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Preface

The goal of this book is to prepare readers to apply the optimal control theory
to nonlinear processes beyond the standard applications. The examples investigated in depth are drawn from drug policy, corruption, and counter-terror,
so this book will be of particular interest to economists, epidemiologists, and
other scholars interested in the economics of crime, health, and violence. However, the book is designed to simultaneously appeal to an even larger audience
of students in mathematics, economics, biosciences, and operations research
for whom it ﬁlls a gap in the literature between “cookbooks,” that give recipes
but not deeper understanding, and more formal mathematical textbooks that
do not explain how to apply the theory to practical problems.
This innovative balance is inspired by what we and our students have discovered to be essential to productively harnessing optimal control to address
novel application areas. In our experience, new models are rarely just minor
variants of others whose solution already appears in the literature. So searching through a typical applications-oriented textbook for the right recipe is
fruitless; the new model usually has some twist or idiosyncrasy that requires
modifying the cookbook recipes, not just applying them. Such modiﬁcations
require understanding grounded in a more mathematical presentation than
cookbooks usually provide. On the other hand, students who read only the
more mathematical presentations often have little clue how to go about solving applied problems, either in terms of writing down the original model or
in terms of carrying out the numerical computations. For the curious reader,
we provide references to formal proofs of key theorems, but do not always
reproduce them here, preferring to focus on intuition and applications.
Indeed, even standard applications-oriented textbooks do not always prepare students for studying novel domains. Some authors focus on a speciﬁc
application; their books are wonderful for students who know they will devote their careers to problems within that one application area, but students’
interests and future career trajectories are rarely so well deﬁned. Other authors sprinkle their texts with examples drawn from across the spectrum of
application areas. This opens students’ minds to the power and ﬂexibility of

VIII

Preface

these methods, so we do some of that ourselves in suggestions for further
reading and end of chapter exercises drawn from optimal growth, marketing, production/inventory management, and environmental planning, among
other applications. The risk of a broad but shallow approach, however, is that
none of the examples is developed in depth, and careers cannot be made by
working textbook-like toy problems.
So a second principal innovation of this text is developing in detail examples from three exciting and topical areas: drug, corruption, and counter-terror
control. This treatment in depth allows students to learn by example some of
the art and craft of good modeling, including the idea of developing layered
models starting with highly stylized depictions and then building in greater
and greater realism. Compared to most texts, we spend more time discussing
why certain functional forms might or might not capture well the underlying
system dynamics and how to think about the limitations of modeling approximations, rather than writing down the complete model all at once and simply
asserting that it is an accurate reﬂection of the problem at hand.
We do not expect the majority of students to work professionally in these
areas, although the ﬁelds of health economics and the economics of crime are
growing rapidly. From classroom experience, however, we know students enjoy
seeing how mathematics can be used to address these serious and intrinsically
fascinating problems. Thinking about how to ﬁght terror, corruption, or illegal
drugs is simply more fun for most students than thinking about problems in
ﬁrms (e.g., inventory management) or mechanics (e.g., balancing an inverted
pendulum). Furthermore, the case studies are not just cartoons; the model
development in this text mirrors the trajectory of the actual research. This
allows the reader to experience some of the same excitement we felt when
discovering new results or brieﬁng interpretations that resonated with actual
policy-makers with whom we have worked on these problems.
A third innovation is extensive treatment of models with multiple equilibria separated by DNSS points, which are a sort of tipping point. We have
found that nonlinear models often have such features, at least for certain parameter constellations, and misleading results can be obtained if the analyst
is not sensitized to this possibility.
From a pedagogical perspective, the fourth and perhaps most important
innovation is that we have developed a toolbox (OCMat)1 using the MATLAB
language to analyze optimal control problems speciﬁcally for discounted inﬁnite time horizon models. This toolbox allows (in general) an immediate
analysis of the models after the problem formulation, since the necessary ﬁles
for computation are generated (semi)-automatically. The core framework is
the formulation of a boundary value problem, where the inﬁnite time horizon is truncated to a ﬁnite horizon and the usual transversality conditions
are replaced by so-called asymptotic transversality conditions. This approach
is very ﬂexible. It allows consideration of mixed and pure state constraints
1

OCMat is available via http://www.eos.tuwien.ac.at/OR/OCMat.
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and multi-stage problems, as well as the computation and continuation of
DNSS points, junction points between boundary and interior arcs, and heteroclinic connections. Multiple examples are oﬀered for both one and higherdimensional models.
We are aware that not all readers come to optimal control with the same
mathematical background. Hence, after a brief introduction (Chap. 1), Part
I of this book continues by summarizing prerequisite material on continuous
dynamical systems (Chap. 2). We stress the term “summarizes.” A student
who has never taken a course in diﬀerential equations cannot learn diﬀerential
equations just by reading Chap. 2. However, for a student who studied differential equations a few years ago or who merely passed the course without
attaining a deep understanding of all the material, Chap. 2 oﬀers a valuable review focused speciﬁcally on the topics needed to understand optimal
control. Appendix A does the same for material from linear algebra, topology, and calculus. That appendix also deﬁnes notational conventions, most of
which are standard and should be familiar, but are included nonetheless for
completeness.
Part II begins with material speciﬁcally on nonlinear optimal control.
Chapter 3 is in some sense the heart of the book, introducing, explaining,
and applying Pontryagin’s Maximum Principle. Truly understanding how to
apply the theory requires computing numerical solutions, not just proving
propositions, so the text refers the student forward to Chap. 7 (Numerical
Methods) at appropriate places for tutorials on how to perform the computations. Chapter 4 takes an innovative approach to deepening students’ intuition
concerning Pontryagin’s principle, “deriving” it from standard discrete optimization by viewing continuous optimization as the limit of better and better
discrete approximations to the continuous system, where we put “deriving” in
quotes because the focus is on building intuition, not mathematical rigor. For
a more mathematical class, particularly one for operations research students
with a strong background in discrete optimization, Chap. 4 provides some
basic ideas for the theory presented in Chap. 3. For others, Chap. 4 may be
better appreciated later in the course, after the students have seen and worked
on more applied problems.
In either case, the discussion in Chap. 5 of multiple equilibria should be
read before proceeding to Part III and, as with Chap. 3, it includes pointers
forward to Chap. 7 (Numerical Methods).
Real applications often involve more than just one-dimensional models, so
we view the discussion in Chap. 6 of higher-dimensional as another core chapter. What makes higher-dimensional models so much harder is not primarily
more advanced theory, but rather practical problems encountered when trying
to analyze higher-dimensional systems. Hence, Chap. 6 comprises three detailed case studies, one each from drugs, corruption, and counter-terror. Each
case study oﬀers not just a solution, but also a description of the thought
processes – including even some of the dead ends we encountered – that
went into solving the problem, again with forward references to the parts
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of Chap. 7 needed for the numerical computations. We believe a complete
course on optimal control ought to cover at least one or two of these case
studies, but they are not cumulative, so the instructor can pick any subset of
them in any order. Chapter 8 discusses advanced topics which is not required
material for a basic course in optimal control. Rather, we include just brief
discussions of three areas (multi-stage problems, diﬀerential games, and distributed parameter models) to give students a sense of the possibilities that
exist beyond the standard ordinary diﬀerential equation or “compartmental”
models.
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The Poincaré–Andronov–Hopf Bifurcation . . . . . . . . . . . . . . . . . .
Higher-Dimensional Bifurcation Analysis of a Drug Model . . . .
Advanced Topics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.12.1 Stability of Limit Cycles . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.12.2 Boundary Value Problems . . . . . . . . . . . . . . . . . . . . . . . . . .
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Notes and Further Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

68
71
74
78
78
85
89
96

Part II Applied Optimal Control
3

Tour d’Horizon: Optimal Control . . . . . . . . . . . . . . . . . . . . . . . . . . 101
3.1 Historical Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
3.2 A Standard Optimal Control Problem . . . . . . . . . . . . . . . . . . . . . . 104
3.3 The Maximum Principle of Optimal Control Theory . . . . . . . . . 108
3.3.1 Pontryagin’s Maximum Principle . . . . . . . . . . . . . . . . . . . . 108
3.3.2 Some General Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
3.3.3 The Maximum Principle for Variable Terminal Time . . . 115
3.3.4 Economic Interpretation of the Maximum Principle . . . . 117
3.3.5 Suﬃciency Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
3.3.6 Existence of an Optimal Solution . . . . . . . . . . . . . . . . . . . . 122
3.3.7 How to Solve an Optimal Control Problem: A Simple
Consumption vs. Investment Model . . . . . . . . . . . . . . . . . . 124
3.4 The Principle of Optimality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
3.4.1 The Hamilton–Jacobi–Bellman Equation . . . . . . . . . . . . . 127
3.4.2 A Proof of the Maximum Principle . . . . . . . . . . . . . . . . . . 130
3.5 Singular Optimal Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
3.5.1 The Most Rapid Approach Path (MRAP) . . . . . . . . . . . . 134
3.5.2 An Example From Drug Control that Excludes
Singular Arcs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
3.5.3 An Example From Terror Control with an MRAP
Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
3.6 The Maximum Principle With Inequality Constraints . . . . . . . . 142
3.6.1 Mixed Path Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
3.6.2 General Path Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . 147
3.6.3 Suﬃciency Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
3.7 Inﬁnite Time Horizon . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155
3.7.1 Deﬁnitions of Optimality for Inﬁnite Horizon
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155
3.7.2 Maximum Principle for Inﬁnite Time Horizon
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
3.7.3 Suﬃciency Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
3.8 Discounted Autonomous Inﬁnite Horizon Models . . . . . . . . . . . . 159
3.8.1 The Michel Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160
3.8.2 The Ramsey Model for an Inﬁnite Time Horizon . . . . . . 165

Contents

XV

3.8.3 Structural Results on One-State Discounted,
Autonomous Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167
3.9 An Optimal Control Model of a Drug Epidemic . . . . . . . . . . . . . 168
3.9.1 Model Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
3.9.2 Stability Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
3.9.3 Phase Portrait Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177
Notes and Further Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183
4

The Path to Deeper Insight: From Lagrange
to Pontryagin . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189
4.1 Introductory Remarks on Optimization . . . . . . . . . . . . . . . . . . . . . 189
4.1.1 Notational Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190
4.1.2 Motivation and Insights . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190
4.1.3 A Simple Maximization Problem . . . . . . . . . . . . . . . . . . . . 192
4.1.4 Finite-Dimensional Approximation
of an Inﬁnite-Dimensional Problem . . . . . . . . . . . . . . . . . . 195
4.2 Static Maximization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197
4.2.1 Basic Theorems and Deﬁnitions . . . . . . . . . . . . . . . . . . . . . 198
4.2.2 Theory and Geometric Interpretation of Lagrange
and Karush–Kuhn–Tucker . . . . . . . . . . . . . . . . . . . . . . . . . . 202
4.2.3 The Envelope Theorem and the Lagrange Multiplier . . . 208
4.2.4 The Discrete-Time Maximum Principle
as a Static Maximization Problem . . . . . . . . . . . . . . . . . . . 210
4.3 The Calculus of Variations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214
4.3.1 A Simple Variational Example . . . . . . . . . . . . . . . . . . . . . . 214
4.3.2 The First Variation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216
4.3.3 Deriving the Euler Equation and
Weierstrass–Erdmann Conditions . . . . . . . . . . . . . . . . . . . . 218
4.4 Proving the Continuous-Time Maximum Principle . . . . . . . . . . . 223
4.4.1 The Continuous-Time Maximum Principle Revisited . . . 223
4.4.2 Necessary Conditions at Junction Points . . . . . . . . . . . . . 227
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231
Notes and Further Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234

5

Multiple Equilibria, Points of Indiﬀerence,
and Thresholds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237
5.1 Occurrence of Multiple Equilibria . . . . . . . . . . . . . . . . . . . . . . . . . . 238
5.2 The Optimal Vector Field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239
5.2.1 Finite vs. Inﬁnite Time Horizon Models . . . . . . . . . . . . . . 239
5.2.2 Discounted Autonomous Models for an Inﬁnite Time
Horizon . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243
5.3 A Typical Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244
5.3.1 Existence and Stability of the Equilibria . . . . . . . . . . . . . . 245

XVI

Contents

5.3.2 Determining the Optimal Vector Field
and the Optimal Costate Rule . . . . . . . . . . . . . . . . . . . . . . 247
5.4 Deﬁning Indiﬀerence and DNSS Points . . . . . . . . . . . . . . . . . . . . . 252
5.4.1 Multiplicity and Separability . . . . . . . . . . . . . . . . . . . . . . . . 253
5.4.2 Deﬁnitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 254
5.4.3 Conclusions from the Deﬁnitions . . . . . . . . . . . . . . . . . . . . 256
5.5 Revisiting the Typical Example . . . . . . . . . . . . . . . . . . . . . . . . . . . 260
5.6 Eradication vs. Accommodation in an Optimal Control
Model of a Drug Epidemic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 266
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 269
Notes and Further Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 272

Part III Advanced Topics
6

Higher-Dimensional Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 279
6.1 Controlling Drug Consumption . . . . . . . . . . . . . . . . . . . . . . . . . . . . 280
6.1.1 Model of Controlled Drug Demand . . . . . . . . . . . . . . . . . . 280
6.1.2 Deriving the Canonical System . . . . . . . . . . . . . . . . . . . . . . 283
6.1.3 The Endemic Level of Drug Demand . . . . . . . . . . . . . . . . . 286
6.1.4 Optimal Dynamic Policy away from
the Endemic State . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 287
6.1.5 Optimal Policies for Diﬀerent Phases of a Drug
Epidemic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 292
6.2 Corruption in Governments Subject to Popularity
Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 296
6.2.1 The Modeled Incentive for Being Corrupt . . . . . . . . . . . . 297
6.2.2 Optimality Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 299
6.2.3 Insights About the Incentive to Be Corrupt . . . . . . . . . . . 300
6.2.4 Is Periodic Behavior Caused by Rational
Optimization? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 302
6.3 Is It Important to Manage Public Opinion While Fighting
Terrorism? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 308
6.3.1 What One Should Know when Fighting Terrorism . . . . . 309
6.3.2 Derivation of the Canonical System . . . . . . . . . . . . . . . . . . 310
6.3.3 Numerical Calculations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 311
6.3.4 Optimal Strategy for a Small Terror Organization . . . . . 314
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 316
Notes and Further Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 323

7

Numerical Methods for Discounted Systems of Inﬁnite
Horizon . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 327
7.1 General Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 327
7.1.1 Problem Formulation and Assumptions . . . . . . . . . . . . . . 328
7.1.2 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 329

Contents

XVII

7.1.3 Numerical Methods for Solving Optimal Control
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 330
7.1.4 Boundary Value Problems from Optimal Control . . . . . . 330
7.2 Numerical Continuation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 332
7.2.1 Continuation Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . 333
7.2.2 Continuing the Solution of a BVP . . . . . . . . . . . . . . . . . . . 338
7.3 The Canonical System Without Active Constraints . . . . . . . . . . 342
7.4 Calculating Long-Run Optimal Solutions . . . . . . . . . . . . . . . . . . . 343
7.4.1 Equilibria . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 344
7.4.2 Limit Cycles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 346
7.5 Continuing the Optimal Solution: Calculating the Stable
Manifold . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 349
7.5.1 Stable Manifold of an Equilibrium . . . . . . . . . . . . . . . . . . . 350
7.5.2 Stable Manifold of Limit Cycles . . . . . . . . . . . . . . . . . . . . . 354
7.6 Optimal Control Problems with Active Constraints . . . . . . . . . . 359
7.6.1 The Form of the Canonical System for Mixed Path
Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 360
7.6.2 The Form of the Canonical System for Pure State
Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 360
7.6.3 Solutions Exhibiting Junction Points . . . . . . . . . . . . . . . . . 362
7.7 Retrieving DNSS Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 366
7.7.1 Locating a DNSS Point . . . . . . . . . . . . . . . . . . . . . . . . . . . . 366
7.7.2 Continuing a DNSS Point . . . . . . . . . . . . . . . . . . . . . . . . . . 368
7.8 Retrieving Heteroclinic Connections . . . . . . . . . . . . . . . . . . . . . . . 368
7.8.1 Locating a Heteroclinic Connection . . . . . . . . . . . . . . . . . . 368
7.8.2 Continuing a Heteroclinic Connection in Parameter
Space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 369
7.9 Numerical Example from Drug Control . . . . . . . . . . . . . . . . . . . . . 370
7.9.1 Stating the Necessary Conditions . . . . . . . . . . . . . . . . . . . . 370
7.9.2 Equilibria of the Canonical System . . . . . . . . . . . . . . . . . . 372
7.9.3 Numerical Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 372
7.9.4 Optimal Vector Field for ν = 4,000 . . . . . . . . . . . . . . . . . . 373
7.9.5 Optimal Vector Field for ν = 12,000 . . . . . . . . . . . . . . . . . 377
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 380
Notes and Further Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 382
8

Extensions of the Maximum Principle . . . . . . . . . . . . . . . . . . . . . 385
8.1 Multi-Stage Optimal Control Problems . . . . . . . . . . . . . . . . . . . . . 386
8.1.1 Necessary Optimality Conditions for Two-Stage
Control Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 386
8.1.2 Two-Stage Models of Drug Control . . . . . . . . . . . . . . . . . . 387
8.1.3 Counter-Terror Measures in a Multi-Stage Scenario . . . . 388
8.2 Diﬀerential Games . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 391
8.2.1 Terminology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 392
8.2.2 Nash Equilibria . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 394

XVIII Contents

8.2.3 Tractable Game Structures . . . . . . . . . . . . . . . . . . . . . . . . . 397
8.2.4 A Corrupt Politician vs. the Tabloid Press . . . . . . . . . . . . 397
8.2.5 Leader–Follower Games . . . . . . . . . . . . . . . . . . . . . . . . . . . . 404
8.2.6 A Post September 11th Game on Terrorism . . . . . . . . . . . 407
8.3 Age-Structured Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 417
8.3.1 A Maximum Principle for Distributed Parameter
Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 419
8.3.2 Age-Structured Drug Initiation . . . . . . . . . . . . . . . . . . . . . . 420
8.4 Further Optimal Control Issues . . . . . . . . . . . . . . . . . . . . . . . . . . . 422
8.4.1 Delayed Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 422
8.4.2 Stochastic Optimal Control . . . . . . . . . . . . . . . . . . . . . . . . . 424
8.4.3 Impulse Control and Jumps in the State Variables . . . . . 425
8.4.4 Nonsmooth Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 426
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 426
Notes and Further Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 436

Part IV Appendices
A

Mathematical Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 443
A.1 General Notation and Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 443
A.2 Finite-Dimensional Vector Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . 447
A.2.1 Vector Spaces, Linear Dependence, and Basis . . . . . . . . . 447
A.2.2 Linear Transformations and Matrices . . . . . . . . . . . . . . . . 450
A.2.3 Inverse Matrices and Linear Equations . . . . . . . . . . . . . . . 453
A.2.4 Determinants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 455
A.2.5 Linear Form and Dual Space . . . . . . . . . . . . . . . . . . . . . . . . 457
A.2.6 Eigenvalues and Eigenvectors . . . . . . . . . . . . . . . . . . . . . . . 459
A.2.7 Euclidean Vector Space Rn . . . . . . . . . . . . . . . . . . . . . . . . . 461
A.3 Topology and Calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 463
A.3.1 Open Set, Neighborhood, and Convergence . . . . . . . . . . . 463
A.3.2 Continuity and Diﬀerentiability . . . . . . . . . . . . . . . . . . . . . 464
A.3.3 Maximization of Real-Valued Functions in Rn . . . . . . . . . 471
A.3.4 Convex Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 473
A.3.5 Taylor Theorem and Implicit Function Theorem . . . . . . . 475
A.3.6 Integration Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 477
A.3.7 Distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 481

B

Derivations and Proofs of Technical Results . . . . . . . . . . . . . . . 483
B.1 Separation Theorems, Farkas Lemma and Supergradient . . . . . . 483
B.2 Proof of the Michel Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 486
B.2.1 Augmented and Truncated Problem . . . . . . . . . . . . . . . . . 487
B.2.2 Optimal Solution of Problem (B.8) . . . . . . . . . . . . . . . . . . 487
B.2.3 Necessary Conditions for Problem (B.8) . . . . . . . . . . . . . . 488
B.2.4 Limit of Solutions for Increasing Time Sequence . . . . . . . 489

Contents

B.3
B.4
B.5
B.6
B.7
B.8
B.9

XIX

Proof of the Transversality Condition in Proposition 3.74 . . . . . 491
The Inﬁnite Horizon Transversality Condition Revisited . . . . . . 492
Monotonicity of the Solution Path . . . . . . . . . . . . . . . . . . . . . . . . . 494
Admissible and Quasi-Admissible Directions . . . . . . . . . . . . . . . . 496
Proof of the Envelope Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . 498
The Dimension of the Stable Manifold . . . . . . . . . . . . . . . . . . . . . 499
Asymptotic Boundary Condition . . . . . . . . . . . . . . . . . . . . . . . . . . 502
B.9.1 Equilibrium . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 502
B.9.2 Limit Cycle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 503

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 505
Glossary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 531
Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 535
Author Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 545

1
Introduction
“Our universe is the most perfect system, designed
by the most wise Creator. Nothing in it will happen
without emerging, to some extent, from a maximum
or minimum principle.”
Leonhard EULER
(1707–1783)

1.1 Taking Rocket Science Beyond the Frontiers of Space
The methods of dynamic optimization are rocket science – and more. Quite
literally when NASA or the European Space Agency plan space missions,
they use the methods described in this book to determine when to launch,
how much fuel to carry, and how fast and how long to ﬁre thrusters. That’s
exciting, but it’s old news. Engineers have appreciated the power of this branch
of mathematics for decades. What is news is the extent to which these methods
are now contributing to business, economics, public health, and public safety.
The common attribute across these diverse domains, from medicine to
robotics, is the need to control or modify the behavior of dynamical systems
to achieve desired goals, typically maximizing (or minimizing) a performance
index. The mathematics of optimal control theory make this possible. In particular, the discovery of the Maximum Principle for optimal paths of a system
is what led the way to successful designs of trajectories for space missions like
Sputnik and the Apollo program and myriad applications here on earth.
What is also new is that theoretical and numerical advances coupled with
improved computing technology now allow exploration of much richer models than could be addressed in the past. An example of a recent theoretical
development discussed here are new Maximum Principles for distributed parameter control problems. An example of an advance in numerical methods is
the ability to locate thresholds separating competing basins of attraction in
optimal control problems.
Distributed parameter methods greatly expand the range of applications
for optimal control theory. Lumped parameter systems suﬃced in many traditional applications. One state of an aeronautical system was the rocket’s velocity. Unless something was going badly wrong, every part of the rocket moved
together as a single body, so it was a very good approximation to imagine that
all of the rocket had one velocity. Heterogeneity in populations can make the
parallel approximations less compelling in demographics or economics. Hence
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age-structured “cohort” or “vintage” models of aging, migration, and technological and economic progress are increasingly popular, but until recently
they were primarily descriptive. Now, however, various maximum principles
for distributed parameter control problems provide a powerful tool to analyze
such vintage problems.
Likewise, the world is full of nonlinearities, not all of which can be modeled well by the handful of functional forms that permit closed-form analysis,
so using dynamic optimization requires an investment in creating numerical
solution procedures. That investment has often been a barrier to both true
understanding and practical application of these methods, but this volume
devotes a chapter to explaining what numerical methods we have found to be
vital over our collective 100 years of experience applying dynamic optimization to important problems. A companion website makes our computer code
freely available to the reader to download.
The goal of this volume is to teach how the modern theory of dynamic
optimization can be harnessed to gain insight into practical problems, including those in emerging areas. Typical texts draw examples from a wide
range of applications, e.g., growth theory, dynamics of the ﬁrm (e.g., marketing), resource management and environmental planing. This demonstrates the
ﬂexibility of the methods, but the examples are inevitably a bit superﬁcial,
since the reader can’t be presumed to have much domain knowledge in each
of the many diverse applications.
Here in addition we develop a focused collection of interrelated examples drawn from three speciﬁc domains: counter-terror, corruption, and, most
notably, illicit drug markets and their control. Focusing attention on three
domains lets each be explored in depth with nested models of increasing complexity and with multiple complementary models, preserving the genuine excitement of nontrivial discoveries that characterizes professional use of these
mathematical methods – excitement which is too often obscured in traditional
treatments.
For example, we begin discussion with a simple one-state one-control model
of treating drug users, and then expand it to two controls to show the dynamic
interaction among two contrasting policies, one carrot (drug treatment) and
one stick (drug enforcement). That model also illustrates the idea that where
it is optimal to end up can depend on where one starts (so-called Dechert–
Nishimura–Sethi–Skiba or DNSS separating thresholds), and that whichever
direction one heads, the mix of interventions ought to vary dynamically over
the course of an epidemic. That one-state model does not allow a very prominent role for drug prevention. Adding a second state to diﬀerentiate between
new/light users and long-time/heavier users does a better job of elucidating
how the relative roles of the two principal demand side interventions (drug
prevention and treatment) vary over an epidemic. It also helps explain observed oscillations in the magnitude and character of drug epidemics. For
other purposes it is useful to add a diﬀerent second state, one that represents
people who are “susceptible” to drug use, but who have not yet started.
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On the other hand, to reﬁne understanding of drug treatment, it is useful
to add a third state elaborating the eﬀects of accumulating “careers” of heavy
drug use, particularly with regard to how they aﬀect the “reputation” a drug
has for being dangerous or benign and how that reputation then feeds back to
inﬂuence initiation. Initiation into some drug epidemics seems to be cyclic with
two diﬀerent periods, one short and the other longer. Explaining that requires
adding a fourth state to diﬀerentiate those who have tried and quit recently
from other nonusers. To explore how prevention interacts with recurrent longwave cycles of drug use, it is even useful to expand to an inﬁnite number (a
continuum) of states in an age-distributed structure.
This evolution of related drug models powerfully makes a number of important meta-points about modeling, such as the idea that a single system
may usefully be addressed by multiple models of varying complexity depending on what particular question is of interest and the notion of exploring the
sensitivity of results to the structure of the underlying model used to describe
the system. It likewise supports discussion of a range of mathematical topics,
including optimal dynamic control, multiple equilibria and DNSS points, limit
cycles, bifurcation analysis, path constraints, McKendrick systems, dynamic
games, and more.

1.2 Why Drugs, Corruption, and Terror?
This book does not draw its examples from drugs, corruption, and terror
in the belief that most readers will work professionally on those topics. On
the contrary; they are innovative – even unusual – applications for dynamic
optimization. However, the range of potential applications is so broad that no
one of them is likely to be the professional focus of more than a very small
proportion of readers of any book on dynamic optimization.
Rather, we believe drugs, corruption, and terror are good exemplars for
other reasons. First, they push the boundaries of optimal control beyond such
early economic applications as macroeconomic growth models and exploitation of natural resources.
Second, they are topical. Since September 11th, terrible acts of terror have
been visited on Madrid, London, Moscow, Bali and Beslan. Terrorists strike
with even greater frequency in Colombia, South and Central Asia, and the
Middle East. Terror control has scored noteworthy successes, such as dismantling the November 17th organization in Greece, but there is great need for
more and better ideas.
Corruption is not a new problem and lacks a catalyzing event akin to
the destruction of New York’s Twin Towers, but it is important nonetheless,
smothering economic development across vast stretches of the globe, notably
in Africa and the former Soviet Union. The World Bank estimates the annual
cost of corruption at over US $80 billion worldwide – more than the total
of all economic assistance for development. Experts estimate that corruption
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adds some 25% to the costs of large government contracts. Thus, corruption
can substantially reduce a country’s growth rate. Corruption also undermines
economic development in more insidious ways. Bribes harm a country’s economy if civil servants pursue personal enrichment rather than the public good.
Pervasive corruption can discourage investment and even erode political stability.
The production and distribution of illegal drugs intersects terrorism and
corruption, as well as the spread of infectious diseases such as HIV/AIDS and
Hepatitis, and it is a ﬁrst-order problem in its own right. Drug production is
thought to have accounted for as much as 30% of Afghanistan’s GDP (Byrd
& Ward, 2004) and fuels South America’s longest-running civil war. Cost of
illness studies ﬁnd that drug abuse poses enormous costs on traditional consuming nations such as the US, Australia, and parts of Europe. Disturbingly,
the United Nations ﬁnds that use of many drugs, particularly cocaine and
stimulants, is spreading rapidly in parts of the world that heretofore have not
had such severe problems. Globalization spreads inexpensive consumer goods
around the world – including addictive drugs.
That drugs, corruption, and terror are important problems is not their
only appeal for present purposes. They also have a certain morbid or salacious appeal that can hold the reader’s interest when the math gets challenging. More substantively, corruption, counter-terror, and drug control are all
usefully thought about in terms of populations, incentives, and interventions,
concepts which map well into the framework of optimal dynamic control.
The hallmark of dynamic control is the notion that there is such a thing
as a “state” of the system that evolves over time, in part subject to its own
underlying dynamics and in part in response to nudging from some “social
planner” who has an interest in the system. In rocket science the state of
the system could be the rocket’s position (in three dimensions) as well as its
attitude (yaw, pitch, and role), associated derivatives (velocity, acceleration,
etc.), and “inventories” (e.g., amount of fuel remaining). The internal dynamics are those set down by Isaac Newton, and the nudging is quite literal and
is accomplished by thrusters.
In our applications the state of the system typically includes the numbers
of people in each of various categories or activities. In a corruption model there
might be two states, one each for the number of honest and dishonest actors.
The two states in a drug model be the number of “light” (recreational, casual)
users and the number of “heavy” (frequent or dependent) users. A state in a
terror model might be the number of terrorists in a given organization. Most
but not all states are counts; a terror model might also encode as a dynamic
variable the state of world opinion toward terrorists or terror control.
The dynamics of bicycles and space shuttles evolve according to Newton’s
laws, but people’s movements back and forth between diﬀerent states of activity are driven by far more complex inﬂuences. One might think it is impossible
to model systems in which humans are key moving parts, but that misunderstands the very deﬁnition of modeling. A model is a simpliﬁed representation
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of reality, not a perfect representation. Models of human systems simplify by
omitting many factors, but so does any model. There may be more judgment
involved in determining what constitutes a requisite model when analyzing
human systems, but that makes systems like corruption, drugs, and terror
better not worse topics for a book such as this. There is little value in learning all the mathematics if one still lacks skill in the art of judging what aspects
of the complicated real world can and be excluded from a model in order to
improve its tractability – and also what cannot be excluded.
Still, the inherent complexity of human systems ironically implies that
there is particular wisdom in keeping the models simple, simple enough that
one can understand intuitively “what makes the model work.” Often we will
model people’s exit from a state as occurring at a constant per capita rate or
in proportion to the number of random contacts between two states, perhaps
modulated by external factor (such as price). Controls will sometimes be deﬁned directly in terms of how they aﬀect ﬂows, although we will also consider
models in which the control represents spending on some program, and the
model structure explicitly reﬂects the “production function” that translates
such spending into tangible eﬀects.

1.3 Questions Optimal Control Can Answer
We close by describing at a conceptual level the kinds of questions that dynamic optimization can address. The most basic is “Where should we go?”
The state space is comprised of an uncountably inﬁnite number of points, each
representing a potential destination. Which is best? Sometimes several satisfy
all the necessary conditions for optimality, and yet one must determine which
better achieves the true objectives. Sometimes no point is best, and the best
target in the long run is a limit cycle around which one should cycle forever,
rather than settling on any one point.
Static analytic models compare state levels at just two discrete points, e.g.,
the equilibrium before and after some change. Such “comparative statics”
analysis can be informative, but all too often what’s important is not only
what the new equilibrium is, but also how one gets there (the “transient”
path). As John Maynard Keynes observed, “In the long run we all are dead,”
but most people still have preferences about how their life evolves between
now and the time of their death.
Hence, after ﬁguring out where to go, there remains the crucial question:
“What’s the best way to get from here to there?” There are various deﬁnitions
of “best.” When driving to the store, it might be the quickest way. When ﬂying
to the moon it might be the way that consumes the least fuel. When driving an
epidemic of corruption or drug use down to near zero (“de minimus”) levels,
the best path might minimize a weighted sum of the amount spent on control
and the amount of corruption or drug dependence.
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A related question is, “How should we drive down that path?” Such questions are trivial in a car with just one directional control (the steering wheel)
and narrow lanes that constrain one’s options. There are more ways to ﬁght
terror, so even if one knows what path to follow, there remain diﬃcult questions about what mix of controls to use and how that mix should vary over
time.
When answering these questions, one must understand how the answers
would be amended if some of the assumptions underlying the model changed,
particularly assumptions embodied in the values of model parameters. With
static models, sensitivity analysis with respect to parameters often boil down
to a single number, such as a derivative giving the “shadow price” of a marginal
increment in some right-hand value. In dynamic optimization the shadow
prices themselves vary over time (as “costate variables”). Furthermore, with
nonlinear dynamics one must confront (often via “bifurcation diagrams”) more
fundamental questions of how the very structure of the solution does or does
not vary when parameters change. For example, in our four-state drug epidemic model, modest changes in one parameter can ﬂip the system through
regimes of stability, instability, oscillation, and chaos.
Questions such as “Where should we go?”, “What paths should we take?”,
and “How should we drive down that path?” can be asked about all sorts of
systems, and the framework of dynamically evolving states is quite ﬂexible.
Besides the drug, corruption and terror control applications mentioned in this
book, we have applied it to such diverse areas as fashion design, endangered
species protection, dieting, growth economics, and HIV/AIDS control. Others
have applied it to chemotherapy (Swan, 1988), nuclear magnetic resonance
(Frueh et al., 2005), and even eating cake (Ozdenoren, Salant, & Silverman,
2006).
Before proceeding to the mathematics underpinning optimal control theory, we encourage the reader to identify a few interesting applications and
sketch “stocks and ﬂows” diagrams for each. Identify at least qualitatively
the relevant states, ﬂows in and out of those states, and controls that can
inﬂuence those states and/or ﬂows. In the course of reading the book, it may
be instructive to reﬂect on how the various concepts introduced and illustrated for our drugs, corruption, and terror models might be applicable in
these domains of interest to the reader.

2
Continuous-Time Dynamical Systems

The importance of continuous dynamical systems for optimal control theory
is twofold. First, dynamical systems already occur in the problem formulation, in which the evolution of the states to be controlled is formulated as a
diﬀerential equation. Second, and more important, the techniques for calculating and analyzing the solutions of optimal control problems, in the form in
which we introduce them, profoundly rely on results provided by the theory
of continuous dynamical systems. Therefore in this chapter we elaborate the
theory in some detail.
To help the reader, not acquainted with dynamical systems, we ﬁrst provide a historical introduction, and then present the simple case of a onedimensional dynamical system, introducing important concepts in an informal
manner. Subsequently we restate these concepts and the required theory in a
rigorous way.

2.1 Nonlinear Dynamical Modeling
Since the seventeenth century dynamical modeling has been of particular importance for explaining a long list of phenomena. Sir Isaac Newton (1643–
1727) invented diﬀerential and integral calculus, published afterwards in his
book Method of Fluxions, to describe universal gravitation and the laws of
motion. Gottfried Wilhelm Leibniz (1646–1716) independently developed his
calculus around 1673. The notation we use today is mostly that of Leibniz,
with the well-known exception of Newton’s “dot-notation” representing the
derivative with respect to time.
Nowadays dynamical systems theory is a ﬂourishing interdisciplinary subject, which is applied not only in many traditional sciences such as physics,
aeronautics, astronomy, chemistry, biology, medicine, and engineering, but
also in economics, sociology, and psychology. But this was not always the
case. Only reluctantly did the social sciences and the humanities adopt dynamical modeling. For instance, the famous economist Joseph Schumpeter
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(1883–1950), felt compelled sought to convey his argument for a dynamic
approach by coining the phrase that neglecting dynamic aspects in economic
modeling was like performing Shakespeare’s Hamlet without the prince of Denmark. (Additional information about the role and development of dynamics
in various disciplines can be found in the Notes p. 96.)
The core attributes of most dynamical systems are nonlinearities that arise
from many diﬀerent sources. In the social sciences, for example, interaction
between agents and their mutual interdependencies generate inherent nonlinearities. Linear systems are much simpler to analyze and thus more thoroughly
explored. Nonetheless, when it comes to modeling real-world phenomena, linear systems are the exception rather than the rule. The Polish mathematician
Stanislav Ulam (1909–1984) remarked that dividing systems into “linear” and
“nonlinear ones” makes as much sense as dividing fauna into “elephants” and
“non-elephants.” Once again, “elephant problems” are often amenable to analytical solution, whereas this is not the case for most “non-elephant problems.”
However, there exist powerful tools for tackling nonlinear dynamical systems
at least numerically. By the way, it has to be admitted that in general a most
important part of the dynamics can be described by a linear approximation,
indicating the importance of studying linear systems. The purpose of this section is to give an introduction to the general theory and techniques we need
in the following chapters.

