the processes are
indistinguishable. We also note that, for the purpose of risk measurement, the
most relevant horizon is short, such as a few days or weeks. However, in the
long run the dierences between these two processes can be quite pronounced.
Chan et al. (1992) discuss the model speci®cation issue of the short-term rate
interest rate process. They show how dierent speci®cations can be nested into
a general form, with speci®c models determined from hypothesis tests on
relevant parameters. Although we could employ a similar method here to
distinguish the two processes from an empirical econometric perspective, our
focus is to examine the issue of the eect of dierent underlying speci®cations
on the probability function of option prices.
Even though all the underlying distribution speci®cations have the normal
form, their dierence is not negligible. We will explain this point further when
discussing the calculation of VaRs. Now the meaning of the probability
function of option prices is worth exploring in more detail, as usually option
prices are regarded merely as ®xed numbers, not random variables. It is true
that the Black±Scholes option price at the current time is a ®xed number
conditional on the current information. However, when we look forward at
the starting time, 0, the future option price C P t; is unknown as the future
underlying price P t is an unknown random variable. Because the Black±
Scholes option price is a non-linear function of the underlying random
variable, it is, as a consequence, also a random variable. As the Black±Scholes
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option price is a monotonically increasing function of the underlying price, it is
easy to implicitly derive the probability function of option price from that of
the underlying price, as argued clearly in Ncube and Satchell (1997).
In this chapter, since the distribution of underlying returns is assumed
normal, someone the eectiveness of our approach may be questioned. As is
now well known, the distribution of actual asset returns have heavier tails than
a normal distribution. However, it turns out that the methodology of this
chapter is still valid for more general cases. Bergman et al. (1996) show that
whenever the underlying prices follow a diusion whose volatility term
depends only on time and the concurrent underlying prices, then a call price is
always increasing and convex in the underlying prices. Many underlying
distributions besides the normal can be admitted into this general class of
diusions, and we can implicitly derive the probability function of option
prices from those underlying distributions. Our methodology only fails when
volatility is stochastic, or the underlying price process is not a diusion, as in
these cases a call price can be a decreasing, concave function of the underlying
price over some range.
In this chapter we are concerned only with the randomness arising from
uncertainty of the underlying price in the future, not the randomness from
estimation error in the unknown volatility. In other words, we assume that the
true volatility is known. The complexity of unknown volatility justi®es another
independent chapter discussing its eect on risk measurement.
When considering forecasting we will need to examine the distribution of
ln P t  s j ln P t: For the three processes above we have
GBM : ln P t  s j ln P t  N ln P t  s; 2 s

8:7

RN : ln P t  s j ln P t  N ln P t  rs; 2 s

8:8

OU : ln P t  s j ln P t  N  t  s  eÿ

s

ln P t ÿ t; 2 1 ÿ eÿ2 s =2 :
8:9

As shown by Grundy (1991) and Lo and Wang (1995), the two processes in
equations (8.1) and (8.2) will generate the same option price formula but the
distribution of the option price associated with each of the three process will be
dierent. How dierent these distributions are will be examined in the next
section. The approach we use to calculate the distribution is that detailed in
Ncube and Satchell (1997) which we now brie¯y outline.
As shown by Ncube and Satchell (1997), it is straightforward to determine
the distribution of any option price at time t  s, given today's price P t and
assuming any of the three processes (8.1), (8.2) or (8.3). It follows from
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Theorem 1 in Ncube and Satchell (1997) that if
ln P t  s j ln P t  N a; b
and letting C P t  s be the Black±Scholes option price at time t  s; which
is a function of P t  s; then
Pr C P t  s < q j It   Pr P t  s < C ÿ1 q j It 
 Pr ln P t  s < ln C ÿ1 q j It 
 F q j It 
and F q j It  can be determined as follows.
First, since C P t  s is the Black±Scholes price of a European call option
at time t  s with maturity at time t  s   and exercise price K; we have
C P t  s  P t  sN d1  ÿ K exp ÿrN d2 
where
ln P t  s=K  r 1 p
p
  
 
2
p
d2  d1 ÿ  
d1 

Second, as C P t  s is a monotonically increasing function of P t  s;
there exists an inverse function, say Cÿ1  and thus for q > 0
Pr C P t  s < q j It   Pr P t  s < C ÿ1 q j It 
 Pr ln P t  s < ln C ÿ1 q j It 
p
  ln C ÿ1 q ÿ a= b  F q j It 

8:10

where   is the cumulative distribution function of the standard normal
distribution. Therefore, F q j It  can be readily calculated for each of the three
processes speci®ed earlier by merely replacing a and b in equation (8.10) by the
relevant values in equations (8.7), (8.8) and (8.9).
It is worth emphasizing that the probability function of option prices is not
normal, although we can numerically solve this function from a standard
normal distribution. For example, given a critical value, q ; we can
numerically solve C ÿ1 q ; then substitute it into the standard normal
cumulative distribution function to get the corresponding probability.
Inversely, given some probability level, from the standard normal distribution
function we can ®nd the corresponding critical value, then solve for the
relevant q value.
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Up to now, we have mainly discussed the probability function of a
European call price. Because of its monotonic property with respect to the
underlying price, we can obtain a pseudo-closed form for that function. As the
basic nature of VaR is the quantile corresponding to given a con®dence
interval, the value of VaR can be easily calculated when we know the
probability function. However, in practice, the measure of VaR is usually
aimed at a portfolio which may consist of dierent options and/or underlying
assets, and in this case, we cannot get the exact probability function via the
method we use above. However a local approximation based on the so-called
delta method has been developed to deal with a portfolio with derivatives.
Such methods amount to approximating derivative prices as ®rst-order Taylor
expansions in the changes in the underlying prices.
Consequently even for a simple European call option, we also wish to
compare the exact distribution with that derived from a delta approximation. That is, taking a Taylor series expansion of C P t  s around P t we
have
C P t  s  C P t 

@C
P t  s ÿ P t
@P

and since
ln P t  s  ln P t 

1
P t  s ÿ P t
P t

giving
P t  s ÿ P t  P t ln P t  s ÿ ln P t
We can approximate the probability in equation (8.10) as
Pr C P t  s < q j It   Pr C P t  P t4 ln P t  s < q j It 
 Pr 4 ln P t  s <

q ÿ C P t
j It 
 tP t

where
@C
jP t   x1  with
@P
 


p
P t
2
x1  ln
T
ÿ
t
= T ÿ t

ÿr
Tÿt
2
Ke

 t 
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For each of the three processes 4 ln P t  s j ln P t  N a ÿ ln P t; b
and so the above probability can again be easily calculated as follows:
Pr C P t  s < q j It   

qÿC P t
P t

 ln P t ÿ a
p
b

!

8:11

Now we can compare the dierence between the exact distribution of option
prices with their delta approximation. Both the true distribution and
approximation can be calculated in terms of standard normal, the only
dierence is due to the critical argument in  :
Six VaR measurement can now be calculated: three result from substituting
the inverse Black±Scholes formula into the three speci®cations of the
underlying distribution; the delta approximation produces the other three.
The natural question to ask now is: which VaR measurement should be used?
In other words, the decision maker needs to pick one speci®cation about the
distribution of the underlying. From the risk-neutral pricing paradigm, it
seems that only the risk-neutral distribution is relevant in the case of pricing
and hedging options. Furthermore, given the simple setup of the Black±
Scholes complete market, the risk-neutral measure is unique. However, as
argued by Ncube and Satchell (1997), the probability of the option ®nishing in,
at or out of the money should be regarded as an objective probability, thus the
true measure is appropriate. In reality, the risk-neutral measure is just some
arti®cial measure from which we do not observe data. (With the basic
forecasting character of risk measurement, it is interesting to ask whether
agents can agree on the distribution of tomorrow's underlying price. In fact
one could consider an equilibrium where the agent's disagreement about the
structure of future prices of the asset and the option also have an impact on the
current price.)
Another reason why the risk-neutral measure cannot dominate the true
measure lies in the theory of incomplete markets, where the risk-neutral
measure may not be unique. In these cases, we do not even know how many
measures we can have, consequently it is an impossible task to pick the
appropriate measure. On the other hand, there is not so much controversy
about the true measure, with which, naturally, the risk measurement starts. In
summary, unlike pricing derivatives, both the true measure and the riskneutral measure play signi®cant roles in measuring risk contained in the
derivatives.
Although the arguments in   of equations (8.10) and (8.11) look very
dierent at ®rst sight, they are actually quite closely correlated. The only
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relevant parts in these arguments are:
c1  ln C ÿ1 q;
c2 

for the true distribution of option price

q ÿ C P t
 ln P t; for the delta approximation
 tP t

If we take C P t as the value of q; the values of c1 and c2 are:
ln C ÿ1 C P t  ln P t
C P t ÿ C P t
 ln P t  ln P t
 tP t
and in this case c1 and c2 coincide.
However, besides the current option price C P t; all other values taken by
q will make c1 and c2 dierent, hence the calculation of VaR. This point can be
clari®ed by checking @c1 =@q and @c2 =@q: To simplify, write
C ÿ1 q  P q
That is, the future stock price is a function of the chosen critical value of
option q: As C P t is a monotonically increasing function of P t, the inverse
function of C  exists and
@C ÿ1 q
1
1


@q
@q=@P @C=@P
Putting all the above results together, we get
@c1
1

@q  t  sP t  s
@c2
1

@q  tP t
As   and P  are positive, both c1 and c2 are linearly increasing with q: The
dierence in P t  s and P t will determine the values of the two derivatives
as   changes only with P. If P t  s > P t; then c1 increases less quickly
than c2 : The delta approximation will overestimate the true VaR. If
P t  s < P t; although c1 will now increase faster than c2 , we have
q ÿ C P t < 0; c1 is still less than c2 approximately. In summary, the delta
approximation is likely to be larger than the true VaR.

240

Return Distributions in Finance

8.3

RESULTS

As the two competitive speci®cations of the true DGP, the GBM and trending
OU process are associated with the same risk-neutral process, there is potential
misspeci®cation error in the risk measurement. Since the probability function
of option prices under these two processes are dierent, so will be the risk
measurement VaR.
By choosing the con®dence interval ; and denoting by Z the corresponding quantile for the standard normal distribution, we can use equation (8.10)
to solve the critical value of the option price, q ; i.e.
q  C exp Z

p
b  a

8:12

Substituting the exact forms of b; a from equations (8.7) and (8.9) into (8.12),
we have
q1  C exp Z
q2  C exp Z

p
2 s  ln P t  s  C exp v1 
q
2 =2 1 ÿ eÿ2 s    t  s  eÿ

s

ln P t ÿ t

 C exp v2 
respectively for the GBM and trending OU process. It is easy to show when
! 0; q1  q2 : However, when takes positive values, q1 and q2 will be
dierent, and q1 > q2 in most empirical applications.
Having outlined our basic theoretical framework, we now explore
empirically what the probability function of option prices looks like, and
also examine the size of the potential misspeci®cation error.
We calculate the VaR associated with a European call option on the
S&P500 Index using data from 1 January 1996 to 31 December 1998. First we
estimate the unconditional sample mean, variance and ®rst-order autocorrelation coecient, and then following Lo and Wang (1995) we match the drift
and volatility parameters in the underlying process with these unconditional
moments. Substituting these parameters into equations (8.8)±(8.10), the exact
values of VaR and its delta approximation can then be calculated.
We have the following results:   0:00088;   0:011; 1 1  ÿ0:0066;
giving  0:013: Moreover, in the calculation of VaR two important
parameters must also be speci®ed ®rst: the loss probability (or con®dence
interval), ; and the holding period (or forecasting horizon), s. The typical
values of are 1%, 2.5% and 5%, and the holding period, s; of 1, 7, and 30
days. As we wish to compare the exact VaR with its delta approximation, and
since the delta approximation is only accurate for short periods, we restrict the
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Table 8.1 The comparison of exact VaR : s  1
0.01
GBM
RN
OU

15.77
15.54
1.22

0.025
17.16
16.92
1.39

0.05

0.1

0.9

0.95

18.42
18.17
1.56

19.96
19.70
1.78

33.35
32.97
4.17

35.62
35.23
4.66

0.975
37.66
37.26
5.12

0.99
40.12
39.70
5.71

forecasting horizon to 1 or 14 days. Tables 8.1 and 8.2 summarize the values
of VaR for a hypothetical European call option under the three processes,
whose contract characteristics are: P t  986:39, t  15, T  59, K  1000,
r  0:00023.
In Tables 8.1 and 8.2, given K  1,000, the hypothetical option is in the
money. However, the basic result that the exact VaR under the OU process is
much smaller than that under the GBM and RN still holds no matter what the
moneyness of the option.
From Tables 8.1 and 8.2, it is clear that there are signi®cant dierences in the
VaR under the three distributional speci®cations. If the underlying is believed
to follow GBM, but the true process is OU, the resultant VaR under GBM will
be much higher than the true one, no matter which horizon is used.
Furthermore, the VaRs under the OU process turn out be extremely small in
the longer forecasting horizon. It would appear that the distribution in this
case is virtually degenerate at zero. The reason is that the value of has a
dramatic eect on the distribution of P t  s under the trending OU process.
Consider the future underlying price P t  s:
p
P t  s  exp Z
2 s  ln P t  s;
under GBM
q
2 =2 1 ÿ eÿ2 s    t  s  eÿ s ln P t ÿ t
P t  s  exp Z
 P texp ÿ

s

exp Z

q
2 =2 1 ÿ eÿ2 s    t  s ÿ eÿ s t

under OU

Table 8.2 The comparison of exact VaR : s  14

GBM
RN
OUa
a

0.01

0.025

0.05

0.1

0.9

0.95

1.65
1.14
0

2.86
2.03
0

4.43
3.23
0

7.05
5.28
0

63.06
55.18
0

73.36
67.81
0

0.975
88.64
79.60
0

0.99
103.60
94.11
0

As the VaR under the OU process is so small in this example, from 10ÿ6 to 10ÿ100 : We put zero
for all the values of VaR under the OU process. This does not mean that the VaR under the OU
process is a single number.
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Table 8.3 The value of P texp ÿ

s

when P t  1000

sn

0.0001

0.001

0.01

0.015

0.03

0.07

1
14

999.31
990.38

993.12
908.43

933.58
405.58

902.27
270.24

815.34
93.57

626.88
13.36

The ®rst term in the expression for P t  s under the OU process is basically a
double power. Even for a small positive value of ; it dramatically decrease the
value of P t  s when s is greater than one: Table 8.3 demonstrates this
property. Since the call is a monotonically increasing function of P t  s;
much smaller values of P t  s will drive the option price to zero.
Certainly, if is small enough, its eect on P t  s will not be so dramatic
even given some bigger s; for example, when  0:0001; P texp ÿ s  990:38
not far from 1000 for s  14: In other words, the evaluation of VaR under the
OU process depends crucially on the estimation of from actual ®nancial
data.
Unfortunately, if we simply follow the Lo and Wang (1995) suggestion, and
derive the value of directly from the ®rst-order autocorrelation coecient,
we always ®nd that is not small enough and its magnitude is larger than 1%.
Using our daily stock prices of IBM and Dell, the value of is 3.4% and
18.5% respectively. Lo and Wang (1995) also brie¯y discuss other estimation
methods for ; using the fact that the detrended log price qt  pt ÿ t can be
approximated by the following discretized AR(1) process:
Z tk
eÿ tk ÿs dWs
qk  eÿ qkÿ1  "k ; "k  
tkÿ1