2.2 One-Dimensional Systems
Real world problems such as those pertaining to drugs, corruption, and terror are inherently nonlinear and inherently dynamic. The nonlinearities stem
among other things from the complex interactions between the constituent
states of the systems, e.g., social interactions, and they are obviously dynamical since they evolve over time. Some knowledge of the theory of nonlinear
dynamical systems is therefore essential to understand what is going on in
the modeled real world representations we aim to set up here. We launch this
process by discussing one-dimensional continuous dynamical systems to give
a ﬁrst intuition of what dynamics are, how they behave, and what insights we
can obtain from their analysis.
We start by considering one-dimensional autonomous1 systems, given by
the following ordinary diﬀerential equation (ODE):2
ẋ(t) = f (x(t)) ,

t ∈ [0, T ]

(2.1a)

subject to (s.t.)
1

2

Diﬀerential equations in which the independent variable t does not occur explicitly
in the function f are called autonomous.
For exact deﬁnition see Sect. 2.4.
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x(0) = x0 ∈ R,
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(2.1b)

where ẋ(t) is the time derivative of the function x(·) at time t. Solving (2.1)
means ﬁnding a diﬀerentiable function x(·) satisfying (2.1a) and the initial
condition (2.1b). To ease the notation (if there is no ambiguity) the time
argument t is often omitted and (2.1a) becomes
ẋ = f (x).
One-dimensional systems can exhibit only a very limited range of behaviors
so that their analysis is quite simple3 and can be done graphically. In the
following sections the crucial concepts are deﬁned rigorously, but examining
one-dimensional systems graphically allows us to introduce these concepts –
notably ideas related to stability, linearization, and the graphical tool known
as a phase portrait – in an informal way that carries over to higher-dimensional
systems.
To give an example, consider the following ODE:


ẋ(t) = x(t) 1 − x(t)2 , t ∈ [0, ∞)
(2.2a)
(2.2b)
s.t. x(0) = x0 ∈ R.
As the reader may verify (by simple diﬀerentiation of (2.3)), the explicit solution of (2.2) is given by
⎧

−1/2
⎪
1
−2t
⎪
1
−
e
1
−
x0 > 0
2
⎪
x
⎨
0
x(t) = 0
(2.3)
x0 = 0
⎪


⎪
−1/2
⎪
⎩
x0 < 0.
− 1 − e−2t 1 − x12
0

There are basically two ways to analyze the solution of an ODE like (2.2a) or
the general case of (2.1). First, the time path of the solution can be (analytically or numerically) calculated (see (2.3)) and depicted in the (t, x)-plane
(see Fig. 2.1b). This allows directly reading oﬀ the level of the variable at any
instant of time depending, of course, on the variable’s initial level. The second
way is to plot a phase portrait in the (x, ẋ)-plane (see Fig. 2.1a). To grasp the
meaning of such an analysis, it is helpful to imagine that a phase portrait of a
one-dimensional system depicts a particle that is starting its movement at x0
and is traveling along the x-axis with a certain velocity (direction and speed)
as given by ẋ that in turn depends on the position of x on the axis as given by
the right-hand side of equation (2.2). The particle’s path represents then the
solution of the ODE starting from the initial condition x0 . Since direction and
3

Even in the one-dimensional (nonlinear) case ﬁnding explicit solutions is rather
the exception than the rule. Thus the use of the term “simplicity” refers only to
the limited range of system behavior, but does not refer to simplicity with respect
to analytical tractability.
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speed play an important role it is convenient to augment the graph of ẋ vs.
x with arrows on the x-axis to indicate the direction of movement, where the
ﬂow is to the right when ẋ > 0 and to the left when ẋ < 0 (as is illustrated
for (2.2) in Fig. 2.1a). The associated concepts of a phase portrait analysis
described so far carry over to higher-dimensional systems, where important
elements are the system’s equilibria. An equilibrium x̂ is deﬁned by
f (x̂) = 0.
In our example (2.2) these are the roots of x(1 − x2 ) = 0, yielding the three
equilibria x̂ = 0, ± 1.
a)

ẋ

x

b)

1



−1

0

stable equilibrium


1

x

0

t

−1

unstable equilibrium

Fig. 2.1. A portrait of (2.2) is depicted in panel (a). Panel (b) shows several solution
paths converging toward the equilibria together with equilibrium solutions

These equilibria represent equilibrium solutions (also called ﬁxed points,
stationary points, steady states, or critical values) in which the ﬂow induced
by the system f (x(·)) stagnates. If one starts the system exactly in x0 = x̂,
then x(t) = x̂ for all time. It is now of interest what happens if we start the
system almost in x̂. We say that x̂ is “stable” if the system remains near x̂. I.e.,
trajectories beginning with small perturbations of the equilibrium remain close
to the equilibrium. If those perturbed trajectories do not only remain close
but eventually return to the equilibrium (even if that takes an inﬁnite amount
of time to exactly reach the equilibrium), then another form of stability called
“asymptotic stability” pertains.
To put it more precisely, an equilibrium x̂ is called stable if any solution
of (2.1a) with initial condition x(0) = x0 “close” to x̂ remains in a small
neighborhood of x̂ for all t ≥ 0. It is called asymptotically stable if it is stable
and if there exists a small neighborhood of x̂ such that for any solution that
starts within that neighborhood it holds that limt→∞ x(t) = x̂. If the “small
neighborhood” in the deﬁnition of asymptotic stability can be expanded to
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embrace the whole domain (of deﬁnition) of f (x(·)), then the equilibrium x̂
is said to be globally asymptotically stable because all trajectories, no matter
where in the phase space they start, will eventually approach x̂.
The qualitative behavior of a one-dimensional autonomous system is limited, since the motion happens along a line. A solution path either approaches
an equilibrium, if fx (x̂) < 0, or it goes away from it, where such an unstable
equilibrium is characterized by fx (x̂) > 0; see Fig. 2.1a, where the stable equilibria are depicted by a black dot and the unstable equilibrium by an open
circle. Note that asymptotically stable equilibria are called sinks or attractors,
and unstable ones are called sources or repellers.
In the case of our illustrative example we ﬁnd for the equilibria 0, ±1 with
fx = −3x2 + 1
−2 x̂ = ±1
fx (x̂) =
1
x̂ = 0.
Thus the two equilibria ±1 are attractors, whereas the equilibrium at the
origin is a repeller.
As mentioned, nonlinearities are ubiquitous, and it is the linearity (rather
than nonlinearity) assumption that has to be justiﬁed. Hence, we need to justify the time we are about to spend studying linear systems. There are two
primary justiﬁcations. First, since linear models are mathematically much
simpler to deal with, it is easier to learn ﬁrst about linear systems and then
about nonlinear systems than it is to jump directly into nonlinear systems.
Second, many nonlinear models can be linearized, and solutions of linearized
systems are reasonable approximations of the solutions of the nonlinear systems in a neighborhood about the point where the linearization was done. In
general the most interesting part of the dynamical behavior is covered by its
linearization.
If the function f (x) in (2.1a) is not linear in x, one can linearize it by
approximating it by its ﬁrst derivative about an equilibrium x̂ as follows. Let
y = x − x̂ be a small perturbation of x̂. By expanding f (x̂ + y) about x̂, one
obtains
ẏ = ẋ = f (x̂ + y) = f (x̂) + fx (x̂)y + o(y),
where o(y) represents quadratic and higher-order terms. Since f (x̂) = 0, we
get
ẏ = fx (x̂)y
(2.4)
by neglecting higher-order terms. The linear diﬀerential equation (2.4) for y
is called the linearization of f about x̂. It says that the deviation y increases
exponentially if fx (x̂) > 0 and decreases if fx (x̂) < 0. In the hairline case
fx (x̂) = 0 the higher-order terms must be included in a stability analysis.
Note further that |fx (x̂)| measures the rate of exponential growth or decay of
a solution near the equilibrium x̂.
This ﬁnishes our short introduction to one-dimensional dynamical systems.
We shall now illustrate them with an example from the ﬁeld of corruption.
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Subsequently we shall present a thorough survey of dynamical systems in
which the concepts only loosely introduced here are rigorously deﬁned.

2.3 A One-Dimensional Corruption Model
A simple one-dimensional model of corruption suggests that there are two
kinds of people, honest and corrupt. We denote them by the subscripts h and
c, respectively. Let the state variable x(t) be the proportion of people who
are corrupt at time t, i.e., 0 ≤ x(t) ≤ 1. The temptation to become corrupt
is usually ﬁnancial, and so the incomes of corrupt people are assumed to be
higher than those who are honest, by some constant amount per unit of time:
wc > wh . The primary practical (as opposed to moral) disadvantage of being
corrupt is exposure to the risk of capture. The total amount of sanctions that
the police can impose is spread across all corrupt people, so-called “enforcement swamping” (Kleiman, 1993). That is, the more people who are corrupt,
the less likely it is that any given corrupt person will get caught.
One component of the sanctioning stems from the formal corruption control program, denoted by u, but there can also be a certain ﬁxed amount u0 of
sanctioning even when there is no active control. That constant can represent
sanction risk from general policing, as opposed to dedicated anti-corruption
eﬀorts. It might also represent social approbation that is subject to “stigma
swamping” (the informal social-controls analogous to enforcement swamping).
It is common in economic models to assume that individuals respond to
incentives. In these models, that often means that people move back and forth
between states in response to diﬀerences in the reward or payoﬀ oﬀered by the
various states. By this logic people would move back and forth between behaving honestly and dishonestly in response to the diﬀerence in “utility” each
state oﬀers, where utility is simply the income minus the expected sanction
Uc (t) − Uh (t) = w −

u0 + u(t)
,
x(t)

(2.5)

where the constant w is the “premium” or “reward” for dishonesty, i.e., w =
wc − wh > 0, and u is a “control” variable allowing the decision-maker to
inﬂuence the system. At this stage the control u is assumed to be ﬁxed; but
in the following chapters the theory is introduced allowing one to choose this
control optimally, relative to some cost or utility functional.
The model assumes that if being honest oﬀers a higher utility, then corrupt
people will ﬂow back into the honest state at a per capita rate that is proportional to the diﬀerence in utility. However, if being corrupt oﬀers a higher
utility, then corrupt people will “recruit” honest people into corruption at a
rate that is proportional to Uc − Uh , so that the aggregate rate is proportional
to the product of the number of corrupt people and the utility diﬀerence. This
recruitment could be unconscious, as in sociological models of the diﬀusion
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of deviance. It could also be conscious. Corrupt people have an incentive to
corrupt others because the more corrupt people there are, the lower is the risk
of sanction for any given corrupt person.4 (The reader is invited to explore
what that argument would imply for the model equations and solution.) An
assumption underlying the model dynamics is that honest people cannot become corrupt without some contact with a corrupt person, perhaps because
they do not know the diﬀerence in utility between being corrupt and being
honest without such contact.5
x > x̂

1−x

x

x < x̂
Fig. 2.2. Flow diagram for the corruption model (2.6). Here x denotes the corrupt
proportion of society, whereas 1 − x represents the honest part. x̂ = (u0 + u)/w is
the equilibrium

In the symmetric case, where the proportionality constants for transitions
from corrupt behavior to being honest, and vice versa, are the same, k > 0
(see Fig. 2.2), one gets the linear state dynamics
ẋ(t) = f (x(t), u(t)) = kx(t)(Uc (t) − Uh (t)) = k (wx(t) − (u0 + u(t))) . (2.6)
It is instructive to ﬁrst identify the equilibria. In (2.6) there is only one, given
by
u0 + u
x̂ =
.
w
Since w > 0, x̂ ≥ 0, and is only zero in the unsanctioned case, where u =
u0 = 0.
Next, one could ask what happens in the neighborhood of x̂. We might
argue intuitively that if there were more corrupt people (larger x), that would

4

5

One might also argue, to the contrary, that the more corrupt agents there are,
the more competitive is the market for providing corruption “services” (compare
Andvig, 1991).
If we disregard this assumption, the ﬂow from the honest to the corrupt people
will be proportional to 1 − x (see Exercise 2.3).
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reduce the sanction risk for corrupt people while having no eﬀect on the
income of corrupt or honest people; and so it would make being corrupt more
appealing, spurring a further ﬂow of people into corruption. Conversely, a
small reduction in the number of corrupt people would make corruption less
appealing, leading to a further ﬂow out of corruption. Hence the system will
tend to move away from x̂, so that the equilibrium can be characterized as
unstable.
If the model were more complex, and such intuitive arguments were not
suﬃcient, we could still ﬁnd the same answer mathematically by noting that
the derivative of f evaluated at x̂ = x̂(u) is
fx (x̂(u), u) = kw > 0.
Thus the gap between the actual state x and the equilibrium x̂ will always
tend to increase when the state is near x̂
d
(x̂ − x) = fx (x̂(u), u) (x̂ − x) .
dt
Hence it is shown that x̂ is an unstable equilibrium, where small perturbations
lead to divergence from this state. As the movement in this simple model takes
place along the x-axis, this means that left of x̂ the proportion of corrupt
people decreases, while right of it the number of corrupt people increases. We
therefore have to consider diﬀerent scenarios, depending on the actual value
of x̂, given by the total sanction u0 + u, and the diﬀerence in the income w.
If w is ﬁxed, three scenarios are possible:
No sanctions: u0 + u = 0. Only a society that is totally non-corrupt will remain honest, and even that is an unstable situation. Whenever corruption
appears, x(t) > 0, corruption will increase exponentially until everyone is
corrupt (see Fig. 2.3a).
Medium sanctions: 0 < u0 + u < w. Depending on the actual proportion of
corrupt people, corruption will increase for x(t) > x̂ or decrease for x(t) <
x̂. This outcome is plausible, given that the risk of sanctions decreases with
the proportion leading to corruption (see (2.5) and Fig. 2.3b).
High sanctions: u0 + u = w. The risk of sanctions exceeds the expected proﬁt
for any given proportion x and corrupt people become honest. We end up
with a totally honest population regardless of the initial state. If x̂ = 1 the
totally corrupt society is an unstable situation. A small fraction of honest
people suﬃces to convert the whole population into one that is entirely
free of corruption (see Fig. 2.3c).
With the same argumentation we get analogous results for a ﬁxed amount
of sanctions and a varying wage w, “high,” “medium,” and “low.” Note that
if sanctions are positive then with increasing wage w, we can still hope that
society becomes totally honest.
In a nutshell only if sanctioning makes being corrupt suﬃciently unattractive (Fig. 2.3b, c) does society have a chance to approach a state of honesty.
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u0 + u = 0
1

a)

b)

1
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u0 + u = w
x̂

c)

x̂

x̂

t

0

t

0

t

Fig. 2.3. The three cases of zero, medium, and high sanctions. Note that 0 and 1
are model inherent boundaries; thus the solutions are considered only within this
range and the dynamics are set to zero otherwise

What we have already introduced informally for the one-dimensional case
will now be established in a general and formal way.

2.4 Dynamical Systems as ODEs
In dynamic models usually time is an independent variable.6 The dependent
(state) variables are then functions of time. Changes in these variables over
time involve the derivatives of functions with respect to time.
We let t denote the real-valued time argument, and x(t) denotes the value
of some variable x at time t. The derivative of x(·) at any moment of time t
is denoted by
dx(t)
, or ẋ(t).
dt
To describe the process of change we must link the rate of change in x(·) at t
to the values of x(t) and t. Hence we consider equations of the form:
ẋ(t) = f (x(t), t) ,
x(t0 ) = x0 ∈ Rn ,

t ∈ [t0 , t1 ] ⊂ R

(2.7a)
(2.7b)

where x(t) is the state of the system at time t and f : Rn × R → Rn is
a function continuous in t and continuously diﬀerentiable in x, called the
(state) dynamics of x. Hence the rate of change, ẋ(t), depends on the current
state x(t) and the time t. A solution of (2.7) is deﬁned as:
Deﬁnition 2.1 (ODE, IVP, and Solution). The equation (2.7a) is called
an ordinary diﬀerential equation (ODE) and the system (2.7) is called an
initial value problem (IVP) for the initial condition (2.7b).
The function x : [t0 , t1 ] → Rn is called a solution to the IVP (2.7) if ẋ(t)
satisﬁes (2.7a) for all t ∈ [t0 , t1 ] and x(t0 ) = x0 .
6

Here we assume that time is the only independent variable.
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Remark 2.2. It is common practice to assume that the dynamics f is only
considered on a set D × R ⊂ Rn × R with D open in Rn . To simplify notation
we omit the reference to the set D. In case that f is only deﬁned on a set
with D closed the solution at the boundary ∂D has to be analyzed carefully.
As an example reconsider the model of Sect. 2.3, where the set D = [0, 1] was
a closed set.
An important existence and uniqueness result is stated by:
Theorem 2.3 (Picard–Lindelöf ). Let the dynamics f (x, t) of the ODE
(2.7a) be continuous and Lipschitz continuous in x for all t ∈ [0, T ]; then the
IVP (2.7) has a unique solution on [0, T ].
Remark 2.4. For further questions of existence the reader is referred to any of
the numerous textbooks on ODEs, e.g., Hartman (1982).
Remark 2.5. The term ordinary in ODE is used to indicate that there is only
a single independent variable. Otherwise, partial derivatives would appear
and we would have a partial diﬀerential equation; such equations are brieﬂy
outlined in Sect. 8.3.
Remark 2.6. Opposite to an IVP we may consider a so-called boundary value
problem (BVP). For IVPs we know exactly where we start, i.e. x(t0 ) = x0 ∈
Rn at a time t0 is given, whereas in the latter case we only have partial
information about both the initial state and the ﬁnal state, i.e.,
b (x(t0 ), x(t1 )) = 0,
where b is a vector-valued function b : Rn → Rn . In the following sections we
exclusively consider IVPs and return to the BVPs in Sect. 2.12.2.
An equivalent formulation for a solution of (2.7) is then the following:
Proposition 2.7 (Integral Equation). The function x : [t0 , t1 ] → Rn is a
solution of the IVP (2.7) iﬀ x(·) is continuous and satisﬁes
t

x(t) = x0 +

f (x(s), s) ds,

for all t ∈ [t0 , t1 ].

(2.8)

t0

The equation (2.8) is called an integral equation.
When the time variable is integer-valued, i.e., the change in time is only
considered at discrete steps, we speak of diﬀerence equations
x(t + 1) = f (x(t), t) ,

t ∈ Z,

(2.9)

where the variable t is often replaced by the variable n, indicating that only
integers are considered.
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In this book we focus on continuous-time problems largely leaving aside
discrete-time systems. The only reason why we mention them at all is that
some results based on the stability of discrete systems play an important role
in characterizing the stability behavior of periodic solutions of continuous
systems (Sect. 2.6.2).7
Another diﬀerentiating criterion for ODEs is:
Deﬁnition 2.8 (Autonomous and Nonautonomous ODE). The ODE
(2.7a) is called an autonomous ODE if the dynamics does not explicitly depend
on the time variable t, i.e.,
ẋ(t) = f (x(t)) ,

x ∈ Rn , t ∈ [t0 , t1 ],

(2.10)

Remark 2.9. Note that in case of an autonomous ODE the dynamics f is only
a function of the state variable x, i.e., f : Rn → Rn .
otherwise it is called a nonautonomous ODE.
From the deﬁnition of an autonomous ODE we ﬁnd:
Lemma 2.10 (Time-Shift Invariant Solution). Let the ODE (2.10) be
autonomous and x(·) be a solution of (2.10) with initial condition x(t0 ) = x0
then the time-shifted function
y(t) := x(t + t0 ),

with

t ∈ [0, t1 − t0 ]

is a solution of the ODE (2.10) with initial condition y(0) = x0 .
Due to Lemma 2.10 we may restrict our considerations, without loss of generality, to the ODE (2.10) on the time interval [0, T ] and initial condition
x(0) = x0 .
In this book we are almost solely confronted with autonomous and thus
time-shift invariant problems. In the rare cases where we consider a nonautonomous problem, we shall explicitly refer the reader to this point.
2.4.1 Concepts and Deﬁnitions
Next we consider the autonomous problem (2.10) and give the following deﬁnitions:
Deﬁnition 2.11 (Trajectory, Orbit, and Phase Space). Let x(·) be a
solution of the autonomous ODE (2.10); then x(·) is called the trajectory or
solution path) through x0 .
The ordered subset8
7

8

Much of what we present for diﬀerential equations has a close analogy for difference equations. Albeit we have to admit that diﬀerence equations can exhibit
complex, like chaotic, behavior even in the one-dimensional case.
The ordering  is given by the time argument, i.e.,
x(t1 )  x(t2 )

iﬀ

t1 ≤ t2 .
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Or(x0 ) := {x(t) ∈ Rn : x(0) = x0 , t ∈ R} ⊂ Rn ,
is called the orbit through x0 . The graphical representation of all orbits is
called the phase space.
Remark 2.12. Note that the orbit is the projection of a trajectory x(·) into
the phase space while retaining its time orientation.
For an autonomous ODE we can attach to every point x ∈ Rn a vector
f (x) ∈ Rn giving rise to the following deﬁnition
Deﬁnition 2.13 (Vector Field, Flow, and Dynamical System). Given
the autonomous ODE (2.10) the image of the function f : Rn → Rn is called
the vector ﬁeld of (2.10). It is said that the vector ﬁeld f (x) generates a ﬂow
ϕt : Rn → Rn , which transforms an initial state x0 into some state x(t) ∈ Rn
at time t ∈ R
ϕt (x0 ) := x(t).
The triple



f, Rn , ϕt (·)

is called a dynamical system derived from the ODE (2.10).
For a comprehensive introduction into the ﬁeld of dynamical systems the
reader is referred to Arrowsmith and Place (1990).
Remark 2.14. Note that the trajectories of the ODE (2.10) are continuously
diﬀerentiable functions following the vectors tangentially (see Fig. 2.4). Due
to its deﬁnition the ϕt (·) satisﬁes (2.10), i.e.,


dϕt (x0 )
= f ϕt (x0 ) ,
dt

and ϕ0 (x0 ) = x0 .

From the deﬁnition of a ﬂow two properties immediately follow:
• ϕ0 = I(n) , which implies that the system does not change its state “spontaneously.” This assures that the ﬂow at time zero starts at the initial
position x0 .
• ϕs+t = ϕs ◦ ϕt , which implies that the state dynamics does not change in
time. Thus the state at time s + t is the same as if we ﬁrst consider the
state x(s) at time s and then consider the state after time t when starting
from x(s).
The three objects “trajectory,” “orbit,” and “ﬂow” are similar, but they emphasize diﬀerent aspects of the same phenomenon (see Fig. 2.5).
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x2

x2

a)

x1
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b)

x1

Fig. 2.4. In (a) the two-dimensional vector ﬁeld for ẋ1 = x2 and ẋ2 = x1 is
depicted, where at each point x, the corresponding directional vector f (x) = (x2 , x1 )
is attached. Panel (b) depicts some solution curves within this vector ﬁeld

2.4.2 Invariant Sets and Stability
The simplest object of a dynamical system is an equilibrium:
Deﬁnition 2.15 (Equilibrium). Let (f, Rn , ϕt (·)) be a dynamical system
derived from the ODE (2.10) then a point x̂ ∈ Rn is called an equilibrium
(steady state, ﬁxed point, critical state) if ϕt (x̂) = x̂ for all t ∈ R. The
solution x̂(·) ≡ x̂ of the ODE (2.10) is called an equilibrium solution.
Deﬁnition 2.16 (Isocline). Let
ẋ = f (x), x ∈ R2 ,
with f = (f1 , f2 ) and x = (x1 , x2 ) be an ODE; then the contour lines
Nf1 (c) = {(x1 , x2 ) : f1 (x1 , x2 ) = c},

and

Nf2 (c) = {(x1 , x2 ) : f2 (x1 , x2 ) = c}

are called the ẋ1 -isocline and ẋ2 -isocline for value c, respectively. For c = 0
they are simple called the ẋ1 -isocline and ẋ2 -isocline.
Remark 2.17. From (2.10) it follows that an equilibrium x̂ is characterized by
the equation
f (x̂) = 0.
For a two-dimensional system an equilibrium is therefore given by the crossing
of its zero isoclines.
Another important object of a dynamical system is a trajectory which loops
forever with a certain ﬁxed time period between successive passages through
a given point:
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x

a)

x

b)
ϕ0 (x0 )

ϕ1 (x0 )
ϕ2 (x0 )
0

T
ẋ

c)

x0

0
x2

d)

f (x)
x

x1

Fig. 2.5. For the linear ODE ẋ = −x depicts (a) three diﬀerent trajectories, (b)
the corresponding ﬂow ϕt (x0 ) drawn for diﬀerent times t and (c) the corresponding
phase portrait. Additionally in panel (d) some orbits for the two-dimensional ODE
ẋ1 = −x1 and ẋ2 = −x2 are depicted

Deﬁnition 2.18 (Cycle and Periodic Solution). Let (f, Rn , ϕt (·)) be a
dynamical system derived from the ODE (2.10) then Γ ⊂ Rn is called a cycle
if there exists a Θ > 0 such that for every x0 ∈ Γ, ϕt+Θ (x0 ) = ϕt (x0 ) for all
t. The minimal Θ satisfying this property is called the period of the cycle. A
solution Γ (·) of the ODE (2.10) with Γ (0) ∈ Γ is called a periodic solution
with period Θ.
Remark 2.19. Note that there exist inﬁnitely many trajectories representing
a cycle Γ , since every solution x(·) with initial condition x(0) ∈ Γ describes
the orbit Γ . If we do not refer to one speciﬁc trajectory we sometimes write
(if there is no ambiguity) Γ instead of Γ (·) for a trajectory representing the
cycle. But the reader should be aware that Γ and Γ (·) are diﬀerent objects.
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Deﬁnition 2.20 (Limit Cycle). An isolated cycle Γ is called a limit cycle.9
An equilibrium and a limit cycle are each particular objects within a general
class called a limit set :
Deﬁnition 2.21 (Limit Set). Let ϕt be a ﬂow of (2.10) on Rn . Then the
set
ω(x0 ) =

x ∈ Rn : lim ϕtk (x0 ) = x, and lim tk = ∞ with tk < tk+1
k→∞

k→∞

is called the (positive) limit set (ω-limit set) for x0 and
α(x0 ) =

x ∈ Rn : lim ϕtk (x0 ) = x, and lim tk = −∞ with tk+1 < tk
k→∞

k→∞

is called the negative limit set (α-limit set) for x0 .
A limit set describes the states that a trajectory can reach in the “long run.”
Remark 2.22. For higher-dimensional systems, n > 2, more complex solutions may occur where, e.g., the trajectories exhibit aperiodic behavior; which
means that although the trajectories are bounded, they do not converge to
equilibria or limit cycles. Additionally, in chaotic systems the solutions can
exhibit sensitive dependence on the initial conditions.
Both, equilibrium and cycle, exhibit another important property, namely that
of invariance, i.e., starting at an equilibrium or cycle, the trajectory remains
at the equilibrium or cycle forever. This property can generally be deﬁned as
follows:
Deﬁnition 2.23. An invariant set of a dynamical system is a subset S ⊂ Rn
such that x0 ∈ S implies
ϕt (x0 ) ∈ S,

for all

t.

Thus Deﬁnition 2.23 formalizes the property of “remaining somewhere forever.”
Remark 2.24. Other invariant sets are like the stable and unstable manifold of
an equilibrium or a heteroclinic/homoclinic connection and will subsequently
be deﬁned.
For an invariant set S the concept of stability can be introduced:
Deﬁnition 2.25. An invariant set S of a dynamical system is called
1. Stable if for every neighborhood U of S, which is suﬃciently small, there
exists a neighborhood V of S, such that x0 ∈ V implies ϕt (x0 ) ∈ U for all
t ∈ R.
9

Isolated denotes that there is no other cycle in its neighborhood; for a counter
example see Fig. 2.6a, where through any point x ∈ R2 there passes a cycle.
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2. Attracting if there exists a neighborhood V of S such that x0 ∈ V implies
lim ϕt (x0 ) ∈ S .

t→∞

3.
4.
5.
6.


The set t≤0 ϕt (V ) is called the basin of attraction
Repelling if it is attracting for the reversed time t → −t.
Unstable if it is not stable.
Asymptotically stable if it is both stable and attracting.
Globally (asymptotically) stable if the neighborhood V of attraction for S
can be chosen as Rn .

x2

a)

x2

x1

b)

x2

c)

x1

x2

d)



x1

x1

Fig. 2.6. In (a) the orbits around the equilibrium at the origin are cycles; thus it is a
stable but not attracting equilibrium also called a center . In (b) every orbit converges
to the equilibrium at (1, 0) and is therefore attracting, but not stable since for every
neighborhood V of (1, 0) there exist orbits leaving V . In (c) an asymptotically stable
equilibrium is depicted, and (d) shows an example of an unstable equilibrium
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Remark 2.26 (Semistability). An equilibrium x̂ of a one-dimensional system is
called a semistable equilibrium if there exist x < x̂ < x such that
x̂ = ω(x ) = α(x ) or x̂ = ω(x ) = α(x ).
Such an equilibrium may occur if a stable and an unstable equilibrium collide
(see, e.g., p. 64).
A limit cycle Γ of a two-dimensional system is called a semistable limit
cycle if there exist x and x such that
Γ = ω(x ) = α(x ) or Γ = ω(x ) = α(x ).
Such a limit cycle may occur if a stable and an unstable limit cycle collide.
Remark 2.27. In particular, an attracting equilibrium x̂ is called an attractor
and a repelling equilibrium is called a repeller .
Remark 2.28. Note that stability and attraction are distinct concepts. A center
in the linear case (discussed below on p. 39) is stable but not attracting. On
the other hand, there are examples of autonomous ODEs exhibiting attracting
but not stable limit sets (see Fig. 2.6).
2.4.3 Structural Stability
In the last section we introduced the concept of stability for invariant sets.
This subsection answers the question of how sensitive the solution is in the
long run to small disturbances of the initial states near an invariant set. But
especially from an applied point of view another kind of stability is interesting.
Namely to consider changes not only for the initial states but for the whole
vector ﬁeld. It is the idea of ﬁnding how robust the solution of a model is
when facing small perturbations of its describing functions.
We therefore deﬁne:
Deﬁnition 2.29 (Topological Equivalence). Let f1 , f2 : Rn → Rn be
continuously diﬀerentiable functions deﬁning the ﬂows ϕt1 and ϕt2 . Then f1
and f2 are called topologically equivalent if there exists a C 0 -homeomorphism
h mapping ϕt1 onto ϕt2 , i.e.,
h(ϕt1 (x)) = ϕt2 (h(x)).
This is a very strong deﬁnition of equivalence since it requires that systems
with, e.g., diﬀerent time parameterization are not topological equivalent. Thus
to get a more coarse classiﬁcation of systems we introduce a less strict deﬁnition of equivalence:
Deﬁnition 2.30 (Topological Orbital Equivalence). Let f1 , f2 : Rn →
Rn be continuously diﬀerentiable functions deﬁning the ﬂows ϕt1 and ϕt2 . Then
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f1 and f2 are called topologically orbitally equivalent if there exists a C 0 homeomorphism h mapping the orbits of ϕt1 onto the orbits of ϕt2 , preserving
the direction of time, i.e.,
τ (t)

h(ϕt1 (x)) = ϕ2y

(y),

with

y = h(x)

and τy (t) increasing in t.
We are now able to give an exact deﬁnition for the term structural stability:
Deﬁnition 2.31 (Structural Stability). Let
ẋ = f1 (x),

x ∈ Rn , f 1 ∈ C 1

(2.11)

deﬁne a dynamical system. Then system (2.11) is called structurally stable
in the region U ⊂ Rn if any system
ẋ = f2 (x),

x ∈ Rn , f 2 ∈ C 1

which is close to f1 relative to the C 1 norm is topologically orbitally equivalent
in U to the system (2.11).
In a local form this deﬁnition can be rewritten as:
Deﬁnition 2.32. A dynamical system (f 1 , Rn , ϕt1 ) is called locally topologically equivalent near an equilibrium x̂1 to a dynamical system (f 2 , Rn , ϕt2 )
near an equilibrium x̂2 if there exists a homeomorphism h : Rn → Rn that
1. Is deﬁned in a small neighborhood U ⊂ Rn of x̂1
2. Satisﬁes x̂2 = h(x̂1 )
3. Maps orbits of the ﬁrst system in U onto orbits of the second system in
V = f1 (U ) ⊂ Rn , preserving the direction of time
For a detailed presentation of structural stability and interrelated questions
the reader is referred to Arrowsmith and Place (1990) and Arnold (1983).
2.4.4 Linearization and the Variational Equation
Having found some speciﬁc solution x(·) of (2.10), e.g., an equilibrium or limit
cycle, we are interested in the behavior of solutions starting near this solution.
Therefore the following diﬀerential equation can be considered:
ẏ(t) = f (x(t) + y(t)) − f (x(t)) ,

(2.12)

where y(t) “measures” the deviation from x(t) at time t and (2.12) describes
how the perturbation evolves over time. Equation (2.12) exhibits the special
solution y ≡ 0 characterizing the undisturbed case. Drawing conclusions about
the nearby trajectories from the solutions of (2.12) is straightforward.
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An obvious simpliﬁcation of (2.12) is its linear approximation by the Taylor
theorem, according to which (2.12) is rewritten as
ẏ(t) = fx (x(t)) y(t) + o (y(t)) .

(2.13)

Neglecting the higher-order terms in (2.13) yields the so-called variational
equation of solution x(·):
ẏ(t) = fx (x(t)) y(t),
which in general is a linear nonautonomous system with J(t) = fx (x(t)),
where the Jacobian matrix J(·) of f (·) is evaluated along the trajectory x(·).

2.5 Stability Analysis of a One-Dimensional Terror
Model
We introduce a simple, one-state model that aims to shed light on the question
of how best to prosecute the “war on terror.” Counter-terror measures may
range from homeland security operations to invading certain territories to targeted assassinations of terrorists, or freezing assets of organizations with links
to potential terrorists. Some types of counter-terror operations have more, and
others have fewer, unwanted “side-eﬀects.” As a proxy for the heterogeneity
of counter-terror activities, the model here distinguishes between two abstract
categories:
“Fire strategies” include killing terrorists via aerial bombing of residential
neighborhoods, aggressively searching all people passing through a checkpoint
or roadblock, or other tactics that involve signiﬁcant collateral damage or
inconvenience to innocent third parties (generating resentment among the
populations from which terrorist organizations seek recruits). Thus “ﬁre,”
denoted by v, may have the direct beneﬁt of eliminating current terrorists but
the undesirable indirect eﬀect of stimulating recruitment rates (see Keohane
& Zeckhauser, 2003).
“Water strategies,” on the other hand, are intelligence-driven arrests or
“surgical” operations against individuals who are known with very high conﬁdence to be guilty and which do not harm innocent parties. Thus “water,”
denoted by u, “plays by the rules” in the eyes of the general population and
does not fuel (additional) recruitment, but u is more expensive and more difﬁcult to be applied than v. So both controls have their advantages, and both
have their drawbacks. We cannot generally claim that one control measure is
“better than the other one.” The best mix of these two strategies to employ
depends on the current state of the problem and the current strength of the
terrorist organization.
The strength of the terrorist organization at time t is reﬂected by a state
variable, S(t). Most simply, S(t) may be thought of as the number of active
terrorists, but more generally it could also reﬂect the organization’s total
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resources including ﬁnancial capital, weapons, and technological know-how,
as in Keohane and Zeckhauser (2003).
The strength (or size) of terrorist organizations changes over time. What
makes the organization stronger (or weaker)? In modeling criminal enterprises
a small part of recruitment (initiation) is usually scripted, represented by a
constant term τ , but most is treated as an increasing function of the current
state (Caulkins, 2005). Following the lead of other authors (e.g., CastilloChavez & Song, 2003) who have applied this reasoning to the recruitment
of terrorists, we also adopt this approach. This means that new terrorists are
recruited by existing terrorists. Accordingly, when an organization is small, the
growth rate ought to be increasing approximately in proportion to the current
number of terrorists, say kS with k > 0. Yet, growth is not exponential and
unbounded. At some point, growth per current member should slow down
because of limits on the number of potential recruits, limits on the capacity of
the organization to train and absorb new recruits, etc. The degree of slowing
down is modeled by the parameter α ≤ 1. Moreover, the aggressive use of
“ﬁre,” v, also increases recruitment. A functional form modeling this behavior
is
I(S, v) = τ + (1 + ρv)kS α ,
with τ, ρ ≥ 0, k > 0 and 0 ≤ α ≤ 1. See also (2.14) below.
We distinguish between three types of outﬂows from the stock of terrorists.
The ﬁrst represents people who leave the organization, die in suicide attacks,
or fall victim to routine or background enforcement eﬀorts that are in addition to those the decision-maker in this problem is actively managing. This
outﬂow, O1 (S), is a function of only S and is represented by μS, with μ > 0.
Two additional outﬂows, O2 (S, u) and O3 (S, v), reﬂect the consequences of
water-type and ﬁre-type operations, respectively. The more aggressive the
terror control, the greater the number of terrorists eliminated. The outﬂow
due to water-type strategies is presumed to be concave in S because actionable intelligence is limited and heterogeneous, O2 (S, u) = β(u)f1 (S). There
may also be diminishing returns if more specialized skills are needed, and so
there is a limited number of units that conduct water operations. In particular, concavity is modeled by a power function, f1 (S) = S θ with θ ≤ 1. In
contrast, the outﬂow due to ﬁre strategies, O3 (S, v) = γ(v)f2 (S), is modeled
as being linear in S because the methods are perceived to be “shotgun” or
“undirected” methods and hence f2 (S) = S. The more targets there are (i.e.,
the larger S is), the greater the number of terrorists that will be hit.
We use the same concave functional form for both β(u) = β ln(1 + u) and
γ(v) = γ ln(1 + v) so that any diﬀerences in the way water and ﬁre type operations are employed stem from diﬀerences in their character, not from arbitrary
decisions concerning functional forms. It turns out that a logarithmic function
constitutes a convenient choice for the purpose of our analysis. Both functions
include a leading constant, representing the eﬃciency of the operations. Since
water-type operations are more expensive in the sense that for any given level
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of spending z, β(z) < γ(z), the constant for water-type interventions β > 0 is
smaller than the corresponding constant γ > 0 for ﬁre-type operations.
Combining the above features, the “terror dynamics” in this model can be
written as
Ṡ = τ + (1 + ρv)kS α − μ S − β ln(1 + u) S θ − γ ln(1 + v) S,

(2.14)

with τ, ρ, k, α as before and μ, β, γ > 0, β < γ, 0 ≤ θ ≤ 1.
For convenience we normalize the units used to measure the size of the
terrorist organization to one. Speciﬁcally, the normalization is such that in
the absence of baseline recruitment (τ = 0) and counter-terror measures (u =
v = 0) the long-run size of a terrorist organization equals one. Thus
Ṡ = kS α − μS,
yields k = μ for Ṡ = 0 at S = 1.
We formulate the model presented so far bearing in mind the optimal control framework, which is the main issue of this book. Thus the two operations
of ﬁre and water are assumed to be dependent on time, i.e., u(t), v(t), allowing a situational reaction in the form of anti-terror measures that depends on
the actual state. Then u(t) and v(t) should be feedbacks u(t, S) and v(t, S),
respectively (see Exercise 7.2).
As a preliminary step and to obtain a ﬁrst insight into the model’s
complexity, one may consider the model where the controls are ﬁxed, i.e.,
u(·) ≡ u, v(·) ≡ v. Reformulating (2.14) in that way, one can try to determine
its dynamical behavior, including the computation of the equilibria of the
system. Unfortunately it is not possible to ﬁnd closed-form solutions of the
equilibria for arbitrary parameter values of α and θ. Hence we shall specify
these values as α = 1 and θ = 1/2. Together with the assumption k = μ, this
ﬁnally yields
√
Ṡ = τ + μρvS − β ln(1 + u) S − γ ln(1 + v) S.
(2.15)
To ﬁnd the equilibria of (2.15) we therefore have to solve the equation
√
(μρv − γ ln(1 + v)) S − β ln(1 + u) S + τ = 0,
√
which for μρv − γ ln(1 + v) = 0 becomes a quadratic equation in S with the
following solutions


β ln(1 + u) ± β 2 ln2 (1 + u) − 4τ (μρv − γ ln(1 + v))
Ŝ1,2 =
2 (μρv − γ ln(1 + v))

√
β ln(1 + u)
1± 1−Ω ,
=
2 (μρv − γ ln(1 + v))
where
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Ω :=

4τ (μρv − γ ln(1 + v))
.
β 2 ln2 (1 + u)

If μρv − γ ln(1 + v) = 0 the equilibrium is given by

Ŝ1 =

τ
β ln(1 + u)

2
.