The ordinary least squares estimator is asymptotically equivalent to the
maximum likelihood estimator, so we can use the OLS estimator to get
another estimation of . However, the result from OLS is similar to that
obtained from autocorrelation. For the SP500 index, it is 2.3% as opposed to
1.3% used in the above example. The associated VaR will be quite dierent
using this alternative estimate.
As far as estimation of the diusion process is concerned, recently
statisticians have shown an increasing interest in and have developed some
estimators based on the score function (Sorensen, 1997). Following this
method, the estimated value of
is surprisingly small. It is ÿ0.000032,
ÿ0.000065 and 0.000032 for SP500, IBM and Dell data respectively. On the
other hand, the estimation of 2 is very close to the unconditional sample
variance. It seems that the empirical estimation of will be quite dierent with
dierent methods employed. However, we will not pursue the estimation
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problem further in this chapter. Rather, we hope only to choose the value of
which makes the VaRs under the three processes comparable, and is also
consistent with some empirical estimation results.
We now abandon empirical analysis and compare the distributions of
option price and VaR in a controlled experiment. First we choose the stylized
yearly values for ; ; and 1 1 as follows:   0:26;   0:20; 1 1  ÿ0:1:
These are consistent with typical empirical estimates based on stock index data
in developed countries. We then transform these yearly values into daily values
by assuming that there are 260 trading days in one year. The daily values are as
follows:   0:001; 1  0:0105 (for the GBM and RN process); 2  0:0111
(for the OU process3 );  0:0061: We also specify the current underlying
price, P t  420; risk-free interest rate r  0:0006; expiry date T  59; and
the current date t  15: Tables 8.4 and 8.5 summarize our empirical results
with dierent forecasting horizons and exercise prices.
From Table 8.4, in the short forecasting horizon (s  1; it is clear that the
delta approximation is very accurate under the GBM and RN distribution for
the out-of-the-money option. For example, the 2.5% true VaR is 1.98 with a
delta approximation at 2.01 under GBM. Because r is much smaller than ,
there is a non-negligible dierence in VaR under GBM and RN. The average
dierence between them is about 15%. The true VaR under OU is the smallest
among all three speci®cations, being less than half that under GBM and RN. If
we misspecify the dynamics of the underlying, large errors may arise in
measuring VaR. The delta approximation under OU is negative, but its
absolute values are still larger than those exact VaRs.
For an at-the-money option, the delta approximation is quite accurate
under all three speci®cations. The delta approximation is a little larger than the
exact VaR under GBM and RN, but it is smaller than the exact VaR under
OU, which is still much smaller than those under GBM and RN.
For an in-the-money option, the delta approximation is accurate under all
three speci®cations as the at-the-money case. Also the exact VaR under OU is
not so dierent from that under GBM and RN as the out-of-the-money case.
There is now no negative values for the delta approximation under OU, mainly
because the current call price dominates the value in the delta approximation.
When the forecasting horizon increases from 1 to 14 days, some new
empirical results appear. In Table 8.5, we can see that, for an out-of-the-money
option, the delta approximation is much larger than its exact VaR under
GBM, and is much smaller than its exact VaR under RN and OU, except
3
According to Lo and Wang (1995)'s methodology, in order to match the unconditional sample
moments, the drift term will aect the estimated value of diusion term in the underlying process.
That is why we get dierent values for  under the OU process from that under the GBM and RN
processes.

Table 8.4 Comparison of the exact VaR and their delta approximation with s  1
Moneyness
Con®dence Interval
Exact VaR under GBM
Delta approximation
Exact VaR under RN
Delta approximation
Exact VaR under OU
Delta approximation

Out-of-the-money (K  480)
0.01
1.77
1.69
1.50
1.23
0.68
ÿ1.44

0.025
1.98
2.01
1.69
1.55
0.77
ÿ1.10

0.05
2.19
2.28
1.86
1.82
0.86
ÿ0.81

At-the-money (K  420)
0.1
3.51
2.60
2.08
2.14
0.98
ÿ0.48

0.01
24.93
25.25
23.17
23.27
14.84
11.74

0.025
26.20
26.64
24.40
24.66
15.83
13.19

0.05
27.31
27.83
25.47
25.85
16.70
14.45

In-the-money (K  360)
0.1
28.62
28.20
26.74
27.22
17.75
15.89

0.01
77.40
77.89
75.15
75.59
62.30
62.17

0.025
78.99
79.50
76.73
77.20
63.90
63.86

0.05
80.36
80.88
78.09
78.58
65.28
65.32

0.1
81.94
82.48
79.66
80.18
66.88
67.00

Table 8.5 Comparison of the exact VaR and their delta approximation with s  14
Moneyness
Con®dence Interval
Exact VaR under GBM
Delta approximation
Exact VaR under RN
Delta approximation
Exact VaR under OU
Delta approximation

Out-of-the-Money (K  480)
0.01
1.10
3.84
0.03
ÿ2.56
0
ÿ37

0.025
1.85
5.04
0.07
ÿ1.36
0
ÿ36

0.05
2.79
6.07
0.12
ÿ0.33
0
ÿ35

At-the-money (K  420)
0.1
4.31
7.25
0.24
0.85
0
ÿ33

0.01
25.77
34.57
5.82
6.89
0
ÿ141

0.025
31.14
39.75
8.26
12.07
0
ÿ136

0.05
36.04
44.20
10.85
16.53
0
ÿ132

In-the-money (K  360)
0.1
41.95
49.34
14.40
21.66
0
ÿ127

0.01
80.95
88.73
49.73
56.53
0
ÿ116

0.025
87.08
94.76
55.37
62.56
0
ÿ110

0.05
92.41
99.94
60.30
67.74
0
ÿ105

0.1
98.65
105.91
66.07
73.71
0
ÿ99
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Figure 8.1 CDF and PDF of the delta approximation, in-the-money
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Figure 8.2 CDF and PDF of the delta approximation, in-the-money

for the 10% VaR under RN. The negative values now result for the delta
approximation under both OU and RN.
For an at-the-money option, the delta approximation is much larger than
the exact VaR under GBM, and much smaller than the true VaR under OU
(negative values appear again). The true VaR diers quite signi®cantly under
the three speci®cations, which implies a signi®cant model misspeci®cation
error with a long forecasting horizon. For an in-the-money option, a similar
conclusion for at-the-money option applies.
The above results can be further illustrated by examining the graphs of the
distribution (CDF) and density (PDF) functions. For the delta approximation,
the Figures 8.1±8.6 show that the graphs of the CDFs under the three
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Figure 8.3 CDF and PDF of the delta approximation, at-the-money
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Figure 8.4 CDF and PDF of the delta approximation, at-the-money

speci®cations have almost the same shape, but dierent locations, as do the
graphs of the PDFs. In particular, the GBM distribution lies to the right of the
other two. This observation is true no matter how long the forecasting horizon.
For the exact VaR, Figures 8.7±8.12 show that the shapes of the CDFs and the
PDFs are quite dierent under the three speci®cations. In particular, when the
horizon s  14; the CDF and PDF of the OU process are almost straight lines.
8.4

CONCLUSION

In this chapter, we have studied the potential misspeci®cation error associated
with asset return distributions in the calculations of VaR for European options.
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Figure 8.5 CDF and PDF of the delta approximation, out-of-the-money
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Figure 8.6 CDF and PDF of the delta approximation, out-of-the-money

If the asset return process is either the geometric Brownian motion or trending
Orstein±Uhlenbeck process, the true asset return distributions are dierent even
though they lead to the same risk-neutral distribution and hence the same
option price formula. Employing the property that the option price is an
increasing function of the underlying price, the probability function of the
option price has been derived for the GBM, OU and RN distributions. We also
derived the probability function of the option price via the delta approximation.
Based on these theoretical results, we empirically calculated the exact VaR
from the probability functions under the three distributions. When the
forecasting horizon is short, there is little dierence in VaR under the GBM
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Figure 8.7 CDF and PDF of the exact VaR, in-the-money
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Figure 8.8 CDF and PDF of the exact VaR, in-the-money

and RN distributions, no matter whether the option is in, at, or out of the
money. However, the VaR under the OU distribution is much dierent from
the other two, often a third to a half the size.
When the forecasting horizon becomes longer, even the dierence in VaR
under the GBM and RN distributions is not negligible. The VaR under the
OU distribution is almost degenerate at zero. All these results imply that the
misspeci®cation error can be substantial even in the simple Black±Scholes
framework.
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Figure 8.9 CDF and PDF of the exact VaR, at-the-money
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Figure 8.10 CDF and PDF of the exact VaR, at-the-money

We also compared the exact VaR with its delta approximation. Consistent
with the other empirical study on this topic,4 usually, the delta approximation
overestimates the exact VaR. The discrepancy increases with the forecasting
horizon.
Based on these empirical ®ndings, we concluded that the distributions of our
4
For example, two recent papers (Lina et al., 1999; Britten-Jones and Schaefer, 1999) discuss how
to calculate the VaR for derivatives such as options via delta-gamma approximation and inverse
Fourier transformation.
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Figure 8.11 CDF and PDF of the exact VaR, out-of-the-money
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Figure 8.12 CDF and PDF of the exact VaR, out-of-the-money

option forecasts are very sensitive to the true asset return distribution. In the
future, we wish to study more complicated speci®cations of the underlying
process such as those containing jumps and stochastic volatility.
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Chapter 9
Pricing derivatives written on assets with
arbitrary skewness and kurtosis
JOHN L. KNIGHT AND STEPHEN E. SATCHELL

ABSTRACT
This chapter provides formulae and a methodology for pricing an asset
whose returns have known (or estimated) moments up to order four.
The methodology allows one to price derivatives written on the asset.
This chapter diers from previous papers based on Hermite expansions in that we do not assume risk-neutrality. We compute prices for
European options and deduce the appropriate risk-neutral valuation
density for the case of a representative agent with power utility. We
®nd that pricing does not depend upon the preference parameters, nor
the parameters that govern the distribution of consumption but it does
depend upon expected returns in the equity market. We ®nd that our
representation leads naturally to greeks, psi and chi which are the
changes in the option price with respect to changes in kurtosis and
skewness. Furthermore, attempts to calibrate this model with UK
aggregate data brings us back to the equity premium puzzle in a
dierent guise.

9.1

INTRODUCTION

The purpose of this chapter is to present a framework for the risk-neutral
valuation (RNVR) of assets whose distributions exhibit arbitrary skewness
and kurtosis. This represents an extension of results on risk-neutral valuation
relationships presented by, among others, Rubinstein (1974), Brennan (1979)
and Stapleton and Subramanyan (1984). The need for such an extension
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follows from the paper by Hull and White (1997) who investigate the
pricing of FX options where the underlying returns exhibit positive
kurtosis. Their approach assumes the underlying returns follow a mixture
of normals which lacks the generality required to properly model higher
moments. They also assume risk-neutral valuation is available without
investigating what conditions are needed. In particular, their greeks are
de®ned with respect to functions of fundamental parameters rather than the
fundamental parameters themselves. Other recent papers that use a mixture
of lognormals include Bahra (1996), Campa et al. (1997), and Melich and
Thomas (1997).
The chapter can also be seen as an extension of a literature on option pricing
using Gram±Charlier expansions that begins with Jarrow and Rudd (1982), is
further developed in Madan and Milne (1994) and Corrado and Su (1996), and
has been recently extended by Backus et al. (1997). Backus et al. concentrate
on pricing exchange rate options and explaining smile eects. They assume
risk neutrality so that the risk premium is zero.
Our work also represents an extension of interesting research by Camara
(1997) who presents theorems on RNVRs for arbitrary transformations of
normals and log-normals. While his results are impressive, they are not suited
to answer the question as to how the price of an option might change due to
changes in higher moments in the distribution of the underlying asset. The
question we investigate is interesting because of the recognition that, ®rst,
many long-term investments have option-like features, and second, while
volatility has decreased in many mature markets in recent years, kurtosis has
often increased. Furthermore, while defenders of the Ito approach might claim
that a particular pattern of returns could be modelled by a diusion process,
which would give us mean±variance results, the standard mean±variance
approach would be a very poor approximation over holding periods of even
moderate length.
The speci®c approach we use is to take the bivariate two-period pricing
model of Rubinstein where aggregate consumption and the asset price have a
known joint distribution and assume that the marginal distribution of the asset
follows a Gram±Charlier type A series (Kendall and Stuart, 1969). This allows
us to specify explicitly the skewness and kurtosis of the equity market as
fundamental parameters to our model. We further assume that the conditional
distribution of consumption given the asset price is normal and compute the
price of an option in Proposition 3. By inspection of the price we see that, for
plausible parameter values, RNVR occurs. In Proposition 2 we present a
formula for the RNVR distribution which turns out to be a mean-adjusted
Gram±Charlier series. Furthermore, the greeks introduced by Hull and White
(1997), namely, chi and psi, can be easily computed for our model since
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skewness and kurtosis are explicit parameters.We end the chapter with some
numerical calculations applied to UK equity data. Section 9.2 presents the
theory, applications and conclusions follow in Section 9.3 and proofs are
relegated to the Appendix.
9.2