To determine the stability of the equilibria we have to consider the Jacobian
J of the state dynamics, evaluated at the equilibrium, given by
J(Ŝ) =

dṠ(Ŝ)
β ln(1 + u)

= μρv − γ ln(1 + v) −
,
dS
2 Ŝ

therefore yielding
⎧
2 2
⎪
⎪− β ln (1 + u)
⎨
2τ
√
J(Ŝ) =
± 1−Ω
⎪
⎪
√
⎩(μρv − γ ln(1 + v))
1± 1−Ω

μρv − γ ln(1 + v) = 0
μρv − γ ln(1 + v) = 0.

This provides the following stability properties of the equilibria, depending
on the size and sign of Ω.
Region

Ŝ1

Ŝ2

Ω≤0
Asymptotically stable
–
0<Ω<1
Repelling
Asymptotically stable
Ω=1
Semistable
Semistable
Ω>1
–
–
In the region Ω ∈ (0, 1), where both equilibria exist Ŝ1 > Ŝ2 , whereas for Ω =
1 both equilibria coincide to a semistable equilibrium. For an interpretation
of the equilibria in terms of the counter-terror measures see Exercise 2.2.
For the above cases, Ω < 0 and 0 < Ω < 1, the equilibria and their ﬁrst
derivatives depend continuously on the parameter values. Thus it can easily
be argued that the signs of the derivatives do not change for slight parameter
changes, a property that will later be called hyperbolic (see Deﬁnition 2.42).
Therefore these stability and existence results will also hold true for parameter
values α and θ near 1 and 1/2 (see also Fig. 2.7, where the solution is depicted
for the set of parameter values speciﬁed in Table 2.1).

2.6 ODEs in Higher Dimensions
We now proceed to examine the special cases of linear and nonlinear autonomous ODEs in more detail.
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Table 2.1. Parameter values speciﬁed for the numerical calculation of the ODE
(2.15)
β

μ

γ

ρ

τ

u

v

1.00 3.00 1.00 0.10 0.12 1.00 10.00

Ṡ

a)

S

b)

Ŝ1
0

Ŝ2

Ŝ1
S

Ŝ2
0

10

20

30

40 t

Fig. 2.7. In (a) the phase portrait of the ODE (2.15) is depicted and in (b) some
solution trajectories are shown

2.6.1 Autonomous Linear ODEs
In the simplest case, the dynamics f (x) is given by a linear function in x ∈ Rn ,
i.e.,
(2.16)
ẋ = Jx, x(0) = x0 ∈ Rn ,
where J is an n × n matrix. From vector space theory we know that in the
nonsingular case, i.e., where J is invertible, x̂ = 0 is the only equilibrium.
In the one-dimensional case, where J ∈ R is a scalar, one can see by
inspection that the solution of (2.16) is
x(t) = eJt x0 ,

t ∈ R.

Thus x(·) is an exponential function exhibiting one of three possible structural
behaviors, depending on the sign of the scalar J:
J > 0: The origin is a globally repelling equilibrium.
J < 0: The origin is a globally attracting equilibrium.
J = 0: The degenerate case, in which every point x0 is a (stable) equilibrium.
In analogy to the one-dimensional case, the explicit solution of (2.16) for the
higher-dimensional case in which J is an n × n matrix can be written as
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x(t) = eJt x0 ,

t ∈ R,

(2.17)

where the exponential function of a matrix eJt is deﬁned as the inﬁnite sum
J2 2 J3 3
t +
t + ··· .
(2.18)
2!
3!
In Exercise 2.7 the reader is invited to prove that (2.18) satisﬁes (2.16). Note
that (2.17) gives an explicit formula for the ﬂow ϕt of (2.16) as a linear
mapping. Although (2.17) is the exact and explicit solution, however, it is not
more than a formality if we cannot explicitly calculate the power functions
J n . Using the identity
−1
eQ JQ = Q−1 eJ Q,
eJt := I(n) + Jt +

where Q ∈ Rn×n is invertible, creates the possibility of transforming the
matrix J into its Jordan normal form (see Theorem A.56) for which (2.17)
can explicitly be calculated. The following theorem can then be proved (see,
e.g., Hirsch & Smale, 1974):
Theorem 2.33. Let J be an n × n matrix and x(·) a solution of (2.16). Then
x(·) is a linear combination of functions of the form
atk eαt cos(βt), btl eαt sin(βt),

a, b ∈ R,

where ξ = α + iβ runs through all eigenvalues of J, with β ≥ 0 and
k, l ≤ m(ξ) − 1.
Here m(ξ) denotes the algebraic multiplicity of the eigenvalue ξ.
Remark 2.34. Note that Theorem 2.33 delivers the possibility of calculating
the solution of the linear ODE (2.16) without having to resort to the matrix
Q and therefore to the Jordan normal form. Thus the eigenvalues and their
properties have to be determined and the actual solution is then calculated
by comparison of coeﬃcients.
Remark 2.35 (Inhomogeneous ODE). The ODE
ẋ = Jx + C,

x(0) = x0 ∈ Rn ,

(2.19)

with J, C ∈ Rn×n and C = 0, is called an autonomous10 inhomogeneous
linear ODE in contrast to (2.16), which is then called an autonomous homogeneous linear ODE. Provided J is invertible the inhomogeneous ODE (2.19)
can uniquely11 be transformed to the homogenous ODE (2.16) by setting
y := x + J −1 C,
which corresponds to a shift of the (unique) equilibrium at the origin to
−J −1 C. Thus all results for the homogeneous problem have an immediate
counterpart for the inhomogeneous problem.
10

11

In the nonautonomous case, i.e., C = C(t), a solution of the ODE (2.19) can be
found by the so-called variation of constants method, see Exercise 2.20.
Otherwise, if J is not invertible, the uniqueness of the transformation gets lost.
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The main purpose of the following parenthesis is to help the reader better
understand the analogous considerations for the linear nonautonomous case
in Sect. 2.12.1.
The Superposition Principle, Fundamental Matrix, and Wronski
Determinant
The principle of superposition states that for linear systems the linear combination of solutions xi (t) ∈ Rn of (2.16), i.e.,
x(t) =

n


γi xi (t) = X(t)γ

i=1

with
X(t) = (x1 (t), · · · , xn (t)) ,



and γ = (γ1 , . . . , γn ) ,

(2.20)

is a solution of (2.16) satisfying the initial condition
x0 = X(0)γ =

n


γi xi (0).

i=1

The reader is invited to prove the superposition principle in Exercise 2.8.
Let us restate these considerations with a slightly diﬀerent perception.
Assuming that we know n solutions xi (t) of (2.16); the matrix X(t) deﬁned
in (2.20) satisﬁes the matrix ODE:12
Ẋ(t) = JX(t)

(2.21)

s.t. X(0) = (x1 (0), . . . , xn (0)) .
If X(0) has full rank, i.e., (x1 (0), . . . , xn (0)) are linearly independent, then
the following proposition is true:
Proposition 2.36 (Full Rank Condition). Let X(t) satisfy the matrix
ODE (2.21). If X(0) has full rank, then X(t) has full rank for all t.
In Exercise 2.9 the reader is invited to prove this proposition. Proposition 2.36
justiﬁes the notation of a linearly independent solution matrix X(t), since this
property is veriﬁed either at every time point t or at none. We call such a
linearly independent matrix solution X(t) a fundamental solution of (2.21).
Especially distinguished is the fundamental matrix satisfying X(0) = I(n) ,
called the principal matrix solution of (2.21). Every fundamental matrix solution Y (t) can be transformed into a principal matrix solution deﬁning
X(t) = Y (t)Y −1 (0),
12

The matrix ODE is understood in a coordinatewise sense. Thus every column of
the matrix X(t) is a solution of (2.16).
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where the inverse matrix exists due to the full-rank condition.
Finally, we can specify the explicit solution form of a principal matrix
solution X(t) by using (2.17) as
X(t) = eJt X(0) = eJt

(2.22)

since X(0) = I(n) .

a)

b)

(1, 1)

(1, 1)

e2
ϕt (e2 )
0

e1

ϕt (e1 )
0

(1, 1)

c)

d)

(1, 1)

ϕt (e2 )
ϕt (e2 )
ϕt (e1 )
0

0 ϕt (e1 )

Fig. 2.8. The time evolution of a fundamental matrix starting at the generic basis
e1 and e2 of R2 , is depicted for a linear system – for time zero in (a), and at time t for
a stable focus (rotation and shrinking of the axis) in (b), for a stable node (squeezing
and shrinking of the axis) in (c), and for a saddle (stretching and shrinking of the
axis) at the origin in (d)

Remark 2.37. What is the geometric meaning of fundamental matrix solutions? Imagine the columns of the matrix X(0) as basis vectors of Rn attached to the origin. The evolution of X(t) characterizes the deformation of
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the coordinate system under the dynamics (2.16). Hence a point represented
by the coordinates x0 at time t = 0 moves in space according to the coordinate systems change. If, e.g., the origin is a stable equilibrium then the
time-varying coordinate system shrinks continuously and a point described
by the coordinates x0 = 0 approaches the origin when following the dynamics
(see Fig. 2.8).
Remark 2.38. Pushing this geometric approach further we consider the timevarying volume of the parallelepiped given by the column vectors of the fundamental matrix X(t) (see the shadowed area in Fig. 2.8)


vol X(t) = det X(t) = det eJt X(0) .
(2.23)
Using (A.5), we can restate (2.23) as
det X(t) = det X(0) etr Jt .
Deﬁning, for every fundamental solution matrix X(t), the Wronski determinant
W (t) := det X(t),
therefore yields
W (t) = W (0)etr Jt .

(2.24)

Now we turn to the important case of a two-dimensional or planar system.
Planar Linear Systems
In the two-dimensional case, the Jacobian J is a 2 × 2 matrix
 
ab
J=
cd
and the diﬀerential equation can be written in coordinate form as
  

ẋ1
ax1 + bx2
=
.
ẋ2
cx1 + dx2

(2.25)

To apply Theorem 2.33, one has to determine the eigenvalues of matrix J,
which are given by

tr J ± (tr J)2 − 4 det J
ξ1,2 =
,
(2.26)
2
where
tr J = a + d,

and

det J = ad − bc.

Note that the eigenvalues, as the solution of the quadratic characteristic equation, can have two real or a pair of conjugate complex solutions. If the roots
of the characteristic equation
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ξ 2 − ξ tr J + det J = 0
are distinct, the corresponding eigenvectors ν1 and ν2 are linearly independent.
Any initial condition x0 can then be written as a linear combination of ν1 and
ν2 , say
x0 = γ1 ν1 + γ2 ν2 ,
and the general solution of (2.26) is
x(t) = γ1 eξ1 t ν1 + γ2 eξ2 t ν2 .
Let us ﬁrst assume that neither eigenvalue is zero. This implies that J is
nonsingular and that the origin is the unique equilibrium. To simplify the
analysis, note that for any 2 × 2 real matrix J, a real matrix Q exists such
that Q−1 JQ = A, where A can take only one of the following four types of
Jordan normal forms:

 

ξ0
ξ1 0
,
A=
A=
,
0ξ
0 ξ2

A=


ξ0
,
1ξ


A=


α β
,
−β α

where ξ1 and ξ2 are distinct real roots, ξ is a double root, with corresponding one- or two-dimensional eigenspace, respectively, and α ± iβ are conjugate complex roots of the characteristic equation for J and A. The linear
transformation Q−1 deﬁnes a new variable y = Q−1 x. Thus ẋ = Qẏ, and
(2.25) becomes
ẏ = Ay.
(2.27)
The solutions of (2.27) and (2.16) are qualitatively the same, and so we describe the qualitative properties of (2.27). The key observation is that there
are, in a sense, only six types of possible solutions to system (2.27) and therefore also to (2.25). Furthermore, the names and intuition of those six types
carry over to higher-dimensional systems.
Phase Diagram Representation of the Solution
Recall that the origin is the only equilibrium point of (2.27) under our assumption that det J = 0 (i.e., there are no zero roots). Throughout, we denote the
initial point by (y10 , y20 ) at t = 0 and assume that it is not the origin. (Since
the origin is an equilibrium, if the initial point is at the origin the system will
always remain at the origin.) In the following we brieﬂy present the diﬀerent types of solutions arranged by the importance for the solution of optimal
control models, especially for models we analyze in this book.

2.6 ODEs in Higher Dimensions
y2

a)
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y2

b)

y1
y1

y2

y2

c)

y1

y2

d)

y1

y2
e)

y1

f)

y1

Fig. 2.9. Phase portraits for planar (linear) systems of ODEs, with (a) ξ1 < 0 < ξ2 ;
(b) ξ1 > ξ2 > 0; (c) α > 0, β > 0; (d) α = 0, β > 0; (e) ξ > 0, rk(A − ξI(2) ) = 1;
(f) ξ > 0, rk(A − ξI(2) ) = 0

38

2 Continuous-Time Dynamical Systems

a) Saddle point :



ξ1 0
,
A=
0 ξ2

and

sgn ξ1 = sgn ξ2 .

Thus the roots of the characteristic equation are real, and distinct. Assume
ξ1 < 0 < ξ2 , then there exists a solution y1 (t) = y10 eξ1 t converging to
0 for t → ∞ as well as a diverging solution y2 (t) = y20 eξ2 t . Here the
abscissa is the stable manifold, whereas the ordinate corresponds to the
unstable manifold (see Deﬁnition 2.45). The equilibrium is a saddle point
(see Fig. 2.9a).
b) Node:


ξ 0
A= 1
, and sgn ξ1 = sgn ξ2 .
0 ξ2
The characteristic roots are real and distinct. The solution is y1 (t) =
y10 eξ1 t , y2 (t) = y20 eξ2 t . The trajectories will be unstable if the eigenvalues
ξi are positive, and stable if they are negative. Both solutions explode
or decay exponentially (see Fig. 2.9b for 0 < ξ1 < ξ2 ). Geometrically,
the trajectories typically emanate from the origin tangentially to the slow
eigendirection, which is the direction spanned by the eigenvector corresponding to the smaller eigenvalue ξ1 (see, e.g., Shub, 1987). For t → ∞
the paths become parallel to the fast eigendirection. For a stable node
the signs of ξi are reversed and arrows are in the opposite direction in
Fig. 2.9b.
c) Focus:


α β
A=
, and α = 0, β = 0.
−β α
The roots are the complex conjugates α + iβ and α − iβ with α = 0. The
solution is
y1 (t) = eαt (y10 cos βt + y20 sin βt),
y2 (t) = e

αt

(y20

cos βt −

y10

sin βt).

(2.28a)
(2.28b)

The trigonometric terms in (2.28) have a period of 2π/β. For α > 0 we
have eαt → ∞, and the trajectory spirals away from the origin. This
situation is called an unstable focus (spiral). In the stable case α < 0 and
the trajectories form an stable focus spiraling toward (0, 0). The unstable
case is illustrated in Fig. 2.9c for β < 0, where the sign of β determines
the direction of the orbit in the phase space.
The equilibria considered so far are structurally stable in the sense that small
perturbations of the deﬁning matrix A do not change the qualitative behavior
of the system. Contrary to that, the subsequent equilibria are hairline cases,
i.e., they are sensitive to small perturbations of A. The theory analyzing the
occurrence of such sensitive equilibria is called bifurcation theory and will be
introduced in Sect. 2.8.
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d) Center :
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A=


0 β
,
−β 0

and β = 0.

In the case of pure imaginary eigenvalues, i.e., for α = 0, all solutions are
closed circles with period Θ = 2π/β. The oscillations have ﬁxed amplitude and the equilibrium is called a center. As we shall see in Sect. 2.10,
this case becomes important when analyzing the Poincaré–Andronov–Hopf
bifurcation. The counterclockwise movement, i.e., β < 0, is illustrated in
Fig. 2.9d. Note that for a center the origin is stable but not asymptotically
stable.
e) Degenerate node:
 
ξ0
.
A=
1ξ
There is a single real root, but no real matrix Q can transform J into a
diagonal matrix (the eigenspace is of dimension one). The solution has the
form:
y1 (t) = y10 eξt , y2 (t) = (y20 + y10 t)eξt .
For ξ > 0, both y1 (t) and y2 (t) diverge from the origin for t → ∞. The
ﬂow is illustrated in Fig. 2.9e. The equilibrium is called a degenerate or
improper node and is unstable since ξ > 0. When ξ < 0, the trajectories
follow the same lines in the opposite direction and the origin is therefore
stable. There is only one eigendirection (the y2 -axis). As t → ±∞ all
trajectories become parallel to it.
f) Star node:
 
ξ0
A=
.
0ξ
There is a single real eigenvalue ξ (the eigenspace is of dimension two).
The solution is y1 (t) = y10 eξt , y2 (t) = y20 eξt . Since y2 (t)/y1 (t) is constant,
the trajectories are rays through the origin. If ξ < 0, it is globally asymptotically stable; if ξ > 0, the node is unstable (see Fig. 2.9f illustrating the
unstable case).
In the following we shall give a summary of the classiﬁcation of the equilibrium
at the origin with respect to the characteristic roots.
Classiﬁcation of Equilibria
For a planar linear system with constant coeﬃcients, the type and stability
of all equilibria can be characterized in a single diagram (see Fig. 2.10).
Let the abscissa measure the trace τ = tr A and the ordinate measure the
determinant Δ = det A of the matrix of the planar system. Then the solution
of the characteristic equation may be written, using (2.26),

1
τ ± τ 2 − 4Δ .
ξ1,2 =
2
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det A
(tr A)2 = 4 det A

stable
focus

unstable
focus

stable
node

unstable
node

tr A
saddle
point

Fig. 2.10. Classiﬁcation of equilibria in planar systems ẋ = Ax

By observing that (2.26) may be written as (ξ − ξ1 )(ξ − ξ2 ) = 0, we also get
τ = ξ1 + ξ2 ,

Δ = ξ1 ξ2 .

Considering the six cases above and Fig. 2.10 leads to the following conclusions:
1. For Δ < 0, the eigenvalues are real and have opposite signs. Hence the
origin is a saddle point.
2. For Δ > 0, the eigenvalues are either real with the same sign (nodes), or
complex conjugate (foci and centers), where the sign of the discriminant
D = τ 2 − 4Δ determines which case arises. For D > 0, nodes occur, and
foci are obtained for D < 0.
a) The origin is a repelling node (focus) if τ > 0.
b) The origin is an asymptotic stable node (focus) if τ < 0.
3. In Fig. 2.10 it is easy to recognize the other cases as hairline cases. Since
for τ = 0, centers occur, whereas D = 0 corresponds to the star and
degenerate node. Finally, Δ = 0 characterizes the case of equilibria, where
the matrix A is singular and hence the origin may not be the unique
equilibrium.
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Higher-Dimensional Linear Systems
Since the world is largely nonlinear, we are not interested in linear systems
per se. We have discussed planar linear systems in such detail because the categorization of the six broad types of equilibria provides useful intuition that
carries over to higher-dimensional systems, including nonlinear systems, where
an important strategy is to examine the linearization about an equilibrium.
In what follows, therefore, we shall need to generalize to higher dimensions
the idea of keeping track of which eigenvalues ξi , i = 1, . . . , n have positive,
negative, or zero real parts, since those counts play a crucial role in determining the stability of linear systems of all dimensions, not just planar systems.
Thus we deﬁne the following (generalized) eigenspaces:
Es = span{νj ∈ Rn : Re(ξj ) < 0},
Eu = span{νj ∈ Rn : Re(ξj ) > 0},

dim Es = n−
dim Eu = n+

(2.29a)
(2.29b)

Ec = span{νj ∈ Rn : Re(ξj ) = 0},

dim Ec = n0 ,

(2.29c)

where n− + n+ + n0 = n is the number of state variables (dimension of the
system). Then Es is called the stable, Eu is called the unstable and Ec is called
the center eigenspace.
Considering that J i νj = ξji νj and using the inﬁnite sum (2.18), we see
that the eigenspaces Es , Eu , and Ec are invariant under the linear ﬂow ϕt (·) =
eJt (·), i.e., ϕt (Es ) ⊂ Es , etc. Using Theorem 2.33 one can furthermore show
that
lim ϕt (Eu ) = 0,
lim ϕt (Es ) = 0, and
t→∞

t→−∞

s

justifying the notation of E as the stable and Eu as the unstable subspace.
Contrary to that, one cannot designate the long-run behavior of the trajectories in the center subspace Ec without knowing further details of the algebraic
multiplicity of the eigenvalues. This exceptional position of the center subspace plays a crucial role in bifurcation theory and will be further explained
in Sect. 2.8.3. The equilibrium at the origin satisfying n0 = 0 is called hyperbolic (see Deﬁnition 2.42).
Remark 2.39. Note that the diﬀerence between the (un)stable and the center
subspace is also one of persistence by slight changes of the deﬁning (linear)
dynamics J. Since the eigenvalues continuously depend on the matrix J, it
easily follows that if J is changed to Jε = J + ΔJ, with ΔJ small, the
eigenvalues with a positive/negative real part will not change their sign. This
is unlike the case for the zero eigenvalues, where the slightest change of J will
move it to the positive or negative side. Thus a system in which n0 = 0, i.e.,
Ec = ∅, is “structurally stable” for small (linear) disturbances of the matrix J,
whereas in the case of n0 > 0 the system’s behavior may change considerably.
Summing up, we ﬁnd the following classiﬁcation of a hyperbolic equilibrium
at the origin, i.e., n0 = 0:
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n− > 0, n+ = 0 the origin is an attractor.
n− = 0, n+ > 0 the origin is a repeller.
n− > 0, n+ > 0 the origin is unstable, exhibiting trajectories converging to
and diverging from it, and is therefore a saddle (point).
This classiﬁcation (in a local form) can also be transformed to the nonlinear
case (see Sect. 2.6.2).
Remark 2.40. For the sink (and reversing time also for the source) we can give
a geometric intuition for its asymptotic stability using (2.24), which describes
the volume change of the fundamental matrix solution (coordinate system);
and we see that
n

τ = tr J =
ξi < 0.
i=1

Hence
det X(t) = det X(0)etτ ,
is contracting, a condition that provides the geometric intuition for a shrinking
coordinate system and therefore an asymptotic convergence of all paths to the
origin.
Next, the theory of autonomous systems is continued for the nonlinear case.
2.6.2 Autonomous Nonlinear ODEs
In the majority of models presented in this book the system dynamics is given
by a nonlinear function f : R → Rn :
ẋ(t) = f (x(t))

(2.30a)

s.t. x(0) = x0 ∈ Rn ,
where f is continuously diﬀerentiable.
Remark 2.41. In general it is not possible to state a closed-form solution of
(2.30), therefore we have to rely on numerical methods, when solving an explicit ODE.
Equilibria and Their Stability
Next we describe the dynamic behavior of trajectories in the neighborhood of
an equilibrium x̂. Therefore we deﬁne:
Deﬁnition 2.42 (Hyperbolic Equilibrium). An equilibrium x̂ is called
hyperbolic if the corresponding Jacobian J(x̂) has no zero or purely imaginary
eigenvalues, i.e., n0 = 0, otherwise it is called a nonhyperbolic equilibrium.
Using the properties of a hyperbolic equilibrium in Hartman (1982) the following theorem is proved:
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Theorem 2.43 (Hartman–Grobman Theorem). Let x̂ be a hyperbolic
equilibrium of the ODE (2.30a). Then there exists a neighborhood U ⊂ Rn
of x̂ and a neighborhood U  ⊂ Rn of the origin such that the ODE (2.30a)
restricted to U is topological equivalent to the variational equation of x̂
ẋ(t) = fx (x̂)x(t) = J(x̂)x(t),

x(0) ∈ U  .

This theorem formally states that the dynamical behavior of a nonlinear system near a hyperbolic equilibrium can be fully described by its linearization.
Thus the stability behavior of an equilibrium for an ODE is characterized by
the eigenvalues ξ of the Jacobian matrix J(x̂) = fx (x̂):
Theorem 2.44. Let x̂ be an equilibrium of the ODE (2.30a). If for every
eigenvalue ξ of the Jacobian matrix J(x̂) = fx (x̂)
Re ξ < 0
holds, then x̂ is asymptotic stable. If there exists an ξ with
Re ξ > 0,
then x̂ is unstable.
This result is analogous to the linear case (see p. 41), and a proof can be found
in Hartman (1982).
An important concept is that of a local stable and unstable manifold of an
equilibrium x̂. These are deﬁned by:
Deﬁnition 2.45 (Local Manifolds). Let x̂ be an equilibrium of the ODE
(2.30a) and U be a neighborhood of x̂; then the set
Wsloc (x̂) = {x ∈ U : lim ϕt (x) = x̂, and ϕt (x) ∈ U, t ≥ 0}
t→∞

is called the stable local manifold of x̂ and the set
Wuloc (x̂) = {x ∈ U : lim ϕ−t (x) = x̂, and ϕ−t (x) ∈ U, t ≥ 0},
t→∞

is called the unstable local manifold of x̂.
Now the following theorem can be proved (see Carr, 1981; Marsden & McCracken, 1976; and Kelley, 1967):
Theorem 2.46 (Manifold Theorem for Flows). Suppose that x̂ is an
equilibrium of (2.30a), where f ∈ C k (Rn ), and Jˆ = fx (x̂). Let n+ , n− and
n0 be the corresponding dimensions of the stable, unstable, and center subspaces Es , Eu , and Ec . Then there locally exist the local stable and unstable
C k manifolds Wsloc (x̂), Wuloc (x̂), and a local center manifold Wcloc (x̂) of the
dimensions n+ , n− and n0 and being tangent to Es , Eu , and Ec (see (2.29)).
The manifolds Wsloc (x̂), Wuloc (x̂), and Wcloc (x̂) are under the ﬂow of f . The
stable and unstable manifolds are unique, whereas the center manifold need
not be unique.
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x2

Es

x2

a)

Wsloc (x̂)

b)

Wc (0)

ν
x1

x̂

0

x1

−ν

x2

c)

x3

d)



x1


Wu (0)
Wu (0)
0

x1

Fig. 2.11. In (a) the local stable manifold Wsloc (x̂) is depicted together with the
stable eigenspace Es spanned by the eigenvector ν. In (b) the existence of inﬁnitely
many center manifolds Wc (0) is illustrated for the system (2.31). In (c) the stable
(solid ) as well as the unstable (dashed ) global manifold is depicted for an equilibrium at the origin. The last panel (d) shows the Lorenz attractor projected into
the (x1 , x3 )-plane as an example for complex global behavior of a one-dimensional
unstable manifold

Furthermore, the local manifolds Wsloc (x̂), Wuloc (x̂) have global extensions
Ws (x̂), Wu (x̂) by letting points in Wsloc (x̂) ﬂow backward in time and those
in Wuloc (x̂) ﬂow forward:
Deﬁnition 2.47 (Global Manifolds of an Equilibrium). Let x̂ be an
equilibrium of (2.30a); then the set

ϕ−t (Wsloc )(x̂)
Ws (x̂) =
t≥0

is called the global stable manifold of x̂ and
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Wu (x̂) =
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ϕt (Wuloc )(x̂)

t≥0

is called the global unstable manifold of x̂ (see Fig. 2.11b,d).
A trajectory x(·) of the ODE (2.30) is called a stable path of x̂ if the
corresponding orbit Or(x0 ) satisﬁes Or(x0 ) ⊂ Ws x̂ and limt→∞ ϕt (x0 ) = x̂.
A trajectory x(·) of the ODE (2.30) is called an unstable path of x̂ if the
corresponding orbit Or(x0 ) satisﬁes Or(x0 ) ⊂ Wu x̂ and limt→∞ ϕ−t (x0 ) = x̂.
For n+ = 1 the situation is depicted in Fig. 2.11a.
Deﬁnition 2.48 (Saddle Point). An equilibrium x̂ satisfying n+ > 0 and
n− > 0 is called a saddle point or shortly saddle.
Remark 2.49 (Saddle Point Stability). In economic dynamics a saddle x̂ is
often referred to as an equilibrium exhibiting saddle point stability. Here the
term “stability” only refers to the fact, that converging paths exist, and must
not be confused with a stable equilibrium (see, e.g., Sect. 5.1).
Remark 2.50. Note that this special construction of the global stable manifold
becomes immediately clear when one considers that the points reached by
letting the time ﬂow backward are exactly those from where the forward
trajectories will end up in the stable local manifold when moving forward
in time. This idea constitutes the basis for a simple method to numerically
compute the stable manifold (see Sect. 7.4.1).
Remark 2.51. Some few results exist guaranteeing the existence of the global
manifolds (see, e.g., Hartman, 1982, Chap. VIII). These results rely on geometric considerations, which, for the planar case, are depicted in Fig. 2.12.
Since these results are, in our context, only of minor practical importance we
refrain from presenting their explicit formulation.

a)
L
R
xs
0
L
Fig. 2.12. The situation assuring the existence of a global saddle path. From geometric intuition it is evident that under the given assumptions a trajectory moving
to the origin has to exist
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Example 2.52 (Non-Unique Center Manifold). A typical example illustrating
the non-uniqueness of the center manifold is given by the following ODE:
ẋ1 = x21

(2.31a)

ẋ2 = −x2 .

(2.31b)

Linearizing the system (2.31) around the equilibrium at the origin yielding
  
 
ẋ1
0 0
x1
=
0 −1
ẋ2
x2
reveals that 0 is an eigenvalue of the Jacobian and therefore the equilibrium is
nonhyperbolic. The manifold theorem for ﬂows assures the existence of a local
center manifold Wcloc (0) tangential to the corresponding eigenspace Ec (0).
This eigenspace is given by the x1 -axis as the reader may verify. Moreover the
x1 -axis is such a center manifold since x2 ≡ 0 implies ẋ2 = 0 and is therefore
tangential to Ec (0) (in fact it coincides).
But additionally there exist further center manifolds (see Fig. 2.11b). For
x1 = 0 we divide both dynamics of (2.31) yielding the one-dimensional nonautonomous ODE
x2
ẋ2 = − 2 .
x1
The solution of this ODE is explicitly given by
x2 (x1 ) = x2 (0)e

−x

1
1 (0)

1

e x1 ,

which corresponds to the orbits of the system
x1 (0) < 0 the solution converges tangentially to
given by
1
− 1
x2 (0)e x1 (0) e x1
x2 (x1 ) =
0

(2.31) and reveals that for
the origin. Thus every orbit
x1 < 0
x1 ≥ 0

is a center manifold, illustrating its non-uniqueness. The reader is invited to
accomplish the details in Exercise 2.10.
Connected to the stable and unstable manifolds is the so-called heteroclinic
connection:
Deﬁnition 2.53 (Heteroclinic Connection). Let x̂1 and x̂2 be equilibria of the ODE (2.30a). An orbit Or(x0 ) starting at a point x0 ∈ Rn is
called a heteroclinic connection of x̂1 and x̂2 if limt→−∞ ϕt (x0 ) = x̂1 and
limt→∞ ϕt (x) = x̂2 .
Remark 2.54. From Deﬁnition 2.53 it immediately follows that the heteroclinic
connection is part of the unstable manifold of x̂1 as well as of the stable
manifold for x̂2 (see Fig. 2.13).
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×

x0
Ws (x̂1 )
Wu (x̂2 )
x̂1

x̂2

Fig. 2.13. A heteroclinic connection between the equilibria x̂1 and x̂2 is depicted,
where the stable manifold of x̂1 coincides with the unstable manifold of x̂2 . For
illustration a point x0 lying on the heteroclinic connection is shown, where the
corresponding trajectory converges to x̂1 in positive time and to x̂2 in negative time

Remark 2.55. The introduction of heteroclinic connections is not an end in
itself but becomes important in the analysis of the occurrence of multiple
optimal solutions (see Chap. 5).
Deﬁnition 2.56 (Homoclinic Connection). Let x̂ be an equilibrium of
the ODE (2.30a). Then an orbit Or(x0 ) starting at a point x0 ∈ Rn is called
a homoclinic connection of x̂ if limt→±∞ ϕt (x0 ) = x̂.
Next we turn our attention to the nonhyperbolic case, which becomes important for the analysis of structural changes of dynamical systems (see Sect. 2.8).
Example 2.57 (Calculation of the Center Manifold). In this subsection we
present a planar system with a nonhyperbolic equilibrium at the origin. By
means of this planar system we exemplify the calculation of the corresponding
center manifold to determine the stability of the equilibrium. For a generalization of the here presented transformation the reader is referred to Guckenheimer and Holmes (1983) and Kuznetsov (1998).
Given the two-dimensional system:
ẋ1 = x1 x2 + x31

(2.32a)

ẋ2 = −x2 −

(2.32b)

2x21 ,

we determine the stability of the equilibrium at the origin. The corresponding
Jacobian
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0 0
J=
0 −1
reveals that n0 = n− = 1, yielding the corresponding eigenspaces
Es = {(x1 , x2 ) : x1 = 0},

Ec = {(x1 , x2 ) : x2 = 0}.

First, it is obvious that the linear approximation ẋ = Jx, explicitly written
as
ẋ1 = 0
ẋ2 = −x2 ,
is insuﬃcient for determining the behavior of the system in a neighborhood
of the origin.
Therefore, we use a quadratic approximation of the center manifold
Wcloc (0) in a neighborhood of the origin and analyze the dynamics restricted
to this approximation.
x2

x1

0

c
Wloc
(0)

Fig. 2.14. The phase portrait for the dynamics (2.32) is depicted conﬁrming the
(asymptotic) stability of the nonhyperbolic equilibrium at the origin. The gray line
shows the quadratic approximation of the local center manifold Wcloc (0)

The manifold theorem for ﬂows assures the existence of the center manifold
near the origin, which can be written as x2 = C(x1 ) and is tangential to the
center eigenspace Ec . This yields
C(0) = 0,

and Cx1 (0) = 0.
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Using the Taylor theorem C(x1 ) can quadratically be approximated
x2 = C(x1 ) =

c 2
x + o(x21 ).
2 1

(2.33)

To calculate the constant c we consider the total time derivative of (2.33)
ẋ2 =

dC(x1 )
dt

which becomes
∂C(x1 )
ẋ1 = cx1 (x1 x2 + x31 ) + o(x1 )(x1 x2 + x31 )
∂x1
c
+ 1 x41 + o(x41 ).
=c
2

ẋ2 =

(2.34)

Substituting (2.33) into (2.32b) yields
ẋ2 = −x2 − 2x21 = −

c
2

+ 2 x21 + o(x21 ).

(2.35)

When comparing the leading coeﬃcients of x21 for both representations (2.34)
and (2.35) of ẋ2 , we ﬁnd
c
+ 2 = 0 implying
2

c = −4.

Thus the quadratic approximation of the center manifold is given by
x2 = −2x21
and the dynamics for x1 restricted to the local center manifold becomes
ẋ1 = x1 C(x1 ) + x31 = −2x31 + x31 + o(x31 ) = −x31 + o(x31 ).
This proves that the equilibrium at the origin is stable (see Fig. 2.14).
The Occurrence of Limit Cycles
As has already been mentioned limit cycles are, beside equilibria, other important limit sets often occurring in higher-dimensional (nonlinear) systems.
The reader may already be familiar with periodic system behavior. The
well-known predator–prey model, for instance, can exhibit recurrence of population numbers. When there are lots of rabbits (the prey population), the
birth rate of foxes (the predator population) will increase in response to the
bountiful food supply. This increases the fox population, but these additional
foxes also eat more rabbits. As the number of rabbits shrinks, food for foxes
becomes scarce, and their birth rate declines. Eventually the smaller predator
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population allows the prey population to recover and the whole cycle starts
again.
Thus the descriptive two-state predator–prey model and various models
addressed in this chapter’s Exercises can exhibit an attracting limit cycle.
But in general it is much harder to detect such a limit cycle than ﬁnding
an equilibrium. However, for planar systems it is at least possible to formulate
conditions under which such cyclical solutions exist, known as the Poincaré–
Bendixson theorem:
Theorem 2.58 (Poincaré–Bendixson). If a nonempty compact ω- or αlimit set of a planar ﬂow does not contain an equilibrium then it is a limit
cycle.
For a proof see Hirsch and Smale (1974) or Hartman (1982).
The Poincaré–Bendixson theorem is very intuitive. Basically it says that
if a trajectory of a continuous dynamical system stays in a bounded region of
the R2 forever, it has to approach “something.” This “something” is either a
point or a cycle. So if it is not a point, then it must be the other. If you enter
a room and remain there forever without being allowed to stand still, sooner
or later you will retrace your steps. Just because you would eventually have
to walk over a spot you had already visited does not mean you would then
have to walk in circles forever, but that is because you retain the capacity
to make choices. For a trajectory whose motion depends entirely and only on
its current position, once the trajectory returns to a place in the plane it has
already visited, that trajectory is trapped and must then cycle forever.
The condition in the Poincaré–Bendixson theorem that no equilibrium is
contained in the limit set is important as Fig. 2.15 illustrates, where in the
long-run the solutions converge to a heteroclinic cycle, which is constituted
by equilibria and heteroclinic connections, and not a limit cycle.
The Poincaré–Bendixson theorem is intuitive, but often not terribly helpful. How do you know what region to consider? And how would you know
that any trajectory that entered the region could not ever leave? But most
important, the Poincaré–Bendixson theorem is valid only for planar systems.
As soon as one has to add a third-state variable, it will not be able to break the
phase space into an interior and an exterior of a closed orbit and the theorem
becomes completely worthless. Fortunately bifurcation theory provides tools
to ﬁnd periodic orbits by the important Poincaré–Andronov–Hopf theorem,
as will be presented in Sect. 2.10.
Analogous to equilibria, the stability of limit cycles are of great importance
for the long-run behavior of the dynamical system. But since the necessary
theory is more involved than in the case of equilibria, we postponed this part
in Sect. 2.12.1.