RNVR RELATIONSHIPS

In this section we will de®ne a RNVR. An economy is de®ned to have a RNVR
relationship if the price of an asset at time t, Pt , can be written as

Pt 

1
EQ Vt1 
1  rf t

9:1

where rf is the riskless rate of interest, Vt1 is the (stochastic) payo of the
asset at time t  1 and EQ
t () its expectation, conditional upon time t with
respect to the risk-neutral measure Q. Establishing the existence of a RNVR
reduces to ®nding Q for a given economy. Dierent authors de®ne the RNVR
in dierent ways. Camara (1997), for example, de®ned it to be independent of
preferences parameters while Duan (1993) de®nes it in terms of shifted mean
parameters.
As is standard in the literature, we consider a representative agent in a twoperiod securities market economy. We assume the representative agent has
power utility functions
ut C t  

1
C1ÿ
1ÿ  t

9:2

and
ut1 Ct1   p

1
C1ÿ
1 ÿ  t1

where p is the time-preference parameter, is a parameter and Ct and Ct1 are
(real) consumption at time t and t  1 respectively.
It is well known (see Huang and Litzenburger, 1988, for example) that the
above assumptions are consistent with a Pareto-optimal market equilibrium
and with an appropriate theory of aggregation.
De®ning, for the moment, only the ®rst two moments of our variables we
shall follow Huang and Litzenburger (1988) in parameterizing our variables
appropriately, where we need to model aggregate consumption, the stock
market (equity), which is measured in units of consumption, and a riskless
asset whose one-period rate of return is the known constant rf . Let x~j and c~ be
respectively, the payo on equity and the level of consumption in time t  1.
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Furthermore, assume that
E `n x~j   ^j
E `n c~  ^c

9:3

and


`n x~j 
cov
`n c~







2j

K0 j ^c
^2c



If we now consider the new variables
X  `n x~j =pt ;
Y  `n p

c~ ÿ
 ;
ct

these have transformed means
x ; y   ^j ÿ `n pt ; ÿ ^c  `n p  `n ct 

9:4

and


2x ; Kx y
2y







2j ;

ÿ K0 j ^c
2 2
^c



For future reference, we note that is assumed positive, so that ut1 () has
00
ut1 () negative, and that K0 is assumed positive, since it is the correlation
between `n c~ and `n x~j  which should be positive since large payouts in the
stock market should be associated with more consumption. It then follows
that K should be negative, a result we note as a lemma.
Lemma 1. The correlation K, de®ned by equation (9.4) is negative.
Proof: See above discussion.
Our next de®nition is concerned with Gram±Charlier (GC) expansions of
probability density functions (pdf). These are representations of pdfs that are
frequently used by statisticians because of their tractability and simplicity.
A GC expansion of the pdf of X, pdf(x, is de®ned to be


3
4
pdf x   x 1  H3 x  H4 x
9:5
3!
4!
1
ÿx2
 and
where  x is a standard normal N 0; 1 i.e.  x  p exp
2
2

256

Return Distributions in Finance
H3 x  x3 ÿ 3x
H4 x  x4 ÿ 6x2  3

The polynomials, Hj x, are called Hermite polynomials. The assumption in
equation (9.5) is that E X  0, 2  var X  1,
"
 #
X ÿ E X 3
 3
E

"
 #
X ÿ E X 4
E
 4

so that 3 is the skewness of X and 4 is the excess kurtosis of X.
It is straightforward to check that if X  N 0; 1, then 3  0 and 4  0.
In addition, we will calculate the moment-generating function (mgf) of X,
X s, which can be shown to equal the following:

 
1
3
 4 s4
X s  exp s2
9:6
1  s3 
2
6
24
The variable X whose pdf is given by equation (9.5) will be denoted by
X  ÿGC 0; 1; 3 ; 4 .  It is immediate that if Y  a  bX, then
Y  a; b2 ; b3 3 ; b4 4 since one can manipulate the mgf in equation (9.6).
We next prove the following lemma.
Lemma 2. If X1  N 1 ; 21  and X2  GC 2 ; 22 ; 3 ; 4  and X1 ; X2 are
independent then Y  X1  X2  GC 1  2 ; 21  22 ; 3 ; 4 .
Proof. See the Appendix
Having presented our preliminary de®nitions and results, we now wish to
model our joint pdf of (x; y) whose mean and covariance matrices are given by
equation (9.4).
Changing notation, we wish to construct


X
Y







x
y

  2
x ;
;

Kx y
2y



9:7

in terms of GC variables.
It seems natural that X, equity, should be modelled to have a GC
distribution since the parameters of interest in our model are 3 and 4 . It is a
fact that these parameters are often signi®cantly non-zero, and empirically,
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that motivates our chapter along with the observation that often the essential
information about an equity market is in the ®rst four moments. For
mathematical convenience, we shall assume that pdf(yjx), the conditional pdf,
should be normal. To ensure that our correlations are consistent with equation
(9.7), we shall start with X0 and Y0 such that they satisfy the following
assumptions:
(A1) pdf(x0 )  GC 0; 1; 3 ; 4 
(A2) pdf(y0 )  N 0; 1 and
(A3) X 0 and Y 0 are independent.
Our desired variables (X; Y)0 are also related to (X0 ; Y0 )0 by the following
relationship:
   
 0
x
X
X
(A4)

A
y
Y0
Y


0
x
where A  K ;  p :
y

y 1ÿK 2

It follows immediately from (A1) to (A4) that we can compute pdf x,
pdf yjx; pdf x; y and pdf y which we present in Proposition 1.
Proposition 1. Under Assumptions (A1) to (A4) the pdfs of Y and X are given
by the following:
(i) pdf x  GC x ; 2x ; 3x 3 ; 4x 4 
(ii) pdf y  GC y ; 2y ; K 3 3y 3 ; K 4 4y 4 
K
(iii) pdf yjx  N y  xy x ÿ x ; 2y 1 ÿ K 2 
(iv)
pdf x; y  pdf yjxpdf x 
1
exp ÿ
2 1 ÿ K 2


y ÿ y

y

2 !

1
2x y 1 ÿ K 2 





 
y ÿ y
x ÿ x 2
x ÿ x
ÿ2K

x
x
x

 1





3
x ÿ x
4
x ÿ x
H3
 H4


x
24
x

Proof. See Appendix.
It may seem contrived that while equity has skewness and kurtosis,
consumption, conditional on equity, is normal. We note, however, that our
marginal for y has a GC distribution. Our aim is to construct a joint pdf whose
marginals are GC distributions; Proposition 1 achieves this aim.
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9.3

COMPUTING THE RNVR

We now turn to the computation of a RNVR. In terms of our previous
0
notation, an asset will be priced in our model in terms of a RNVR, for Pt a
0
price and Vt1 a payo, as follows:
Z
1
0
0
9:8
Vt1 pdfQ
Pt 
1  rf
or, in terms of the representative agent,
Z Z
0
0
Pt 
Vt1 exp ypdf x; ydxdy

9:9

Thus, from equation (9.8) and (9.9), we see that
Z
pdfQ  1  rf  exp ypdf x; ydy

9:10

Furthermore, pdfQ will have two restrictions imposed on it due to the presence
of two primitive observable assets: equity and bonds.
In particular, for the bond
1
 E exp y
1  rf
which, from equation (9.10) is just the requirement that
For equity, using equation (9.11), we see that

9:11
R

pdfQ  1.

1  E exp x  y

9:12

Both of these restrictions can be calculated by using Proposition 1.
In particular, since E exp x  y is the joint mgf of x and y evaluated at
(1,1) and YjX is normal from Proposition 1, and X is GC(x ; 2x ; 3x 3 ; 4x 4 ,
E exp x  y  EX exp xE exp yjx


Ky
1
x ÿ x   2y 1 ÿ K2 
 EX exp x  y 
2
x


 

Ky 1 2
Ky
2
 exp y ÿ x
 y 1 ÿ K  EX exp x 1 
x
x
2
Thus, using Proposition 1 and equation (9.12), we see that



 !
x Ky 1 2
Ky
Ky 2
1 2
2
1  exp y ÿ
 y 1 ÿ K   x 1 
 x 1 
x
x
x
2
2


3
4
 1
x  Ky 3 
x  Ky 4
6
24
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or


1
1
3
x  Ky 3
1  exp x  y  2y  2x  Kx y
1
6
2
2

4
4

x  Ky 
6

9:13

From similar calculations, using Proposition 1
1
 E exp y
1  rf


1
 exp y  2y
2



1

3 K3 3y
6

4
 K4 4y
24

!

These two restrictions can be imposed on pdfQ in two stages.
First, using equation (9.14), along with (9.10) we can rewrite


Z exp y ÿ y ÿ 1 2 pdf x; ydy
2 y


pdfQ 
3
3
4
1  36  24

9:14

9:15

The second restriction, (9.14), can be used to eliminate , since we can
rewrite (9.13) using (9.14) as

ÿ

1  63 x  3  244 x  4
exp x  12 2x  x
9:16
1
1  rf  1  63 3  244 4 
Equation (9.16) can be used to eliminate as a function of rf ; x ; 2x ; 3 and 4 :
It is worth noting that while we can eliminate y ; 2y and  Ky  from
pdfQ it will still depend upon x , in much the same way that occurs with power
utility and Garch volatility for X (see Satchell and Timmermann, 1996).
Evaluating the integral in equation (9.15), we can readily ®nd an expression
for the pdfQ . The ®nal expression is given in Proposition 2.
Proposition 2. The pdf associated with the RNVRs pdfQ is given by




1
1
3
x ÿ x
2
1  H3
pdfQ  p exp ÿ 2 X ÿ x ÿ x 
6
x
2x
22x




4
X ÿ x
3
H4
1
24
x
6

Proof. See Appendix.

3



4
24

4

ÿ1
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9.4

OPTION PRICING

In this section we use our results in Section 3 to price an option. We
shall consider a call option on units of real aggregate consumption in
period 2.
Following Huang and Litzenburger (1988, equation 6.10.3), the price of the
European call option f S; E, where S is the current price of the asset and E is
the exercise price, is given by the sum of the two integrals:

f S; E  S

Z1 Z1

ÿ1

ÿE

exy pdf x; ydxdy

a

Z1 Z1

ÿ1

ey pdf x; ydxdy

9:17

a

where pdf() is the joint pdf on future consumption and asset returns, and
a  `n E=S.
We present the valuation of f S; E in Proposition 3.
Proposition 3. The option price, f S; E is given below by:
f S; E  S z  x  ÿ E z= 1  rf 
 S z  x D 3 ; 4 ;

 x 

ÿ E zD 3 ; 4 ; = 1  rf 
where z 

ÿ b;

 Ky and D ; ;  is de®ned in the Appendix:

Remark 1. The above formula could be programmed straightforwardly and
needs as inputs only the following parameters, other than the ®ve used in
Black±Scholes, x , 3 , 4 , and . One can solve for from equation (9.15).
Remark 2. When we now come to compute our greeks, our task is much easier
than Hull and White (1997) who, because they use a mixture, have no natural
parameter for 3 and 4 . We can de®ne chi  @f =@3 and psi  @f =@4 .
Proposition 4. From the option price speci®ed in Proposition 3 and under the
assumption that K  0 i.e. z  ÿb we can easily obtain expressions for psi and
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chi given by
psi 

@f S; E
@4

 S   x ÿ b
ÿ
chi 

24P2 x   43 3x b3 ÿ 3b

E   ÿb b3 ÿ 3b
1  rf 
24

df S; E
@3

 4S   b ÿ x 
ÿ

24  43 3x  4 4x 2

24P1 x  ÿ 4 3x b3 ÿ 3b
24  43 3x  4 4x 2

E   b b2 ÿ 1
6

where P1  

2

 b b   ÿ 1 and P2  

3

b

2

 b2 ÿ 1  b3 ÿ 3b.

Proof. See Appendix.

9.5

CONCLUSION

In this section we present some calculations for our RNVR in Section 9.3
based on recent UK data.
We take for our asset series (monthly returns on the FTA. This is based on
data from February 1976 to December 1994 (227 observations). We also have
a 3-month British Government Treasury Bill measured over the same period.
We report the four moments for the full period and over the two sub-periods in
Table 9.1.
Table 9.1

Whole FTA
FTB
Feb. 85 FTA
FTB
Post Feb. 85 FTA
FTB

Mean

Standard
deviation

Skewness 3

Excess
kurtosis 4

0.0141
0.0087
0.0169
0.0093
0.0113
0.0082

0.0541
0.0024
0.5190
0.0023
0.0563
0.0025

ÿ1.1009
ÿ0.1641
ÿ0.4571
ÿ0.0326
ÿ1.5960
ÿ0.1954

5.1628
ÿ0.6288
1.5180
ÿ0.5563
7.7345
ÿ0.9364
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For the consumption of the RNVR, values of x ; 2x ; 3 ; 4 and rf are
required and are chosen from Table 9.1. For example, the monthly RNVR
uses the parameters 0.0141 for x ; 0.0541 for x ; ÿ1.1009 for 3 ;5.1628 for 4
and a TB (monthly) rate of 0.0087. Clearly, we would have preferred a
monthly bill rate but we could not ®nd one.
We solved equation (9.16) for using the package Macsyma and obtained
the following values: ÿ0.1217 for whole FTA, -0.1678 for Feb. 85 FTA and
ÿ0.0811 for post Feb. 85 FTA. Comparing these values with their 4 for each
period we notice that as 4 increases, decreases.
It is instructive to see what these values of are measuring. We know that
 ÿ Ky : For example, if  ÿ0:1217, then knowledge of c (the monthly
standard deviation of consumption) and K (the monthly correlation between
the real consumption growth rate and (real) return on the FTA) allow us to
infer a value of : Taking values from Damant et al. (1997)), who use real
quarterly consumption expenditure on non-durable goods plus services
divided by the UK population from 1976:1 to 1995:4 gives an approximate
annual standard deviation of 2%. The correlation coecient between this
series and quarterly FTA returns was ÿ0.1344. Solving the above for , which
is the coecient of relative risk aversion gives us a value of  156:84. This is
enormous and illustrates in a novel way a manifestation of the equity premium
puzzle; see Mehra and Prescott (1985). Essentially, we need an enormous
amount of risk aversion to use power utility to ®t the empirical data. The
inadequacy of power utility is known to hold across most mature markets; see
Campbell (1996). Nevertheless it is a useful tractable utility function when
extending asset pricing models to incomplete markets where utility will enter
into pricing formulae.
APPENDIX
Proof of Lemma 2
Since X1  N 1 ; 21  and X2  GC 2 ; 22 ; 3 ; 4  with X1 and X2 independent
we have
Eexp t X1  X2   E exp tX1 E exp tX2 
where
1
Eexp tX1   exp t1  21 t2 
2
and
1
3
4
Eexp tX2   exp 2 t  22 t2   1  t3  t4 
2
6
24
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Consequently,