2.7 Stability Behavior in a Descriptive Model of Drug Demand
Ê1
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Ê3

Ê2
Fig. 2.15. The limit set, given by the equilibria Ê1 , Ê2 , Ê3 and their heteroclinic
connections, is a compact set but is not a limit cycle. It is a so-called heteroclinic
cycle (see, e.g., Arrowsmith & Place, 1990, Chap. 5)

2.7 Stability Behavior in a Descriptive Model of Drug
Demand
Patterns of drug use vary over time not only owing to external factors such as
sanctions and prices, but also as a result of the progression of users through
various types or “states” of drug use (Kandel, 2002). Modeling the various
drug use states and associated transitions at the aggregate or population
level can improve projections about future trends and assist with policy analysis. “System dynamics” models of this sort have been developed for tobacco
(Levy, Chaloupka, Gitchell, Mendez, & Warner, 2002; Mendez & Warner,
2000; Mendez, Warner, & Courant, 1998; Tengs, Ahmad, Moore, & Gage,
2004; Tengs, Osgood, & Chen, 2001), heroin (Annemans et al., 2000; Caulkins
et al., 2006; Levin, Roberts, & Hirsch, 1975; Rossi, 2001), cocaine (Caulkins,
Behrens, Knoll, Tragler, & Zuba, 2004; Everingham & Rydell, 1994; Everingham, Rydell, & Caulkins, 1995; Homer, 1993a,b), and injection drug use
generally (Caulkins, Dietze, & Ritter, 2007).
In this section we present a model from the ﬁeld of drug control, where we
take care about the enormous heterogeneity across users in rates of consumption. Heavy cocaine users may consume 100+ grams per year, whereas weekly
users may consume more like 10 grams per year. Indeed, someone who used
cocaine just once in the past 12 months (≈0.1 grams) would still be recorded
as a “past-year” user. Furthermore, the relative numbers of less- and morefrequent users can change dramatically over time (Everingham and Rydell,
1994). Hence, distinguishing the numbers of users at diﬀerent intensities of
drug use can help track trends in total drug consumption more accurately.
As a ﬁrst approach to reﬂecting this heterogeneity Everingham and Rydell
(1994) and Behrens, Caulkins, Tragler, Haunschmied, and Feichtinger (1999)
use two states to distinguish people who use cocaine “at least weekly” (deﬁned
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to be “heavy users,” H(t)), from those who used cocaine “at least once within
the last year but who used less than weekly” (deﬁned as “light users,” L(t)).
Both studies assume there are so many more nonusers than users that the
number of nonusers is essentially a constant and does not need to be modeled
explicitly.13
The biggest diﬀerence between the Behrens et al. (1999) and Everingham
and Rydell (1994) models (besides the latter being a discrete-time model)
is the approach taken to modeling initiation. Everingham and Rydell (1994)
were primarily interested in describing past trends, so initiation over time
was simply set equal to historical trends in initiation. Behrens et al. (1999)
sought to model initiation as an endogenous function of the current state of
the drug epidemic, to enable projections of future trends and model the eﬀects
of various drug-control interventions.
Figure 2.16 gives a schematic representation of the resulting model, whose
equations can be summarized as in the following ﬁgure.

negative feedback
−
positive feedback

+
Initiation

a

Light
Users

b

g
Heavy
Users

Fig. 2.16. Flow diagram for the LH-model (2.36)

L̇ = I(L, H) − (a + b)L,
Ḣ = bL − gH,

13

L(0) = L0 ,

(2.36a)

H(0) = H0 ,

(2.36b)

Other studies explicitly model the number of nonusers who are “susceptible”
to initiation via an additional time-varying state variable, S(t). This recognizes
that as drug use spreads, the pool of potential initiates shrinks, helping to limit
the drug epidemic from growing forever. We shall explore such models below, but
they lump all drug users together into a single state. Merging the ideas of tracking
susceptibles and distinguishing diﬀerent types of users within a single model of
illicit drug use is an active area of current research.
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. . . number of light users,
. . . number of heavy users,

I(L, H) . . . initiation into light use,
a
. . . average rate at which light users quit,
b

. . . average rate at which light users escalate to heavy use,

g

. . . average rate at which heavy users quit.

In Behrens et al. (1999) it is assumed that the number of current users inﬂuences initiation in two distinct ways. First, most people who start using drugs
do so through contact with a friend or sibling who is already using and is
happy with that use. The metaphor of a drug “epidemic” is commonly used
precisely because of this tendency for current users to “infect” new users.
Hence Behrens et al. (1999) model initiation as increasing in the number of
light users.
Initiation is modeled as being promoted by light users because light users
are rarely dependent, so their continued use indicates that they enjoy drug
use. In contrast many, if not most, heavy users manifest obvious adverse effects of drug use, notably drug dependence but also various ill eﬀects on work,
social relationships, and health. So Behrens et al. (1999) believe heavy users
are not eﬀective recruiters of new initiates. (Note: This is not a universally
held position. Some epidemiologists believe that heavy users also recruit new
initiates, and the reader may enjoy thinking about how that alternative perspective could be built into a drug-prevalence model and what implications
that would have on the results derived below.)
Musto (1987) argues that, in addition, knowledge of adverse eﬀects of drug
use can deter initiation. He hypothesizes that drug epidemics die out when a
new generation of potential users becomes aware of the risks of drug abuse and,
as a result, does not try drugs. One might expect the perception or reputation
of a drug to be inﬂuenced by the relative number of light and heavy users. If
most drug users are heavy users, the drug would be perceived as dangerous or
harmful. Thus a model of drug initiation might have the following properties.
1. Initiation is proportional to the number of light users L(t).
2. The rate at which light users “recruit” initiates is moderated by the drug’s
reputation for harmfulness, which in turn is governed by the relative number of heavy and light users.
3. Although most new users are “recruited,” some enter the using population
for other reasons (intrinsic interest, immigration, etc.). In the jargon of
diﬀusion models, these individuals are “innovators” as opposed to “imitators.”
Behrens et al. (1999) used the following initiation function to capture these
three ideas.
H
(2.37)
I(L, H) = τ + sLe−q L ,
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L>0
H >0

. . . number of light users,
. . . number of heavy users,

s
q

. . . average rate at which light users attract nonusers,
. . . constant measuring the deterrent eﬀect of heavy drug abuse,

τ

. . . number of innovators.

This initiation model implies that large numbers of heavy users are “bad” (for
the drug’s reputation), because they consume at high rates and impose costs
on society, but also “good” because they discourage initiation. Heavy users
impose costs in the near term, but generate a perverse sort of “beneﬁt” for the
future by reducing initiation and thus future use. The impact of a heavy user
on initiation depends on the number of other heavy and light users, so that
the magnitude of the “beneﬁt” of a heavy user depends on the stage of the
drug epidemic. Thus one would expect the eﬀectiveness of various drug-control
interventions, particularly treatment, to vary over the course of the epidemic.
We explore that assumption in Sect. 6.1, where we introduce optimal control
to the model.
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Fig. 2.17. Phase portrait, including smoothed historical trajectory of the current
US cocaine epidemic (annual data are represented by squares)

For now it suﬃces to note that this rather simple model can do a surprisingly good job of reproducing trends in certain drug epidemics. Figure
2.17 shows this by mapping the outcome of this two-state model (2.36) in the
phase portrait with parameter values estimated for the US cocaine epidemic
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as a = 0.163, b = 0.024, τ = 50,000, g = 0.062, s = 0.61, q = 7 (Behrens
et al., 1999).
Next we analyze the model in respect to occurring equilibria. The reader is
invited to check that as L approaches zero, L̇ is always positive, and as H goes
to zero, Ḣ is always positive if L is positive. Hence we restrict our analysis
to the (invariant) positive quadrant of the (L, H)-plane. The equilibrium,
X̂ = (L̂, Ĥ) = {(L, H)|L̇ = 0, Ḣ = 0}, of the planar system (2.36) can be
determined as a function of the system parameters:
 
 
τ 1
L̂
,
(2.38)
X̂ =
=
b
Ω g
Ĥ
where
Ω := a + b − sR
with

qb

R = R(q, b, g) := e− g

denoting the equilibrium reputation of cocaine. Equilibrium prevalence (determined by (2.38)) is positive as long as Ω > 0. The associated Jacobian
matrix evaluated at (2.38) is calculated as
  qb


s g R − Ω −sqR
IL (L̂, Ĥ) − (a + b) IH (L̂, Ĥ)
ˆ
=
.
J=
b
−g
b
−g
By (2.26) the corresponding eigenvalues of the Jacobian are calculated as
follows



1
2
ˆ
ˆ
ˆ
tr J ± (tr J) − 4 det J ,
ξ1,2 =
(2.39)
2
where tr Jˆ = −g − Ω + sRqb/g and det Jˆ = gΩ > 0.
Using the results of Sect. 2.6.2 on the linearized system, we ﬁnd that the
equilibrium (2.38) is a stable focus for the parameter values given by Behrens
et al. (1999). Thus drug use approaches a relatively high long-rum level, and
the trajectory converging to the equilibrium (L̂, Ĥ) happens to follow the
pattern of damped oscillations (see also Sect. 2.11).

2.8 Introduction to Bifurcation Theory
Bifurcation theory is in itself a huge ﬁeld encompassing a broad range of applications. Thus this introductory section cannot provide more than a glimpse
to the subject, and the reader interested in theoretical as well as numerical
details is referred to good textbooks on that subject, e.g., Guckenheimer and
Holmes (1983) and Kuznetsov (1998). Nonetheless, the analysis of optimal
control problems involves to a large extent the study of dynamical systems;
and as the problems considered here have a variety of parameters, which are
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at best known to lie in some interval, bifurcation theory is necessary to analyze the possible changes in the dynamical behavior of the models. The next
subsections introduce the reader to selected problems analyzed by bifurcation
theory and should facilitate the ﬁrst steps for anyone who wants to undertake
a more detailed study by presenting its terminology and underlying ideas.
2.8.1 Terminology and Key Ideas of Bifurcation Theory
The basic object under investigation by means of bifurcation theory is
ẋ(t) = f (x(t), μ),

with x(t) ∈ Rn , μ ∈ Rp , t ∈ [0, inf)

(2.40)

a parameter-dependent ODE, whereby bifurcation theory tries to explain disruptions in the dynamical behavior of (2.40), while changing the parameter(s)
μ. Thus we deﬁne:
Deﬁnition 2.59 (Bifurcation). The appearance of a topologically nonequivalent, in the sense of Deﬁnition 2.30, phase portrait of (2.40) under variation
of parameters μ is called a bifurcation.
A parameter value, where such a change takes place, is called a bifurcation
value or critical value of the parameter and will be denoted by μc .
Generally we distinguish between two types of structural changes, namely
those changes that occur via local bifurcations and those induced by global
bifurcations.14 While the latter has to consider, e.g., the global stable or/and
unstable manifolds, local bifurcations can be suﬃciently characterized by the
local stability analysis of equilibria, limit cycles, or other types of limit sets.
Since global bifurcations need rather more advanced techniques, we shall not
present any general results on this topic but instead refer the interested reader
to Guckenheimer and Holmes (1983) or Kuznetsov (1998).
Remark 2.60. In optimal control theory global bifurcations, especially the heteroclinic bifurcation,15 play a crucial role in connection with multiple optimal
solutions (see Chap. 5).
Since there exists an unmanageably large number of possible dynamics, the
problem of classiﬁcation is reminiscent of Sisyphus’s challenge to ﬁnish this
task, and it is obvious that bifurcation theory will always be a work in progress.
But fortunately phase portraits are not totally arbitrary, and recurring patterns can be identiﬁed and transformed to “simple” ODEs. The important
tools of bifurcation theory are therefore the representation of ODEs in their
14

15

Global bifurcations involve the entire phase space rather than just the neighborhood of an equilibrium or limit cycle and are therefore harder to deal with and
harder to be detected.
At a heteroclinic bifurcation a heteroclinic connection between two equilibria
emerge at the critical value of the parameter.
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normal form and the projection into the subspace, where the bifurcation occurs, i.e., the center manifold.
To introduce these tools in a concise way is beyond the scope of this book
and even is not necessary for its application to the models of optimal control
theory presented here. Therefore we introduce the necessary terms by means of
a simple example to facilitate comprehension without becoming too technical.
The following derivation and its generalizations can be found in Kuznetsov
(1998).
2.8.2 Normal Forms and the Center Manifold:
The Tools of Bifurcation Theory
To analyze local bifurcations of equilibria, it is useful to consider the dynamics restricted to the center manifold, since a qualitative change by varying a
parameter can only occur for this part of the dynamics. The dynamics along
the (un)stable manifolds are robust against small disturbances. But the restriction to the center manifold is only the ﬁrst step in the analysis. Moreover,
we shall ﬁnd further coordinate transformations that simplify the analytic expressions of the vector ﬁeld on the center manifold. This simpliﬁed dynamics
is then called normal form. The analysis of the normal forms yields a qualitative picture of the ﬂows of each bifurcation type, and we shall subsequently
present only the most common ones.
For a more general theory of normal forms the reader is, e.g., referred
to Guckenheimer and Holmes (1983). We settle for the presentation of the
coordinate transformation of a concrete example, yielding the normal form
of the so-called fold bifurcation, where two equilibria emerge by varying the
bifurcation parameter.
Let us therefore consider the following two ODEs:
ẋ = g(x, β) = β(1 + x) + x3 +

x2 − 1
+ 1,
x2 + 1

x, β ∈ R,

(2.41)

and
ẋ = f (x, μ) = μ + x2

x, μ ∈ R.

(2.42)

Considering the functional forms of (2.41) and (2.42), it is not immediately
reasonable that both equations exhibit, at least locally, the “same” dynamical
structure. But for μc = βc = 0 both systems exhibit a nonhyperbolic equilibrium at the origin, i.e., fx (0, 0) = gx (0, 0) = 0. Moreover, the phase portraits
of both systems at μc = βc = 0 suggest an equivalent dynamical behavior
near the origin; see Fig. 2.18a. Clearly, this only concerns the local behavior,
as Fig. 2.18b illustrates. Equation (2.42) is obviously easier to analyze, therefore it is of general interest to identify conditions under which an ODE of the
complexity of (2.41) can locally be transformed to (2.42).
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Remark 2.61. Note that in our example the restriction to the center manifold is trivially satisﬁed, since the dynamics is one-dimensional and therefore
already represents its critical part.

a)

ẋ

b)

ẋ
g(x, 0)

g(x, 0)

f (x, 0)
f (x, 0)


x

0


x
0
Fig. 2.18. Panel (a) depicts the phase portraits of (2.41) and (2.42) for the critical
parameter value β = μ = 0 illustrating the local equivalence of both systems. In
panel (b) the global diﬀerence of both systems is portrayed

Coordinate Transformation
In a ﬁrst step we show that (2.41) can be transformed into a system
ẋ = μ + x2 + o(x2 ),

(2.43)

which approximates (2.42) up to terms of order two. Subsequently we prove
that these higher-order terms can be neglected for describing the local dynamical behavior. In other words we show that both systems are locally topologically equivalent.
To carry out the transformation process we use the Taylor theorem to
consider a cubic approximation of (2.41) about the equilibrium x̂ = 0 and
small β. Thus we ﬁnd
1
1
g(x, β) = g(0, β) + gx (0, β)x + gxx (0, β)x2 + gxxx (0, β)x3 + o(x3 ).
2
6
Utilizing
g(0, β) = β,
yields

gx (0, β) = β,

gxx (0, β) = 4,

gxxx (0, β) = 6

(2.44)

2.8 Introduction to Bifurcation Theory

g(x, β) = β + βx + 2x2 + x3 + o(x3 ).
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(2.45)

Next we remove the linear term in (2.45) by applying the linear transformation
z = x + δ, where δ(β) is some parameter, depending on β and satisfying
δ(0) = 0. Now (2.45) becomes

3
g(z, δ, β) = β + β(z − δ) + 2(z − δ)2 + (z − δ)3 + o (z − δ)


= β − βδ + 2δ 2 + β − 4δ − 3δ 2 z + (2 + 3δ) z 2 + o(z 2 ) + o(δ 2 ).
To remove the linear coeﬃcient C(β, δ) = β − 4δ − 3δ 2 of z, we use the implicit
function theorem. Since the nondegeneracy condition
Cδ (0, 0) = −gxx(0, 0) = −4 = 0

(2.46)

is satisﬁed the implicit function theorem (see Theorem A.125) assures the
local existence of a function δ(β) satisfying C(β, δ(β)) = 0. This function is
given by
β
δ(β) = + o(β).
(2.47)
4
Substituting (2.47) into g(z, δ, β) yields


3β
ż = β + o(β) + 2 +
+ o (β) z 2 + o(z 2 ).
(2.48)
4
Remark 2.62. What can be inferred if condition (2.46) is not satisﬁed? Either
the dynamics is substantially diﬀerent from (2.43), e.g.,
ẋ = μ + x3 ,
or higher-order terms have to be considered, e.g.,
ẋ = μ + x4 .
Parameter Transformation
In a next step we introduce the new parameter μ̄ for the constant term of
(2.48), i.e.,
μ̄ = β + o(β).
To replace β in the coeﬃcient of z 2 , we have to assure that β can be expressed
as a function of μ̄. Using the inverse function theorem (see Theorem A.126)
this is guaranteed if the derivative μ̄ (0) does not vanish. By virtue of (2.48)
this condition can be restated as
μ̄ (0) = gβ (0, 0) = 1 = 0.
Thus we ﬁnd

(2.49)
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β = μ̄ + o(μ̄).

(2.50)

Substituting (2.50) into (2.48) yields


3μ̄
+ o(μ̄) z 2 + o(z 2 ).
ż = μ̄ + 2 +
4

(2.51)

Remark 2.63. What can be inferred if condition (2.49) is not satisﬁed? The
following examples
ẋ = μ2 + x2
and
ẋ = μ3 + x2 ,
violate (2.49). But whereas in the ﬁrst case the system exhibits diﬀerent dynamical behavior for varying μ compared to (2.42), the latter is topological
equivalent to (2.42).
Scaling the Coordinate
In a last step we scale (2.51), using y = |2 +

3μ̄
4

+ o(μ̄)|z, which yields

ẏ = μ + y 2 + o(y 2 ),
with μ = μ̄|2 +

3μ̄
4

(2.52)

+ o(μ̄)|.

Remark 2.64. Inspecting the scaling carefully reveals that in general we derive
a system satisfying
ẏ = μ ± y 2 + o(y 2 ),
where the actual sign of y 2 depends on the sign of the coeﬃcient of z 2 evaluated
at μ̄ = 0.
What remains is to show that the term o(y 2 ) does not change the local behavior of the dynamics and therefore the systems are locally topologically
equivalent.
Topological Equivalence
To prove the local topological equivalence of the local system’s dynamics (2.43)
and (2.42), we have to show that for |μ| small:
1. Both systems exhibit locally the same number of equilibria.
2. A homeomorphism exists transforming the orbits of (2.51) into orbits of
(2.52) and preserving the direction of time.
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For the ﬁrst part we consider the manifold of equilibria for (2.51), i.e.,
F (y, μ) = μ + y 2 + o(y 2 ) = 0.
Since

(2.53)

∂F (0, 0)
=1
∂μ

the implicit function theorem implies the existence of a function μ = b(y),
satisfying F (y, b(y)) = 0, whereby
1
b(y) = g(0) + by (0)y + byy (0)y 2 + o(y 2 ).
2
Using b(0) = 0, together with the formulas for implicit ﬁrst and second derivatives, yields
by (0) = 0,

byy (0) = −2,

implying
b(y) = −y 2 + o(y 2 ).
Proving that for |y| small enough b(y) is negative and therefore (2.53) exhibits
√
two equilibria, ŷ1,2 (μ), for μ < 0. These equilibria are near x̂1,2 (μ) = ± −μ,
proving the ﬁrst part.
For the proof of the second part we consider the homeomorphism y = h(x)
h(x) =

Id(x)
a(μ) + b(μ)x

μ≥0
μ < 0,

where a(μ) and b(μ) are determined such that ŷ1,2 = h(x̂1,2 ). Thus h maps
the equilibria of (2.52) onto equilibria of the perturbed system (2.51). That
h is really a homeomorphism follows from the fact that for one-dimensional
systems an orbit is an interval on the real line and that for limt→∞ x(t) = x̂1,2
we have limt→∞ h (x(t)) = ŷ1,2 ; if necessary we have to consider t → −∞. This
ends our proof for the topological equivalence of (2.41) and (2.42).
Remark 2.65. In general the normal form is a polynomial system with mostly
integer coeﬃcients, exhibiting a special kind of bifurcation. It is important
to consider under which conditions the simpliﬁcation of an ODE to a normal
form is possible (see, e.g., Guckenheimer & Holmes, 1983).
Remark 2.66. Finally, let us return to the conditions that have been identiﬁed
along the previous proof as suﬃcient to guarantee the existence of a transformation into the normal form, namely (2.46) and (2.49). The ﬁrst condition
assures that the function is not “too” degenerate (and is therefore called
the nondegeneracy condition, whereas the second condition is the so-called
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transversality condition on the parameter(s). Here the term transversality is
derived from the geometric property of a transversal crossing. Consider, e.g.,
the already presented system
ẋ = μ2 + x2 .
Then the transversality condition is violated since fμ (0, 0) = 0. Obviously
this system exhibits a diﬀerent behavior, since no equilibria exist for μ = 0.
Portrayed graphically, the graph of the dynamics at x = 0 for μ → 0 touches
the x-axis tangentially, contrary to the original system, in which the graph of
μ crosses the x-axis transversally (see Fig. 2.19).

a)

ẋ

0

b)

ẋ

x



0

μ

Fig. 2.19. In (a) the system dynamics, for μ = 0, ẋ = x3 (gray line) violates
the nondegeneracy condition and exhibits a diﬀerent local behavior at x = 0 as
compared with (2.52). Panel (b) depicts the case in which the dynamics at x = 0 is
given by ẋ = μ2 and therefore violates the transversality condition

Another very important and prominent example of using a normal form representation of an ODE is that of the Poincaré–Andronov–Hopf bifurcation
presented in Sect. 2.10. Even though the same idea underlies the derivation
of the corresponding normal form, the actual calculations are more involved
and we therefore refer the reader to Kuznetsov (1998).
Last, we want to touch on the importance of the manifold theorem for
ﬂows for bifurcation theory, especially the part on the center manifold.
Center Manifold
The center manifold and its local representation is of crucial importance
for the numerical computation of bifurcations and the reduction to normal
forms. The manifold theorem for ﬂows assures that the stable, unstable and
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center manifolds are invariant under the given dynamics. This allows the
reduction of the dynamics to its bifurcation-relevant part, i.e., to the center
manifold also called the reduced equation. In the simplest cases the determination of the bifurcation type can be done, by searching for equilibria exhibiting
eigenvalues with zero real part. Then the center manifold and the reduced dynamics have to be computed. Checking the nondegeneracy and transversality
conditions lets us determine the type of bifurcation.
As an elementary example, let us consider the system:
ẋ1 = μ + x21 + x2
ẋ2 = −x2 .

(2.54a)
(2.54b)

Then, using calculations analogous to the computation of the center manifold
in Example (2.57), we ﬁnd that the center manifold is given by
x2 = o(x21 ).
Thus the dynamics projected onto the center manifold is locally given by
ẋ1 = μ + x21 + o(x21 ).
Since for the reduced equation the properties of nondegeneracy (2.42) and
transversality (2.43) are satisﬁed, we proved that the system (2.54) exhibits
a fold bifurcation already analyzed in the section before, when discussing the
prototypical example
ẋ = μ + x2 .
For an in-depth treatment of a computation algorithm of the center manifold,
the reader is referred to Kuznetsov (1998).
2.8.3 Local Bifurcations in One Dimension
In this section we focus on local bifurcations along the real line and analyze
the asymptotic, or long-run, stability behavior of a dynamical system if the
value of a single parameter is varied far enough to reach a bifurcation value
μc .
In what follows we give a brief introduction to local bifurcation theory,
dealing only with changes in stability properties of equilibria. We start by
presenting the three simplest types (in normal form) of bifurcations in a onedimensional setting, where only one parameter, μ, is varied. These bifurcations
are not conﬁned to R and can occur in higher-dimensional systems as well, as
we have already mentioned in the previous section. Once these basic tools have
been mastered, discussions of more advanced bifurcations may be of interest.
One useful way to depict the change in the dynamics of the system is
to plot the phase-portrait at the ordinate-axis vs. the parameter, μ, at the
abscissa, which is called a bifurcation diagram and will be used to present the
following bifurcations.
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Saddle-Node Bifurcation
Saddle-node bifurcation is the most fundamental type of bifurcation in which
equilibria are created or destroyed. It is also called a fold (or tangent ) bifurcation or blue sky bifurcation. The latter denotation refers to the sudden
appearance of a pair of equilibria “out of the blue sky” as Abraham and Shaw
(1982) describe it. We have already met this bifurcation type in the previous section, where we introduced normal forms by means of a prototypical
example.
Consider the following ﬂow on the real axis:
ẋ = μ + x2 ,

(2.55)

where x ∈ R and μ ∈ R is a parameter. When μ < 0 there are two equilibria,
one stable and one unstable (see Figs. 2.20 and 2.21).
a)

ẋ



x

b)

ẋ



ẋ

x

c)

x

Fig. 2.20. The phase portrait of the dynamics (2.55) is depicted for (a) μ < 0, (b)
μ = 0, and (c) μ > 0

For μ > 0 there is no equilibrium. If μ moves downward, an equilibrium
arises “out of the blue sky” that is semistable. The bifurcation value μ = 0
separates two qualitatively diﬀerent vector ﬁelds.
The dynamics (2.55) is in a speciﬁc sense prototypical for all saddle-node
bifurcations as we have explained in the last section on normal forms. Hence
the following theorem can be formulated:
Theorem 2.67 (Fold Bifurcation). Any one-dimensional system
ẋ = f (x, μ),

x, μ ∈ R,

with f ∈ C (R) exhibiting an equilibrium at x = 0 for μ = 0 with fx (0, 0) = 0,
and satisfying
2

A.1: fxx (0, 0) = 0,
A.2: fμ (0, 0) = 0,
is locally topologically equivalent to the system
ẋ = μ ± x2 .
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x

unstable

μ

stable
Fig. 2.21. Bifurcation diagram for a saddle-node or “blue sky” bifurcation

Transcritical Bifurcation
Transcritical bifurcation provides a mechanism for an exchange of stability of
persisting equilibria.
The normal form for the transcritical bifurcation is
ẋ = μx − x2 ,

x, μ ∈ R.

(2.56)

The three parts of Fig. 2.22 sketch the dynamics of the vector ﬁeld depending
on the parameter μ.

ẋ


a)

x

b)

ẋ


x

c)

ẋ


x

Fig. 2.22. The phaseportrait of the dynamics (2.56) is depicted for (a) μ < 0, (b)
μ = 0, (c) μ > 0

For μ < 0 there is an unstable equilibrium at x̂ = μ and a stable one
in the origin. For increasing μ, these two equilibria collide for μ = 0, and
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x

stable

stable

unstable
μ

unstable
Fig. 2.23. Bifurcation diagram for a transcritical bifurcation

the resulting equilibrium is semistable. For μ > 0, x = 0 becomes unstable,
whereas x̂ = μ is now stable. The exchange of stabilities is marked in the
bifurcation diagram shown in Fig. 2.23.
Generally we ﬁnd:
Theorem 2.68 (Transcritical Bifurcation). Any one-dimensional system
ẋ = f (x, μ),

x, μ ∈ R,

with f ∈ C 2 (R) exhibiting an equilibrium at x = 0 for μ = 0 with fx (0, 0) = 0,
and satisfying
A.1: fxx (0, 0) = 0,
A.2: fμx (0, 0) = 0,
is locally topologically equivalent to the system
ẋ = μx ± x2 .
Pitchfork Bifurcation
Another bifurcation may occur for problems with symmetries. The normal
form of the so-called supercritical pitchfork bifurcation is given as
ẋ = μx − x3 ,

x, μ ∈ R.

(2.57)

A transformation x → −x leads to an equivalent ﬂow on the line, i.e., to
left–right symmetry. This is illustrated in Fig. 2.24.
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b)

a)

c)

ẋ

ẋ



x
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x

x

Fig. 2.24. The phaseportrait of the dynamics (2.57) is depicted for (a) μ < 0, (b)
μ = 0, (c) μ > 0
x

stable

stable

unstable
μ

stable
Fig. 2.25. Bifurcation diagram for a (supercritical) pitchfork bifurcation

For μ < 0 there is only one equilibrium, i.e., the origin, and it is stable.
x = 0 remains stable16 for μ = 0. For μ > 0, the origin becomes unstable, and
√
two additional stable equilibria arise symmetrically to x = 0, where x̂ = ± μ.
Figure 2.25 reveals the denotation “pitchfork.”
For the subcritical bifurcation, ẋ = μx + x3 , the bifurcation diagram is
inverted. Note that the cubic term now destabilizes the system, whereas it
acts to stabilize it for the supercritical bifurcation.
Generally we ﬁnd:
Theorem 2.69 (Pitchfork Bifurcation). Any one-dimensional system
ẋ = f (x, μ),
16

x, μ ∈ R,

This case provides an example of a vanishing linearization.
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with f ∈ C 2 (R) exhibiting an equilibrium at x = 0 for μ = 0 with fx (0, 0) =
fxx (0, 0) = 0, and satisfying
A.1: fxxx (0, 0) = 0,
A.2: fμx (0, 0) = 0,
is locally topologically equivalent to the system
ẋ = μx ± x3 .

2.9 Bifurcation Analysis of a One-Dimensional Drug
Model
Here we present in some sense the simplest of all possible drug prevalence models, because it has just one state variable, A(t), which counts the total number
of drug users at time t. Finding the optimal demand side policy subject to
some epidemic dynamics is challenging, and so it makes sense to start with a
one-state model instead of starting with the more advanced LH-model (2.36).
This one-state model, based on Tragler, Caulkins, and Feichtinger (2001), has
two control variables, u(t) and v(t), that describe the expenditures at time t
for treatment and law enforcement measures, respectively.
It is often useful to begin analyzing a control model by examining the
behavior of the underlying uncontrolled (purely descriptive) model. Hence,
we consider ﬁrst Tragler et al.’s system dynamics with both controls set equal
to zero, i.e., u(t) = v(t) = 0 for all t (in Exercise 2.4 the reader is invited to
analyze the system with constant control u(·) ≡ u). This reduces the state
equation to
Ȧ(t) = kf (A(t)) − μA(t),
(2.58)
where kf (A(t)) and μA(t) denote initiation into and desistance from drug use
at time t, respectively. Note that for ease of exposition, in what follows we
shall mostly omit the time argument t.
Equation (2.58) states that users quit at a constant rate μ and initiation
is a function of the current number of users. This reﬂects the fact that most
initiates are introduced to drug use by an existing user, often a friend or
family member, and so f (A) should be an increasing function, at least initially.17 However, once use is widespread, the ill eﬀects of drug consumption
become visible and suppress initiation (cf. Musto, 1987); this suggests that
f (A) should become a decreasing function for high enough values of A. The
reader may enjoy comparing the modeling approach (2.36) with (2.58) as the
latter model describes the same facts, but by means of a single variable. We
use here what is perhaps the simplest function covering these two aspects, the
logistic function


f (A) = kA Ā − A .
(2.59)
17

This assumption is identical to one modeled transmission mechanism of the LHmodel (2.36).
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Remark 2.70. The original analysis published in Tragler (1998) and Tragler
et al. (2001) used the monotonously increasing power function f (A) = kAα ,
and so in this respect we depart from the original studies. The power function
is in some ways slightly more realistic, but the logistic function is better for
present purposes.
While we ﬁrst wrote the state equation (2.58) with separate inﬂow and outﬂow
terms describing initiation and quitting, respectively, with f (A) from (2.59),
the system dynamics may be rewritten as an equivalent, purely logistic model






k
A
Ȧ = k Ā − μ A 1 −
,
(2.60)
A =: r0 A 1 −
K
k Ā − μ
where r0 := k Ā − μ is the maximal growth rate at A = 0 and K := kĀ−μ
is
k
the so-called carrying capacity (maximum number of users there could ever
be).
This model has two equilibria, Â1 = 0 and Â2 = K, which we obtain by
solving the equation Ȧ = 0. The stability properties of these equilibria can be
determined by using the ﬁrst-order derivative of Ȧ with respect to A, i.e.,


2A
∂
= k Ā − μ − 2kA.
(2.61)
Ȧ = r0 1 −
∂A
K
More formally, (2.61) gives the 1 × 1 Jacobian matrix of our one-state descriptive drug model. Evaluation of (2.61) at the equilibria gives

∂ 
i=1
r0
Ȧ =
∂A Âi
−r0 i = 2.
These results for the equilibria allow us to illustrate a transcritical bifurcation occurring in this model when allowing r0 to change continuously from
a negative to a positive value (follow Fig. 2.26). Note ﬁrst that Â1 = 0 and
Â2 = rk0 exist for any value of r0 with the ﬁrst being constant and the second
being linear in r0 , where the sign of Â2 is the same as that of r0 . For any
negative value of r0 , the eigenvalue of the Jacobian at Â1 = 0 is negative,
implying that Â1 = 0 is locally stable. Vice versa, the eigenvalue at Â2 is
positive for r0 < 0, which implies that Â2 is locally unstable. At the critical
value r0 = 0, the two equilibria coincide at Â1 = Â2 = 0 with the eigenvalue
being 0, too. This is where the transcritical bifurcation occurs. That means,
continuing with positive values of r0 , Â1 = 0 becomes locally unstable, while
Â2 = rk0 becomes both positive and locally stable.
For our modeling purposes, r0 and K should clearly have positive values,
so that we shall assume later that
k Ā > μ.
Under this assumption, Â1 = 0 is locally unstable, while Â2 =
positive and locally stable.

(2.62)
r0
k

is strictly
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Fig. 2.26. Illustration of a transcritical bifurcation occurring at r0 = 0

From a more dynamic point of view, the solution of the logistic equation
(2.60) is well known to be
A(t) =

A0 K
,
A0 + (K − A0 ) e−r0 t

where A0 := A(0) is the initial number of cocaine users.
From a global perspective, for any positive initial number of users A0 we
have
A0 K
A0 + (K − A0 ) e−r0 t
A0 K
=
= K = Â2 .
A0 + (K − A0 ) limt→∞ e−r0 t

lim A(t) = lim

t→∞

t→∞

That means that, unless A0 = 0 = Â1 (in which case the epidemic never
starts), any positive initial number of users produces a time path converging monotonously to the carrying capacity K = Â2 , which turns out to
be globally attracting. If A0 is less/greater than K, the number of users
increases/decreases monotonously while approaching the level K. This is
illustrated in Fig. 2.27, where we see four time paths starting at A0 =
3K
1, K
2 , 2 , 2K, respectively. The parameter values used (r0 = 0.324854, K =
12, 204, 200) were derived with the purpose of ﬁtting the model to data for the
current US cocaine epidemic (cf. Bultmann, Caulkins, Feichtinger, & Tragler,
2007).
In the rest of this chapter we deal with local bifurcations in the plane and
beyond.
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Fig. 2.27. Time paths A(t) for t ∈ [0, 30] and diﬀerent initial numbers of users A0

2.10 The Poincaré–Andronov–Hopf Bifurcation
Section 2.8.3 showed that in fold (or blue-sky), transcritical, and pitchfork
bifurcations the equilibria of one-dimensional continuous dynamical systems
were created or destroyed, had their stability behavior exchanged, or had
their numbers doubled, respectively. As we have already mentioned, evidence
of these types of bifurcations can be generalized from the R to the Rn , n ≥ 2
in a straightforward way, by projection into the center manifold.
Planar systems:

 

f (x , x )
ẋ1
= ẋ = f (x) = 1 1 2
f2 (x1 , x2 )
ẋ2
as a special case of the general nonlinear case (cf. Sect. 2.6.2), potentially
exhibit richer system behavior, e.g., limit cycles or heteroclinic cycles, than
one-dimensional systems do. While one-state ODEs have only a single eigenvalue that must be a real number (because complex eigenvalues occur only in
pairs), planar systems have two eigenvalues (of the linearized system evaluated
at an equilibrium if the system dynamics is nonlinear). Therefore an additional
type of structural change can occur where the eigenvalues are purely imaginary. This bifurcation type is a so-called Poincaré–Andronov–Hopf bifurcation
(PAH-bifurcation) usually denoted as Hopf bifurcation, where an equilibrium
bifurcates into an equilibrium and a limit cycle.
Having in mind the normal form as the “simplest” possible representation
of a system exhibiting some special type of bifurcation, one can ask about
the normal form of a PAH-bifurcation. Since in this case a pair of eigenvalues becomes purely imaginary, two eigenvalues are aﬀected, namely ξ and its
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¯ Thus the generic system exhibiting a PAH-bifurcation
complex conjugate ξ.
is at least of dimension two. Subsequently we shall state suﬃcient conditions
(Poincaré–Andronov–Hopf theorem) to guarantee the existence of a transformation to its normal form, analogous to the fold bifurcation Theorem 2.67.
During the proof of Theorem 2.71 a function l1 (μ), called the Lyapunov coefﬁcient , occurs; an explicit formula is given in the remark below. This function
plays a crucial role as it provides a nondegeneracy condition and its sign
constitutes the stability of the emerging limit cycle. Note that for reasons of
simplicity the theorem is stated for the case in which the equilibrium is already
shifted to the origin and the critical bifurcation parameter μc is shifted to zero
too. A full proof for arbitrary dimension n ≥ 2 is given, e.g., in Kuznetsov
(1998):
Theorem 2.71 (Poincaré–Andronov–Hopf in R2 ). Suppose the ODE
ẋ = f (x, μ),

with

x ∈ R2 , μ ∈ R,

has for small |μ| an equilibrium at the origin with eigenvalues
ξ1,2 (μ) = η(μ) ± iω(μ),
satisfying η(0) = 0, ω(0) > 0.
If the following conditions are satisﬁed,
1. l1 (0) = 0, (for an explicit formula of l1 see (2.64)),
2. η  (0) = 0,
then the system is locally topologically equivalent near the origin k = 0, μ = 0
to one of the following normal forms:
 
  
 
β −1
y
ẏ1
y1
=
± (y12 + y22 ) 1 ,
(2.63)
ẏ2
y2
y2
1 β
where β(μ) = η(μ)/ω(μ) and the sign of the cubic term is determined by
sgn l1 (0).
Remark 2.72. That the system described by the normal form (2.63) exhibits a
limit cycle can easily be seen by transforming it into polar coordinates, where
it becomes
Ṙ = ±R(β − R2 )
θ̇ = 1,
with x1 = R cos θ and x2 = R sin θ and R ≥ 0. In Fig. 2.28 the case is depicted
for a positive R dynamic.
Contrary to the fold bifurcation, it is not possible to eliminate, during the
transformation into the normal form, all terms of greater order than two. One
of the occurring cubic terms remains and is called resonant term, where l1 (μ) is
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x1

μ

x2
Fig. 2.28. Poincaré–Andronov–Hopf bifurcation

its coeﬃcient. In particular its sign for μ = 0 determines the stability behavior
of the limit cycle and is therefore of great importance in the numerical analysis.
A lengthy calculation (see, e.g., Guckenheimer & Holmes, 1983; Kuznetsov,
1998) shows that the Lyapunov coeﬃcient l1 (μ) can explicitly be written as


1 ∂ 3 g1
∂ 3 g1
∂ 3 g2
∂ 3 g2
l1 =
+
+ 2
+
16 ∂x31
∂x1 ∂x22
∂x ∂x2
∂x31
 2
 2 1

 2

∂ 2 g2
∂ 2 g1
∂ 2 g2
1
∂ g1
∂ g1
∂ g2
−
+
+
+
16ω(0) ∂x1 ∂x2 ∂x21
∂x22
∂x1 ∂x2 ∂x21
∂x22
 2

∂ 2 g1 ∂ 2 g2
1
∂ g1 ∂ 2 g2
,
(2.64)
−
−
16ω(0) ∂x21 ∂x21
∂x22 ∂x22
where g = (g1 , g2 ) is the nonlinear part of the dynamics f = (f1 , f2 ) evaluated at the equilibrium, i.e.,
ˆ
ẋ = f (x, μ) = J(μ)x
+ g(x, μ),
and ω the imaginary part of the eigenvalue. Thus the following characterization holds:
1. For l1 (0) < 0 closed orbits emerge in a supercritical PAH-bifurcation and
correspond to stable limit cycles.
2. For l1 (0) > 0 closed orbits emerge in a subcritical PAH-bifurcation and
correspond to unstable/repelling cycles.