 

1 2
3 3 4 4
2 2
Eexp t X1  X2   exp 1  2 t  1  2 t  1  t  t
2
6
24
and the result follows.
Proof of Proposition 1
Since X 0 and Y 0 are independent we have from Assumption (A4) that
(i)
exp tX  Eexp t x  x X 0 
 exp tx Eexp tx X 0 
 2 2
t x
3
4
tx 3 
tx 4 
 exp tx  exp
 1 
2
6
24
) X  GC x ; 2x ; 3x 3 ; x4 4 
(ii)
p
Eexp tY  Eexp t y  Ky X 0  y 1 ÿ K 2 Y 0 
p
 exp ty Eexp tKy X 0 Eexp ty 1 ÿ K 2 Y 0 


exp ty   exp t2 2y 1 ÿ K 2 
2

 exp

t

2

K 2 2y
2

 exp ty 

1 

3 3 3 3 4 4 4 4
t K y  t K y 
6
24

t2 2
3
4
 1  t3 K 3 3y  t4 K 4 4y 
6
24
2 y

) Y  GC y ; 2y ; K 3 3y 3 ; K 4 4y 4 
(iii)
Eexp tYjX  E exp tY j X 0 

p
 Eexp t y  Ky X 0  y 1 ÿ K 2 Y 0  j X 0 
p
 exp t y  Ky X 0 Eexp ty 1 ÿ K 2 Y 0  j X 0 
 exp ty  Ky X 0  exp t2 2y 1 ÿ K 2 =2
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Substituting for X 0  X ÿ x x we have
Eexp tYjX   exp t y 

t2 2y
Ky
X ÿ x  
1 ÿ K 2 
x
2

) Y j X  N y 

Ky
X ÿ x ; 2y 1 ÿ K 2 
x

pdf x; y  pdf y j xpdf x
"

2 #
Ky
1
1
y ÿ y ÿ
 p exp ÿ 2
x ÿ x 
2y 1 ÿ K2 
x
y 2 1 ÿ K2 




1
1
3
x ÿ x
2
 p exp ÿ 2 x ÿ x 
1  H3
6
x
2x
x 2



4
x ÿ x
 H4
24
x

1
1
p exp ÿ

2
2
1
ÿ
K2 
2x y 1 ÿ K



x ÿ x
x

2




y ÿ y
x ÿ x
ÿ2K
y
x


 !! 




y ÿ y 2
3
x ÿ x
4
x ÿ x
 1  H3
 H4

y
6
x
24
x

Proof of Proposition 2
From equation (9.15) we have


exp ÿy ÿ 2y =2 Z
 ey pdf x; ydy
pdfQ  ÿ
1  63 3  244 4

Now replacing pdf x; y by pdf yjxpdf x and noting that yjx is normal we
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have


Z
exp ÿy ÿ 2y =2

pdfQ  ÿ
pdf
x

ey pdf yjxdy
1  63 3  244 4





Ky
1 ÿ
 exp ÿy ÿ 2y =2 exp y 
x ÿ x   2y 1 ÿ K 2
2
x
pdf x

3  4 4
1
24


1
1
2
 p exp ÿ 2 x ÿ x ÿ x 
2x
22x
ÿ



3
6





3
x ÿ x
4
x ÿ x
3
1  H3
 H4
1
6
x
24
x
6

3

4

24

4

ÿ1

Proof of Proposition 3
Considering the two integrals in f S; E given by equation (9.17) we have
(i)
Z1 Z1

ey pdf x; ydxdy

Z1 Z1

ey pdf yjxpdf xdxdy

ÿ1



ÿ1

a

a



Z1

pdf x



Z1

pdf x  exp y 

a

a

Z1

ey pdf yjxdydx

ÿ1

Ky
1
x ÿ x   2y 1 ÿ K 2 dx
2
x

(from Proposition 1 where yjx  Normal)
1
 exp y  2y 1 ÿ K 2  
2

Z1
a

exp Ky

x ÿ x
pdf xdx
x
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Examining just the integral we have
Z1

exp Ky

Z1

exp Ky

a



a

1 

x ÿ x
  pdf xdx
x
x ÿ x
1
1 x ÿ x 2
  p exp ÿ
 
x
2 x
x 2

3
x ÿ x
4
x ÿ x
H3
  H4
dx:
6
x
24
x

x
Changing variables x ! !  xÿ
x we have



Z1

aÿx
x

e

1
3
4
2
eKy w p eÿw =2 1  H3 w  H4 wdw
6
24
2

K 2 2y =2

Z1

aÿx
x

1
1
3
4
p exp ÿ w ÿ Ky 2 1  H3 w  H4 wdw
6
24
2
2

To solve this integral we require the moment generating function of a
truncated Normal distribution. In particular, consider the integral:
1
M t 
1 ÿ  b ÿ Ky 

Z1

1

1 ÿ  b ÿ Ky 

Z1

b

b

2

1
1
etw p exp ÿ w ÿ Ky 2 dw
2
2
1
1
p expÿ w2 ÿ 2w Ky  t  Ky  t2
2
2

 Ky  ÿ Ky  t2 dw
K 2

K t2

exp ÿ 2y  y2

1 ÿ  b ÿ Ky 



Z1
b

1
1
p exp ÿ w ÿ Ky  t2 dw
2
2

 exp ÿ Ky 2 ÿ Ky  t2 =2 

1 ÿ  b ÿ Ky ÿ t
1 ÿ  b ÿ Ky 

i.e.
t2 1 ÿ  b ÿ Ky ÿ t
M t  exp Ky t  
1 ÿ  b ÿ Ky 
2
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Therefore we now have that the required integrals are:
(a)
2

exp Ky  =2 

Z1

aÿx
x

1
1
p exp ÿ w ÿ Ky 2 dw
2
2

 exp Ky 2 =2 1 ÿ 

a ÿ x
ÿ Ky 
x

(b)
2

exp Ky  =2 

Z1

aÿx
x

1
1
H3 w p exp ÿ w ÿ Ky 2 dw
2
2

a ÿ x
 exp Ky  =2 1 ÿ 
ÿ Ky  
x
2

Z1

aÿx
x

 exp Ky 2 =2 1 ÿ 

w3 ÿ 3weÿ wÿKy =2
p
dw
x
2 1 ÿ  aÿ
x ÿ Ky 

a ÿ x
ÿ Ky   fM 000 0 ÿ 3M 0 0g
x

Similarly
(c)
2

exp Ky  =2

Z1

aÿx
x

1
1
H4 w p exp ÿ w ÿ Ky 2 dw
2
2

 exp Ky 2 =2 1 ÿ 

a ÿ x
ÿ Ky fM 0000 0 ÿ 6M 00 0  3
x

For the derivatives of M t we have:
M t  exp

M 0 t 


t  t2 =2

 tM t 

1 ÿ  b ÿ ÿ t
1 ÿ  b ÿ 
 b ÿ ÿ t
exp
1 ÿ  b ÿ 

 tM t  Q t

t  t2 =2
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M 00 t 

 t


 tM t  Q t  M t

 tQ t  b ÿ

ÿ tQ t

 1

 t2 M t  2

 1

 t2 M t  b 
 t2 

M 000 t  1 
2

 tQ t

 tM t  Q t

 tQ0 t

 t3  3
b b

 t2 Q t

 tM t  2 

 tQ t

 t3  3



 tQ t

 tM t  Q t

 b


 t  b ÿ

 t2   b b 

 tM t  2 

 tQ t

 t2  3M t

M 0000 t  3

 t3  3


 2

 t2  b b 

 t4  6

 tQ t

 t2  3M t

 t3  5



 tM t  Q t

 t  bQ t

b 2


 t

 t  3b  b

 t2  b2 b 

 tQ t

Thus
M 0 0 

 Q 0 

M 00 0  1 

2



 bÿ 
1ÿ bÿ 

 b  Q 0

M 000 0 

3

3 

M 0000 0 

4

6

2

2

 b b    2Q 0

3

3

 5  3b  b

2

 b2 b  Q 0
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giving
M 000 0 ÿ 3M 0 0 

3



2

 b b   ÿ 1Q 0

M 0000 0 ÿ 6M 00 0  3 

4



3

ÿ

ÿ 3b  b

2

 b2 b  Q 0



4



3

ÿ

ÿ 3b  b

2

 b2  b3 Q 0

Consequently, (b) and (c) above now have the expression:
2

b exp

2

 1 ÿ  b ÿ 

3



2

 b b   ÿ 1Q 0

 1 ÿ  b ÿ 

4



3

ÿ

2

c exp

2

2

ÿ 3b  b

 b2  b3 Q 0

Therefore letting
A

Z1 Z1

ÿ1

ey pdf x; ydxdy

a

2
2
1
 exp y  2y ÿ   exp   1 ÿ  b ÿ 
2
2
2

 1 


3
6

4
24

4

 exp y 


4
24

4

3

2





3

 b b   ÿ 1Q 0

ÿ

ÿ 3b  b

2

 b2  b3 Q 0

2y
3
 1 ÿ  b ÿ 1 
6
2


3

ÿ

ÿ 3b  b

2

3
A1
6



4
A2
24



3
6

3





with
A1



2

 b b   ÿ 1

2

 b b   ÿ 1Q 0

 b2  b3 Q 0

 exp y  2y  1 ÿ  b ÿ 1 


3

 bÿ 
1 ÿ  b ÿ 

4
24

4
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and
3



A2

ÿ

ÿ 3b  b

2

 b2  b3 

 bÿ 
1 ÿ  b ÿ 

From result (9.14) we have
1  rf ÿ1  exp y 

2y
2

1 

3
6

3



4
24

4



Thus A may be written compactly as:
A

1 ÿ  b ÿ 1  D 3 ; 4 ; 
1  rf 

where
D 3 ; 4 ;  

ÿ

3

6

A1

1  63

  244 A2
3

 244



4



(ii) Next we consider the other integral in equation (9.17) given by
Z1 Z1

ÿ1

exy pdf x; ydxdy

a



Z1

e pdf x



Z1

ex exp y 

x

Z1

ÿ1

a

a

 exp x  y 


Z1

aÿx
x

ey pdf y j xdydx

2y
Ky
1 ÿ K 2 pdf xdx
x ÿ x  
2
x
2y
2

1 ÿ K 2 

1
3
4
2
exp x  z p eÿz =2 1  H3 z  H4 zdz
6
24
2

Noting that the integral is of the same form as in (i) above, we can readily
specialize the results by substituting (x   in place of in the expression for
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A above. That is, we have:
Z1

aÿx
x

1
3
4
2
exp x  z p eÿz =2 1  H3 z  H4 zdz
6
24
2
 x  2
 1 ÿ  b ÿ x ÿ 1
2

 exp
3
6
4

24



 b2

 x  3

 x  2  b b 

 x  4

 x  3 ÿ

 x  ÿ 1Q1 0

 x  ÿ 3b  b

 x  2

 x   b3 Q1 0

where
Q1 0 

 b ÿ ÿ x 
1 ÿ  b ÿ ÿ x 

Consequently,
Z1 Z1

ÿ1

exy pdf x; ydxdy

a

 exp x  y 


4
24

2x 2y
3
  x  1 ÿ  b ÿ x ÿ 1 
2
2
6

 x  4 

3
A1
6

 x  

4
A2
24

 x  3

 x 

B
Using result (9.16) i.e. that
1  exp x  y 

2x 2y
3
  x 1 
2
2
6

 x  3 

we can rewrite B as:
B  1 ÿ  b ÿ x ÿ 1  D 3 ; 4 ;
Therefore since
f S; E  S  B ÿ E  A

 x 

4
24

  x 4 
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we have
f S; E  S 1 ÿ  b ÿ

E 1 ÿ  b ÿ 
1  rf 

ÿ x  ÿ

 S 1 ÿ  b ÿ x ÿ D 3 ; 4 ;
ÿ

 x 

E 1 ÿ  b ÿ D 3 ; 4 ; 
1  rf 

Since
b


a ÿ x
x
`n E=S ÿ x
x

and 1 ÿ  b ÿ    ÿ b we note immediately that the ®rst term in
f S; E is merely the price under log-normality given in Huang and
Litzenberger (1988, pp. 165±166, equations 6.10.10 and 6.10.11). The
remaining terms are the corrections for non-normality.
Proof of Proposition 4
From Proposition 3, with K  0 i.e.

 0 we have

@f
@D
E   ÿb @D
 S   x ÿ b
 3 ;  4 ; x  ÿ
3 ; 4 ; 0;
@k
@k
1  rf  @k
Now
D 3 ; 4 ;  

43 A1   4 A2 
24  43 3  4 4

with
A1  


2

 b b   ÿ 1

 bÿ 
1 ÿ  b ÿ 

 bÿ 
 P1 
1 ÿ  b ÿ 

k  3; 4
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A2  


3

b

2

 b2 ÿ 1  b3 ÿ 3b

 bÿ 
1 ÿ  b ÿ 

 bÿ 
 P2 :
1 ÿ  b ÿ 

Thus
4
@D 3 ; 4 ; 
A2 
D 3 ; 4 ; 
ÿ

3
4
@4
24  43  4 
24  43 3  4 4 





 bÿ 
24  43 3  4 4 ÿ1
1 ÿ  b ÿ 


4 43 P1   4 P2 
 P2  ÿ
24  43 3  4 4
 bÿ 
24  43
1 ÿ  b ÿ 
 24P2   43



3

3

 4 4 ÿ1

P2  ÿ P1 

 b ÿ   24P2   43
1 ÿ  b ÿ  24  43

3
3

b3 ÿ 3b

 4

4 2

Consequently,
@D 3 ; 4 ; x 
 b ÿ x 
24P2 x   43 3x b3 ÿ 3b

@4
1 ÿ  b ÿ x 
24  43 3x  4 4x 2
and
@D 3 ; 4 ; 0
 b
24P2 0


@4
1 ÿ  b
242


 b
b3 ÿ 3b

:
1 ÿ  b
24

Thus
psi 
ÿ

@f
24P2 x   43 3x b3 ÿ 3b
 S  x ÿ b
@4
24  43 3x  4 4x 2
E   ÿb b3 ÿ 3b

1  rf 
24
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Similarly,
@D 3 ; 4 ; 
4A1 

@3
24  43 3  4




4

ÿ

4 3 D 3; 4 ; 
24  43 3  4

4

4 b ÿ 
24  43 3  4 4 ÿ1
1 ÿ  b ÿ 


3
43 P1   4 P2 
 P1  ÿ
24  43 3  4 4
4 b ÿ 
24P1  ÿ 4 3 b3 ÿ 3b
1 ÿ  b ÿ 
24  43 3  4 4 2

with
@D 3 ; 4 ; x 
4 b ÿ x 
24P1 x   4 3x b3 ÿ 3b

@3
1 ÿ  b ÿ x 
24  43 3x  4 4x 2
and
@D 3 ; 4 ; 0
4 b
24 b2 ÿ 1
 b
b2 ÿ 1



2
@3
1 ÿ  b
1 ÿ  b
6
24
so
chi 

@f
24P1 x   4 3x b3 ÿ 3b
 4S   b ÿ x 
@3
24  43 3x  4 4x 2
ÿ E   b 

b2 ÿ 1
6
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Chapter 10
The distribution of realized returns
from moving average trading rules
with application to Canadian
stock market data
ALEXANDER FRITSCHE

ABSTRACT
We describe the probability density of realized returns for a moving
average trading rule, given that the underlying structure of asset
returns is a two-scale Gamma process. Analytical results are derived,
given speci®c parameters of the underlying returns distribution. We
®nd that the probability density of realized returns is skewed extremely
to the left for most reasonable parameter values. Furthermore, we
show that it is in general not possible to assign a preference ordering
over the distributions of asset returns and realized returns from the
trading strategy. An application of the theory to Canadian stock market
data reveals that, in contrast to other studies, these rules cannot
generate positive pro®ts.

10.1

INTRODUCTION

It is well known that, in practice, fund managers and traders use technical
analysis in order to help them with their buying and selling decisions. The
conventional view among economists is to regard this practice as inecient
and resulting in a certain loss of money. Recently there have been a number of
studies which challenge this particular view, resulting in a substantial increase
in the literature on trading rules. The common hypothesis of these studies is
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that simple trading rules cannot generate above-normal pro®ts. However,
LeBaron (1991) and Levich and Thomas (1993) all ®nd in empirical studies of
exchange rate markets that some simple trading rules can generate statistically
signi®cant pro®ts. Kuo (1998) and others arrive at similar ®ndings using stock
market data. These results are striking, given the conventional wisdom from
ecient market theory that publicly available trading strategies cannot
generate above-normal pro®ts.
Knight, Satchell and Tran (1995) develop a process to model asset returns
using a mixture distribution of scale gamma functions. Based on this
framework, Kuo (1998) derives the characteristic functions and basic
properties of realized returns from two speci®c moving average trading rules.
He applies his results to the estimations of Knight, Satchell and Tran (1995)
for British stock market data with the conclusion that a moving average
trading rule can generate positive average returns of up to 6% per month.
The purpose of this chapter is to extend the results derived by Kuo (1998). In
particular, this research addresses the following three questions: What is the
probability density of realized returns generated by the simple trading rule? Is it
possible to assign a preference ordering over the distributions of asset returns
and realized returns from the trading strategy? Can one show that moving
average trading rules generate signi®cant pro®ts over the long run and thereby
substantiate the results of the earlier studies? Answering these questions is
important for several reasons. First, having speci®c functional forms for the
probability density makes the estimation of realized returns a straightforward
exercise in maximum likelihood estimation. Even when analytic results are not
available, it is generally useful to have a picture of the probability density.
People are accustomed to looking at a random variable in the form of a density
function and make inferences based on its graph. They cannot, in general,
relate to three-dimensional characteristic functions. Second, it is not enough to
judge the usefulness or practicality of moving average trading rules solely on
the basis of positive or negative expected realized returns. People might use
these types of trading strategies, simply because they prefer the lottery
presented by them, over the lottery presented by the buy-and-hold strategy of
just buying the underlying asset. This would be a perfectly rational explanation
of why people use these trading rules even when markets are ecient and even
though the rules might not be able to generate the same type of pro®ts as the
buy-and-hold strategy. Finally, the selection of a time period for the
application of a trading rule is crucial to the resulting realized returns. Thus,
if simple trading rules are indeed capable of generating positive pro®ts over the
long run, then they must somehow capture something elementary in ®nancial
markets. This would again strengthen the result of the above-mentioned studies
and imply that ®nancial markets are not even weak form ecient.

278

Return Distributions in Finance

To answer these questions, we ®rst derive analytical expressions for the
inverse of the characteristic functions, given speci®c parameters of the
underlying distribution of asset returns. We then test for ®rst- and secondorder stochastic dominance. From a series of graphs, we describe some of the
qualitative characteristics of the densities, and, when it is not possible to ®nd
analytic expressions for the asset return process, use numerical methods to
graph the density. Finally, we estimate the model by Knight, Satchell and Tran
(1995) for the TSE35 Index over a period of roughly 812 years.
Our ®ndings are as follows. Generally, the density of realized returns from
the moving average trading rule is skewed extremely to the left and its tails
become fatter as we increase the probability of positive and negative shocks to
asset returns. For returns less than zero, the density of asset returns lies below
the density of realized returns, but for returns greater than zero, there exist
returns where the density of the trading rule lies above the density of asset
returns. Given these results, we show that in general it is not possible to assign
a preference ordering over the two probability distributions. However, when
people only care about not losing money, they will always prefer the buy-andhold strategy of asset returns. Finally the application shows that the rule is not
able to generate pro®ts over the entire period. Thus this result arms the
conventional theory.
The structure of the paper is as follows. Section 10.2 describes moving
average trading rules in more detail, while section 10.3 describes the theoretical
framework of the asset return process and the statistical properties of the
trading rule. Section 10.4 forms the main part of the paper. Here we describe
the probability densities in detail. In Section 10.5 we explain the estimation
process and apply the model to the Canadian data. Finally, Section 10.6
concludes with a brief summary and suggestions for future research.
10.2 MOVING AVERAGE TRADING RULES AND
TECHNICAL ANALYSIS
Moving average trading rules are simple trading rules from the domain of
technical analysis. Technical analysis is a method for trying to predict the
appropriate time to buy or sell a stock. At the heart of this analysis lies the
belief that a security's `worth' is determined simply by the amount a potential
buyer is willing to pay for it and not necessarily by its underlying fundamental
value. Reasons why a person might be willing to buy a security certainly may
include beliefs that it is undervalued, but more importantly, they include
beliefs about the future direction of price changes. For the technical analyst, it
is those beliefs which drive the market. Thus, the primary determinant of
security prices is individual and crowd psychology. Fundamental factors are,
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Figure 10.1 Moving average trading rule: (m < n)

at best, secondary. With well-informed market participants, technical analysts
argue that prices re¯ect all important information and hence looking for
undervalued securities is an unpro®table exercise. Instead, they argue, one can
only try to use historical data on prices and volumes etc. in order to ®nd
repetitive patterns which one can exploit.
The main methods of technical analysis often consist of applying various
charting techniques (such as support and resistance levels, head-and-shoulders
or double bottoms) to the data and then representing the results on a graph.
Because of its seemingly unscienti®c character and the diculty of formalizing
the rules of technical analysis, academics have traditionally frowned on this
type of analysis. There is, however, a class of technical trading rules which
does not lack this type of formalism: moving average trading rules. The basic
structure of these rules is very simple. In order to generate a trading signal,
they only require the graph of two moving averages of dierent lengths, taken
over a single series. Typically the type of average used is either arithmetic,
geometric or some combination thereof. The rule then issues a buy signal when
the moving average of shorter length penetrates the one of longer length from
below and generates a sell signal when the penetration occurs from above. This
process, which can be easily formalized, is illustrated in Figure 10.1.
De®nition 1 An Arithmetic Moving Average (n, m) Rule is a signal St such that:

1
if Dt  0 () buy
St 
0
if Dt < 0 () sell
where:
Dt 

1=m

m
ÿ1
X
j0

Ptÿj

!

ÿ

1=n

nÿ1
X
j0

Ptÿj

!
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De®nition 2 A Geometric Moving Average (n, m) Rule is a signal St such that:

1
if Dt  0 () buy
St 
0
if Dt < 0 () sell
where
Dt 

m
ÿ1
Y
j0

Ptÿj

!1=m

ÿ

nÿ1
Y

Ptÿj

j0

!1=n

It is clear that this rule is mathematically well de®ned. More importantly, it
is Markov time. As Neftci (1991) shows, in order for a rule to have well-de®ned
statistical properties, it must be Markov time. In his terminology, for an
event (such as a major market downswing) to be Markov time, it must be
It -measurable on the sequence of information sets fIt g. In other words, it
cannot incorporate information not contained in the relevant information sets.
Moving average trading rules are clearly Markov time, since they are based
only on historical moving averages. As Neftci shows, these rules are one of the
few classes of technical trading rules which satisfy the criterion of Markov
time. Most other technical trading rules somehow implicitly incorporate
information about future prices and are thus not Markov time. The
importance of this concept is that trading rules which can generate signals
that are Markov time have well-de®ned statistical properties. Hence it
becomes possible to test their predictive power and to derive their implications
on asset returns and realized returns.
10.3

THEORETICAL FRAMEWORK

10.3.1

The asset return process

The theoretical foundation of all the work in this chapter is the model of asset
returns proposed by Knight, Satchell and Tran (1995) (from now on KST).
Their approach addresses the lack of a tractable model of asset returns able to
dierentiate between upside risk and downside risk.1 The model is a method
for accounting appropriately for asymmetric risk in ®nancial markets. The
process by itself is one of a straightforward mixture distribution. They assume
that the return on an asset has a long run mean of ;and can be described as
follows:
Rt    Zt "t ÿ 1 ÿ Zt  t

10:1

1
Upside `risk' is the risk of a positive shock to the asset return, whereas downside risk is the risk
of a negative shock to the asset return.
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where Zt  f0; 1g is an indicator variable and "t and t are two non- negative
random variables. Thus, when Zt  1, a positive shock occurs and a sample is
taken from the "-distribution. When Zt  0, a negative shock occurs and the
process samples from the -distribution. It is important not to confuse the
behaviour of asset prices with that of asset returns. A positive or negative
shock occurs with respect to returns and not with respect to prices. Thus two
negative shocks to prices can still be a positive shock to returns, simply when
Pt > Ptÿ1 .
It is assumed that, over time, Zt follows a stationary two-state Markov
process, described by the following transition probabilities:
PrZt  1jZt ÿ 1  1  p
PrZt  0jZt ÿ 1  1  1 ÿ p
PrZt  1jZt ÿ 1  0  q
PrZt  0jZt ÿ 1  0  1 ÿ q

10:2

Here, p and q are conditional probabilities such that 0  p, q  1. The
unconditional probability of being in state 1, i.e. drawing from the "distribution is


1ÿq
2ÿpÿq

Note that for  to be well de®ned, we need to rule out the special case where
p  q  1.
In order to describe the probability density of returns any further, one needs
to assign a distribution function to both "t and t : KST specify the density
functions for the process as two-scale Gamma functions:2
8 1 ÿ1
< 1 r 1 exp ÿ r if r  0
1
ÿ 1
10:3a
pdf"t r 
:
o
otherwise
8 2 ÿ1
< 2 r 2 exp ÿ r if r  0
2
ÿ 2
10:3b
pdft r 
:
o
otherwise

Since Zt is stationary, the probability of having a return above the long-run

2
The scale Gamma function is useful, because it has as special cases:
1 Exponential Distribution:  1
2 Erlang Distribution: is an integer
3 12 22 when 2 is an integer
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Figure 10.2 Distribution of asset returns

mean is : Conversely, the probability of having a return below the long-run
mean is 1-: Given these probabilities we can write the density for returns
generated by the KST process as:

1 ÿ ft  ÿ r for r < 
pdfR r 
10:4
f"t r ÿ 
for r > 
The corresponding probability distribution function is

1 ÿ Ft  ÿ r for r < 
FR r 
F"t r ÿ 
for r > 

10:5

where f"t r and ft r are the scale Gamma functions de®ned above and F is
the cumulative distribution function respectively.
Thus, in the KST model, the distribution of " describes the upside risk,
whereas the distribution of  describes the downside risk. Obviously, both "
and  need not be distributed the same. In fact, the point of the model is for the
two functions to dier, in order to capture potential asymmetry in ®nancial
markets. Figure 10.2 depicts the basic shape of the density, given asset returns
follow the process in equation (10.4). The picture illustrates the asset return
process for a long-run mean of zero. The right side of the graph depicts f" ;
whereas the left side of the graph depicts f : The shape of each side depends on
the parameter i : As seen for f ; if 2  1, the density is monotonically
decreasing. For f" , on the other hand, 1 > 1, and thus it has a maximum
at r 
ÿ 1=: Lambda is the scale parameter with the property that for
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a scale Gamma distribution function
; 1=  1
expected value of asset returns given this process is:

; 1  1

. The

ER r    " ÿ 1 ÿ 
or
ER r    
10.3.2

1

1

ÿ 1 ÿ 

2

2

The statistical properties of speci®c moving average trading rules

In Kuo (1998) the geometric moving average trading rule [GMA(2,1)] is
investigated. Using characteristic functions, Kuo is able to derive some of
the statistical properties of realized returns from the above rules, given
asset returns follow the KST process. We now brie¯y review some of these
results.
The geometric moving average (2,1) rule
Note that from De®nition 2, a geometric moving average(2,1), Dt  0 i
Pt  Pt Ptÿ1 1=2 and Dt < 0 i Pt < Pt Ptÿ1 1=2 : Hence it as follows that:
Dt  0 iff