74

2 Continuous-Time Dynamical Systems

Thus the Poincaré–Andronov–Hopf theorem allows us to establish the existence of a limit cycle as well as its stability behavior, which is very useful for
locating limit cycles as used in Sect. 7.4.2.
Obviously a PAH-bifurcation can also occur for higher-dimensional systems. This implies that a two-dimensional center manifold exists in the ndimensional space that is tangent to the eigenspace spanned by the corresponding eigenvectors ν, ν̄. Thus projecting (locally) the dynamics near the
equilibrium onto this center manifold leads to a two-dimensional system,
wherein the projection can be analyzed by the Poincaré–Andronov–Hopf theorem.
To illustrate a supercritical PAH-bifurcation (l1 (0) < 0), we imagine that
– without loss of generality – the orbits emerge for μ > 0. (The orbits could
also emerge for μ < 0, but this would not alter anything about the validity
of this illustration.) Thus as long as μ < 0 holds, the equilibrium x̂(μ) is
stable. As the bifurcation parameter attains its critical value, μ = 0, x̂(μ)
alters its stability properties and becomes repelling, and closed orbits emerge.
The union of these limit cycles forms a paraboloid that is tangent to the
set expanded by the eigenvectors belonging to the eigenvalues with purely
imaginary parts, ξ1,2 (0) = ±iω(0), the center manifold.
These ideas will be made concrete by giving an intuitive example of a
supercritical PAH-bifurcation taken from the ﬁeld of drug research.

2.11 Higher-Dimensional Bifurcation Analysis of a Drug
Model
Let us reconsider the two-state model of US cocaine consumption given by
the planar system (2.36) – but this time from a bifurcation perspective. In
Sect. 2.7 we already established the existence of a unique equilibrium
 
 
τ 1
L̂
X̂ =
=
,
(2.65)
b
Ω g
Ĥ
where
Ω := a + b − sR > 0, by assumption
with

qb

R = R(q, b, g) := e− g .

The associated Jacobian matrix is given by

  qb

s g R − Ω −sqR
I (L̂, Ĥ) − (a + b) IH (L̂, Ĥ)
.
=
Jˆ = L
b
−g
b
−g
Since det Jˆ > 0 always holds for the equilibrium as determined by (2.38), Jˆ
exhibits a pair of purely imaginary eigenvalues iﬀ the trace of the Jacobian
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matrix disappears, i.e., tr Jˆ = 0. Thus the nondegeneracy condition in the
Poincaré–Andronov–Hopf theorem is satisﬁed if
sRqb
= 0.
tr Jˆ = −g − Ω +
g

(2.66)

Therefore the equation sqbR = g(Ω + g) deﬁnes a surface in the ﬁvedimensional parameter space along
√ which system (2.36) possesses two purely
imaginary eigenvalues, ξ1,2 = ±i gΩ. As one crosses this surface by variation of a single parameter, while all other parameter values remain unchanged
(what economists call a ceteris paribus condition), the real part of the pair
of complex conjugate eigenvalues, ν1,2 , changes its sign, while the imaginary
part remains nonzero, i.e., the system exhibits a PAH-bifurcation. The associated conditions for the entire set of system parameters, {a, b, g, s, q}, are given
by Behrens et al. (1999); but here we focus on a particular one, namely the
parameter g. This parameter describes the outﬂow from the state of heavy
use, H(t), and can, for instance, be increased or decreased by funding more
or fewer drug treatment programs.
The reason why we analyze g is that when the exit rate from the heavy-use
state is low, the heavy-use state has considerable inertia that can prevent a
drug epidemic from repeating. A low g does not protect society from a ﬁrst
epidemic. Regardless of g’s value, if initially there are enough light users to
make the ratio H/L small and hence give the drug a benign reputation, then
a positive feedback loop can be created by the sL part of the initiation term
that feeds the L state. The resulting explosion in light users implies that, over
time, many people will escalate to the heavy-use state. Eventually that alters
the drug’s reputation, undercutting initiation and short-circuiting the positive
feedback loop. In short, the drug moves from an epidemic to an endemic
problem, with numbers of both light and heavy users gradually declining.
Whether there is a second explosive epidemic, however, depends on what
the ratio of H/L is as the number of drug users decays and hence on the
relative rates at which light and heavy users quit. The exit rate from light use
(a = 0.163 for US cocaine) is a function of the drug and societal parameters
generally, but the exit rate from heavy use (g) is more amenable to manipulation by policy interventions, so that it is the key parameter to examine via
bifurcation analysis.
When the rate at which heavy users quit obtains its PAH-bifurcation critical value, gc = {g : a + b + g − sR(1 + qb/g) = 0}; then the change in the
real part of the pair of conjugate complex eigenvalues (as given by 2.39) as
the bifurcation parameter g varies is diﬀerent from zero as long as
sqbR(gc ) =

gc3
qb

holds. Thus a PAH-bifurcation occurs at (X̂(gc ), gc ) as one crosses the surface
deﬁned by (2.66), i.e.,

76

2 Continuous-Time Dynamical Systems


∂ Re ξ1,2 (g) 

∂g

g=gc (a,q,s,b)

1
=
2



sR(gc )q 2 b2
−1
gc3


= 0.

We already know that on the center manifold the motion tends neither toward the equilibrium nor away from it, but remains in a certain region of the
phase space forever. Thus the center manifold is determined by the following
transformation of system (2.36) into a linear and nonlinear part


  
 

L − L̂(gc )
L̇
0
− gc Ω(gc )
φ(L, H)
= 
+
,
ψ(L, H)
Ḣ
gc Ω(gc )
0
H − Ĥ(gc )
where


 
g
Ω(g
)(H
−
Ĥ(g
)
φ(L, H)
I(L, H) − (a + b)L
+
c
c
c

.
=
ψ(L, H)
bL − gH − gc Ω(gc )(L − L̂(gc )



As long as
sqR(gc ) ≥


gc Ω(gc ) =: ω

(2.67)

holds at the PAH-bifurcation critical value, ceteris paribus, the normal-form
calculation yields a negative coeﬃcient
1
(φ
+ φLHH + ψLLH + ψHHH )
16 LLL
1
(φ
+
(φ
+ φHH ) − ψLH (ψLL + ψHH ) − φLL ψLL + φHH ψHH )
16ω LH LL
1
(ω (ILLL + ILHH ) + ILH (ILL + IHH ))
=
16ω
⎛
⎞

l1 (0) =

=

−IHH
16Lω




⎜  H2
⎟
H H2
⎜
⎟
+
1
(sRq − ω)⎟ < 0.
⎜ω 3 2 + 1 + q
2
L L
⎝
L
  ⎠


 

 Eq. 2.66≥0
>0

>0

Hence there exist periodic solutions that correspond to stable limit cycles for
g > gc . In other words when g > gc , the unique equilibrium, (2.65), changes its
stability because the real parts of the characteristic roots, (2.39), become positive such that the eigenvalues cross the imaginary axis of the complex plain
with positive velocity (the transversality condition of Poincaré–Andronov–
Hopf theorem). Since additionally condition (2.67) holds, we obtain a supercritical PAH-bifurcation. The equilibria have the local property of unstable
foci, and the periodic orbits are attracting (for g > gc ).
On the one hand, if the exit rate from the heavy-use state is low (g <
gc = 9.405%), the ratio of H/L will remain large enough to keep the drug
from again getting a benign reputation. That is, the deterrent eﬀect of heavy
drug use is suﬃcient to suppress initiation into light use so that the epidemic
declines and does not recur, at least with comparable force. On the other hand,
if a high percentage of heavy users receives treatment or otherwise exits heavy
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use (g > 13.8%), there is almost no deterrence and light users recruit nonusers
with rate s = 0.61, so that prevalence can again grow exponentially. Between
these values of g (gc < g < 13.8%) the deterrent force of heavy users is not
strong enough to prevent further initiation, but is strong enough to prevent
nearly proportional initiation. This interplay causes cycles (see Fig. 2.29).

g

H
L
Fig. 2.29. Cyclical prevalence for parameter set a = 0.163, b = 0.024, s = 0.61, q =
7.0, τ = 50,000 and for diﬀerent values of the rate at which heavy users quit, gc ≈
0.0925 ≤ g ≤ 0.099

Close to the PAH-bifurcation equilibrium X̂(gc ) = (576000, 149000) the
approximate radius of the cycles (as well as their period) may be estimated
as a function of the parameter values (see, e.g., Hassard, Kazarinoﬀ, and Wan
(1981, p. 90); Strogatz (1994, p. 251) and Sect. 7.4.2). One realizes that the
cycles
“grow” – close to the bifurcation point with the size proportional to
√
g − 0.09405 and the periods estimated by 2π/ω(g) – until g reaches 0.138,
which corresponds to the hypothetical case of 89.5% of heavy users receiving
treatment each year.
Thus, as Fig. 2.29 depicts, for a ﬂow rate only inﬁnitesimally larger than
0.09405, the numbers of light and heavy users would cycle counterclockwise
forever with a period of approximately 70 years. Since such cycling in a social
system is usually undesirable, this suggests that treating a constant, large
proportion of heavy users throughout an epidemic, regardless of its course,
may not always be the best policy. This leads directly to the idea explored in
Behrens, Caulkins, Tragler, and Feichtinger (2000b), namely how treatment
and other drug-control interventions should vary over the course of a drug
epidemic. A brief summary is given in Sect. 6.1.
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2.12 Advanced Topics
In this section we subsumed parts of the theory of dynamical systems not
necessarily to be considered by the reader, who is not interested in the basic
fundamentals for numerical calculations. Nonetheless, the following theory
will play a crucial role in Chap. 7 where the numerical methods for computing
optimal solutions are presented and can therefore not be neglected.
2.12.1 Stability of Limit Cycles
This subsection has one main goal, namely to analyze the stability of limit
cycles. Compared to the case of equilibria, this needs more theoretical background and heavily relies on the consideration of nonautonomous linear systems. Thus even though nonautonomous systems play only a marginal, if
any, role in the models presented here, we provide a brief summary of some
principal results concerning nonautonomous linear systems. For a detailed
presentation the reader is referred to Hartman (1982).
Nonautonomous Linear Systems
In a nonautonomous linear system, the dynamics becomes
ẋ(t) = J(t)x(t), t ∈ R
s.t. x(t0 ) = x0 , x0 ∈ Rn ,

(2.68a)
(2.68b)

where J(t) is an n × n matrix explicitly depending on time t.
Remark 2.73. Note that we cannot restrain the initial condition to the time
point t0 = 0, since the function J(t) describing the dynamics explicitly depends on t and therefore a time shift of the form t → t − t0 leads for the same
initial condition x0 to a diﬀerent solution of (2.68) (see Fig. 2.30). Thus if we
want to point to this initial time dependence, the solution of (2.68) will be
written in the form x(t, t0 ).
We shall now present the concept of a fundamental (principal) matrix in
a way analogous to autonomous systems (see p. 33), in which the former
considerations may help the reader to understand the underlying idea. The
only, but important, diﬀerence is the dependence on the initially chosen time
point t0 , which can always be assumed to be 0 for autonomous problems.
As the reader may directly verify, the superposition principle also holds in
the nonautonomous case (see Exercise 2.8).
Now, assume that we know n solutions xi (t) of (2.68a) with initial conditions xi (t0 ) = x0i . Then the matrix X(t, t0 ) composed of the columns xi (t)
X(t, t0 ) = (x1 (t), . . . , xn (t))
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Fig. 2.30. In (a) the time-shifted solution of an autonomous ODE is depicted,
exhibiting the invariance of the solution to such a transformation. In (b) we see the
time-shifted solution of a nonautonomous ODE, revealing the dependence on the
initial state x0 as well on the initial time point t0

satisﬁes the matrix diﬀerential equation
Ẋ(t, t0 ) = J(t)X(t, t0 )
(2.69)

 0
with the initial condition X(t0 , t0 ) = x1 , . . . , x0n . Note that, contrary to the
analogue deﬁnition for autonomous systems, the initial time point t0 is an
argument of X(t, t0 ). Given the uniqueness of the solution of (2.68) and the
superposition principle, the analogue proposition to Proposition 2.36 immediately follows:
Proposition 2.74. The columns of a matrix solution X(t, t0 ) of (2.69) are
linearly independent for all t iﬀ they are linearly independent for some t1 ∈ R,
especially t = t0 .
The proof is analogous to that of Proposition 2.36 and is left to the reader
(Exercise 2.16).
Now we can deﬁne:
Deﬁnition 2.75 (Fundamental Matrix Solution). The time-dependent
matrix X(t, t0 ) is called a fundamental matrix solution of (2.69) if it satisﬁes
Ẋ(t, t0 ) = J(t)X(t, t0 )
with det X(t0 , t0 ) = 0, i.e., X(t0 , t0 ) is invertible.
Every fundamental matrix solution X(t, t0 ) can be transformed into a so-called
principal matrix solution Y (t, t0 ) satisfying Y (t0 , t0 ) = I(n) , by deﬁning
Y (t, t0 ) = X(t, t0 )X −1 (t0 , t0 ).
Principal matrix solutions exhibit the following properties:
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1. Y (t, t0 ) = Y (t, s)Y (s, t0 ).
2. Y (t, t0 )−1 = Y (t0 , t).
3. Given Y (t, t0 ), any solution x(t) of (2.68) can be written in the form
x(t) = Y (t, t0 )x0 .
as the reader may verify.
The geometric interpretation presented for the autonomous case (see p. 33)
clearly holds true for the nonautonomous problem, wherein the transformation
of the original coordinate system X(t0 ) now depends explicitly on the initial
time point t0 . Nonetheless, we can also ask how the determinant (volume) of
the fundamental matrix (coordinate system) varies over time. By considering
the Wronski determinant, the so-called Liouville Formula (2.70) can be proved
(see, e.g., Hartman, 1982):
Proposition 2.76. Let X(t, t0 ) be a fundamental matrix solution of the ODE
(2.69), then the Wronski determinant W (t, t0 ) det X(t, t0 ) satisﬁes
"

W (t, t0 ) = W (t0 )e

t
t0

tr J(s) ds

.

(2.70)

Remark 2.77. Note that (2.70) is exactly (2.24) for a time-varying J(t).
However, the fundamental matrix solutions are more of theoretical than practical interest, since in general it is not possible to ﬁnd an explicit solution
matrix of (2.68). Nonetheless, further important properties can be derived if
the dynamics J(t) is periodic, a case that will subsequently be presented.
Floquet Theory
For the following considerations we analyze the ODE
ẋ = J(t)x,

(2.71)

where the corresponding dynamics J(t) is periodic, i.e.,
J(t + Θ) = J(t),

for some

Θ > 0.

Owing to this functional form of the dynamics, the solutions exhibit a special
structure, which is subsequently analyzed. In that case the solution of (2.68) is
analogous to that of the linear autonomous case. This is stated in the following
theorem (see, e.g., Hartman, 1982).
Theorem 2.78. Let the system (2.68) have a periodic matrix function J(t)
with t ∈ R of period Θ. Then any fundamental matrix X(t, t0 ) of (2.68) has
a representation of the form
X(t, t0 ) = eRt C(t),

where

C(t + Θ) = C(t),

(2.72)

and R ∈ Cn×n is a constant matrix.
Remark 2.79. Note that (2.72) is similar to the formula (2.22) for the autonomous system, with C(t) ≡ X0 and R = J.
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Adjoint Systems
In this book we are often confronted with so-called adjoint problems, which
naturally occur in optimization problems. In some sense the adjoint problem
describes the solutions orthogonal to the original space (see remark below).
Thus associated to (2.68a) is the nonautonomous linear system
ẋ(t) = −J  (t)x(t),

(2.73)

which is called the adjoint system. This system plays an important role, e.g.,
in the numerical calculation of the (un)stable manifolds of a limit cycle (see
Sect. 7.5.2).
Remark 2.80. Let us once more return to the geometric interpretation of a
fundamental matrix solution as a coordinate system at the origin. Since the
fundamental matrices Y (t, t0 ) of the adjoint equation (2.73) are the transposed
inverse fundamental matrices (X  (t, t0 ))−1 of the original system (2.68a), the
rows of Y (t, t0 ) are orthogonal to the columns of X(t, t0 ). This property makes
it easy to describe solutions being orthogonal to solutions of the original system as solutions of the adjoint system.
The previous remark is proved by the following proposition:
Proposition 2.81. X(t, t0 ) is a fundamental matrix solution of (2.68a) iﬀ


−1
(X  (t, t0 )) = X −1 (t, t0 ) is a fundamental matrix solution of (2.73).
Where the proof is left as an exercise for the reader (Exercise 2.21).
Applying the Floquet Theory
Finally, we are ready to reap the fruit of this preliminary work and can tackle
the question of stability for limit cycles. Thus let us consider a periodic solution Γ (·) with period Θ of the autonomous ODE
ẋ(t) = f (x(t)),

x(t) ∈ Rn ,

t ∈ [0, Θ].

(2.74)

Then the corresponding variational equation is given by
ẏ(t) = fx (Γ (t))y(t),

(2.75)

where the matrix J(t) = fx (Γ (t)) is periodic with period Θ. The ODE (2.75)
expresses the evolution of the deviation y(·) = Γ (·) − x(·), where x(·) is a
solution of (2.74) for an initial condition x(0) = Γ (0) + δx. Similar to the
case of an equilibrium, one would like to characterize the stability of the limit
cycle Γ (·) by analyzing the associated variational equation (2.75).
Utilizing the results of the previous Sect. 2.12.1, we deﬁne:
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Deﬁnition 2.82 (Monodromy Matrix). Let Γ (·) be a periodic solution of
the ODE (2.74), with period Θ, and let X(·) be a principal matrix solution of
the variational equation (2.75) then the matrix
M = X(Θ),
is called the monodromy matrix M of the periodic solution Γ (·).
Let ξi , i = 1, . . . , n be the eigenvalues of the monodromy matrix M then
n+ := {i : |Re ξi | < 1}, n− := {i : |Re ξi | > 1}, and n0 := {i : |Re ξi | = 1}.
It can be proved that the eigenvalues of the monodromy matrix M do not
depend on the speciﬁcally chosen periodic solution Γ (·) ascribing the orbit,
denoted by Γ , of the periodic solution. Using this property the following definition can be given:
Deﬁnition 2.83 (Hyperbolic Limit Cycle). Let Γ be a limit cycle of the
ODE (2.74); then the limit cycle Γ is called hyperbolic if a monodromy matrix
M of Γ exhibits only one eigenvalue ξ with ξ = 1.
If n+ n− > 0, then the limit cycle Γ (·) is called of hyperbolic saddle-type.
Remark 2.84. When considering a limit cycle Γ (·) we have to distinguish between its representation as a periodic solution and the corresponding limit
set, denoted by Γ . Since the stability of the limit cycle (as a limit set) only
depends on the eigenvalues of a corresponding monodromy matrix, which itself is independent of the actually chosen representation Γ (·), we will use the
term limit cycle as a periodic solution and limit set synonymously.
Deﬁnition 2.85 (Manifolds of a Limit Cycle). Let Γ be a limit cycle of
the ODE (2.74) then the set
Ws (Γ ) = {x : lim ϕt (x) ∈ Γ }
t→∞

is called the stable manifold of the limit cycle Γ and the set
Wu (Γ ) = {x :

lim ϕt (x) ∈ Γ }.

t→−∞

is called the unstable manifold of the limit cycle Γ
The eigenvalues of a monodromy matrix M characterize the stability of a limit
cycle Γ :
Theorem 2.86 (Stability of a Limit Cycle). Let Γ be a limit cycle of the
ODE (2.74) and let M be a monodromy matrix of the limit cycle. If n+ = n−1
then the limit cycle is unstable, while if n− = n − 1 the limit cycle is stable.

2.12 Advanced Topics

83

The Liouville formula in Proposition 2.76 applied to the monodromy matrix
yields
"Θ
det M = e 0 tr fx (Γ (t)) dt .
This provides another criterion to check whether a limit cycle is unstable or
not because utilizing Theorem 2.90, one can rewrite this identity as
ξ1 ξ2 · · · ξn−1 = e

"

Θ
0

tr fx (Γ (t)) dt

,

since det M = ξ1 ξ2 · · · ξn−1 . Thus the following corollary holds:
Corollary 2.87. Let Γ (·) be a limit cycle of (2.74) with period Θ. If
"

e

Θ
0

tr fx (Γ (t)) dt

>1

holds, then the cycle Γ is unstable.
Proof. This easily follows from the consideration that at least one of the eigenvalues has to satisfy |ξi | > 1; otherwise the product cannot be greater than
one.
Similar to the case of an equilibrium the stability properties of limit cycles are
now determined by the eigenvalues of the monodromy matrix. I.e., the monodromy matrix plays a similar role for cycles, than the Jacobian matrix does
for the analysis of equilibria. What is the reason for such a characterization?
In the following we give a short motivation for this interrelation.
Motivation for the Stability Results of a Limit Cycle
To motivate Theorem 2.86, we make a short detour by introducing the socalled Poincaré map, describing the dynamic behavior of points near an arbitrarily chosen point xΓ ∈ Γ of a limit cycle Γ .
Considering such a point xΓ , we take the n − 1-dimensional hyperplane
Σ = {x : f (xΓ ) (x − xΓ ) = 0},

(2.76)

which is the plane crossing the limit cycle orthogonally at xΓ (see Fig. 2.31).
Hence, in a neighborhood U ⊂ Σ of xΓ , we can deﬁne a (unique) function
P : U → Σ, which is called the Poincaré map, by
P(x) = ϕτ (x),
where τ is the ﬁrst time such that the trajectory starting at x crosses the
plane Σ in a local neighborhood U of xΓ , i.e., ϕτ (x) ∩ Σ ∩ U = ∅ (see, e.g.,
Hartman, 1982).
Owing to this construction xΓ is a critical value18 of the Poincaré map,
since P(xΓ ) = ϕΘ (xΓ ) = xΓ . Moreover, the Poincaré map can (locally) be
18

The critical value of a diﬀerence equation is the analogon to the equilibrium of a
diﬀerential equation, i.e., the corresponding dynamics is zero.
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Γ

Σ
x0

xΓ

P(x0 )

Fig. 2.31. Here the Poincaré map P of Γ (·) is illustrated

written as a discrete dynamical system in Rn−1 , since P is a map from U ⊂ Σ
into the n−1-dimensional hyperplane Σ. Hence the stability of xΓ is described
by the eigenvalues ξi , i = 1, . . . , n − 1 of the Jacobian
dP
(xΓ )
dx
of the Poincaré map P at xΓ .
Remark 2.88. It is important to note that whereas the Poincaré map P
depends on the arbitrarily chosen point xΓ ∈ Γ , the eigenvalues ξi , i =
1, . . . , n − 1 are independent from the point xΓ . Thus it is geometrically evident that the stability of xΓ in respect to the Poincaré map also describes the
stability of the limit cycle Γ . In any case this has to be proved where a proof
can be found, e.g., in Hartman (1982).
But for a discrete dynamical system an analogues theorem to Theorem 2.44
holds:
Theorem 2.89. Let x̂ be a critical state of the dynamical system (2.9), i.e.,
f (x̂) = 0. If for every eigenvalue ξ of the Jacobian matrix J(x̂) = fx (x̂)
|Re ξ| < 1
holds, then x̂ is stable. If there exist some eigenvalues ξ with
|Re ξ| > 1,
then x̂ is unstable.
The following theorem states the intimate connection between the Poincaré
map and the solution of the variational equation:
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Theorem 2.90 (Monodromy Matrix and Floquet Multipliers). The
monodromy matrix M exhibits the eigenvalues
1, ξ1 , . . . , ξn−1 ,
where ξi correspond to the eigenvalues (characteristic Floquet multipliers) of
the Poincaré map associated with the cycle Γ .
Here n− denotes the number of eigenvalues ξ satisfying |Re ξ| < 1 and n+
denotes the number of eigenvalues ξ satisfying |Re ξ| > 1.
Remark 2.91. The reason for 1 to be an eigenvalue relies on the geometric
fact that the tangent vector on the limit cycle at x0 is an eigenvector with
corresponding eigenvalue 1.

2.12.2 Boundary Value Problems
So far we have concentrated our considerations on ODEs formulated as an
IVP, i.e., a diﬀerential equation
ẋ(t) = f (x(t), t),
s.t. x(0) = x0 .

x ∈ Rn , t ∈ [0, T ]

(2.77)
(2.78)

The usual association with this kind of problem is the Newton paradigm,
which states that once we know the exact data of a body and any forces affecting it, we can describe its movement forever. But the situation changes
if we have only partial information about its initial states. If no further information is available, we obtain a whole set of possible solutions. Providing
further conditions for the end time T , we have to chose among the trajectories of this set of solutions, satisfying simultaneously the end constraint. It is
obvious that this kind of problem may become more involved, since, depending on the further constraints at time T , one solution, many solutions, or no
solution exists. In any case these problems naturally occur in optimal control problems since there we have to determine trajectories satisfying speciﬁc
optimality conditions (see Chap. 3).
We now consider the general problem of ﬁnding a solution x(t), where
information is given for the two points x(0) and x(T ), i.e.,
b (x(0), x(T )) = 0,

(2.79)

where b is a vector-valued function b : Rn → Rn called the boundary condition.
Problems of the type (2.77) and (2.79) are therefore called two-point boundary
value problems (BVP).
Remark 2.92. Note that the IVP can be seen as a special form of the BVP,
where the boundary condition (2.79) is given by
b (x(0), x(T )) = x(0) − x0 = 0.
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Naturally one can extend this problem by introducing multi-point conditions:
b (x(0), x(t1 ), . . . , x(T )) = 0,

0 < t1 < . . . < tN = T,

which is called a multi-point boundary value problem. Nonetheless, this is
equivalent to a two-point BVP if one considers the following transformation
t→

t − ti
,
ti+1 − ti

i = 0, . . . , N − 1,

normalizing each interval [ti , ti+1 ] to [0, 1]. Thus we ﬁnd an augmented system
¯ t),
x̄˙ = f(x̄,

x̄ ∈ RN n ,

t ∈ [0, 1],

(2.80a)

with
x̄(0) = (x(0), x(t1 ), . . . , x(tN −1 ))
and





x̄(1) = (x(t1 ), x(t2 ), . . . , x(T )) ,


f¯ = (t1 f, . . . , (T − tN −1 ) f ) .

Furthermore the multi-point condition can be rewritten as
b̄ (x̄(0), x̄(1)) = 0,

(2.80b)

with b̄ appropriately deﬁned. To guarantee the continuity of the solution x(·)
additionally (N − 1)n continuity conditions have to be considered, given by
x̄(0) − x̄(1) = 0.

(2.80c)

Thus we have transformed the multi-point BVP into a two-point BVP. This
transformation is not without cost, since the system (2.80) is larger in dimension compared to the original system.
The question of existence and uniqueness of a solution for a BVP, even in
the linear case, is more diﬃcult to answer than for an IVP. As an example we
consider the following simple example:
Example 2.93.



0 −1
x,
ẋ =
1 0

under the condition

0 ≤ t ≤ π,

π
x2 ( ) = β.
2
Under the condition x1 (0) = 0 it immediately follows that x1 (t) = τ sin t
for τ arbitrary, whereas x2 (t) = τ cos t. Thus, if β = 0, there exist inﬁnitely
many solutions, whereas for β = 0 no solution exists at all. This is contrary to
the situation of an IVP, where the problem with initial condition x2 (0) = β
exhibits a unique solution.
x1 (0) = 0,
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For the nonlinear case the situation can become much more involved, and the
reader should be warned to inspect the results of BVPs carefully.
However, a simple consideration associates an IVP with the BVP (2.77)
(2.79) and provides a necessary condition for the existence of the solution.
If one assumes that the BVP (2.77) and (2.79) has a solution
x(·), then the

corresponding ﬂow ϕt (x0 ), with x(0) = x0 ∈ Rn , satisﬁes b ϕ0 (x0 ), ϕT (x0 ) =
0. Since for every y ∈ Rn
ẋ = f (x, t),
s.t. x(0) = y,

t ∈ [0, T ]

and f continuous and continuously diﬀerentiable in x, exhibits a unique solution (see Picard–Lindelöf theorem (Theorem 2.3)). Then the existence of
a solution of the BVP is equivalent to the existence of a y0 , satisfying the
generally nonlinear equation


b ϕ0 (y0 ), ϕT (y0 ) = 0.
(2.81)
Thus we can formulate:
Theorem 2.94. Suppose that f : Rn × R → Rn is continuous and continuously diﬀerentiable in x. Then the BVP (2.77) and (2.79) has as many solutions as there are distinct roots y0 of (2.81). For each of these y0 a solution
x(·) of the BVP is given by
x(t) = ϕt (y0 ).
Since nonlinear equations may have no solution, a ﬁnite number of solutions, or
an inﬁnite number of solutions, one can at best hope to prove that if a solution
x(·) exists at all, that this solution is at least locally unique. It is possible,
however, to prove that a solution x(·) is locally unique if the corresponding
variational equation (see Sect. 2.6.2) given by:
ẏ = fx (x(t), t) y
s.t

∂b (x(0), x(T ))
∂b (x(0), x(T ))
y(0) +
y(T ) = 0
∂x(0)
∂x(T )

has the unique solution y ≡ 0.
Remark 2.95. Numerical algorithms for solving BVPs mostly use iterative
strategies to ﬁnd a solution, whereby the user has to provide some initial
function x̃(·) : [0, T ] → Rn . On the one hand, this seems diﬀerent from an
IVP, where for a numerical calculation no such function has to be made available; but, on the other hand, the initial condition x(0) = x0 is already a
solution function embracing its total future behavior.
Let us stop at this point and refer the reader to textbooks on BVPs, such as
Ascher, Mattheij, and Russell (1995).
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Examples for BVP Problems Occurring in Applied Optimal
Control Theory
The reason why we introduce BVPs at all lies in its importance as an instrument for solving optimal control problems, since the corresponding necessary
optimality conditions are given as a BVP of the form (see Sect. 3.3.1):
ẋ = Hλ∗ (x, λ)
λ̇ = rλ −

Hx∗ (x, λ)
n

s.t. x(0) = x0 ∈ R
λ(T ) = Sx (x(T )) ∈ Rn ,

(2.82a)
(2.82b)
(2.82c)
(2.82d)

where H∗ : Rn × Rn → Rn , S ∈ Rn → R. Thus (2.82) is a BVP with linear
boundary conditions (2.82c) and (2.82d).
A possible algorithm for solving such a problem is presented in Chap. 7.
When solving an optimal control problem one also has to compute of limit
cycles. a problem which can be formulated:
ẋ = Θf (x),
x(0) = x(1)

t ∈ [0, 1]

ψ(x) = 0,
where Θ is the (unknown) period of the searched for limit cycle and ψ : Rn →
R a scalar function characterizing a speciﬁc representation of the limit cycle.
Another problem is the calculation of the stable manifold of a saddle x̂,
which can be stated as:
ẋ = f (x),

t ∈ [0, ∞)

s.t. x(0) ∈ Ws
lim x(t) = x̂.
t→∞

Or as a last example we may be interested in an optimal solutions satisfying
some constraints, so that at some time point ts ∈ [0, T ] the dynamics switches
between the solution path being in the interior and at the boundary of the
constraint region. Then the problem becomes ﬁnding a solution x(·) ∈ R2n
that satisﬁes
ẋ1 = f 1 (x1 ),
2

2

2

ẋ = f (x ),

t ∈ [0, ts ]
t ∈ [ts , T ]

1

x (0) = x0
x1 (ts ) = x2 (ts )
x2 (T ) = 0,
with f i : Rn → Rn , i = 1, 2, which is a typical multi-point BVP.
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With all these problems the reader may be confronted when he/she tries
to ﬁnd a numerical solution of an optimal control problem, where algorithms
are provided in the numerical part of the book Chap. 7.
This ﬁnal section on BVPs concludes the preliminary work, and we now
turn to the actual topic of this book, namely optimal control theory. In conclusion, the theory of dynamical systems is an indispensable part of optimal
control theory, both in its usual formulation and in its numerical computation,
justifying their lengthy discussion.

Exercises
2.1 (A Dynamic Model of Terrorism). Recently Udwadia, Leitmann, and Lambertini (2006) divided the population in a given region into three components: terrorists, those susceptible to both terrorist and paciﬁst propaganda, and nonsusceptibles.
The ﬂows between three classes incorporate the eﬀects of both military or police and
persuasive interventions.
Denote the number of terrorists in a certain area at time t as x(t). The nonterrorist population in the region is made up of the population of susceptibles, y(t),
and nonsusceptibles, z(t).
The number of terrorists in a given period of time can change for several reasons:
1. Recruitment by the terrorists of individuals from the susceptibles; the eﬀectiveness of this is taken to be proportional to the product of the number of terrorists
and the number of susceptibles.
2. The eﬀect of antiterrorist measures that are directed at reducing the terrorist population, such as military and police action, which we assume increases
rapidly, i.e., quadratically with the number of terrorists.
3. The number of terrorists who are killed in action, including those killed by
suicide bombings, a number that we assume to be proportional to the terrorist
population itself.
4. The increase in the terrorist population primarily through appeals by terrorists
to other terrorist groups.
These four eﬀects are captured in the diﬀerential equation
ẋ = axy − bx2 + (c − 1)x.
The change in the number of the susceptibles is likewise caused by several factors:
1. Depletion of their population caused by their direct contact with terrorists whose
point of view they adopt.
2. Depletion of the population of susceptibles caused by nonviolent propaganda;
this eﬀect assumes that the propaganda intensiﬁes rapidly as the number of
terrorists increases, and we assume that the change this causes is proportional
to the product x2 y.
3. An increase in the population of susceptibles caused by the propaganda that is
created through the publicity of terrorist acts.
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4. An increase in the susceptible population when individuals from outside the
area are incited to move into the area; we assume that the changes in the y
population attributable to this cause and the previous one are proportional to
the number of terrorists in the region of concern.
5. The increase in the susceptible population proportional to its own size.
The evolution of the susceptible population adduced from these eﬀects can be expressed as
ẏ = axy − ex2 y + f x + gy.
Last, the change in the number of nonsusceptibles, z, in a given interval of time is
described by:
1. Those members of the susceptible population who become nonsusceptibles by
virtue of having altered their persuasions because of the nonviolent actions or
propaganda.
2. Those who become susceptibles owing to the eﬀects of global propaganda spread
by terrorists.
3. The increase in the z-population, which is proportional to its population numbers. This, then, may be described by the equation
ż = ex2 y − f¯x + hz.
Udwadia, Leitmann, and Lambertini (2006) claimed that this three-dimensional
nonlinear model captures some important features of the dynamics of tensional
activity.
To study the long-term dynamical evolution, it is necessary to determine the
equilibria. Then a phase-portrait analysis should be carried out. What do the projections in the two-dimensional subspaces look like? Can limit cycles occur?
A critical parameter is c, the ratio of the rate of increase of the terrorists. Can
you identify other key parameters of the system?
2.2 (The One-Dimensional Terror Model Revisited). Show the existence
and analyze the properties of the equilibria for the one-dimensional terror model
(2.14) in Sect. 2.5; prove the following statements and interpret them in terms of
the counter-terror measures u and v:
1. Consider u > 0 and μρ < γ:
a) For v > 0, μρv − γ ln(1 + v) > 0.
b) For v  1 only
Ŝ1 exists.
τ
.
c) If v → 0, then Ŝ1 → β ln(1+u)
2. Consider u > 0 and μρ > γ:
a) There exists v0 > 0, μρv0 − γ ln(1 + v0 ) = 0.
b) For v  1 Ŝ1 and Sˆ2 exist.
c) If v → 0, then Ŝ2 → ∞.
3. There exists v0 > 0 such that for v > v0 , Ṡ > 0 for every S0 and every time t.
4. There exists u0 > 0 such that for u > u0 at least one asymptotically stable
equilibrium exists.
Hint. For questions (1a) and (2a) consider the ﬁrst derivative
(μρv − γ ln(1 + v)) .
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For questions (1b) and (2b) consider the Taylor expansion
ln(1 + v) = v −

1 2
v + o(v 3 ).
2

For questions (2c) and (2c) consider the Taylor expansion
√

1−Ω =1−

1
Ω + o(Ω).
2

2.3 (A Push–Pull Corruption Model). Formulate and solve the corruption
model described in Sect. 2.3, in which the ﬂow from honest state to corrupt state is
proportional to corruption 1 − x. Analyze the push–pull case
ẋ = kx(1 − x)(Uc − Uh ).
2.4 (The One-Dimensional Drug Model with Constant Treatment and
Zero Enforcement). Analyze an extended version of the one-dimensional drug
model of Sect. 2.9, with the system dynamics given by


√ √
Ȧ = kA Ā − A − μA − c u A,
where the constant “control” u denotes treatment (see Sect. 3.9). Then
1. Find the equilibria of the system and determine their stability properties.
2. Consider u as a bifurcation parameter.
2.5 (The Rosenzweig & MacArthur Predator–Prey Model). Rosenzweig
and MacArthur (1963) described the intertemporal interaction between a predator
population and its prey. The variables x(t) and y(t) denote the population size of
the prey and the predator populations, respectively, both at time t. The function
g(x) denotes the speciﬁc growth rate of the prey population and h(x, y) is the socalled predator response function. We can describe the entire ecosystem’s dynamics
as follows:
  

ẋ
g(x)x − h(x, y)y
=
.
ẏ
eh(x, y)y − my
We assume that the natural habitat of the prey species is conﬁned so that in the
absence of the predator species the prey only grows exponentially if the population
size is very small. Then the prey population’s growth slows down and approaches
a maximum level, the so-called carrying capacity K. This yields the logistic growth
function,

x
g(x) = r 1 +
.
K
Thus the prey population x is increased by natural processes and is reduced by
intraspeciﬁc competition and by the predator y. The predator response function h
can be regarded as the per capita prey consumed by every individual of the predator
population and measures, therefore, y’s diﬃculty in ﬁnding suitable food. This is
modeled by a Holling-type II (see Holling, 1959) function, i.e.
h(x, y) = h(x) =

ax
,
b+x

where parameter a denotes an upper limit on daily consumption of the predator and
b is the so-called half-saturation constant. Parameter e accounts for the metabolic
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eﬃciency loss that translates the food of the predator into oﬀspring. Thus the net
change in y is determined by subtracting the (exogenous) death rate m from the
fertility rate of the predator, deﬁned by eh(x), as by assumption h does not depend
on y.
To study the ecological evolution of the two types of species, it is helpful to carry
out a bifurcation analysis with respect to e. Thus, when answering these questions
it is useful to distinguish between three diﬀerent eﬃciency ranges, i.e., intervals for
the eﬃciency e to convert prey into oﬀspring,

 
 

m m
mb − K
m
mb − K m
K +b
m
K +b
,
+
,
+
,
+
,
+
,∞ ,
a a
a
a
a
a
K −b
a
K −b
and draw the corresponding phase plots.
Hint. Utilizing the Poincaré–Bendixson theorem might be useful.
2.6 (Dynamic Fishery Model). Let x denote the size of a population of ﬁsh
that is harvested at a certain rate h(x). Assume that the growth of this population
is bounded by intraspecies competition. Then x grows toward a known carrying
capacity K, as embodied in a logistic growth function. Together this leads to the
following model of the exploitation of a renewable resource (Gordon–Schäfer model
Gordon (1954))

x
ẋ = rx 1 +
− h(x).
(2.83)
K
Determine the system behavior (including the equilibria) for the following types of
harvest functions h(x).
h(x) = h,

(T1)

h(x) = Ex,

E > 0.

(T2)

What types of bifurcations can be identiﬁed for the bifurcation parameters h > 0
and E > 0, respectively? What are the consequences for the modeled harvesting
strategies?
2.7. Prove by formally diﬀerentiating the sum
eJ t := I(n) + Jt +

J2 2 J3 3
t +
t +···
2!
3!

that the exponential function satisﬁes the linear ODE
ẋ = Jx.
2.8. Prove the principle of superposition for the linear autonomous and nonautonomous problem.
2.9. Prove Proposition 2.36.
Hint. Prove by contradiction that there exists some t1 such that X(t1 ) is singular.
Now use the uniqueness of the solution and demonstrate that the zero function is a
speciﬁc solution.
2.10 (Non-Unique Center Manifold). Consider the ODE (2.31) then:
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Determine the eigenspaces for the Jacobian at the origin
Approve the equation for the orbits
Prove that the center manifolds are inﬁnitely often diﬀerentiable at 0

2.11. Prove Proposition 2.74, i.e., the columns of a fundamental matrix solution are
linearly independent for all t iﬀ they are linearly independent for some t1 ≥ 0.
2.12 (An Advertising Diﬀusion Model).
model

Consider the following marketing

ẋ = a(1 − x) − δx

(2.84a)

ȧ = α(x, a),

(2.84b)

where x denotes the market share of a ﬁrm and a its advertising rate. Customers
change to another ﬁrm (or product) with rate δ ≥ 0. The advertising intensity
changes according to a feedback rule α(x, a), whereby it makes some sense to assume
αx > 0, αxx ≥ 0;

αa > 0, αaa ≤ 0;

αxa ≥ 0.

Note that the conditions of the ﬁrst diﬀusion model of Gould (1970) deliver


δ
α(x, a) = r +
a
1−x
provided that the advertising costs are quadratic (c(a) = 1/2a2 ) and the return of
sales is linear (π(x) = x); compare Gould (1970) and Feichtinger and Hartl (1986,
p. 325), as well as Exercise 3.5.
Carry out a phase-portrait analysis of the system (2.84). Show that the stable
manifold has a negative slope and interpret the result.
2.13 (Price Dynamics). Consider the following continuous-time version of the
famous Cobweb model. Let the demand for a good at time t be a linearly decreasing
function of its price and the supply s a linearly increasing function, i.e.,
d = ap + b,

a < 0, b > 0

s = cp + d,

c > 0, d < 0.

The price dynamics assumes that it adapts according to the excess demand, i.e.,
ṗ = γ (d − s) ,
where γ measures the speed of approaching the equilibrium price.
Determine the equilibrium price and describe the adjustment dynamics. Which
sign of γ implies the stability of the long-run equilibrium? Find a discrete version
of the model and illustrate the “cobweb” in a (pt , pt+1 )-diagram.
2.14 (Environmental Pollution and Capital Accumulation). Denote by P (t)
the stock of pollution at time t and by K(t) the capital stock of an economy. Let
F (K) be the produced output by the (single) production factor K (F  > 0, F  < 0).
Assume that the output can be used for abatement A, being consumed or invested
for capital accumulation, I, i.e.,
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F (K) = A + C + I.

To simplify, let us suppose that constant consumption C = 0. It is plausible to
consider a state-dependent (linear) feedback rule for abatement
A = ϕP,

ϕ > 0.

Then the interaction of the state variables K and P is described as follows
K̇ = F (K) − ϕP − δK
Ṗ = εF (K) − G(ϕP ) − αP,
where δ ≥ 0 denotes the depreciation rate of the capital, ε > 0 is the emission rate
of the production, and α is the natural cleaning rate of the level of pollution. The
function G(A) measures the impact of abatement A on the reduction of the pollution
(G > 0, G ≤ 0).
Find the isoclines and the equilibrium (K̂, P̂ ). What are the local stability properties of this equilibrium? Carry out a sensitivity analysis of (K̂, P̂ ) with respect to
the parameters and interpret the results. Discuss other intuitively appealing feedback mechanisms of P on K̇.
2.15 (A Growth Model). Consider the following “variant” of Solow’s growth
model (Solow, 1956)
K̇ = sF (K, L) − δK,
where s ∈ (0, 1) is the saving rate, δ is the depreciation rate of capital, K is an
economy’s capital stock, L denotes the economy’s labor force, and F (K, L) is the
neoclassical production function, assumed, e.g., to be of Cobb–Douglas type
F (K, L) = K α Lβ ,

α, β ∈ (0, 1).

Suppose that the stock of labor force develops according to the diﬀerence between
the marginal product of labor, FL and a constant wage rate w (comment on this
assumption), i.e.,
L̇ = L (FL (K, L) − w) .
Carry out a phase-portrait analysis in the (K, L)-plane. Does there exist an equilibrium, and what might be its stability properties?
2.16. Prove Proposition 2.74
2.17 (PAH Bifurcation in an Advertising Model). In Feichtinger (1992) the
following descriptive marketing model is motivated:
ẋ = k − axy + βy

(2.85)

ẏ = axy − δy,
where x denotes the number of potential buyers of a good and y the customers of
this brand. The parameter δ = β + ε, where β measures the brand-switching rate
and ε measures the dropout rate of the market. The term axy is the usual diﬀusion
term where word-of-mouth is supported by the advertising rate a. According to
the so-called Dorfman-Steiner rule, a constant percentage of sales revenue should
be allocated to advertising (see, e.g., Feichtinger & Hartl, 1986, p. 314). Thus, by
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substituting a = αy into (2.85), we get a two-dimensional nonlinear system (which
has similarities to the so-called Brusselator19 ).
Carry out a bifurcation analysis. Show that there exists a unique equilibrium.
For γ = αk2 /δε2 , there exists γi , i = 1, 2 with 0 < γ1 < 1 < γ2 such that the
equilibrium is
an unstable node
an unstable focus
a stable focus
a stable node

iﬀ
iﬀ
iﬀ
iﬀ

γ
γ
γ
γ

∈ [0, γ1 )
∈ (γ1 , 1)
∈ (1, γ2 )
∈ (1, γ2 ).

Furthermore, show that there exists γ3 with γ1 < γ3 < 1 such that for all γ ∈
(γ3 , 1) there is a stable limit cycle. Give an economic interpretation of this persistent
oscillation by dividing it into four regimes.
2.18 (Easterlin Cycles). In Easterlin (1961) an explanation for the US baby
boom and its reversal was oﬀered. The following two-dimensional system connects
the per capita capital stock k and the aspiration level measured as an expected
income
t

z(t) = γ

e−γ(t−s) g(k(s)) ds.

(2.86)

−∞

Here g(k) = f (k) − δk is the actual net income, where f (k) denotes the per capita
production function and δ the depreciation rate of the capital stock. The parameter
γ measures the speed of adjustment. Somewhat surprisingly, (2.86) is equivalent to
ż = γ (g(k) − z) .
The dynamics of the capital stock is given as
k̇ = f (k) − δk − c − (b − d)k,
where n = b − d is the natural growth rate of a (closed) population written as
the diﬀerence between the crude birth rate, b, and crude death rate, d. While the
latter is assumed to be constant, the former is assumed to depend positively on the
diﬀerence between the actual and the expected income
b = b(g(k) − z)

with

b > 0, b ≥ 0.

Finally, suppose consumption per person depends positively on z, i.e.,
c = c(z)

with

c > 0, c ≥ 0.

Using the Poincaré–Bendixson theorem derive suﬃcient conditions for the existence
of a stable limit cycle. Try to give a demo-economic interpretation of the cycle’s
orientation.
2.19 (The Lorenz Attractor). The Lorenz attractor is a well-known example of
a chaotic ﬂow, noted for its butterﬂy shape. The equations

19

The Brusselator is an example for an autocatalytic, oscillating chemical reaction.
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ẋ = σ(y − x)
ẏ = x(ρ − z) − y
ż = xy − βz

were introduced by Lorenz (1963), who considered an atmospheric model, by simplifying Navier–Stokes equations occurring in ﬂuid dynamics. Roughly speaking,
the state x measures the rate of convective overturning, the state y denotes the
horizontal temperature variation, and the variable z is the vertical temperature
variation. The three parameters σ, ρ, and β are proportional to the Prandtl number, the Rayleigh number, and some physical proportions (see Sparrow, 1982). For
the parameter values σ = 10, ρ = 28, and β = 8/3 calculate the equilibria and paths
of the two-dimensional stable manifold at the origin.
2.20 (Inhomogeneous Linear Diﬀerential Equation). Consider the ODE
ẋ(t) = kx(t) + u(t),
s.t.

k, x, u ∈ R,

x(0) = x0

which is called a linear inhomogeneous diﬀerential equation. Show that the solution
is given by


t
x(t) = ekt x0 +
e−ks u(s) ds ,
0

and that for k > 0 the inequality
kt

|x(t)| ≤ e



t

|x0 | +


|u(s)| ds

0

Hint. Use the so-called variation of constants method by setting x(t) = c(t)ekt and
determine c(t). To derive the inequality note that for k > 0 e−ks ≤ 1 for all s ≥ 0.
2.21 (Adjoint Solution). Prove Proposition 2.81.

 −1
d
X (t, t0 ) , which follows by diﬀerentiating
Hint. Consider the time derivative dt
the identity X −1 (t, t0 )X(t, t0 ) = I(n) .

Notes and Further Reading
The theory of dynamical systems and ODEs is one of the central areas of mathematical research. It develops techniques required for the analysis of intertemporal
decision problems arising in dynamic economics and management sciences. This
chapter may be seen as a compact reference (and toolkit) for solving dynamic optimization problems. In addition and among other references, we recommend the
following three well-written, application-oriented books: Léonard and Long (1992),
on dynamic modeling in the various ﬁelds of optimal control theory; Strogatz (1994),
on physics and engineering; and Hofbauer and Sigmund (1988), on biomathematics.
A ﬁne introduction to economic applications of nonlinear dynamical systems
theory is given by Hommes (1991); compare also Lorenz (1993).
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Compared with Léonard and Long (1992), we treat parts of the theory of dynamical systems in more depth, not least because one of our intentions is to present
concrete algorithms for solving optimal control problems. An excellent introductory
book on the theory of dynamical systems for readers starting from a background of
only calculus and elementary linear algebra is Hirsch, Smale, and Devaney (2002)
which is a revised edition of the classical textbook Hirsch and Smale (1974).
Our approach has made it necessary to refer to more theoretically oriented books,
such as Hartman (1982), in which the theory of linear nonautonomous systems,
together with the Floquet theory, are presented. The Floquet theory is helpful for
stating and deriving some of the results used in the computation of limit cycles and
the corresponding manifolds in Chap. 7.
The presentation of dynamical systems as nonlinear ODEs can be found mainly
in the books of Arrowsmith and Place (1990); Strogatz (1994); Wiggins (1990), and
Arnold (1983), where the unfamiliar reader is referred to Strogatz (1994).
The introduction of an ODE in the sense of Deﬁnition 2.1 is given under very
restrictive assumptions. To capture more general problems, extensions in various directions can be considered. One of these extensions is the concept of a Carathéodory
solution, where the integral equation (2.8) is understood in the Lebesgue sense. Other
extensions allow the dynamics f to be multivalued, yielding a so-called diﬀerential
inclusion (see, e.g, Aubin & Cellina, 1984). Especially useful in the context of PDEs
are so-called viscosity solutions introduced by Crandall and Lions (1983), which
extend the classical solution concept of PDEs.
A good introduction to bifurcation and stability analysis (from equilibrium to
chaos) is provided by Seydel (1994), see also the excellent book by Troger and Steindl
(1991).
Kuznetsov (1998) and Guckenheimer and Holmes (1983) are highly recommended as advanced books on bifurcation theory. Many of our examples in the text,
in particular those of a normal form and nonhyperbolic equilibrium, are taken from
Kuznetsov (1998). We also refer the reader to the MATLAB toolbox “MatCont”
provided by the group Kuznetsov, which can be used to do numerical bifurcation
analysis. This toolbox allows the numerical computation not only of bifurcations
concerning equilibria but also of the limit cycles. Moreover bifurcations of higher
codimension20 (codim > 1) can be analyzed.
The section on BVP is taken mainly from Ascher et al. (1995), which includes
a comprehensive overview of the numerical methods in the ﬁeld of BVPs. It also
contains a well-written overview of the important results from ODEs.
The Poincaré–Andronov–Hopf bifurcation, where an equilibrium gives rise to a
limit cycle, was ﬁrst studied by the French mathematician Henri Poincaré in 1892
while he was investigating the planetary three-body problem. Poincaré did many
things and can be said to have been the originator of both algebraic topology and
the theory of analytic functions of several complex variables. Paying tribute to his
pioneering work, the theorem (discussed in Sect. 2.10) bears his name, together
with the names of A.A. Andronov and H. Hopf. The latter two mathematicians
independently discovered periodic behavior to be a result of a local bifurcation –
Andronov in the late 1920s (Andronov, 1929) and Hopf in the early 1940s (Hopf,
1943).
20

The codimension of a bifurcation is the number of independent conditions determining the bifurcation.
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The corruption model presented in Sect. 2.3 has been selected mainly because
of its simplicity. There is a small, but important, literature on dynamic economic
modeling of corruption. A good introductory survey is Andvig (1991).
Rinaldi, Feichtinger, and Wirl (1998) studied the dynamics of corruption at the
top, i.e., corruption by politicians. Their framework relates actions (positive actions
of the politicians, bribery, consumption, and the unveiling of corruption) to the state
variables – popularity (as a proxy for power), assets accumulated from bribes, and
investigation. The authors diﬀerentiate corrupted and uncorrupted systems, and
in the class of corrupted systems distinguish between strongly controlled (steady
behavior), weakly controlled (cyclic behavior), and uncontrolled (wild behavior).
For example, increasing the persistence of investigators can control the system but
cannot eliminate corruption, whereas institutional changes that lower the practice
of giving and taking bribes can.
Caulkins, Gragnani, Feichtinger, and Tragler (2006) extended the LH-model
presented in Sect. 2.11 by considering two additional states that represent in more
detail newly initiated (“light”) users’ response to the drug experience. Those who
dislike the drug quickly “quit” and brieﬂy suppress initiation by others. Those who
like the drug progress to ongoing (“moderate”) use, from which they may or may not
escalate to “heavy” or dependent use. Initiation is spread contagiously by light and
moderate users, but is moderated by the drug’s reputation, which is a function of the
number of unhappy users (recent quitters and heavy users). The proposed model
generates complex behavior of the solution paths including cycles, quasi-periodic
solutions, and chaos. The model has the disquieting property of endogenously generating peaks followed by a crash to low levels and a dramatic resurgence of use.
Thus, even if the current drug epidemic ebbs and we enjoy a long period of low
rates of use, that does not guarantee that drug epidemics will not return with equal
ferocity.
Behrens, Caulkins, Tragler, and Feichtinger (2000a) augmented the LH-model
(see Sect. 2.11) by an awareness variable or a “memory of the adverse consequences
of heavy-use years” (compare also Sect. 6.1 and Exercise 6.5). If past bad experiences
fade away quickly, drug incidence increases. The resulting increase in the number of
occasional drug users leads to a future increase in the number of heavy users who
contribute to the accumulation of a higher level of awareness or memory that in
turn suppresses incidence. This interaction is capable of production cycles.
Heterogeneity in intensity of activity is of course not restricted to the modeling
of drug epidemics. It is just as relevant in modeling economic activity (high- and
low-wage earners), the transmission of infectious diseases such as HIV/AIDS (people
who frequently or less frequently interact with others in ways that can transit the
virus), environmental problems (high- vs. low-rate consumers of a natural resource),
and a host of other domains.
The logistic model occurring in Exercises 2.5 and 2.6, developed quite early by
the Belgian mathematician Verhulst (1838), is often used to describe the growth of
populations.
Before reﬁning them along several lines (see, e.g., Exercise 2.5), the “classical”
predator–prey model was independently invented in the mid 1920’s by and named
after A. Lotka and V. Volterra. Hofbauer and Sigmund (1988) provide a good introduction as well as some ramiﬁcations.
An extended analysis of the cobweb phenomenon dealt within Exercise 2.13 may
lead to instability and even chaos (see Chiarella, 1988).

3
Tour d’Horizon: Optimal Control

This chapter presents the fundamentals of optimal control theory. In the ﬁrst
section we give a short historical survey, introducing the reader to the main
ideas and notions. Subsequently we introduce the standard problem of optimal
control theory.
We state Pontryagin’s Maximum Principle, distinguishing between the
cases without and with mixed path or pure state inequality constraints.
The Hamilton–Jacobi–Bellman equation is used to give an informal proof of
the Maximum Principle. Then the Maximum Principle is extended to the case
of an inﬁnite planning horizon. This is followed by the presentation of a onedimensional optimal control model, and we give an economic interpretation
of the Maximum Principle.

3.1 Historical Remarks
Control theory is a fruitful and interdisciplinary area of research that combines
several mathematical traditions to address a rich array of applications spanning many ﬁelds. Our topic, optimal control, is only one of many branches
of control theory, but it is an important one. Before proceeding to explain
Pontryagin’s Maximum Principle, which underpins optimal control theory,
we give a short history of the origins of control theory generally, and its
marriage with optimization to form optimal control theory. For more complete accounts of the history of optimal control theory, see Dreyfus (1965);
Fernández and Zuazua (2003); Fleming (1988); Neustadt (1976), and Pesch
and Bulirsch (1994).
As is quite often the case, necessity was the mother of invention, and the
methods explored in this book are founded not just on basic mathematics,
but also on eﬀorts to solve practical engineering problems. Maxwell’s analysis
of the stability of steam engines (ca 1868), the feedback concept developed by
control engineers in the 1920s, and Wiener’s “cybernetics” contributions in
the 1940s are usually mentioned as milestones in the development of what has
been called systems, or control, engineering. However, Fernández and Zuazua
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(2003) traced these roots much further back, referring to the Romans, Greeks,
and even ancient Mesopotamia, where the control of irrigation systems was
well-known.
Around the middle of the twentieth century progress in automatic control,
coupled with a number of noteworthy mathematical achievements including
Wald’s sequential analysis, Bellman’s dynamic programming, and Pontryagin’s Maximum Principle, led to the emergence of control theory as a recognized new ﬁeld. Positioned as it is at the interaction of control (or systems)
engineering and mathematics, control theory may be seen as one of the most
interdisciplinary areas of science today.
Another important intellectual thread is optimization. This branch of
mathematics deals with the improvement of a decision variable in order to
minimize a cost or to maximize a utility. After the Second World War, linear
and nonlinear programming showed a remarkable development in both theory
and applications from which optimal control draws heavily.
The mathematics of control theory has its roots in the calculus of variations. This important part of mathematical analysis was created in the second
half of the seventeenth century. In 1662 Fermat derived the law of refraction
as the solution to a minimum time problem. Almost one-quarter of a century later, Newton determined the optimal shape of a ship’s bow as a tradeoﬀ between a low resistance in the water and a high cargo load of the ship
(cf. Goldstine, 1980). Usually the famous brachistochrone problem of Johann
Bernoulli is seen as a starting point of the calculus of variations. Bernoulli
asked the “most ingenious mathematicians of the whole globe” to ﬁnd the
time-minimal path of a mass point between two points in the gravitational
ﬁeld of the earth.1 Bernoulli and, later Euler and Lagrange, contributed substantially to the development of the calculus of variations. In the nineteenth
century, Hamilton, Weierstrass, and Jacobi developed the theory further. The
resulting methods have been (and still are) of great value in analytical mechanics. (Hence we speak of “Hamiltonian systems.”) A century later, related
ideas played a role in dynamic economics (compare, e.g., Magill, 1970).
The rise of the calculus of variations was closely connected with problems
arising in physics. It took about 250 years until the ﬁrst economic applications were made. Evans (1924) studied the dynamic pricing problem for a
monopolist, whereas Ramsey (1928) analyzed neoclassical capital accumulation by using Euler’s equation.2 Other early highlights include an analysis of
the optimal exploitation of exhaustible resources, see Hotelling (1931).
1

2

In a ﬁne survey on the development of optimal control, Sussmann and Willems
(1997) stated that optimal control was born in 1696 with Bernoulli’s solution of
the brachistochrone problem.
Ramsey’s model is the fundamental optimal growth model. Based on it, a series
of substantial extensions has been proposed. It may be interpreted not only as a
macroeconomic model for nationwide capital accumulation, but also in a microeconomic framework for a ﬁrm that determines its optimal capital accumulation
program over time.
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Pontryagin’s Maximum Principle likewise had its roots in engineering problems. In the 1950s, engineers in the Soviet Union were wrestling with problems
arising in steering aircraft. They discussed their problems with mathematicians
at the Steklov Institute in Moscow. Pontryagin and his group became interested
in this ﬁeld, and their research resulted in the famous Maximum Principle, the
technique that underpins much of the present book and others on optimal
control theory (see Boltyanski, Gamkrelidze, & Pontryagin, 1956).
It is not surprising that such a momentous result drew on the work of several individuals or that controversy should emerge over who should get how
much credit for which ideas. This is not the place to delve into the melodrama
of geniuses’ egos. The priority questions have been discussed by others; see,
e.g., Boltyanski (1994); Gamkrelidze (1978) and Pesch and Bulirsch (1994).
What is clear now is that there have been important precursors of Pontryagin, Boltyanski, Gamkrelidze, and Mishchenko (1962), e.g., Bushaw (1952);
Hestenes (1950, 1965); McShane (1939) and Valentine (1937) in the US, as
well as Feldbaum (1965), and others in Russia. Likewise, it seems clear that
there are several independent roots of optimal control theory. There is, however, no doubt that optimal control is an extension of the calculus of variations
and that one essential contribution of the Russian school was the introduction of an explicit control variable. Even today the control variable is often
denoted by the letter u, taken from the Russian word upravlenije meaning
control (compare Boltyanski, 1994, p. 9).
Another independent intellectual thread in the development of intertemporal optimization is Bellman’s approach, known as dynamic programming.
Note that this method was also invented by Isaacs (1965) (see Breitner,
2005, for a comprehensive discussion). Remarkably enough, Pesch and Bulirsch (1994) recently discovered that precursors of both the Maximum Principle and the Bellman equation can already be found in Carathéodory’s work
(Carathéodory, 1926, 1935). Using the so-called royal road in the calculus of
variations, it turned out that the optimal control conditions are consequences
of Carathéodory’s results.
After the publication of Pontryagin’s Mathematical Theory of Optimal
Processes in English (1962), Pontryagin’s Maximum Principle started its
triumphal journey, transforming thinking in many ﬁelds, including applications in economics and management.3 Among the ﬁrst important publications were Arrow and Kurz (1970); Cass (1965, 1966); Hadley and Kemp
(1971); Intriligator (1971) and Shell (1967, 1969) in economics, as well as
3

The ﬁrst book on applications of Pontryagin’s Maximum Principle to economic
problems was Arrow and Kurz (1970), in which an analysis of optimal growth was
given. The applications explored the question of whether or not ﬁscal instruments
(taxation, expenditures, and debt management) led to an optimal intertemporal
allocation of resources in the presence of constraints imposed by private-sector
behavior. It took another four years for the publication of a monograph on Operations Research applications. Bensoussan, Hurst Jr., and Näslund (1974) dealt
with production, inventory, marketing, and other management issues.
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Bensoussan et al. (1974); Näslund (1966, 1969); Sethi (1978) and Thompson
(1968) in management problems and Operations Research.
The recent history of optimal control theory has been characterized by
three types of development that have a prominent place in this book:
1. The Maximum Principle is extended to new types of problems, e.g., distributed parameter problems such as those discussed in Sect. 8.3.
2. Advances in computational power and numerical methods allow larger
and more complicated problem formulations to be addressed, cf. Chap. 7.
3. Novel application areas are explored outside of physics and engineering
and the classic applications in growth economics and ﬁrm management,
notably in health, natural resources, pollution, environment, epidemiology,
demography, and the economics of crime.
An interesting survey on developments of optimal control theory has been
collected by Fleming (1988). This booklet, a Panel on Future Directions in
Control Theory, surveyed a variety of emerging directions in optimal control
theory and its applications.
The European Journal of Control (vol. 13/1, 2007) provides a readable
collection on the development of control from its beginnings to the present
(and even to the “day after tomorrow”). Particularly interesting are the papers
by Willems (2007), Mayne (2007) and Kurzhanski (2007). That issue gives a
comprehensive survey on the development of control theory and its various
(mostly engineering) applications,4 it contains also interesting details on the
origins of optimal control in the ﬁfties and sixties.
The spectrum of control techniques and applications is much too wide to
be reviewed in this book. Our intention is to develop some decidedly nontraditional applications (drug control, crime, and counter-terror) to open the
reader’s mind to the variety of possibilities and to inspire a new generation
to carry these wonderful mathematical tools into new application areas.

3.2 A Standard Optimal Control Problem
One main purpose of this book is to introduce the reader to the process
of modeling and solving optimal control problems in economics, management,
environmental planning, resource extraction, health planning, and other ﬁelds.
Our aim is to present a mathematical description that is general enough to
apply to many intertemporal decision situations and simple enough to assure
tractability.
4

One reason for this collection of papers was the 50th anniversary of The International Federation of Automatic Control (IFAC), founded in 1957. The dawn
of modern control theory was the appearance of the papers of Pontryagin and
his associates on the Maximum Principle, by Bellman on dynamic programming
and Kalman on the general theory of control systems at the ﬁrst IFAC World
Congress (1960) in Moscow.
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We consider a class of optimal control problems that frequently occurs in
the modeling of dynamic processes, starting with a standard problem that can
serve as a basis for extensions.
Suppose that the state of a system at time t can be described by an ndimensional real column vector5


x(t) = (x1 (t), x2 (t), . . . , xn (t)) ∈ Rn ,

t ∈ [0, T ].

Here T > 0 denotes the terminal time or horizon date of the process. In
many economic applications the terminal time is inﬁnity. In that case the
time interval [0, T ] is replaced by [0, ∞). These are referred to as inﬁnite
time horizon problems and will be considered in Sect. 3.7.
Suppose that there is a decision-maker who is able to inﬂuence the development of the state variable over time by choosing an m-dimensional control
value u(t) at time t


u(t) = (u1 (t), u2 (t), . . . , um (t)) ∈ Ω (x(t), t) ,

t ∈ [0, T ],

where the control (function) u(·) is piecewise continuous. One of the ﬂavors of
optimal control theory is the inclusion of constraints on the control variables;
that means that a control region Ω(x(t), t) is given with u(t) ∈ Ω (x(t), t). In
the denotation of the control region we omit the arguments and shortly write
Ω, if there is no ambiguity.
We assume that the evolution of the state can be described by an ODE
ẋ(t) = f (x(t), u(t), t)
s.t.

for

t ∈ [0, T ]

x(0) = x0 ,

(3.1a)
(3.1b)

and terminal or end constraints:
xi (T ) = xTi ,
xi (T ) ≥

xTi ,

xi (T ) free,

i = 1, . . . , n


i = n + 1, . . . , n


i = n + 1, . . . , n,

(3.1c)


(3.1d)
(3.1e)

where n ≥ 0, n ≥ 0, n + n ≤ n, f : Rn × Rm × R → Rn is a vectorvalued function f = (f1 , f2 , . . . , fn ) , where for all i = 1, . . . , n, fi (x, u, t)
and ∂fi (x, u, t)/∂x are continuous with respect to their arguments. Equation
(3.1a) is called the system dynamics or the state dynamics. It describes how
the current state x(t) and the decision-maker’s action u(t) at time t inﬂuence
the rate of change of the state at time t.
Deﬁnition 3.1 (Admissible Pair and Control). The pair of functions
(x(·), u(·)) : [0, T ] → Rn × Rm is called an admissible pair of (3.1) if u(·) is
piecewise continuous, for which the left- and right-hand limit exist and x(·)
5

Note that (. . .) denotes the transposition of a row vector to a column vector.
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is continuous and piecewise continuously diﬀerentiable, which satisﬁes for all
points t where u(·) is continuous:
ẋ(t) = f (x(t), u(t), t)
s.t.

x(0) = x0 ,

and at the terminal time T
xi (T ) = xTi ,

i = 1, . . . , n

xi (T ) ≥ xTi , i = n + 1, . . . , n
xi (T ) free, i = n + 1, . . . , n
and
u(t) ∈ Ω (x(t), t) ,

for all

t ∈ [0, T ].

The function x(·) is called a state trajectory or simply a trajectory with initial
condition x0 and terminal conditions (3.1c)–(3.1e), the function u(·) is called
an admissible control. For conventional reasons we decide that at a point of
discontinuity t of the control u(·)
u(t) := u(t− ),
and the control is deﬁned to be continuous at time zero and the terminal time
T.
The goal of the decision-maker is to choose an admissible control u(·) in an
optimal way. For this purpose, we suppose that the decision-maker has the
objective functional
T

V (u(·)) =

e−rt g(x(t), u(t), t) dt + e−rT S(x(T ), T ).

(3.2)

0

The expression g(x(t), u(t), t), where g : Rn × Rm × R → R, measures the
instantaneous proﬁt (utility, cost ) derived by applying the control u(t) at
time t when the current state is x(t) and r is nonnegative and called discount
rate. The term S(x(T ), T ) denotes the salvage or scrap value associated with
the terminal state x(T ). The salvage value can be thought of as the payoﬀ
or reward for being in state x(T ) at the end of the planning horizon. The
functions g(x, u, t) and ∂g(x, u, t)/∂x are assumed continuous with respect to
their arguments and the salvage value S : Rn × R → R is assumed to be
continuously diﬀerentiable with respect to x and T .
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The basic optimal control problem consists of maximizing6 the functional
V (·) deﬁned in (3.2) over all admissible controls u(·), while taking into account
that the evolution of the state is determined by the system dynamics (3.1a),
the initial condition (3.1b), and the terminal constraints (3.1c)–(3.1e).
The role of the state variable x has already been mentioned. It is the
concept of the state that distinguishes static optimization from intertemporal
optimization (dynamic programming). It should be stressed that the current
state x(t) cannot be inﬂuenced directly by the decision-maker. The state variable summarizes the result of past decisions.7
The instrument by which the evolution of the system can be steered is
the control variable u(t). Capital accumulation by investment is an example
that makes this distinction clear. The capital stock, x(t), is a state whose
future value can be inﬂuenced (indirectly) by the current investment rate, u(t),
but the decision-maker cannot simply decide to have an arbitrary amount of
capital at this instant. Capital can be accumulated only over time.
Let us summarize the optimal control problem in the standard form denoted as (OC ):8
#
T

max
u(·)

e−rt g(x(t), u(t), t) dt + e−rT S(x(T ), T )

(3.3a)

0

s.t. ẋ(t) = f (x(t), u(t), t),
x(0) = x0
xi (T ) = xTi ,
xi (T ) ≥
xi (T ) free,

xTi ,

t ∈ [0, T ]

i = 1, . . . , n


(3.3d)

i = n + 1, . . . , n
i = n + 1, . . . , n

u(t) ∈ Ω (x(t), t) ,

(3.3b)
(3.3c)



for all t ∈ [0, T ],

(3.3e)
(3.3f)
(3.3g)

where the problem is to ﬁnd an admissible pair (x(·), u(·)) maximizing the
objective functional (3.3a). The optimal control problem OC is called a problem of free end value if xi (T ) is free for all i = 1, . . . , n, otherwise it is called
a problem with terminal constraints.
6

Throughout this book the problems are formulated as maximization problems.
Note that any minimization problem can be transformed into a maximization
problem via multiplication by −1, i.e.,
x0 = argmin{g(x)}

7

8

iﬀ

x0 = argmax{−g(x)}.

The state x(t) contains the information required to decide optimally. The assumption is that the state history from s = 0 to s = t is summarized in x(t).
In a sense this feature may be compared to the Markov property of stochastic
processes.
Note that here and in the following time arguments are omitted if there is no
ambiguity.
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Deﬁnition 3.2 (Optimal Solution and Control). Let (x∗ (·), u∗ (·)) be an
admissible pair for OC (3.3). If
V (u∗ (·)) ≥ V (u(·)),

for all admissible controls

u(·);

then (x∗ (·), u∗ (·)) is called an optimal solution (path) for OC (3.3), u∗ (·) is
called an optimal control and x∗ (·) is called an optimal state trajectory. A
part of the optimal solution (x∗ (·), u∗ (·)) is called an (optimal) arc.
The value function for OC (3.3) with respect to the initial state x0 is
denoted by
V ∗ (x0 ) := V (u∗ (·)).
Remark 3.3. In a general setting and especially to derive existence conclusions
for an optimal solution of the problem OC (3.3) the control is assumed to be
measurable (instead of piecewise continuous), then the state function is absolute continuous (instead of piecewise continuously diﬀerentiable) (see, e.g.,
Vinter, 2000).
An optimal control problem can have zero, one, or multiple optimal solutions.
In what follows we present conditions allowing us to determine optimal solutions, starting with the necessary optimality conditions that are provided by
Pontryagin’s Maximum Principle.