Dt < 0 iff

Rt  0

Rt < 0

where Rt  ln Pt =Ptÿ1 

Thus, the action prescribed by the GMA(2,1) rule is:
(

buy if Rt  0
1
GMA 2;1
At

()
 St
0
sell if Rt < 0

10:6

It is obvious that this rule generates a buy signal only when Pt  Ptÿ1 : Thus
this rule says nothing more than: `Buy every time the price goes up, sell every
time the price goes down'.3
Kuo (1998) now derives the characteristic function for this trading rule.
From equation (10.6), a buy signal is generated if and only if Rt  0: Suppose
for now that   0; then we know from equation (10.1) that Rt  0 i Zt  1
and Rt < 0 i Zt  0. Thus the sequence of trading signals {St } is identical to
the sequence of the indicator variable {Zt }. Kuo (1998) then uses the
information contained in the Markovian structure of {Zt } in order to
characterize the statistical properties of realized returns from applying the
3

Note that saying `Buy when the price goes up' is true for any moving average (n; 1) rule.
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trading rule. He derives the characteristic function4 RRT t for the realized
returns from a GMA(2,1) to be
RRT t  1 ÿ   ÿt   1 ÿ p

 ÿt
1 ÿ p " t

10:7

where " s and  s are the characteristic functions associated with the
distributions of " and  respectively. Given the characteristic function, Kuo
also derives the expected realized return generated by the rule:
E RRT   0RRT 0 
10.4

1
fp" ÿ 1 ÿ p g
1ÿp

10:8

CHARACTERISTICS OF THE PROBABILITY DENSITY
FUNCTIONS

From the characteristic functions for the moving average trading rule, i.e.
GMA(2,1), we will now examine the probability density of realized returns by
inverting its characteristic function. However, since it is not always possible to
perform the inversion analytically, we will approach the problem in two ways.
First, we will derive some explicit analytic expressions for the pdf, given
speci®c parameters of the underlying distribution of asset returns. From these
results, we will discuss and graph the densities for some speci®c parameters.
Second, we will invert the characteristic functions for a number of speci®c
values using numerical methods and then present the resulting densities in
graphical form. We now introduce two important concepts which will be used
to derive the results.
De®nition 3 Let F be a function from R ! C. The Fourier Transform5 of F is the
function f :R ! R given by
Z
1 1 ÿitx
1
Fourier F t; t; x
f x 
e F tdt 
2 ÿ1
2
4

A characteristic function is a complex function de®ned as:
Z 1
e itx pdfX xdx
X t 

16

ÿ1

This function is unique given any probability density. Furthermore, Levy's inversion theorem
proves that there exists a one-to-one correspondence between the characteristic function and the
probability density of a random variable.
5
Sometimes this de®nition is referred to as the Inverse Fourier Transform.
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Theorem (Fourier Inversion Theorem) The probability density function of a
random variable X is the Fourier Transform of its characteristic function.
pdfX r 

1
2

Z1

eÿitr X tdt

10:9

ÿ1

10.4.1 The probability density of realized returns from a moving
average (2,1) rule
Double exponential distribution
In the case where 1 = 2 =1, the density of asset returns in equation (10.4)
reduces to:
(
1 ÿ 2 eÿ2 ÿr for r < 
pdfR r 
10:10
for r > 
1 eÿ1 rÿ
Given this set-up, one can derive the probability density of realized returns
from the geometric moving average (2,1) rule.
Result 1 Let   0; then, given asset returns are distributed as a double
exponential distribution, the probability density of realized returns from a
geometric moving average (2,1) rule is:
8
2 r
for r < 0
>
< 1 ÿ 2 e
0
for r  0
10:11
pdfRRT 2;1 r 
>
:
e1 r
ÿ
e
for r > 0
1 e

where: RRT is the realized return of the trading strategy,
!


2
e1  2 1 ÿ p
1ÿ 
;  p
and e1  1 1 ÿ p
e1  2
e1  2
To prove Result 1 we ®rst need the characteristic functions for " and :

De®nition 4 The characteristic function associated with a scale Gamma
distribution is:


it ÿ
10:12
ÿ  t  1 ÿ
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Proof of Result 1. We need to invert the characteristic function:
~
~ RRT t  1 ÿ  
~  ÿt   1 ÿ p  ÿt

~ " t
1 ÿ p

~ indicates that asset returns are distributed as a double exponential.
where 
Applying the Fourier inversion theorem, we want to ®nd:
!
Z1
~  ÿt

1
ÿitr
~
pdfRRT r 
dt
e
1 ÿ  ÿt   1 ÿ p
~ " t
2
1 ÿ p
ÿ1

10:13

Since the Fourier transform is additive, we will split up equation (10.13) into
two parts.
R1 ÿitr
1
~  ÿtdt:
Part 1. We de®ne Part 1 pdf 1RRT r=2
e
1 ÿ 
ÿ1

R1
Note that in this case, R ÿt  ÿ1 eÿitr fR rdr  ÿ1 eÿitr fÿR rdr 
ÿR t: Thus the ®rst term in the above equation becomes
1
1 ÿ 
2

Z1

R1

e

1
 ÿtdt  1 ÿ 
2

ÿitr ~

ÿ1

Z1

ÿ1

~ ÿ tdt  1 ÿ fÿ r
eÿitr 

We have
fÿ r 

(

2 2 ÿr 2 ÿ1
ÿ 2

exp 2 r

if r < 0
otherwise

o

and thus,
pdf 1RRT r 

(

1 ÿ 2 e 2 r
o

if r < 0
otherwise

Part 2. We now turn to the second term in equation (10.13) which we de®ne as
pdf 2RRT r. Solving this part is more dicult because of the quotient involving
the characteristic functions. First we substitute i  1 into De®nition 4 and
rearrange to get
pdf 2RRT

1
r   1 ÿ p
2

  1 ÿ p

1
2

Z1

eÿitr

~  ÿt

dt
~ " t
1 ÿ p

Z1

eÿitr



ÿ1

ÿ1

1 ÿ it
1 1 ÿ p ÿ it



2
2  it


dt
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We now need to distinguish the two cases: r < 0, r > 0.
For r < 0, we can show that the expression above evaluates to
 1 ÿ pfÿ r

1  2
1 1 ÿ p  2

for r > 0, we can show that the expression evaluates to6
 1 ÿ p1 peÿ1

1ÿpr

2
1 1 ÿ p  2

we thus have

pdf 2RRT r 

8
>
>
>
<

 1 ÿ p2 e 2 r

>
>
>
:  1 ÿ p1 peÿ1

1  2
1 1 ÿ p  2

1ÿpr

2
1 1 ÿ p  2

if r < 0
if r > 0

Finally, adding the two parts and adding a point mass at zero, we have the
result



pdfRRT 2;1 r  pdf 1RRT r  pdf 2RRT r
8
!
>
2 1 ÿ p  e1
>

r
>
2
> 2 e
for r < 0
>
>
>
e1  2
>
<
>
>
>
>
>
>
>
>
:

~
e1 eÿ1 r

0


2 p
e1  2



for r  0

for r > 0

Corollary 1 Given asset returns are distributed as a double exponential
distribution, the probability distribution of realized returns from a geometric
moving average (2,1) rule is:
!
8
>
2 1 ÿ p  e1 2 a
>
>
for a < 0
e
>
<
e1  2
10:14
FRRT a 


>
>

p
>
~
2
>
for a  0
eÿ  1 a
: 1ÿ
e1  2

&

6
We omit the arithmetic involved in the proof here. Even though straightforward, it is quite
tedious and of no particular value. Furthermore, the result can very easily be checked using
Maple. The corresponding worksheets are available from the author upon request.
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Proof. By de®nition, the distribution function FX of a density fX is given by
Ra
FX a  Pr x < a  ÿ1 f xdx: Hence,
!
8
>
2 1 ÿ p  e1 2 a
>
>
e
for a < 0
>
<
e1  2
FRRT a 


>
>
2 p
>
~
>
: 1ÿ
for a  0
eÿ  1 a
e
1  2
&

Result 1 is a very nice result. Having a closer look at the structure of the
density of realized returns, we see that the density is a mixture of two densities,
~
2 eÿ2 r for the downside and e1 eÿ1 for the upside. Furthermore, the density
~
ÿ

r
e1 e 1 is just the origial density of positive shocks where we have reduced the
scale parameter by a factor of 1 ÿ p: Since we have two densities on each
side, the terms
!
2 1 ÿ p  e1
e1  2

and


p

2
e1  2



have to sum to 1, and they can thus be viewed as the probabilities with which
we sample from either distribution. Thus the probability density of realized
returns from the geometric moving average (2,1) rule can be modelled in
exactly the same way as the probability density of asset returns. Namely,
pdfRRT 2;1 r    Zt f"~ ÿ 1 ÿ Zt  f
8


2
>
>


1

p4
prob(
Z
>
t
>
<
e1  2
!
where
e1
>

1
ÿ
p


2
>
> prob( Zt  0 
>
:
e1  2
and f"~  f" j1  1 1 ÿ p

Since (1-  is a probability weight, the term
!
e1  2 1 ÿ p
e1  2
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on the downside of the density is less than or equal to 1. A natural question to
ask is whether the downside of realized returns lies above or below the density
of original returns. In other words, we want to know whether


2 1 ÿ p  1 1 ÿ p <
 r
2 e2 r
 1 ÿ 2 e 2
1 1 ÿ p  2
>
<
We can show that this reduces to the inequality  1 ÿ p 1  2   0. Since
>
0  p,   1 and 1 , 2 are both positive, we know that the downside of
realized returns never lies below that of asset returns. Similarly, for the upside,
we must have that the term


2 p
1 1 ÿ p  2
is always less or equal to 1. Unfortunately, we cannot show that one upside
density lies above or below the other. One can show, however, that the density
of realized returns lies above the density for returns when
r>

ln 2  e1 
1 p ln p 1 ÿ p

and below for
r<

ln 2  e1 
1 p ln p 1 ÿ p

Furthermore, recall that  is the unconditional probability of sampling from
the "-distribution. Thus, from the de®nition of we see that is always less
than ; except for the extreme case where p  1 and and  are equal. If we
conjecture that the probability of sampling from both distributions should be
1/2, one can show that  12 if
p

1  2
1  22

even if   12 : Combined with the above result this means that, in general, the
distribution of realized returns from the trading strategy is always more
skewed to the left than the distribution of asset returns.
We now want to make some comparisons between the density of realized
returns and the density of asset returns. we will ®rst discuss the three extreme
cases p  0; q, p; q  1, p  1; q. In the ®rst case, note that when p  0,
the upside of the density of realized returns from the trading strategy collapses.
The resulting density is the re¯ection of the density of the negative shocks
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along the vertical axis. This result makes sense given our trading strategy.
Remember that p is the probability of two positive shocks to succeed each
other. Hence, when p  0, this will never happen. Every time the price goes up,
the rule issues a buy signal. But since p  0, we know for certain that the price
will fall. Thus one can only lose money and the way by which it is lost is
described by the distribution of negative shocks.7 In the second case, we see
that q  1 implies   0: Thus the distribution collapses in the same way. The
reasoning for this collapse is the same as before except that, once we are in the
bad state, we never leave. The third case where p  1; q, the distribution of
realized returns collapses completely. We know that the rule will not generate
a buy signal until there is at least one positive shock. However, once this
happens, we will never leave the good state. Thus the reason why the
distribution collapses is that the rule will never issue a sell signal again and
there is no return realized. More precisely, the length of time the asset is held in
the model is ®rst de®ned by the rule and then determined by the asset return
process. Thus, time is a random variable in the model. But when p  0, this is
no longer the case, and hence the density collapses.
We now turn to the question of whether we can assign a preference ordering
over the distribution of asset returns and the distribution of realized returns
from the trading strategy. In order to say something about the utility of the
trading strategy, it is not enough to only look at its expected return. Instead,
one also needs to consider the risk involved in realizing that return. As we have
seen above, we can model the two random variables R and RRT in the same
way, but with dierent probability weights. If we view the distributions as
lotteries over wealth, then it is clear that the lottery involving the trading
strategy is quite dierent from that of the buy-and-hold strategy of asset
returns. Thus, on the surface, it is not clear which of the two strategies an agent
would prefer. In order to answer this question, we thus introduce the concepts
of ®rst- and second-order stochastic dominance.
De®nition 5 A probability distribution F dominates another probability
distribution G according to ®rst-order stochastic dominance (FSD) if
F a  G a for all a 2 R
Theorem F dominates G by FSD if and only if:
Z
Z
u adF a 
u adG a
R

R

for all strictly increasing expected utility indices u(a).
7

Knowing that p  0 we might just want to change our trading strategy and short-sell the asset.
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De®nition 6 A probability distribution F dominates another probability
distribution G according to second-order stochastic dominance (SSD) if
Z x
Z x
F a da 
G a da for all a 2 R
ÿ1

ÿ1

Theorem F dominates G by SSD if and only if:
Z
Z
u adF a 
u adG a
R

R

for all increasing and concave expected utility indices u(a).
First-order stochastic dominance is the most general way of comparing two
lotteries. It means that if F dominates G by FSD, expected utility-maximizing
agents with strictly increasing utility would prefer the lottery F over the lottery
G. Hence, in order to compare lotteries, it is enough to order probability
distributions by FSD. Once we add the assumption of concavity to
preferences, we have the concept of second-order stochastic dominance.
Thus, if people have increasing concave preferences, it is sucient to rank
probability distributions according to SSD.
Result 2 As long as asset returns are non-degenerate, the distribution function of
realized returns from the geometric moving average (2,1) rule never dominates
the distribution of asset returns by FSD.
Proof. When   p  1, we do not have a density for realized returns. When
 6 0;we have seen that the downside of asset returns always lies below the
downside of realized returns from the trading strategy. This implies that
FR a FRRT a for a < 0 and thus the distribution of realized returns cannot
dominate the distribution of asset returns by FSD. &
Result 3 The distribution function of asset returns dominates the distribution
function of realized returns by FSD if and only if p  0
Proof. We only need to compare the upside of the distributions. If p 6 0, in
order for asset returns to dominate realized returns by FSD, all we need to show
is that