3.3 The Maximum Principle of Optimal Control Theory
Generally speaking there exist two diﬀerent approaches to considering dynamic optimization problems. The ﬁrst approach can be seen as a generalization of the usual maximization problem from calculus (see Chap. 4) and is
inseparably connected with the work of Pontryagin et al. (1962). In the second approach the dynamical structure is utilized. In that case the theory of
dynamic programming (introduced by Bellman) provides the theory to solve
the optimization problem.
In the following sections we present the central result of Pontryagin’s approach to optimal control theory, known as Pontryagin’s Maximum Principle
and also the Hamilton–Jacobi–Bellman (HJB) equations, proved by Bellman
(1957). The theorems are stated without rigorous proofs and should be seen
as a summary of results needed to tackle optimal control problems.
3.3.1 Pontryagin’s Maximum Principle
In this subsection the core theorem of Pontryagin’s seminal work is stated. As
already noted this approach can be seen as a generalization of the necessary
conditions provided by the calculus for maximizing functions or the calculus of
variations for maximization of functionals. Pontryagin’s Maximum Principle
provides necessary conditions that an optimal solution has to satisfy, i.e.,
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given that an optimal solution exists, it has to satisfy the conditions of the
Maximum Principle. The necessary conditions will be formulated as an ODE,
extending the already given state dynamics into an ODE of dimension 2n,
ﬁnally justifying our detailed consideration of ODEs in the previous chapter.
Let us state the theorem in one of its simplest forms:
Theorem 3.4 (Pontryagin’s Maximum Principle). Let (x∗ (·), u∗ (·)) be
an optimal solution of OC (3.3) with free terminal state. Then there exists a
continuous and piecewise continuously diﬀerentiable function λ(·), with λ(t) ∈
Rn satisfying for all t ∈ [0, T ]:
H(x∗ (t), u∗ (t), λ(t), t) =

max

u∈Ω(x∗ (t),t)

H(x∗ (t), u, λ(t), t),

(3.4a)

and at every point t where u(·) is continuous
λ̇(t) = rλ(t) − Hx (x∗ (t), u∗ (t), λ(t), t) .

(3.4b)

Furthermore the transversality condition
λ(T ) = Sx (x∗ (T ), T )

(3.4c)

holds, where
H (x, u, λ, t) := g (x, u, t) + λf (x, u, t)

(3.4d)

is called the Hamiltonian of the problem OC (3.3).
Equation (3.4b) is called the adjoint equation and the variable λ is called
the costate or adjoint variable. By deﬁnition the costate is a row vector λ =
(λ1 , . . . , λn ).
The usual proof of Pontryagin’s Maximum Principle via the HJB equation
is postponed until Sect. 3.4.1, where the dynamic programming approach is
presented. In Chap. 4 two other proofs are presented, where the ﬁrst proof
parallels the theory of mathematical programming and the theory of optimal
control and a second proof is given by the calculus of variations.
If the reader is eager to see an example, on how to apply Pontryagin’s
Maximum Principle we refer him/she to Sect. 3.3.7, where the Ramsey model
is presented as an introductory example. Many other examples will follow in
the subsequent chapters and many problems are formulated in the exercises
at the end of each chapter.
Remark 3.5. In case that the optimal control u∗ (·) is discontinuous at t ∈
[0, T ] (3.4a) holds for the left as well as the right-hand limit of u∗ (·) at t.
Deﬁnition 3.6 (Canonical System and Extremal Solution). Let û(·)
be an admissible control of OC (3.3) satisfying the Hamiltonian maximizing
condition

110

3 Tour d’Horizon: Optimal Control

û(t) ∈ argmax H(x(t), u, λ(t), t);
u∈Ω(x(t),t)

then the ODE
ẋ(t) = Hλ (x(t), û(t), λ(t), λ0 , t) = f (x(t), û(t), t)

(3.5a)

λ̇(t) = rλ(t) − Hx (x(t), û(t), λ(t), λ0 , t) ,

(3.5b)

is called the canonical system of OC (3.3).9
Let (x̂(·), λ̂(·)) be a solution of the canonical system (3.5), which satisﬁes the initial condition (3.3c), the transversality condition (3.4c) and the
terminal constraints (3.1c)–(3.1e); then x̂(·) is called an extremal state (trajectory) and the pair (x̂(·), û(·)) is called an extremal solution of the problem
OC (3.3).
Remark 3.7. The canonical system (3.5) together with the initial condition
(3.3c) and the transversality condition (3.4c) determines a 2n boundary value
problem (BVP, see Sect. 2.12.2). Algorithms for solving such problems are
presented in Chap. 7.
Remark 3.8. Throughout this book the term equilibrium (see Deﬁnition 2.15)
is used to describe the long-run (asymptotic) behavior of a dynamical system, when it converges to a ﬁxed point. Synonymously, we use the denotation
“ﬁxed point” or “steady state” of a diﬀerential equation. This concept must
not be confounded with an economic equilibrium. The latter refers to the
equality of supply and demand, i.e., a clearance of the markets or, more generally, to a situation in which the decisions of economic agents (producers,
consumers, government, etc.) are made in a consistent manner. An equilibrium in economic sense is inherently diﬀerent from equilibrium in the sense
of dynamical systems, i.e., from a long-run steady state. Whether an optimal
path of a control problem or its asymptotic value is an economic equilibrium
depends on the economic interpretation of the intertemporal decision problem
(e.g., whether the markets are cleared, or the budget restrictions are satisﬁed).
Equilibria in the sense of ﬁxed points of the underlying dynamical systems
may or may not be economic equilibria. In an economic equilibriun no one of
the agents can gain by a unilateral deviation from the equilibrium solution;
compare the concept of a Nash equilibrium given in Deﬁnition 8.4.
An important function is the:
Deﬁnition 3.9 (Maximized Hamiltonian). Let H(x, u, λ, t) be the Hamiltonian (3.4d), then the function
H∗ (x, λ, t) = max H(x, u, λ, t)
u∈Ω(x,t)

is called the maximized Hamiltonian.
9

Note that we deﬁne the derivative of a real-valued function with respect to a row
vector as a column vector. In particular this convention allows us to omit the
transposition sign in (3.5a).
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Remark 3.10. At this place we have to note a potential notational confusion
between two diﬀerent ﬁelds. The Hamiltonian of classical mechanics corresponds to the maximized Hamiltonian of Pontryagin. One has to take care to
distinguish between the Hamiltonian and the maximized Hamiltonian when
crossing into the literature on classical mechanics.
Remark 3.11. The Hamiltonian H deﬁned in (3.4d) is also called the currentvalue Hamiltonian contrary to the present-value Hamiltonian deﬁned as
H̃(x, u, λ, t) = e−rt g (x, u, t) + λ̃(t)f (x, u, t) .
The current-value notation is widely used in optimal control literature, especially in economic ﬁelds. For the present-value notation the reader can prove
in Exercise 3.1 that the conditions:
H̃(x∗ (t), u∗ (t), λ̃(t), t) =

max

u∈Ω(x(t),t)

H̃(x∗ (t), u, λ̃(t), t)

˙
λ̃(t)
= H̃x (x∗ (t), u∗ (t), λ̃(t), t)
λ̃(T ) = e

−rT

(3.6a)
(3.6b)

∗

Sx (x (T ), T ),

(3.6c)

are equivalent to the necessary conditions (3.4) stated in Pontryagin’s Maximum Principle, by the transformation
H̃(x, u, λ, t) := e−rt H(x, u, λ, t),

and λ̃(t) := e−rt λ(t).

Due to the previous remark we deﬁne:
Deﬁnition 3.12 (Autonomous Optimal Control Problem). An optimal
control problem OC (3.3) is called an autonomous optimal control problem
if the functions g : Rn × Rm → R, f : Rn × Rm → Rn and the control region
Ω(x) do not explicitly depend on the time argument t.
Remark 3.13. For autonomous optimal control problems the current-value notation has the advantage that the corresponding canonical system becomes an
autonomous ODE.
Next we formulate the Maximum Principle for an optimal control problem
OC (3.3) with terminal constraints:
Theorem 3.14 (Maximum Principle With Terminal Constraints).
Let (x∗ (·), u∗ (·)) be an optimal solution of OC (3.3) with terminal constraints
(3.1c)–(3.1e). Then there exist a continuous and piecewise continuously differentiable function λ(·), with λ(t) ∈ Rn and a constant λ0 ≥ 0 such that for
all t ∈ [0, T ]:
(λ0 , λ(t)) = 0
H(x∗ (t), u∗ (t), λ(t), λ0 , t) =

max

u∈Ω(x(t),t)

H(x∗ (t), u, λ(t), λ0 , t)

(3.7a)
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and at every point t where u(·) is continuous
λ̇(t) = rλ(t) − Hx (x∗ (t), u∗ (t), λ(t), λ0 , t) ,
and the transversality conditions
λi (T ) no conditions

i = 1, . . . , n

λi (T ) ≥ λ0 Sxi (x∗ (T ), T ),

and


(λi (T ) − λ0 Sxi (x (T ), T )) x∗i − xTi ) = 0,
∗

λi (T ) = λ0 Sxi (x∗ (T ), T ),

i = n + 1, . . . , n

i = n + 1, . . . , n

hold, where
H (x, u, λ, λ0 , t) := λ0 g (x, u, t) + λf (x, u, t) .

(3.7b)

Note that the Hamiltonian (3.7b) explicitly depends on the constant λ0 . In
the majority of economic applications λ0 can be assumed to be greater than
zero. However, in general this condition is not satisﬁed; see, e.g., Example
(3.79). Thus we deﬁne:
Deﬁnition 3.15 (Normal and Abnormal Problems). If for an optimal
solution of an optimal control problem the necessary conditions only hold if
λ0 = 0 the problem is called an abnormal problem.10 Otherwise it is called a
normal problem.
Nevertheless, for a certain class of problems the assumption is satisﬁed, which
we already used in the formulation of Pontryagin’s Maximum Principle (Theorem 3.4):
Proposition 3.16. For an optimal control problem OC (3.3) without terminal constraints the problem is normal and λ0 can be set to one.
Proof. Note that if λ0 > 0, the Hamiltonian H can be divided by λ0 and
taking λ/λ0 instead of λ satisﬁes the conclusions of Pontryagin’s Maximum
Principle, with λ0 = 1. Hence we only have to prove that the case λ0 = 0 can
be excluded. Let us assume that λ0 = 0; thus H = λf , which together with
the transversality condition (3.4c) yields λ(T ) = 0. Owing to the linearity of
equation (3.4b) in λ, we ﬁnd λ(t) = 0 for all t ∈ [0, T ], contradicting the
necessary condition (λ0 , λ(t)) = 0.


Remark 3.17. In the light of Proposition 3.16 it was therefore justiﬁed to formulate the Hamiltonian in Theorem 3.4 without λ0 .
10

The term abnormal is used, since in that case the conditions of Pontryagin’s
Maximum Principle do not change if g is replaced by any other function.
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If the functions f (x, u, t) and g(x, u, t) are considered as two times continuously diﬀerentiable with respect to u a further necessary condition can be
stated:
Theorem 3.18 (Legendre–Clebsch Condition). Let the Hamiltonian
H(x, u, λ, λ0 , t) be two times continuously diﬀerentiable with respect to u and
(x∗ (·), u∗ (·)) be an optimal solution. Then for every t ∈ [0, T ] where u∗ (t)
lies in the interior of the control region Ω(x∗ (t), t) the Hessian matrix
Huu (x∗ (t), u∗ (t), λ(t), λ0 , t)

is negative semideﬁnite.

(3.8)

This condition is called the Legendre–Clebsch condition. If the matrix (3.8)
is negative deﬁnite it is said that a strict Legendre–Clebsch condition holds.
Proof. Since H is twice continuously diﬀerentiable in u, we know from calculus
(see Theorem A.104) that, if u∗ lies in the interior of the control region Ω,
the maximum condition (3.4a) implies Hu = 0 at (x∗ , u∗ ). Furthermore for a
maximum the Hessian matrix with respect to u has to be negative semideﬁnite,
concluding the proof.


3.3.2 Some General Results
In the following we summarize some general results concerning the properties
of the maximized Hamiltonian and the controls. These results will prove useful
in the subsequent chapters:
Deﬁnition 3.19 (Regular Hamiltonian). The Hamiltonian H is said to
be regular if for any pair of values (x, λ) and time t ∈ [0, T ] the set
argmax H (x, u, λ, λ0 , t)
u∈Ω(x,t)

is a singleton.
Lemma 3.20. For given x, λ and t let the Hamiltonian be strictly concave
with respect to u and the control region Ω(x, t) be convex. Then the Hamiltonian is regular.
Proof. To the contrary assume there exist x, λ and t such that u1 = u2 are
both maximizers of the Hamiltonian, i.e., with H(u) := H(x, u, λ, λ0 , t) we
ﬁnd
H(u1 ) = H(u2 ).
Then by the strict concavity of H with respect to u we ﬁnd for 0 < κ < 1
H(κu1 + (1 − κ)u2 ) > κH(u1 ) + (1 − κ)H(u2 )
= H(u2 ).
By the convexity of Ω(x, t) the control value κu1 +(1−κ)u2 ∈ Ω, contradicting
that u2 is a maximizer of the Hamiltonian.
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An immediate consequence of this lemma is:
Corollary 3.21. Let the Hamiltonian be two times continuously diﬀerentiable
with respect to u and the Hessian matrix Huu (x, u, λ, λ0 , t) be negative deﬁnite
for given x, λ and t and Ω(x, t) be convex; then the Hamiltonian is regular.
For a regular Hamiltonian we ﬁnd:
Proposition 3.22. Let u∗ (·) be an optimal control of OC (3.3) and let the
Hamiltonian be regular; then u∗ (·) is continuous on [0, T ].
Proof. If u∗ (·) is discontinuous at some t ∈ [0, T ] then the left- and right-hand
limit at t are diﬀerent, contradicting the uniqueness of the control value. 

The next proposition taken from Feichtinger and Hartl (1986) proves important to show the existence of points exhibiting multiple optimal solutions (see
Chap. 5):
Proposition 3.23. Let us consider an autonomous and normal problem OC
(3.3), with m ≥ n, Ω = Rm . Suppose the Hamiltonian H be two times continuously diﬀerentiable in u, strictly concave in u and fu have full rank for
all values of an admissible solution (x(·), u(·)). Then the maximized Hamiltonian H∗ (x, λ) with maximizer u∗ (x, λ) is strictly convex in λ for any ﬁxed x,
achieving its minimum for λ∗ satisfying f (x, u∗ (x, λ∗ )) = 0.
Proof. First, we show the strict convexity of H∗ with respect to λ, which is
equivalent to
H∗ (x, κλ1 + (1 − κ)λ2 ) < κH∗ (x, λ1 ) + (1 − κ)H∗ (x, λ2 ).
Therefore let λ1 , λ2 ∈ Rn , and 0 < κ < 1 be arbitrarily chosen, yielding
H∗ (x, κλ1 + (1 − κ)λ2 ) = H (x, u∗ , κλ1 + (1 − κ)λ2 )
= κH (x, u∗ , λ1 ) + (1 − κ)H (x, u∗ , λ2 )
≤ κH∗ (x, λ1 ) + (1 − κ)H∗ (x, λ2 ) ,
where u∗ = u∗ (x, κλ1 + (1 − κ)λ2 ).
Next we show that for λ1 = λ2 equality does not hold. Otherwise assume
that for λ1 = λ2 a κ0 exists, where equality holds, i.e., there exists a (single!)
u∗ satisfying
H(x, u∗ , κ0 λ1 + (1 − κ0 )λ2 ) = κ0 H (x, u∗ , λ1 ) + (1 − κ0 )H (x, u∗ , λ2 ) .
Thus u∗ maximizes the Hamiltonian for each of the costate values λ1 , λ2 .
Owing to the strict concavity of the Hamiltonian with respect to u, its
maximum is achieved for Hu = 0 yielding
gu (x, u∗ ) + λfu (x, u∗ ) = 0,

(3.9)
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for λ = λ1 , λ2 .
Using the rank condition for fu and m ≥ n we can chose n control coordinates (for simplicity these are the ﬁrst n coordinates) such that the matrix
F := (fu1 (x, u∗ ), · · · , fun (x, u∗ ))
is invertible and from (3.9), evaluated for λ1 , and λ2 , we ﬁnd
(λ1 − λ2 )fui (x, u∗ ) = 0,

i = 1, . . . , n,

and therefore
(λ1 − λ2 )F = 0.
But due to the nonsingularity of F this last equation is only satisﬁed for
λ1 = λ2 contradicting the assumption λ1 = λ2 and proving the strict convexity
of H∗ with respect to λ.
To prove the last part of the proposition we use the strict concavity Huu <
0 and the implicit function theorem, yielding the diﬀerentiability of u with
respect to λ and therefore
Hλ∗ = f + Hu

∂u
= f,
∂λ

since Hu = 0.
A strictly convex and continuously diﬀerentiable function achieves its minimum where its derivative equals zero (see Theorem A.104) and therefore
Hλ∗ = 0 = f (x, u∗ ),
which completes the proof.




3.3.3 The Maximum Principle for Variable Terminal Time
Extending the problem OC (3.3), we may be interested in choosing the terminal time T optimally. Thus we not only have to ﬁnd the optimal solution over
[0, T ], but also to consider T as a controlled variable, such that the objective
function is maximized on an optimally chosen time interval [0, T ∗ ], i.e., we
replace the objective function (3.3a) of OC (3.3) by
#
T

max

u(·),T

e−rt g(x(t), u(t), t) dt + e−rT S(x(T ), T ) ,

0

with T > 0.
Remark 3.24. Note that the explicit dependence of the salvage value on the
terminal time T is now of importance.
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For these problems the following theorem provides a further necessary condition:
Theorem 3.25 (Maximum Principle for Variable (Free) Terminal
Time). Given the optimal control problem OC (3.3) with variable terminal time T and without terminal constraints, let (x∗ (·), u∗ (·)) be an optimal
solution on the optimal time interval [0, T ∗ ], with T ∗ ∈ (0, ∞). Then the
conditions of Theorem 3.4 are satisﬁed together with
H (x∗ (T ∗ ), u∗ (T ∗ ), λ(T ∗ ), T ∗ ) = rS (x∗ (T ∗ ), T ∗ ) − ST (x∗ (T ∗ ), T ∗ ) . (3.10)
Given the results of Pontryagin’s Maximum Principle the condition (3.10) can
be deduced by simple calculus.
Proof. Consider the function
t

V (t) =

e−rs g (x̃(s), ũ(s), s) ds + e−rt S (x̃(t), t) ,

0

on a slightly increased time interval [0, T ∗ + ε) with ε > 0, where
ũ(s) :=

s ∈ [0, T ∗ ]
u∗ (s)
∗
∗
u (T ) s ∈ (T ∗ , T ∗ + ε),

and let x̃(·) be the corresponding solution of the state dynamics. The extended
control ũ(·) is admissible and can be assumed continuous on (T ∗ − ε, T ∗ + ε)
for ε small enough. Therefore the state trajectory x̃(·) and hence V (·) are
continuously diﬀerentiable on (T ∗ − ε, T ∗ + ε). Denoting the time variable as
T , a necessary condition (see Theorem A.103) for V (·) to achieve its maximum
at T ∗ yields
dV (T ∗ )
= 0.
dT
Using the transversality condition (3.4c) this equation can therefore explicitly
be written as
∗
dV (T ∗ )
= e−rT (g(T ∗ ) + Sx ẋ(T ∗ ) + ST (T ∗ ) − rS (T ∗ ))
dT
∗
= e−rT (g(T ∗ ) + λ(T ∗ )f (T ∗ ) + ST (T ∗ ) − rS (T ∗ ))
∗

= e−rT (H(T ∗ ) + ST (T ∗ ) − rS (T ∗ )) = 0.
∗

Dividing the last equation by e−rT ﬁnally proves condition (3.10).




The problem of variable terminal time can further be extended to the case in
which the optimal terminal time T ∗ can only be chosen from a time interval
T ∗ ∈ [T , T̄ ]. In that case the following theorem holds:
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Theorem 3.26 (Maximum Principle for Constrained Variable Time).
Given the optimal control problem OC (3.3) with variable terminal time
T restricted to the interval [T , T̄ ] and without terminal constraints, let
(x∗ (·), u∗ (·)) be an optimal solution on the optimal time interval [0, T ∗ ]. Then
the conditions of Theorem 3.4 are satisﬁed together with
⎧
∗
∗
∗
∗
⎪
⎨≤ −ST (x (T ), T ) for T = T
H (x (T ), u (T ), λ(T ), T ) −
= −ST (x∗ (T ∗ ), T ∗ ) for T < T ∗ < T̄
rS (x∗ (T ∗ ), T ∗ )
⎪
⎩
≥ −ST (x∗ (T ∗ ), T ∗ ) for T ∗ = T̄ .
∗

∗

∗

∗

∗

∗

Remark 3.27. Theorem 3.26 also embraces the problem of an unconstrained
terminal time with T = 0 and T̄ = ∞.
If the optimal control problem with terminal constraints is considered we ﬁnd:
Corollary 3.28. Given the optimal control problem OC (3.3) with variable
terminal time T restricted to the interval [T , T̄ ] and with terminal constraints,
let (x∗ (·), u∗ (·)) be an optimal solution on the optimal time interval [0, T ∗ ].
Then the conditions of Theorem 3.14 are satisﬁed together with
⎧
∗
∗
∗
∗
⎪
⎨≤ −λ0 ST (x (T ), T ) for T = T
∗
∗
∗
∗
∗
∗
H (x (T ), u (T ), λ(T ), λ0 , T ) −
= −λ0 ST (x∗ (T ∗ ), T ∗ ) for T < T ∗ < T̄
rλ0 S (x∗ (T ∗ ), T ∗ )
⎪
⎩
≥ −λ0 ST (x∗ (T ∗ ), T ∗ ) for T ∗ = T̄ .
3.3.4 Economic Interpretation of the Maximum Principle
We now turn to one of the most important considerations in the economic
application of optimal control theory, the reliance of dynamic cost-beneﬁt
analysis on the concept of a shadow price and the Hamiltonian. Many optimal
control problems in economic applications can be written as (OCE ):
#
T

max
u(·)

s.t.

e−rt g(x(t), u(t)) dt + e−rT S(x(T ), T )

0

ẋ(t) = f (x(t), u(t)),
x(0) = x0 ,

t ∈ [0, T ]

where T is often assumed to be inﬁnite (see Sect. 3.7).
The widespread application of the Maximum Principle to economic problems has at least two explanations:
• The ﬁrst is that it provides a system of 2n diﬀerential equations for the
state and the costate vectors. The qualitative analysis of these (generally)
nonlinear diﬀerential equations provides valuable structural insight into
the shape of the optimal paths. This will be discussed in detail in most of
the control models to follow.
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• The second explanation is the usefulness of the interpretation of the adjoint
variable as a shadow price (or imputed value):
λ(t) = Vx∗ (x(t)),

(3.11)

where V ∗ : Rn → R is the value function of the optimal control problem
(see Deﬁnition 3.2). Therefore λ(t) measures the marginal worth of an
increment in the state at time t when moving along the optimal trajectory.
In other words, λ(t) is the highest (hypothetical) price that a rational
decision-maker would be willing to pay for an additional unit of the state
variable at time t when the problem is solved optimally.
Note that
λf =

n

j=1

λj f j =

n

∂V ∗ dxj
j=1

∂xj dt

measures the total marginal change in the objective functional value for an
inﬁnitesimal change of all state variables.
Let us now interpret the Hamiltonian in economic terms. Assume that a
decision-maker is facing a standard optimal control problem. At any instant
of time t, he or she considers the state of the system x(t) and has to choose
the control value u(t) optimally. The selection of the control value has two
eﬀects:
• A direct one, namely to generate an instantaneous proﬁt g(x(t), u(t))
• An indirect eﬀect, namely to change the state through f (x(t), u(t))
It is possible to maximize the direct utility without taking into consideration
the future development of the dynamical system. Such myopic behavior is
clearly suboptimal in a genuine intertemporal decision problem. In the context
of the capital accumulation problem such a policy would mean consuming
everything and investing nothing. (Devil may care.) The other extreme is
the Stalinist policy of minimal consumption. The decision-maker consumes
virtually nothing and invests the whole product to increase the capital stock
as fast as possible.
It is intuitively clear that a rational decision-maker avoids such extreme
solutions. He or she solves the dynamic decision problem by maximizing a
“weighted” sum of both goals, namely by maximizing the instantaneous proﬁt
and the rate of change of the state variable. Or, to put it in other words: Since
we cannot compare apples to pears, it is necessary to “weight” the rate of
change of the state, i.e., dx/dt, by its value ∂V ∗ /∂x. Thus we get
H(x, u, λ) = g(x, u) + λf (x, u) = g(x, u) + Vx∗ (x)ẋ.
Note that the dimensions of the given quantities, denoted by square brackets
[·], are compatible since:
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[H] = [g] = value/time unit,
[Vx∗ ] = value/state unit, and
[ẋ] = state/time unit.
The economic interpretation of the Hamiltonian maximizing condition is that
the Maximum Principle decouples the dynamic optimization problem in [0, T ]
to create an inﬁnite set of static optimization problems at any t ∈ [0, T ]. The
Hamiltonian can be interpreted as a generalized proﬁt rate, including direct
and indirect proﬁts, to be maximized at each instant of time t.
It remains for us to interpret the adjoint equation that describes the evolution of the dynamic shadow prices. Rewritten as
−λ̇ + rλ = gx + λfx ,

(3.12)

the adjoint equation admits an economic equilibrium interpretation of the type
marginal cost equals marginal revenue. The left side of (3.12) denotes the rate
of decrease or increase of the shadow price −λ̇, plus the (bank) interest rate
rλ, i.e., the marginal cost of holding the capital. The total marginal value Hx
of investing the capital equals the sum of the direct marginal contribution, gx ,
and the indirect marginal contribution, λfx . This gives the marginal revenue of
investing the capital. The shadow price is determined by equalizing marginal
cost and marginal revenue.
The economic interpretation of the transversality (terminal) condition
(3.4c) is obvious, since at the horizon date T only the marginal revenue has
to be considered and therefore λ(T ) = Sx (x(T ), T ) = Vx∗ (x(T )).
To interpret the optimality conditions for the optimal terminal time T ∗ ,
we consider (3.10). Here ST denotes the change of the salvage value per unit
shift of the terminal time T . The term rS gives the opportunity cost if the
process is not stopped at time T . Equation (3.10) provides a trade-oﬀ between
termination of the process at time T on the one hand, and the continuation
during a small time unit on the other.
To give the concrete interpretation for an investment production problem,
by selling a machine at time T one gets S(x, T ) Euros and interests rS during
the next time unit. Or the machine runs for this additional time unit generating a direct proﬁt g, as well as a changing the selling price for Sx f + ST .
If T ∗ is the optimal selling time, both decisions, i.e., to sell at T ∗ or to keep
it for another time unit, lead to the same utility. This can be seen indirectly:
if the internal marginal utility exceeds (is smaller than) the interest on the
salvage value it is better to keep the machine (to sell it earlier). In both cases
T ∗ is not optimal.
3.3.5 Suﬃciency Conditions
In general Pontryagin’s Maximum Principle only provides necessary conditions that an optimal solution has to satisfy. Under speciﬁc concavity or
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convexity, respectively, assumptions on the involved functions these conditions are also suﬃcient:
Theorem 3.29 (The Mangasarian Suﬃciency Conditions). Let the
pair (x∗ (·), u∗ (·)), and function λ(·) satisfy Pontryagin’s Maximum Principle
with λ0 = 1. Suppose that Ω(x, t) is convex for every x ∈ Rn , t ∈ [0, T ], the
partial derivatives of g(x, u, t) and f (x, u, t) are continuous with respect to
their arguments and the Hamiltonian H is jointly concave in (x, u) for all t
and additionally the salvage function S(x, t) is concave in x; then (x∗ (·), u∗ (·))
is an optimal solution.
If the Hamiltonian H is strictly concave in (x, u), then (x∗ (·), u∗ (·)) is the
unique solution.
The following proof can also be found in Seierstad and Sydsaeter (1986).
Proof. We have to prove that for any admissible pair (x∗ (·), u∗ (·))
T

V (u∗ ) − V (u) =

e−rt (g(x∗ , u∗ , t) − g(x, u, t)) dt

0

+ e−rT (S(x∗ (T ), T ) − S(x(T ), T )) ≥ 0. (3.13)

For the following derivation we use the abbreviations
H := H(x, u, λ, t), H∗ := H(x∗ , u∗ , λ, t), S ∗ = S(x∗ (T ), T ), S = S(x(T ), T ).
Then from the concavity of the H and S the inequalities (see Proposition A.112)
H∗ − H ≥ Hx∗ (x∗ − x) + Hu∗ (u∗ − u),

S ∗ − S ≥ Sx∗ (x∗ − x)

follow, together with (see Proposition A.113)
Hu∗ (u∗ − u) ≥ 0

iﬀ u∗ satisﬁes the maximizing condition (3.7a).

Combining these inequalities yields
H∗ − H ≥ Hx∗ (x∗ − x) = λ̇(x − x∗ ).

(3.14)

Therefore rewriting (3.13) as
T

V (u∗ ) − V (u) =

T

H∗ − H dt +

0

λ(ẋ − ẋ∗ ) dt + e−rT (S − S ∗ ),

0

we ﬁnd by means of (3.14)
T

V (u∗ ) − V (u) ≥
0

0

λ(ẋ − ẋ∗ ) dt + e−rT Sx∗ (x∗ − x)

0
T

=

T

λ̇(x − x∗ ) dt +

d
(λ(x − x∗ )) dt + e−rT Sx∗ (x∗ − x)
dt

= λ(T )(x(T ) − x∗ (T )) − e−rT Sx∗ (x − x∗ ) = 0,
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where for the last step we used the transversality condition.
In case of strict concavity the inequality is strict if either x = x∗ or u = u∗ ,
concluding the proof.


A further suﬃciency condition can be stated known as:
Theorem 3.30 (The Arrow Suﬃciency Conditions). Let (x∗ (·), u∗ (·)),
and function λ(·) satisfy Pontryagin’s Maximum Principle with λ0 = 1. If the
maximized Hamiltonian H∗ exists for all x and is concave in x for all t, and
the salvage function S(x, T ) is concave in x, then (x∗ (·), u∗ (·)) is an optimal
solution.
If H∗ is strictly concave in x, then x∗ (·) (but not necessarily u∗ (·)) is
unique.
The following proof uses a result of the theory of convex analysis (see
Appendix A.3.4), speciﬁcally the existence of a supergradient.
Proof. Considering the proof of Theorem 3.29 we see that the crucial step was
the derivation of the inequality (3.14). Thus if we can prove the inequality
H(x∗ , u∗ , λ, t) − H(x, u, λ, t) ≥ λ̇(x − x∗ )
we are ﬁnished. From the deﬁnition of the maximized Hamiltonian we ﬁnd
H(x∗ , u∗ , λ, t) − H(x, u, λ, t) ≥ H∗ (x∗ , λ, t) − H∗ (x, λ, t),
where u ∈ Ω(x, t) is arbitrary.
Since H∗ is concave there exists a supergradient a (see Proposition A.121)
satisfying
H∗ (x∗ , λ, t) − H∗ (x, λ, t) ≥ a(x∗ − x).
Thus combining the last two inequalities the function
k(x) := H(x∗ , u∗ , λ, t) − H(x, u∗ , λ, t) − a(x∗ − x)
has the following properties
k(x) ≥ 0,

and k(x∗ ) = 0.

Since k(x) is continuously diﬀerentiable and x∗ is a minimizer kx (x∗ ) = 0 has
to hold. This yields
kx (x∗ ) = −Hx (x, u∗ , λ, t) + a = 0,
showing that the supergradient is given by
a = −λ̇
proving (3.14).
If H∗ is strictly concave in x the strict inequality holds for x = x∗ , whereas
nothing can be said for the case u = u∗ , which concludes the proof.
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Remark 3.31. Notice that the assumptions of the Mangasarian suﬃciency conditions Theorem 3.29 imply the concavity of the maximized Hamiltonian H∗
in x (see Exercise 3.13). Thus the suﬃciency conditions of Arrow type are
weaker than those of Mangasarian type.
Remark 3.32. Inspecting the proof of the previous theorem carefully shows
that we do not need concavity of the maximized Hamiltonian for all state
values x. If the set of admissible states A(t) ⊂ Rn at time t is convex, and the
extremal state x(t) is an interior point of A(t), then Theorem 3.30 holds provided the maximized Hamiltonian is concave for x(t) ∈ A(t) for all t ∈ [0, T ].
3.3.6 Existence of an Optimal Solution
We have to admit that the question of existence of an optimal solution for an
optimal control problem is an important question in its own right. Searching
among the solutions satisfying the necessary conditions overlooks the fact
that there need not exist a solution at all. Early in the last century Tonelli
(1915) recognized this important fact and formulated the direct method of
optimization. It consists of the following steps for ﬁnding an optimal solution:
1. Show the existence of an optimal solution
2. Search among the paths satisfying the necessary conditions for those exhibiting the highest objective value
Only if both steps are carried out is it guaranteed that an optimal solution
can be found. To clarify this point we take an example from Vinter (2000),
where the unique path satisfying the necessary conditions is not an optimal
solution. Let us consider the optimal control problem:
1

max −
u(·)

(3.15a)

t ∈ [0, 1]

(3.15b)

0

s.t. ẋ(t) = u(t),
x(0) = 0,

x(t)u(t)2 dt

x(1) = 0.

(3.15c)

Remark 3.33. Omitting the ﬁrst step of Tonelli’s direct optimization method,
we shall subsequently identify a unique path satisfying the necessary optimality conditions. But a simple calculation proves that, e.g., the pair
(u(t), x(t)) = (a(1 − 2t), at(1 − t)),

a∈R

is an admissible solution, exhibiting an objective value of
1

a3
0

t(1 − t)((1 − 2t))2 dt =

a3
.
30

Thus for a ∈ R the absolute objective value can be made arbitrarily large,
proving that in the set of admissible paths neither a maximizer nor a minimizer exist. At this point we are ﬁnished. In more complex situations it is
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not so easy to see, if either an optimal solution exists or not. Therefore the
question of existence is often ignored and it is assumed that the optimal solution is among those satisfying the necessary conditions. At best one can give
heuristic arguments for the existence of an optimal solution. For this problem
the pathology is produced by the objective function (3.15a), which “rewards”
an increase in the state as well as an increase in the control. Thus there is no
mechanism for making it optimal to restrict either the state or the control.
The misleading result of a naive approach, in which the question of existence
is omitted, is now analyzed in detail for the given problem. Using Theorem
3.14 we ﬁnd the following necessary conditions, where the Hamiltonian
H(x, u, λ, λ0 ) = −λ0 xu2 + λu
is continuously diﬀerentiable in u with u ∈ R. Then the Hamiltonian maximizing condition yields
Hu (x(t), u(t), λ(t), λ0 ) = −2λ0 x(t)u(t) + λ(t) = 0.

(3.16)

The problem is normal since otherwise, if λ0 = 0, (3.16) becomes λ(t) = 0
contradicting (λ0 , λ(t)) for all t. Using (3.16) the costate can be expressed as
λ(t) = 2x(t)u(t) = 2x(t)ẋ(t)
yielding the adjoint equation
λ̇(t) = −Hx (x(t), u(t), λ(t)) = u(t)2
t

u(s)2 ds.

λ(t) = λ(0) +
0

Since (3.16) has to hold for every t it has to hold especially for t = 0, which
implies λ(0) = 0 and therefore
t

u(s)2 ds.

λ(t) =
0

But this last equation can be restated as
t

u(s)2 ds

2x(t)ẋ(t) =

d 
x(t)2 =
dt

0
t

u(s)2 ds
0
t

1

x(1)2 =
0

u(s)2 ds dt.

(3.17)

0

Obviously u ≡ 0 satisﬁes the necessary conditions, but owing to (3.17) this
is also the only admissible control. Since for any admissible control u ≡ 0,
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"1"t
which satisﬁes the necessary conditions, the integral 0 0 u(s)2 ds dt > 0,
and therefore the terminal constraint x(1) = 0 is violated. On the other hand
u ≡ 0 is not a maximizer, since, e.g., εt(1 − t) with ε > 0, exhibits a larger
objective value and is arbitrarily close to u ≡ 0.
This example clariﬁes the importance of existence theorems. But these
theorems are generally of only limited practical use and are outside the scope
of this book, especially for solving problems involving inﬁnite time horizons.
Therefore we do not state any of these theorems and instead refer the interested reader to Seierstad and Sydsaeter (1986) and Vinter (2000).
Remark 3.34. The optimal control problem (3.15) is analogous to the static
optimization problem maxx x3 . For the static problem zero is the unique point
which satisﬁes the ﬁrst order necessary conditions, but no maximizer or minimizer exist.
Another approach to ﬁnding a maximizer could be called the indirect optimization method in contrast to Tonelli’s direct optimization method. This
leads to the suﬃciency conditions, in which the class of considered problems
is restricted in such a way that one can show that a solution satisfying the necessary conditions is already an optimal solution. Some of these theorems are
stated throughout the book. But these theorems are also of only limited use,
since in many practical problems these restricted conditions are not satisﬁed.
Summing up, we have to admit that we cannot provide an easy tool for
enabling the reader to decide whether the computed trajectory is an optimal
solution or not. We can only refer to this delicate topic and caution the reader
to argue carefully when denoting a solution of the canonical system as the
optimal solution.
Next, we consider the neoclassical growth model of Ramsey (1928), which
was one of the ﬁrst applications of the Maximum Principle in economics.
3.3.7 How to Solve an Optimal Control Problem: A Simple
Consumption vs. Investment Model
A core question in economics is how much of a given output (or income)
should be used for consumption and how much should be invested. To focus
on this optimal allocation problem, let us consider an economy with a single
production factor K, i.e., capital. Denote by F (K) the output produced by
this capital stock. That output can either be consumed or invested. Let C
be the amount of output allocated for consumption, so I = F (K) − C is the
corresponding investment rate. The capital stock develops according to the
equation
K̇ = I − δK = F (K) − C − δK, K(0) = K0 ,
where δ denotes the rate of depreciation of capital, which is assumed to be a
constant.
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The Optimal Control Model
Let U (C) be the utility society derives from consuming at rate C and r be
the social discount rate. Then a central planner may consider the following
problem:
#
T

max
C(·)

e−rt U (C) dt + e−rT S (K(T ))

(3.18a)

0

s.t. K̇ = F (K) − δK − C
K(0) = K0 > 0.

(3.18b)
(3.18c)

Furthermore the following assumptions on the functions U and F are assumed
to hold:
U  (C) > 0, U  (0) = ∞, U  (C) < 0, for all C ≥ 0
F  (K) > 0, F  (K) < 0, for all K > 0

(3.19a)
(3.19b)

F (0) = 0, F  (0) > r + δ, F  (∞) < δ.
S  (K) ≤ 0.