2 p
ÿ1 a
ÿ~1 a
1 ÿ e
1ÿe
e1  2
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This can be rearranged as
1 1 ÿ p  2
 e1 pa
2 p
since this is an increasing function in a, we can always ®nd an a such that the
inequality does not hold, namely let


1
1 1 ÿ p  2
a
ln 2
1 p
2 p
Then
 1ÿp
1 1 ÿ p  2
ln 2 1  p 2 
2
e
2 p

12
which is a contradiction, and hence FR a does not dominate FRRT a by FSD
when p 6 0.
On the other hand, when p = 0, the upside of realized returns collapses and
FRRT a  1 for a > 0, and hence FR a  FRRT a: &

Result 4 As long as asset returns are non-degenerate, the distribution functions
of realized returns from the geometric moving average (2,1) rule and asset
returns never dominate each other by SSD.
Proof. For realized returns from the trading strategy to dominate asset returns
by SSD, the downside of realized returns has to dominate the downside of asset
returns by SSD.
Z x
Z x
FRRT a da 
FR a da
Z

ÿ1

x
ÿ1

1 ÿ e2 a da 

ÿ1

Z

x

ÿ1

1 ÿ e2 a da

This reduces to the inequality
1 ÿ p 1  2   0
which would only be true when p = 1, but this has been ruled out.
For asset returns to dominate realized returns from the trading strategy by
SSD, we still have to check the upside. We need the following inequality to
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hold:
Z 0
ÿ1

1 ÿ e

2 a



Z

0

xÿ

1 ÿ e

ÿ1 a



da 

Z

x

ÿ1

2 a

1 ÿ e
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Z x
ÿe
1 a
da 
1ÿ e
0

Again, in the case of p = 1, this inequality holds as equality, but otherwise it
can be shown to be violated for any
x>
&

ln

2  ÿ ln  p2 ÿ 2e1  ÿ ln e1 
e1

At this point, one could check even higher degrees of stochastic dominance.
There are, however, two problems with doing so. First, as we re®ne the
ordering of probability distributions, i.e. as we increase the degree of
stochastic dominance, the requirements on the utility function become
increasingly stringent. Thus the set of agents whose utility function ®ts into
these increasingly special classes becomes smaller and smaller and hence the
result increasingly specialized. The other problem is that it seems fairly
unlikely that we will be able to dierentiate the two probability distributions
according to even higher degrees of stochastic dominance. Looking at the
structure of the density of realized returns, the upside is scaled by (1 ÿ p). The
term (1 ÿ p) in the exponent will not disappear in repeated integration. We are
thus always forced to compare an exponential quantity with an additive
quantity. It should be no surprise that this will continue to be violated.
In summary, we can say that we are unable to assign a preference ordering
on the probability distributions of the trading strategy and the buy-and-hold
strategy of asset returns. Whether or not the agent prefers one over the other
depends on the individual expected utility. We might, however, note that the
reason why we are unable to dierentiate the distributions by FSD or SSD lies
in the fact that there is always a small probability that the trading strategy will
generate a very large pro®t. However, as we have mentioned previously, the
upside `risk' is not so much a risk, but rather an extra bonus. An investor
might be primarily concerned about not losing money. If this is the case then as
we have seen, the investor is always better o with the buy-and-hold strategy
of the asset returns since its downside always dominates the downside of the
trading strategy.8
We now turn to the graphical description of some of the features of the
density. Figure 10.3 illustrates the two extreme cases   1 and   0 for the
8
There exists an entire literature on semi-variance, which deals with exactly this kind of problem.
This might be an interesting area of future research.
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Figure 10.3 Realized returns from the geometric moving average (2,1)

density, given that p  0:5, 1 and 2 equal 1/2. Note that the distribution of
realized returns is skewed extremely to the left. We can see from above that
when   0; the right side of the distribution disappears completely. Even
when the stationary probability of the good state is 1, the density remains
extremely skewed. This skewness is still apparent even though the expected
realized return from the strategy is positive. As we know from equation (10.8),
if " = ; the expected return on the trading strategy is positive if and only if
p > 1 ÿ p: If we assume that the stationary probability is 0.5 then this
implies that p  q > 2=3. Figure 10.4 depicts the probability density of
realized returns given these assumptions. The leftward skewness is clearly
apparent. Furthermore, we can see that the downside of the density is `pushed'
down as we increase p and q, corresponding with a fattening in the right-hand
tail. This can better be seen in Figures 10.5 and 10.6 where we only depict the
upside of the density.
Notice from these two graphs that when we increase p, we take out some
weight from the centre of the distribution and put it out in the right tail. This
can be easily veri®ed by looking at the density. As we increase p, we reduce the
scale parameter and hence fatten the tail. Furthermore, given that   0:5;
increasing p unambiguously increases , adding to the eect of the scale
parameter.
Note that this result makes perfect sense given our trading strategy. If both p
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Figure 10.4 Realized returns when PI  0:5

Figure 10.5 Upside of realized returns (2,1) rule
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Figure 10.6 Realized returns and changes in p

and q are fairly large, it means that we have prolonged market `cycles'. Thus
we have fewer buy/sell signals but with each signal being more important. This
is, however, exactly the kind of structure that moving averages are exploiting.
Remember that moving average rules try to predict trends in the market. The
more persistent these trends are, the more useful the rule will be. Thus when
the trading signal is becoming more pronounced we would expect to earn more
money from the strategy, or in other words, the probability of a loss should go
down and the probability of pro®t should go up. This is exactly the result we
get from the graph and it makes perfect sense given the rationale behind
moving average trading rules.
10.4.2

Numerical inversion of characteristic functions

It is only possible to ®nd closed-form expressions for the geometric moving
average (2,1) for a small set of characteristic functions, namely those where 1
and 2 are speci®c integers. Given the generality of the asset return process, it
seems limiting to describe the probability densities where the shape parameters
of the underlying distributions are composed only of integers. Looking at
Figure 10.2 we see that we might very well be interested in the graph of the
distribution when alpha < 1. Furthermore, since we have already seen that the
geometric moving average cannot generate positive pro®ts on average, it
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would be useful to see what the density of realized returns of the moving
average (2,1) rule looks like when we know we have positive pro®ts on average.
To get around this problem we need to use numerical methods and then plot
the probability density given certain parameter values.
It is, of course, impossible to integrate a function numerically from -1 to
1: Hence, it is useful to rewrite the Fourier Inversion Theorem from equation
(10.9) in the following way:
pdfRRT

1
r 
2

Z1
ÿ
0


eitr RRT ÿt  eÿitr RRT t dt

10:15

We know that any complex function Q : R ! C can be expressed as
Q t  < t  i= t where < t and = t are the real and imaginary parts
respectively. Thus,
pdfRRT

1
r 
2

Z1

cos tr  i sin tr < t ÿ i= t

0

 cos tr ÿ i sin tr < t  i= tdt
1



Z1

< t cos tr  = t sin trdt

0

1



Z1
ÿ  ÿitr

< e RRT t dt

10:16

0

Since the characteristic function is a periodic function with decreasing
amplitude, we use the following method to calculate the numerical integral in
equation (10.16).
pdfRRT

1
r 


Z1
ÿ  ÿitr

< e RRT t dt
0



Z1
0

dt 

Z2
1

dt 

Z4
2

dt  :::

Z2i1

dt

10:17

2i

The periodicity of the integrand guarantees that, as t becomes increasingly
larger the small positive and negative areas more or less cancel each other out.
This makes the computation of the integral much easier and more accurate.
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Note that in this approximation, the degree of accuracy of the integral is set by
i, where i  1 is the total number of integrals that are computed in equation
(10.17). We have increased the degree of accuracy of the computation up to the
point where there was no change in the integral up to the ®rst eight decimals.
In general, in order to achieve the desired degree of accuracy we did not need
to increase the number of computed integrals past 12.
Note also, that we would have to compute the above integral for every value
of r. But since the entire exercise is for illustrative purposes only, it suces to
compute the integral over a small range, say from ÿ0.02 to 0.02 in increments
of 0.004. Then the entire process can be summarized as follows:
2 1
Z

1 ÿ  ÿitr
GraphpdfRRT r  4
< e RRT t dt
10:18

0
3
2i1
Z
10
X1
ÿ  ÿitr
 7
+
< e RRT t dt5

i0
2i

rÿ0:02::0:02

We now apply this process to the results of KST.

The results of KST
KST estimate the asset return process for UK futures and stock prices using
the model described in Section 10.3.1. They ®nd that asset returns are
described fairly well by the process. Since this chapter is grounded on their
results it is only natural to ask what the probability density of realized returns
looks like, given the parameters they estimate for the UK stock market.
Furthermore, since for the FT100 Futures 1 > 1 and 2 < 1; and for the
FT100 Index, 1 > 1 and 2 > 1; their results from their estimations ®t well in
the overall description of the dierent types of densities generated by varing i :
The parameters from the KST estimation are given in Table 10.1.

Table 10.1

1

1
2

2

pb
qb

FT100 Futures

FT100 Index

1.3775
168.36
0.7499
99.074
0
0.4812
0.4882

1.364
204.4
1.4399
214.04
0.00042
0.4816
0.5080
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Table 10.2
FT100 Futures
pe
qe
e


FT100 Index

0.5188
0.5118
0.4966

0.5184
0.492
0.4870

Note that in the model estimated by KST p  probZt  1, Ztÿ1  1, as it is
in the Kuo (1998) model. However, in Kuo's setup, when Zt  1 ) Rt  ,
whereas in the KST when Zt  1 ) Rt  . Thus if we have to convert the
probabilities accordingly, i.e. pK  1 ÿ pKST ; qK  1 ÿ qKST and hence,
K 

qKST
pKST  qKST

8
01
0.

4

6
01
0.

1

01
0.

9

01

00

0.

0.

4

6

00

00

0.

0.

1

2
00
0.

03

00

.0
–0

–0
.

08

06

.0

.0

–0

–0

13

10
.0

–0

15

.0

.0

–0

–0

20
.0

.0
–0

–0

18

The new probabilities can be summarized as in Table 10.2.
The probability densities associated with the FT100 Futures and the FT100
Index are depicted in Figures 10.7 and 10.8 respectively.
The ®rst point to note is that the qualitative relationship of the graphs of the
trading strategies with respect to the graph of asset returns is the same
regardless of the dierence in shape parameters for the two series. However,
when we compare the realized returns from the geometric moving average (2,1)
and the (1; 1 rule for the two series, we see that when 2 < 1; the downside of
the (1; 1 rule crosses the (2,1) rule and lies below it at the centre of the
distribution. On the other hand, when 2 > 1 then the downside of the (1; 1
rule always lies above the downside of the (2,1) rule. Second, as we have seen in
the previous sections, the graph exhibits extreme skewness and asymmetry of

Figure 10.7 Returns and realized returns from FT100 Futures (KST, 1995)
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Figure 10.8 Returns and realized returns for FT100 Index (KST, 1995)

the densities. Both rules exhibit these kind of characteristics. Even though the
returns distribution is `fairly' symmetric for the FT100 Index, the graph of
resulting realized returns is still extremely skewed to the left.
At this point it is also useful to cross-reference the picture of the densities for
the two series with the results obtained in the special case of the exponential
distribution. Namely, we clearly see that the downside of asset returns lies well
below the downside of realized returns. Hence we can conclude again that
distribution of realized returns from the trading strategy will never dominate
that of the buy-and-hold strategy of asset returns by FSD. Similarly, for the
upside, we see that as r increases, the density of realized returns from the
moving average (2,1) rule lies above the density of asset returns. Here too we
can then conclude that asset returns do not dominate realized returns by FSD.
10.5

APPLICATION TO TSE35

In this ®nal section we apply the model of asset returns to the TSE35 Index. As
we will see, this allows us to graph the density of realized returns when 1 < 1;
and 2 < 1; thus completing the description of the graph of the probability
densities given dierent values for i : However, before presenting the results of
the estimation we will ®rst describe the estimation process and the data.
10.5.1

Estimation of the asset return process

Given that asset returns follow the process from equation (10.1) and Zt follows
the two-state Markov process, we can write down the likelihood in period t,
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conditional on information at time t ÿ 1:
h
iZt
L Rt ; Zt j Itÿ1   pZtÿ1 1 ÿ q 1ÿZtÿ1  f" r ÿ 


h

1 ÿ pZtÿ1 q 1ÿZtÿ1  f  ÿ r

Hence, the total likelihood is given by L  L X1 ; Z1 
the log likelihood
ln L  ln L R1 ; Z1  
 Z1 ln  

1

T
X
t2

2

QT

t2

10:19

L Rt ; Zt j Itÿ1 , with

ln L Rt ; Zt j Itÿ1 

ln 1 

1

 1 ÿ Z1 ln 1 ÿ  


i 1ÿZt 

ÿ 1 ln r1 ÿ  ÿ 1 r1 ÿ  ÿ ln ÿ
2

1 

ln 2 

ÿ 1 ln r2 ÿ  ÿ 2 r2 ÿ  ÿ ln ÿ

2 

 n11 ln p  n01 ln 1 ÿ q  n10 ln 1 ÿ p  n00 ln q
 n1

1

ln 1 

1

ÿ 1S1 ÿ 1 S2 ÿ n1 ln ÿ

1

 n0

2

ln 2 

2

ÿ 1S3 ÿ 2 S4 ÿ n0 ln ÿ

2

where ni j is the number of pairs of the form (Zt  i, Ztÿ1  j), n0 is the number
of Zt 's which are zero excluding Z1 , n1 is the number of Zt 's which are one
excluding Z1 : Furthermore,
S1 

T
X

Zt ln rt ÿ 

S2 

T
X

Zt rt ÿ 

S3 

T
X

1 ÿ Zt  ln  ÿ rt 

S4 

T
X

1 ÿ Zt   ÿ rt 

t2

t2

t2

t2

The estimation of the parameters 1 ; 1 ; 2 ; 2 is straightforward. In order to
estimate ; we estimate the above likelihood function using grid search over
the range from ÿ0.02 to 0.2 and in increments of 0.0001. The procedure for the
estimation is as follows. Given ; we calculate the series of indicator variables
{Zt ;}, which in turn allows us to calculate the number of pairs of the form ni j :
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Table 10.3

TSE35

Mean

Std. dev.

Min.

Max.

Skewness

Kurtosis

0.0003433

0.0086197

ÿ0.0768518

0.0519045

ÿ0.6848879

10.85788

The sample probability pb and qb can then be computed as
pb 

n11
n00
and qb 
n11  n10
n00  n01

These estimates are then inserted into the log likelihood function which in turn
is maximized. The process is then repeated for the entire range and returns the
parameters corresponding to the highest value of the likelihood function.
10.5.2

Description of the data

The data is taken from the Toronto Stock Exchange 35 Index. This index
includes 35 companies which together are supposed to track the Canadian
economy. Historically, the correlation between the TSE35 index and the
TSE300 index has been around 98% (CSI, 1998). The data covers the period
from 25 February 1991 to 13 August 1999 for a total of 2209 observations.
Note that we are considering a much longer time period than KST. Obviously,
for a trading strategy or rule to be useful in predicting market behaviour, it has
to do so a priori. Namely, it is well known that one can always ®nd time
periods during which certain trading rules work. However, when the same
rules are applied to dierent or longer time periods, the rule often fails to
work. Table 10.3 presents basic summary statistics.
From the summary statistics and Figure 10.9, we can see that the data is
somewhat kurtotic. The line drawn on the histogram represents a normal
distribution with the same mean and variance than the empirical distribution.
From it we can see that the normal distribution does not provide the best ®t
with the data and that instead the KST process might provide a better ®t.
10.5.3

Results of the estimation

Having estimated the likelihood function, the maximum likelihood is
characterized by the parameter estimates in Table 10.4.
From the table we can compute the mean of positive and negative shocks,
Table 10.4

TSE35

b1

0.53717

b1

94.648

b2

0.94044

b2

153.768

b


0

pb

0.6046

qb

0.5205
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Figure 10.9 Histogram of returns from TSE35 Index

i.e. "  1 =1  0.0056755 and   2 =2  0.0061160. These in turn imply
that the expected realized return from the geometric moving average (2,1) rule
is
ERRT

2;1

r 



1
p" ÿ 1 ÿ p 
1ÿp
1
0:452  0:6046  0:0056755 ÿ 1 ÿ 0:6046  0:0061160
1 ÿ 0:6046

 ÿ0:0021933

10:20

we can compare this with the expected return on the TSE35
ER r    " ÿ 1 ÿ 
 0:452  0:0056755 ÿ 1 ÿ 0:452  0:0061160
 ÿ0:000786
We can see from the above that realized returns from the GMA (2,1) rule
perform worse than asset returns and that it is not possible to generate positive
pro®ts when applying the rule to Canadian data.
Using the same process as in Section 10.4.3, we can graph the density of
returns and realized returns from the trading strategies. The results are
depicted in Figure 10.10.
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Figure 10.10 Returns and realized returns for TSE35

Notice again the skewness of the distribution of realized returns. As we have
seen analytically for the special case of the double exponential distribution, for
large values of r, the density of realized returns from the trading strategy lies
above the density of asset returns. The picture also con®rms that this is the
case here. However, we know from the calculations above that the expected
value of realized returns is negative. Thus, for large r, the density of realized
returns does not lie enough above the density of asset returns such that it could
make up for the large probability mass on the downside of the density.
10.6

CONCLUSION

In this chapter, we have tried to describe the densities and the distribution
functions of the geometric moving average (2,1) rule. We have also tried to
compare the asset returns distribution with the distribution of realized returns
to see if we can prescribe a preference ordering over the distributions. Finally,
we wanted to see if it was possible to generate positive pro®ts using a geometric
moving average rule in the long run, given Canadian data. The overall ®nding
is that the distribution of realized returns is skewed extremely to the left. This
was shown analytically for the special case of the double exponential
distribution and seems to carry over to general distributional forms as shown
by the numerous graphs. Similarly, it seems to be the case that preference
orderings over the distributions also carry over from the special case of the
exponential distribution to general types of distributions. Namely, we showed
that, except for a few extreme cases, the distributions of asset returns and
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realized returns from the geometric moving average (2,1) rule, never dominate
each other by ®rst- or second-order stochastic dominance. This ®nding seems
to be con®rmed by the graphs since as r becomes larger, the value of the
density of realized returns lies above that of asset returns. Finally, estimating
the asset return process for Canadian data, we ®nd that it is not possible to
generate positive pro®ts using a geometric moving average rule over the long
run. This result is comforting to some, as it agrees with the conventional
understanding that such rules cannot generate above normal pro®ts. Hence
the result stands in sharp contrast to the recent empirical results of Kuo (1998)
and Brock, Lakonishock and LeBaron (1992), which conclude that one can
indeed make positive pro®ts with these rules.
Finally, in future research it would be useful to apply a series of statistical
tests to the estimation of the asset return process. Speci®cally, the ®t of the
returns distribution could be compared with the ®t of the normal distribution.
Furthermore, an important hypothesis is that of symmetry and whether
returns might be modelled by the exponential distribution. Finally, it would be
useful to contrast the empirical distribution of realized returns from the
trading strategy with that obtained by inverting the characteristic function.
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In®nite variance distributions, as models
of daily stock returns, 144, 145
Information ¯ow/shock eect, 179±80
International Finance Corporation
(IFC), global data set, 84, 85
Inverse Fourier Transform, 284, 297
Inversion theorem, Levy's, 284
Investment Property Databank (IPD):
monthly index, 57, 63±5
performance index, 51
Ito's Lemma, 152
Jensen's Inequality, 128
Jones Lang Wootton, quarterly returns,
57
Jump measures, 3, 4, 8
Jump-diusion process:
bivariate trending, 221±3
cumulants, 221
estimation methods, 216±17
with predictable jump sizes, 179±82,
223±4
stock return models, 167±8, 171±4
trending O-U model, see Trending
O-U model
Kolmogorov±Smirnov (K-S) test, 61, 67,
123, 134, 139, 160
Kraus and Litzenberger (KL) CAPM,
80±1
four-moment, 100±3
second- and fourth-moment, 103±6
three-moment, 94±7, 100
KST (Knight, Satchell and Tran) model,
280±3
grid search procedure, 36
results, 298±300
Kurtosis, 79, 89
in real estate returns, 54, 55, 65, 70
stock price returns, 122
Lagrange Multiplier (LM) test statistic,
92

Langrangian, use for maximization
problem, 79, 113
Latin America, CAPM, 97, 106
Leptokurtosis, 121
Leverage eect, 26, 212
LeÂvy processes, 3, 4, 7±8, 9
inversion theorem, 284
LeÂvy±Khintchine formula, 3, 7, 9
Likelihood ratio test, 160
Lim CAPM, 90
Lo±Wang (1995) model:
option pricing, 174±6
versus Black±Scholes model, 186±95
versus trending O±U model, 199
Logarithmic price changes, 120
Logistic distribution, 60, 62
Lognormal distribution model, for stock
returns, 121, 129, 150
Macdonald function, see Bessel functions
Marginal rates of substitution, 82, 83
estimation, 86±90
Market, see Stock market
Markov time, 280
Martingale measure, equivalent, 9±10
choice, 11±13
existence, 10±11
minimal, 12
Maximum likelihood (ML) estimates,
157, 158, 217
Merton (1973) model, option pricing,
170
Merton (1976a) jump-diusion model:
option pricing, 171±4, 203±6
versus Black±Scholes model, 183±6
versus trending O±U model, 200±3
Minimal martingale measure, 12
Mixed diusion-jump (MDJ) process,
144, 151±2, 157
Mixture of normals model, for stock
returns, 151
Moneyness, of options, 182±3
Monte Carlo simulation procedures, 155
Morgan Stanley Capital International
(MSCI), world index monthly
returns, 84, 86
Moving average trading rules, 296
geometric, 20, 283±4

Index
National Association of Real Estate
Investment Trusts (NAREIT),
US, performance index, 50, 51
National Council for Real Estate
Investment Fiducaries (NCREIF):
performance index, 50, 53
quarterly returns, 57
Nikkei Stock Average 225 (NSA), spot
index, 145, 156
No-arbitrage condition, 230
Non-central t-distribution (Harvey and
Siddique's model), 28, 35
Non-linearity tests, real estate returns,
57±8
Normal distribution model, for stock
returns, 150
Normality testing, individual stocks,
123±4
Normalized kurtosis, 79, 89, 111
Normalized skewness, 79, 89, 111
NYSE index, 127
Objective model speci®cation, 210
Option pricing, 260±1
alternative model speci®cations, 170
hyperbolic model, 15±16
model (mis-)speci®cation, 182
with predictable jump size, 203±7
price distribution, 233
Ordering preference, 293
Ornstein±Uhlenbeck (O-U) process, 174,
175±6
jump-diusion model, 176±9
trending, 218±21, 231, 232, 233±4
Orthogonality conditions, CAPM, 90±1
Out-of-the-money (OTM) option, 183
Paretian distributions, use of stable, 122
Peak-over-Threshold (POT) method, 17
Pearson family of densities, 139±40
Poisson-driven process, 167, 171
Portfolio separation theorem, 79
Power utility, 262
Predictability, in asset returns, 168±9
Preference ordering, 293
Price process research:
stock market, 119±22
subordinated stochastic approach, 122
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Price and return indices:
private real estate, 50±1
public real estate, 51
Price-volume relations, stock prices,
130±7
Primitive information, 207, 209
Probability density function (PDF):
asset returns, 289
delta approximation, 245±6
GC expansions, 254±7
normal distribution, 150
realized returns, 284±9, 304
Property companies:
returns, 55
UK, 48
Property Council of Australia,
performance index, 53
Property sector performance indices,
50±1
Property Unit Trusts, 50
Quasi-maximum likelihood estimator
(QMLE), 33, 40
Random walk model, 119±21
Real estate:
Australian, 53, 58
and capital market integration, 56
commercial, see Commercial real
estate
exchange traded, 54
non-linearity in returns, 57±8
private direct, 52±3
property factor, 55
public indirect, 53±5
quarterly returns, 65±7
returns, 55, 68±70
UK market return models, 58±63
Real estate investment trusts (REITs),
48, 53, 54
index, 51
and stock market returns, 57
Real estate operating companies
(REOCs), 48
Realized returns, probability density,
284±9, 304
Risk-neutral (RN) pricing, 210, 229±32,
233, 238
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Risk-neutral valuation (RNVR), 252
computing, 258±9
consumption values, 262
de®nition, 254±7
Proposition 1, 257, 258, 263±4
Proposition 2, 259, 264±5
Proposition 3, 260, 265±72
Proposition 4, 260±1, 272±4
Royal Institution of Chartered
Surveyors (RICS), 48
S&P 500 index, 127, 144
total returns, 86, 89
Scale Gamma distribution, characteristic
function, 281, 285, 286
Scale-location family, 147
Scott and Horvath, strict consistency
condition, 82
Sears and Wei (SW) three-moment
CAPM, 81±2, 97±100
Second-order stochastic dominance
(SSD), 291, 292
Semi-non-parametric (SNP) score
generator, 217
SEQA system, 128
Shape triangle, 6
Skewed t-distribution (Hansen's model),
27, 35
Skewness, 79, 89, 111
in asset returns, 21±3
evidence in stock market indices, 24,
29±30
literature available, 23±5
model estimation time/costs, 39±41
modelling bene®ts, 42±3
small capitalization companies, 29±31,
38
Skewness-kurtosis, 139±40
Small capitalization companies,
skewness, 29±31
Smile eect (price distortions), 182
Stable distribution:
model, 144±5
for stock returns, 155±6
Stieltjes transform, 7
Stochastic autoregressive volatility
(SARV) models, 166±7, 212, 213
Stochastic dierential equation (SDE), 2

Stochastic dominance, degrees, 290±3
Stochastic processes, subordinated, 122
Stochastic volatility (SV) models, 2, 166,
211±13
Stock Exchange SEQA system, 128
Stock market:
activity as measure of normality, 131±3
crash (October 1987) eects on
estimates, 88±90, 97, 106, 109,
110
individual stocks normality testing,
123±4
integration of capital and real estate,
55±7
price changes, 118±19
price indices, 125±30
price process research, 119±22
price-volume relation, 130±7
returns distribution modelling, 143±5
study of indices for skewness, 24,
29±30
time-independent distributions, 149
Strict consistency condition, in
preference direction, 82
Student distribution, 150±1, 157±8,
160
`Studentized' test, 146±7
Student's t-distribution, 26, 27, 35, 60
Systematic kurtosis, 79
Systematic skewness, 79
SYY (Shao, Yu and Yu) test, 146, 149
Tail shapes, behaviour, 2, 3, 8, 55, 144
Technical analysis, 276, 278±9
Test statistic, 145±9
Proposition 1, 147, 161
Proposition 2, 148, 161
Proposition 3, 148, 162
Proposition 4, 149
Proposition 5, 149, 163
Threshold Autoregressive (TAR) model,
57
Time-dependent models, see Conditional
distributions
Time-independent models, see
Unconditional distributions
Toronto Stock Exchange (TSE35) Index,
387

Index
asset returns model application, 300±4
Trading activity:
as measure of normality, 131±3
volume eect, 131±2
Trading rules:
geometric moving average, 283±4
moving average, 277, 278±9
simple, 277
technical, 279
Trading strategy, 290, 293±6
Trending O-U jump diusion model,
176±9
Trending O-U model jump diusion
model:
versus Black±Scholes model, 196±8
versus Lo±Wang model, 199
versus Merton model, 200±3
versus other models, 176±9, 195±6
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Two-fund money separation (TFMS), 80
Unconditional distributions, 144, 149
Upside risk, 280
Valuation, real estate, 49
Value-at-Risk (VAR), 17, 231±2, 246±50
measurements, 237, 238, 240±5
Monte Carlo analyses, 155
Variance Gamma (VG) distribution, for
stock returns, 144, 154
Volatility process:
asymmetry, 31±2
changing, 211±13
Weibull distribution, for stock returns,
144, 153±4
Wiener-based process, 1±2, 3, 167