(3.19c)
(3.19d)

The properties summarized in (3.19c), i.e., that the (production) function is
“steep enough” at zero and “ﬂat enough” for large arguments, are known as
Inada-conditions.
The steps accomplished in the next paragraphs provide the starting point
for all the models presented in this book. There is not one recipe for all optimal control problems: solving optimal control problems often takes ingenuity.
However, it is usually sensible to try these steps, and for certain well-behaved
standard problems, they are all that is required.
Maximizing the Hamiltonian
To use Pontryagin’s Maximum Principle we have to consider the corresponding
current-value Hamiltonian
H = U (C) + λ (F (K) − δK − C) .

(3.20)

Note that in absence of terminal constraints the problem is normal. From the
assumption (3.19a) it follows that the Hamiltonian satisﬁes HCC = U  < 0
and is therefore strictly concave in C. Thus the maximizer C ∗ of H(K, C, λ)
for ﬁxed K and λ lies in the interior of Ω = [0, ∞) and therefore satisﬁes
HC (K, C ∗ , λ) = U  (C ∗ ) − λ = 0.
Therefore the Maximum Principle (3.4a) yields
λ = U  (C ∗ ).

(3.21)

126

3 Tour d’Horizon: Optimal Control

Since the function U is strictly concave, the inverse function U 
C ∗ considered as a function of the costate λ is given by
C ∗ (λ) = U 

−1

−1

(λ) .

exists and

(3.22)

Moreover the Hamiltonian is strictly concave in (K, C). To see that we use
the positivity of λ, which can be deduced from (3.21) and (3.19a), implying
the negative deﬁniteness of the matrix
  


λF (K) 0
HKK HKC
=
,
HKC HCC
0
U 
and therefore the concavity of the Hamiltonian. Since the salvage function is
assumed concave in K (see (3.19d)) we can apply Theorem 3.29 assuring that
any solution satisfying the necessary conditions is already optimal.
Deriving the Canonical System
Next we derive the adjoint equation using (3.4b). For the Hamiltonian (3.20)
this yields
λ̇ = rλ − HK = rλ + λ (δ − F  (K)) = (r + δ − F  (K)) λ.

(3.23)

Substituting (3.22) into the state equation (3.18b) establishes
K̇ = F (K) − δK − U 

−1

(λ).

(3.24)

These equations (3.23) and (3.24) constitute the canonical system. Finally the
transversality condition (3.4c) reads as
λ(T ) = SK (K(T ))

(3.25)

establishing, together with the initial condition (3.18c), a boundary value
problem (BVP).
Transformation into the State–Control Space
From an application oriented point of view it is often more convenient to transform the canonical system into the state–control space. This representation
allows an immediate interpretation of the results in the problem constituting
terms. By means of the implicit function theorem, it follows that the optimal
control given by (3.22) is diﬀerentiable with respect to time. Therefore we
consider the total time derivative of HC (K, C, λ) = 0 yielding
d
HC = U  (C)Ċ − λ̇.
dt
Using the adjoint equation (3.23) and (3.21) we ﬁnd
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F  (K)
U  (C)
(δ + r) − 

U (C)
U (C)

yielding, together with the state dynamics (3.18b), an ODE in K and C. Using
(3.25) and (3.22) the boundary value for C at the terminal time T is given by
C(T ) = U 

−1

(SK (K(T ))) .

The analysis of this system, over an inﬁnite time horizon, is postponed to
Sect. 3.7.2, but can also be found in Arrow and Kurz (1970) and Intriligator
(1971).

3.4 The Principle of Optimality
In the following subsections we ﬁrst derive the Hamilton–Jacobi–Bellman
(HJB) equation utilizing the principle of optimality and subsequently use
the results to give a proof of the Maximum Principle, at least under a strong
diﬀerentiability assumption of the value function. For notational simplicity we
set, in this section, the discount rate r equal to zero.
3.4.1 The Hamilton–Jacobi–Bellman Equation
Besides the Maximum Principle another approach to solving optimal control
problems is that of dynamic programming. Dynamic programming relies on
a general principle in mathematics of embedding the original problem in a
larger class of problems which are then solved.11
The optimal control problem OC (3.3) is therefore embedded in a family
of problems (OCF ), that are stated as follows:
#
T

max

g(x(s), u(s), s) ds + S(x(T ), T )

u(·)

(3.26a)

t

s.t. ẋ(s) = f (x(s), u(s), s),
x(t) = ξ.

s ∈ [t, T ]

(3.26b)

For any pair (ξ, t) it is assumed that the corresponding optimal control problem exhibits an optimal solution. Then the value function (3.26a) is a function
in (ξ, t) and is called the Bellman function W (ξ, t). It is deﬁned as
#
T

g(x(s), u(s), s) ds + S(x(T ), T ) .

W (ξ, t) = max
u(·)

11

(3.27)

t

A well-known example is the derivation of roots of a cubic equation, where the
clue is the embedding of the real line into the complex plane.
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Remark 3.35. In general the Bellman function W (ξ, t) has to be deﬁned as a
supremum instead of a maximum, since in general the existence of an optimal
solution cannot be assured. Nevertheless, the deﬁnition in (3.27) suﬃces for
our needs. Moreover note that the Bellman function W (ξ, t) and the value
function V ∗ (ξ) coincide at time t = 0, i.e., W (ξ, 0) = V ∗ (ξ).
The derivation of the HJB equation uses the principle of optimality, which is
formulated verbally in Bellman (1957) as:
Principle of Optimality. An optimal policy has the property that whatever
the initial state and initial decision are, the remaining decisions must constitute an optimal policy with regard to the state resulting from the ﬁrst decision.
In a mathematical formulation it becomes:
Theorem 3.36 (Principle of Optimality). Assume that for each (ξ, t) with
t ∈ [0, T ], ξ ∈ Rn there exists an admissible solution (x∗ (·), u∗ (·)) of problem
OCF (3.26). Then (x∗ (·), u∗ (·)) is an optimal solution for the problem of class
OCF (3.26) with x(t) = ξ iﬀ
s

W (ξ, t) =

g(x∗ (τ ), u∗ (τ ), τ ) dτ + W (x∗ (s), s)

(3.28a)

t

and

W (x∗ (T ), T ) = S(x∗ (T ), T ).

(3.28b)

Relation (3.28a) is of major importance since it allows us to extract information about the relative change of W (ξ, t) with respect to ξ when s tends to t,
which results in the HJB equation:
Theorem 3.37 (Hamilton–Jacobi–Bellman Equation). Let the Bellman function W (ξ, t) be continuously diﬀerentiable with respect to ξ and t.
Furthermore, for every initial point ξ and time t there exists an admissible
control u∗ (·) with a corresponding state trajectory x∗ (·). Then (x∗ (·), u∗ (·)) is
an optimal solution of OCF (3.26) iﬀ the Bellman function W (ξ, t) satisﬁes
the Hamilton–Jacobi–Bellman equation (HJB):
− Wt (ξ, t) = max {g(ξ, u, t) + Wx (ξ, t)f (ξ, u, t)} ,

(3.29a)

W (ξ, T ) = S(ξ, T ),

(3.29b)

u

and

for all (ξ, t) ∈ Rn × [0, T ] for which u∗ (·) is continuous.
Remark 3.38. The derivation below relies on the continuous diﬀerentiability
of the Bellman function W (ξ, t) with respect to the state12 ξ and time t. In
general this assumption is not satisﬁed, even if the deﬁning functions g(x, u, t)
and f (x, u, t) are arbitrarily often diﬀerentiable in x and u (see, e.g., Example (3.81)). But also in this case analogous results can be proved. For this
purpose a generalized concept of derivatives is introduced as in nonsmooth
optimization (see, e.g., Clarke, 1983).
12

Note that the derivative with respect to the state is denoted by Wx .
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Proof. To prove the necessary part of the theorem we use (3.28) yielding
s

W (x∗ (s), s) − W (ξ, t) = −

g(x∗ , u∗ , τ ) dτ.

(3.30)

t

Owing to the assumed continuity of u∗ at t, elementary calculus provides
"s
− t g(x∗ , u∗ , τ ) dτ
= −g(x∗ (t), u∗ (t), t) = −g(ξ, u∗ (t), t).
lim
s→t
s−t
Under the given assumption of diﬀerentiability, the left-hand side of (3.30)
can be written as
W (x∗ (s), s) − W (ξ, t) = (Wx (ξ, t)f (ξ, u, t) + Wt (ξ, t)) (s − t) + o (|s − t|)
yielding the identity
Wx (ξ, t)f (ξ, u∗ (t), t) + Wt (ξ, t) + g(ξ, u∗ (t), t) = 0
along an optimal solution (x∗ (·), u∗ (·)) with ẋ = f (x, u, t). Thus to prove
(3.29a) we only have to assure that the inequality
Wx (ξ, t)f (ξ, u, t) + Wt (ξ, t) + g(ξ, u, t) ≤ 0
holds for any admissible (ξ, t) and control value u. Consider an arbitrary
control value u and ﬁx a state ξ and time t. For a small interval [t, t + ε],
where u is kept constant, the principle of optimality yields
t+ε

W (ξ, t) ≥

g(ξ, u, t) dt + W (x(t + ε), t + ε) ,
t

which can also be written as
t+ε

g(ξ, u, t) ≤ 0.

h(ε) = W (x(t + ε), t + ε) − W (ξ, t) +
t

Using h(0) = 0, we obtain
0 ≥ lim

ε→0

h(ε) − h(0)
= Wx (ξ, t)f (ξ, u, t) + Wt (ξ, t) + g(ξ, u, t),
ε

proving the HJB (3.29a).
To prove the suﬃcient part of the theorem let u(·) be an admissible control
on the time interval [t, T ] with a corresponding state trajectory x(·) satisfying
x(t) = ξ. From the HJB equation we ﬁnd for all t
0 ≥ g(x, u, t) + Wx f (x, u, t) + Wt (x, t)
d
= g(x, u, t) + W (x, t)
dt
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and therefore
T

g(x, u, t) dt + W (x(T ), T ) − W (x(t), t)

0≥
t
T

W (x(t), t) ≥

g(x, u, t) dt + S(x(T ), T ).
t

Using the same derivation for (x∗ (·), u∗ (·)) yields
T

W (ξ, t) =

g(u∗ , x∗ , t) dt + S(x∗ (T ), T ).

t
∗

This proves that u (·) maximizes the objective functional (3.26a) and therefore
(x∗ (·), u∗ (·)) is an optimal solution.



3.4.2 A Proof of the Maximum Principle
We now use the HJB equation to derive Pontryagin’s Maximum Principle.
The proof relies on the strong assumption that the Bellman function W (ξ, t)
is twice continuously diﬀerentiable with respect to ξ, which in general is not
satisﬁed (see Example (3.81)). However, under this assumption the proof is
exact.
Proof. From Theorem 3.37 we know that the HJB equation
− Wt (ξ, t) = max {g(ξ, u, t) + Wx (ξ, t)f (ξ, u, t)}
u

(3.31)

and W (ξ, T ) = S(ξ, T )
are satisﬁed for an optimal solution (x∗ (·), u∗ (·)). If we formally deﬁne
λ(t) := Wx (x∗ (t), t),

(3.32)

we may identify the right-hand side of the HJB equation as the Maximum
Principle (3.4a)
H(x∗ , u∗ , λ, t) = max H(x∗ , u, λ, t).
u

Restating (3.31) in the form
max {g(ξ, u, t) + Wx (ξ, t)f (ξ, u, t) + Wt (ξ, t)} = 0,
u

we see that for u∗ (t) the function
Ξ(ξ, t) := g(ξ, u∗ (t), t) + Wx (ξ, t)f (ξ, u∗ (t), t) + Wt (ξ, t)
achieves its maximum value of zero at x∗ (t). Since W (ξ, t) is assumed to be
two times continuously diﬀerentiable, Ξ(ξ, t) is continuously diﬀerentiable in
ξ, yielding
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for all t

and therefore
gx (x∗ (t), u∗ (t), t)+Wxx (x∗ (t), t)f +Wx (x∗ (t), t)fx (x∗ (t), u∗ (t), t)+Wtx (x∗ (t), t) = 0.

Using the identity
d
Wx (x∗ (t), t) = Wxx (x∗ (t), t)ẋ∗ (t) + Wxt (x∗ (t), t)
dt
= Wxx (x∗ (t), t)f (x∗ (t), u∗ (t), t) + Wtx (x∗ (t), t)
yields the adjoint equation
λ̇(t) = −Hx∗ (x∗ (t), u∗ (t), λ(t), t).
And the transversality condition follows from the deﬁnition of λ(t)
λ(T ) = Wx (x, T ) = Sx (x, T ),



which concludes the proof.

The identity (3.32) provides an interpretation of the costate λ as a shadow
price (see also Sect. 3.3.4).

3.5 Singular Optimal Control
The term singular optimal control applies to an important class of problems,
for which the Legendre–Clebsch condition, that the Hamiltonian is negative
semideﬁnite is trivially satisﬁed because det Huu = 0.
Consider the optimal control problem OC (3.3) with the Hamiltonian
H(x, u, λ, λ0 , t) = λ0 g(x, u, t) + λf (x, u, t),

(3.33)

and the occurring functions being two-times continuously diﬀerentiable with
respect to u. Then a control value u∗ lying in the interior of the control region
Ω and satisfying the Maximum Principle will necessarily meet the condition
Hu (x, u∗ , λ, λ0 , t) = 0.
If, moreover, the strict Legendre–Clebsch condition holds, then u∗ is a (local)
maximizer of the Hamiltonian. Yet the Legendre–Clebsch condition is only of
restricted use when it is trivially satisﬁed, i.e.,
det Huu (x, u∗ , λ, λ0 , t) = 0.
In a one-control model (3.34) reduces to Huu (x, u∗ , λ, λ0 , t) = 0.

(3.34)
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Remark 3.39. Depending on the rank k of the Hessian Huu , the Legendre–
Clebsch condition provides only necessary conditions for k control coordinates
and further conditions are necessary to characterize the remaining optimal
control coordinates.
An important class of models exhibiting this kind of singularity are those problems in which the control variable u only appears linearly in the Hamiltonian
H. Therefore we deﬁne:
Deﬁnition 3.40. Let the Hamiltonian H of (3.33) be linear in the control
variable u. Then the optimal control u∗ (·) is called a singular control on [t, t̄ ]
if
Hu (x∗ (t), u∗ (t), λ(t), λ0 , t) = 0,
for all t ∈ [t, t̄]. The corresponding optimal solution (x∗ (·), u∗ (·)) is called a
singular path or singular arc.
To simplify the exposition we restrict ourselves to the case of a scalar control
u and the linear problem (LP ):
T

max
u(·)

e−rt (g1 (x(t), t) + g2 (x(t), t)u(t)) dt + e−rT S(x(T ), T )

(3.35a)

0

s.t. ẋ(t) = f1 (x(t), t) + f2 (x(t), t)u(t),
x(0) = x0

t ∈ [0, T ]

u ∈ [a, b].

(3.35b)
(3.35c)
(3.35d)

Another basic class for this kind of model comprise the so-called linear–
quadratic problems (LQ ):
T

max
u(·)

e−rt (x (t)Qx(t) + u (t)P u(t)) dt + e−rT S(x(T ), T )

0

s.t. ẋ(t) = f1 (t)x(t) + f2 (t)u(t) + f3 (t),
x(0) = x0
Ω = {u : ui ∈ [ai , bi ], i = 1, . . . , m,

t ∈ [0, T ]
and ai ≤ bi ∈ R}.

The values ai and bi may also depend on time t.
These linear and linear–quadratic problems are not the only models exhibiting singular arcs, since the deﬁning property in Deﬁnition 3.40 may also
hold for models in which not all control variables appear linearly. Moreover,
examples of singular arcs exist in which the singular control is given by a
nonlinear function. A classical example from orbit-transfer can be found in
Breakwell (1964).
Considering (3.35), we deﬁne the so-called switching function as
σ(t) = Hu (x(t), u(t), λ(t), λ0 , t).

(3.36)
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The sign of the switching function σ(·) determines the optimal control value
at time t, i.e., u(t), by the Hamiltonian maximizing condition (3.4a)
⎛
⎞
⎛ ⎞
a
<
u(t) = ⎝singular⎠ if σ(t) ⎝=⎠ 0.
b
>
To see this, remember that a bounded linear function achieves its maximum
at the upper bound if it is strictly increasing, whereas for a strictly decreasing
function the lower bound yields its maximum. Models of this type often exhibit
a bang-bang solution. A bang-bang control denotes a control jumping from one
boundary to another, i.e., jumping discontinuously from one extreme, say, a,
to the other extreme b.13
Research in singular optimal control includes the analysis of the junction
points between nonsingular and singular arcs and the formulation of necessary
conditions characterizing those junction points and optimal singular arcs. For
this, the concept of the order of a problem is of great importance:
Deﬁnition 3.41. Let u∗ (·) be a singular control; then the (problem) order is
the smallest number q such that the 2qth time derivative
d2q
Hu (x∗ (t), u∗ (t), λ(t), λ0 , t)
dt2q
explicitly contains the control variable u. If no derivative satisﬁes this condition we deﬁne q := ∞.
Remark 3.42. Note that the odd time derivatives of Hu are always zero and
therefore the order q is an integer. This is a consequence of the linearity of
the functions in the control variable u and has ﬁrst been proved in Robbins
(1967). This concept of order can also be extended to the nonlinear case.
Remark 3.43. This deﬁnition of order can be extended to the case of a vector
valued control. In that case one has to distinguish between singular and nonsingular coordinates of the control.
Remark 3.44. Strictly speaking, one has to distinguish between the problem
order q and the arc order p, where the latter is deﬁned as the non-vanishing of
the 2pth total time-derivative of Hu along the optimal solution (x∗ (·), u∗ (·))
(see Lewis, 1980). The arc order p may exceed the problem order q but not
vice versa. However, since this distinction plays no role in subsequent material
in this book, we simply assume that p = q holds.
Now, the generalized Legendre–Clebsch condition can be formulated as a further necessary condition. The classical proof can be found in Robbins (1967).
13

They have been called “bang-bang” controls because of the noise they made in
mechanical implementations of such systems.

134

3 Tour d’Horizon: Optimal Control

Theorem 3.45 (Generalized Legendre–Clebsch Condition). Let the
pair (x∗ (·), u∗ (·)) be an optimal solution of LP (3.35) with (problem) order
q < ∞. Then the following property holds
(−1)q

∂ d2q
Hu (x∗ (t), u∗ (t), λ(t), λ0 , t) ≤ 0,
∂u dt2q

for every

t ∈ (t, t̄). (3.37)

This condition can also be derived for a vector-valued control. For further
results the reader is referred to the survey article Michel (1996).
Another important approach, dating to Miele (1962), for solving a special
class of singular optimal control models is presented in the following section.
note that at this place we had to accept a compromise, since in the problem
formulation of the following subsection the time horizon is assumed as inﬁnite,
which is an anticipation of Sect. 3.7. Anyhow, the inﬁnite time horizon does
not impose some new conditions, therefore we decided to present the theory
in this form.
3.5.1 The Most Rapid Approach Path (MRAP)
An important class of optimal control models has the property that a singular
arc should be approached as fast as possible. If one starts out on the singular
arc, it is optimal to stay there. Otherwise the optimal solution is such that
the singular arc is reached in the fastest possible manner.
This most rapid approach path (MRAP) relies on Green’s integral theorem. It provides a useful tool for classifying the solution structure for one-state
optimal control models. The speciﬁc technique used in the proof does not allow
an immediate generalization to the higher-dimensional case and is therefore
restricted to one-dimensional models.
We now consider the following class of one-dimensional autonomous optimal control models over an inﬁnite time horizon:
∞

max
u(·)

s.t.

e−rt g(x(t), u(t)) dt

(3.38a)

0

ẋ = f (x(t), u(t)), x(0) = x0
u ∈ [u1 (x), u2 (x)]

(3.38b)
(3.38c)

x ∈ [x, x̄] ⊂ R,

(3.38d)

with
g(x, u) = A(x) + B(x)Φ(x, u)

(3.38e)

f (x, u) = a(x) + b(x)Φ(x, u),

(3.38f)

where all functions occurring in (3.38e) and (3.38f) are assumed to be continuously diﬀerentiable with respect to x and u and b(x) = 0.
The following deﬁnition describes an MRAP:
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Deﬁnition 3.46 (Most Rapid Approach Path (MRAP)). A most rapid
approach path (MRAP) x∗ (·) to a given path x̃(·) has the property
|x∗ (t) − x̃(t)| ≤ |x(t) − x̃(t)|,

t ∈ [0, ∞)

for all

for all admissible state trajectories x(·), i.e., trajectories satisfying (3.38b)
and (3.38d).
The following result transforms the problem into a more suitable form:
Proposition 3.47. The model class (3.38) may be written in the following
equivalent form:
∞

max
x(·)

s.t.

e−rt (M (x(t)) + N (x(t))ẋ(t)) dt

(3.39a)

0

x(0) = x0 ,

ẋ(t) ∈ Ω(x(t)),

x ∈ [x, x̄],

(3.39b)

where M (x) and N (x) are continuously diﬀerentiable and the domain Ω depends continuously on x.
Proof. From (3.38f) and b(x) = 0 it follows that
Φ(x, u) =

1
(ẋ − a(x)) .
b(x)

By inserting this into (3.38e), we obtain (3.39a) with
M (x) = A(x) − a(x)B(x)/b(x)
N (x) = B(x)/b(x).
Furthermore,
Ω(x) = {a(x) + b(x)Φ(x, u) : u ∈ [u1 (x), u2 (x)]}.


Note that (3.39a) and (3.39b) deﬁne a variational problem.
Let us choose
v = ẋ
as a new control variable. According to the deﬁnition of the switching function
σ(t) in (3.36), a singular solution is given by the following relations:
H = M (x) + N (x)v + λv
σ = Hv (x, v, λ) = N (x) + λ = 0

(3.40a)
(3.40b)

σ̇ = N  (x)v + λ̇ = 0

(3.40c)




λ̇ = rλ − Hx = rλ − M (x) − N (x)v.

(3.40d)
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From (3.40) we obtain the following equation to determine a singular solution
x = x̂ :
(3.41)
I(x̂) := rN (x̂) + M  (x̂) = 0.
The following theorem shows the optimality of the MRAP to the singular
solution x̂ or the boundaries x or x̄, respectively:
Theorem 3.48 (MRAP Theorem). Assume that (3.41) has a unique solution x̂, which is admissible, i.e.,
0 ∈ Ω(x̂),

and

x ≤ x̂ ≤ x̄.

(3.42)

x ≤ x < x̂
x̂ < x ≤ x̄,

(3.43)

Assume further that
I(x)

>
0
<

for

and for any admissible trajectory x(·) it holds that
lim e−rt

t→∞

x̂

N (ξ)dξ ≥ 0.

(3.44)

x(t)

If for any x0 ∈ [x, x̄] an MRAP exists, then it is the optimal solution.
If there exists no admissible solution x̂ of (3.41) and if
I(x)

>
0,
<

for all

x ∈ [x, x̄] , then the MRAP to

x
x̄

is optimal.

The core of the proof uses the fact that the integral in (3.39a) may be written
as a curve integral. Transforming it by Green’s theorem to a two-dimensional
area integral allows one to show that any admissible solution gives a smaller
integral than the MRAP solution. See Feichtinger and Hartl (1986, Chap. 3)
or Kamien and Schwartz (1991, Sect. 13) for a full proof.
The MRAP theorem says that if it is possible to reach the singular arc, it
should be done as fast as possible. Any departure from the singular level is
suboptimal.
For a ﬁnite-time horizon optimal control problem with given terminal state
x(T ) = xT , the result is carried over in an obvious way. If the planning horizon
is large enough, it is optimal to reach the singular level x̂ as fast as possible,
then to stay on it as long as possible and leave x̂ to arrive at the terminal
state xT . If, on the other hand, T is short, then the optimal path has the
property that it approaches x̂ as fast as possible (without violating the initial
condition and terminal constraint). If (3.41) has more than one solution, there
are multiple long-run equilibria (see Fig. 3.1):
Theorem 3.49. Let x̂1 < x̃1 < x̂2 < x̃2 < · · · < x̂n be solutions of (3.41)
with
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rN + M 



x̂1


x̃1

x̂2


x̃2

x̂n
x

Fig. 3.1. The function rN + M  in the case of multiple equilibria

I(x)

>
0
<

for

x∈

(x̃i−1 , x̂i )
(x̂i , x̃i )

or x < x̂1
or x > x̂n .

Then the optimal solution is an MRAP reaching one of the equilibria given by
x̂1 , x̂2 , . . . , x̂n .
3.5.2 An Example From Drug Control that Excludes Singular Arcs
Crackdowns are a popular approach to drug enforcement. Kleiman (1988)
deﬁnes them as “an intensive local enforcement eﬀort directed at a particular geographic target.” Frequently the target is a so-called “open-air” drug
market where there is ﬂagrant dealing that causes serious problems for the surrounding community. Caulkins (1993) developed a dynamical systems model
of crackdowns, which we convert to an optimal control formulation in a manner similar to that in Baveja, Feichtinger, Hartl, Haunschmied, and Kort
(2000). Unlike supply control eﬀorts targeted elsewhere in the distribution
chain, street-level enforcement has little impact on the drug price. Rather,
its immediate objective is typically to drive markets underground, often to
so-called “beeper markets” where transactions are surreptitious and arranged
by cellular phone. Driving markets underground may reduce consumption
by increasing so-called search-time costs, which are the nonmonetary costs
of locating, purchasing, and using drugs (Kleiman, 1988; Moore, 1973). The
primary goal, however, is not so much reducing drug use as restoring the
civility of local communities by reducing the disorder, fear, and violence associated with ﬂagrant markets. Ironically, street-level enforcement can be expensive precisely because catching dealers operating in ﬂagrant markets is
so easy. Aggressive crackdowns can swamp the criminal justice system because there are more dealers than prosecutors and prisons can handle. Hence
the objective is to minimize the number of dealers x(t) in the market while
using the least possible amount of enforcement (denoted u(t)) over time, typically with some upper bound on the amount of enforcement that can be
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employed at any given time u(t) ≤ ū. Thus by letting the constant k denote
the social cost per active dealer relative to the monetary cost of enforcement,
the objective is to
T

max
u(·)

e−rt (−kx − u) dt.

0

As in the one-state corruption model discussed in the previous chapter,
Caulkins et al. (2006) suggested that dealers can be modeled as moving back
and forth between selling in a particular market and alternative “employment” (whether legitimate work or selling drugs in other places or ways) in
response to the diﬀerence in net wage. However, in the Caulkins et al. (2006)
model the rate of movement is absolute, not per capita; since there are few
“barriers to entry” into retail selling, there is no notion that people moving
into deviance must be recruited by people who are already deviant. In the
special case where dealers are risk-neutral, the state dynamics are written as


πQ(x) u
− − w0 ,
ẋ = c
x
x
where π is the “net proﬁt” per sale, w0 is the “reservation wage” available
through alternative forms of work, and Q(x) is the number of sales per day in
that market. Sales are presumably an increasing but concave function of the
number of sellers working in the market. An analytically convenient concave
function is
Q(x) = αxβ , β ∈ (0, 1].
Since this model is of the form (3.38) we are inclined to ﬁnd an MRAP as the
optimal solution. Thus we transform the problem into the form (3.39) with
M (x) = x(w0 − k) − παxβ
x
N (x) =
c
rx
+ w0 − k − βπαxβ−1
I(x) =
c
u
Ω(x) = c παxβ−1 − − w0 .
x
In the previous section we have seen that a singular solution, in terms of the
state, is a zero of I(x), yielding
w0 − k = βπαxβ−1 −

rx
.
c

(3.45)

A closer inspection reveals that condition (3.43) is violated, excluding the
MRAP as an optimal solution (see Fig. 3.2). Still, singular arcs may exist
unless they can be ruled out by the generalized Legendre–Clebsch condition
in Theorem 3.45. Thus we determine the problem order q.
The corresponding calculations are elementary but tedious, ﬁnally yielding
q = 1 since
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I

βπαxβ−1
rx
c

x̂

+ w0 − k

x

Fig. 3.2. Equation (3.45) is schematically depicted, revealing that I(x) < 0 for
x < x̂ and I(x) > 0 for x > x̂

c2
∂
Ḧu = 3
∂u
x
c2
= 3
x



(w0 − k) + βπαxβ−1 (β − 2)
 rx
+ βπαxβ−1 (β − 1) < 0,
−
c

where we used (3.45).
Therefore

∂
Ḧu > 0
∂u
does not satisfy the generalized Legendre–Clebsch condition (3.37), which
implies that singular arcs can be excluded.
Thus the optimal control u∗ (·) is given by
⎧
⎪
σ̇ = Hu < 0
⎨0
∗
u (t) = u ∈ [0, ū] σ̇ = Hu = 0
⎪
⎩
ū
σ̇ = Hu > 0.
−

3.5.3 An Example From Terror Control with an MRAP Solution
In this model we both simplify and extend the counter-terror model introduced in Sect. 2.5. Recall that the strength of a terror organization is given
by S(t) and that the control v (“ﬁre strategies”) both helps by inducing an
outﬂow from the current stock of terrorists and hurts by increasing terrorists’
recruitment. We simplify by omitting the other control (“water strategies”)
and by making the control-induced outﬂow linear instead of concave in the
amount spent on the control. We extend it by allowing this control to vary
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over time so it is a dynamic, not a static control variable. Hence, the state
dynamics taking into account these eﬀects is given by
Ṡ(t) = τ + (k + v(t))S(t)α − μS(t) − ηv(t)S(t),

(3.46a)

with k, , α, μ, η > 0 and k > μ. (At this place we kept the time argument to
stress the diﬀerence to the ﬁre-and-water model in Sect. 2.5.)
In linear models it is important to include explicit bounds on the amount
of control employed, so the counter-terror measure v(·) is constrained by [0, v̄].
We also extend the model formulation by introducing an objective functional. The goal is presumed to be minimizing the (discounted) weighted sum
over time of the strength of the terrorist organization and the amount spent
on terror control, or formulated as a maximization problem
∞

max
v(·)

e−rt (−cS(t) − v(t)) dt.

(3.46b)

0

The model (3.46) has the form of problem OC (3.3) so we may try to apply
the MRAP theorem (3.48).
To keep the analysis simple consider the special case with α = 1 and τ = 0.
Hence the dynamics (3.46a) reduces to
Ṡ = gS + θvS,
with g = k − μ > 0 and θ =  − η. Note that for θ ≥ 0 the counter-terror intervention is useless. It both costs money and increases the number of terrorists.
Obviously it would never be optimal to use such a strategy, so to exclude such
a situation we assume θ < 0, together with g + θv̄ ≤ 0.
We ﬁrst have to determine the functions M (S), N (S) and I(S) and the
set Ω(S), which are
M (S) = −cS +

g
θ

1
Sθ
r
−c
I(S) = −
Sθ
Ω(S) = gS + θvS.

N (S) = −

By the assumptions on the parameter values we ﬁnd that condition (3.42),
i.e., 0 ∈ Ω(S), is satisﬁed. Next we have to prove the conditions (3.43) and
(3.44). From the functional form of I(S) the following results can be derived
lim I(S) = lim −

S→0

and

S→0

r
− c = ∞ > 0,
Sθ
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S→∞
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r
− c = −c < 0,
Sθ

with
I(Ŝ) = 0 for

Ŝ = −

r
,
cθ

proving (3.43). Likewise, from the positivity of N (S), we see that (3.44) is
veriﬁed. Hence the conditions of Theorem 3.48 are satisﬁed, and the optimal
solution is the MRAP to the singular state Ŝ.
For S(0) < Ŝ the optimal strategy is “do nothing,” i.e., v = 0 until the
state Ŝ is reached, then switch to the singular control v ∗ = − gθ . Otherwise,
if S(0) > Ŝ one applies full control (v ∗ = v̄) and switches at S = Ŝ to the
singular control v ∗ = − gθ (see Fig. 3.3a,b).
a)

S

u

b)
u2 (t)

S2 (t)

Ŝ
û
S1 (t)
u1 (t)
t

t

Fig. 3.3. Panel (a) depicts two MRAP solutions S1 (t) and S2 (t) of model (3.46), for
which the initial states lie either beneath or above the state Ŝ. Additionally panel
(b) shows the corresponding optimal controls

In terms of the exogenous parameters c and θ the interpretation of the
r
long-run state Ŝ = − cθ
is straight forward; an increase/decrease of the costs
per terrorist or the eﬃciency of the counter-terror measures leads to a decrease/increase in the long-run optimal strength of the terrorists. In terms of
the discount parameter r a myopic policy-maker is more willing to tolerate
long-run growth in the terrorists strength than is a far sighted decision-maker.
The reader is invited to analyze the model for the general case, with α = 1 and
τ > 0, and provide parallel interpretations with respect to those additional
parameters.
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3.6 The Maximum Principle With Inequality
Constraints
In this subsection we extend the standard problem OC (3.3) by allowing inequality constraints on the path. We formulate the following extended optimal
control problem with inequality constraints (OCC ):
#
T

max
u(·)

e−rt g(x(t), u(t), t) dt + e−rT S(x(T ), T )

(3.47a)

0

s.t. ẋ(t) = f (x(t), u(t), t)
x(0) = x0 , t ∈ [0, T ]

(3.47b)
(3.47c)

c(x(t), u(t), t) ≥ 0, t ∈ [0, T ]
h(x(t), t) ≥ 0, t ∈ [0, T ]

(3.47d)
(3.47e)

a(x(T ), T ) = 0
b(x(T ), T ) ≥ 0,

(3.47f)
(3.47g)

where the functions f : Rn × Rm × R → Rn , g : Rn × Rm × R → R, S :
Rn × R → R, c : Rn × Rm × R → Rl , h : Rn × R → Rk , a : Rn × R →


Rl , b : Rn × R → Rl are continuously diﬀerentiable with respect to all their
arguments. The problem is to ﬁnd an admissible control u∗ (·) maximizing the
objective functional (3.47a) subject to the state dynamics (3.47b) and initial
condition (3.47c), path constraints (3.47d–3.47e), and terminal constraints
(3.47f–3.47g).
Note that the control region Ω is now explicitly given by
Ω(x, t) = {u : c(x, u, t) ≥ 0}.
Thus further necessary conditions can be stated taking the special form of the
control region into account.
The path constraint given by the inequality c(x, u, t) ≥ 0 is called mixed
path constraint since it includes control as well as state variables. Whereas
the inequality h(x, t) ≥ 0 only includes state variables and is therefore called
pure state constraint . This distinction is reasonable from a theoretical point
of view since the pure state constraint cannot directly be transformed into a
restriction of the control region Ω and can therefore not be formulated as a
standard problem OC (3.3).
Mixed path constraints are easier to handle. This fact can intuitively be
understood by considering that the control is under the direct inﬂuence of
the decision-maker. Therefore nothing really dramatic changes if the control
constraint becomes active. The optimal policy only has to be kept at this
“boundary” value c(x, u, t) = 0 for a while. So the change from the inactive
to the active constraint is “smooth.” In the case of pure state constraints the
situation is diﬀerent. The decision-maker has no possibility of inﬂuencing the
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state directly; hence a considerably change in the control may be necessary
to keep the state at its “boundary” value.
In the context of constraints, an important bit of terminology is that of
entry and exit time. These denote the time points at which the constraints
become active or inactive, respectively. These instants of time are deﬁned as
follows:
Deﬁnition 3.50. Let h(x, t) ≥ 0 be a pure state constraint. The time t is
called an entry time if there exists an ε > 0 such that
h(x, t) > 0
h(x, t) = 0

t−ε<t<t
t ≤ t < t + ε,

or t̄ is called an exit time if
h(x, t) = 0
h(x, t) > 0

t̄ − ε < t ≤ t̄
t̄ < t < t̄ + ε,

or t̄ is called a contact time if
⎧
⎪
⎨h(x, t) > 0
h(x, t) = 0
⎪
⎩
h(x, t) > 0

t̄ − ε < t < t̄
t = t̄
t̄ < t < t̄ + ε.

This deﬁnition applies in an obvious way to mixed path constraints c(x, u, t) ≥
0. The points of entry/exit and contact time are consequently called entry/exit
and contact points, where entry and exit points are summarized as junction
points and the corresponding times t̃ as junction times.
Deﬁnition 3.51 (Inactive/Active Constraint and Interior/Boundary
Arc). Let for x, u and t
Im (x, u, t) := {i : ci (x, u, t) = 0, x ∈ Rn , u ∈ Rm , t ∈ [0, T ], 1 ≤ i ≤ l},
and
Is (x, u, t) := {j : hj (x, t) = 0, x ∈ Rn , t ∈ [0, T ], 1 ≤ i ≤ k},
and let (x(·), u(·)) be an admissible pair of OCC (3.47); then ci or hj is called
an active constraint for (x(·), u(·)) at t if i ∈ Im (x(t), u(t), t) or j ∈ Is (x(t), t)
otherwise it is called an inactive constraint.
Let
TI := {t ∈ [0, T ] : Im (x(t), u(t), t) = ∅, and Is (x(t), t) = ∅},
and
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TB := {t ∈ [0, T ] : Im (x(t), u(t), t) = ∅, or Is (x(t), t) = ∅},
then
(x, u) : TI → Rn × Rm
is called an interior arc of (x(·), u(·)), and
(x, u) : TB → Rn × Rm
is called a boundary arc of (x(·), u(·)).
3.6.1 Mixed Path Constraints
Mixed path constraints explicitly depend on the control value and possibly
also on the state and time. To assure that the necessary conditions formulated
in the following theorem hold, the following constraint qualiﬁcation (see also
Sect. 4.2.4) has to be satisﬁed, namely that the l × (l + 1) matrix
⎛ 1
⎞
cu (x(t), u(t), t) c1 (x(t), u(t), t) · · ·
0
⎜
⎟
..
..
..
..
(3.48)
⎝
⎠
.
.
.
.
clu (x(t), u(t), t)

0

···

cl (x(t), u(t), t)

has, along the optimal solution (x∗ (·), u∗ (·)), full rank for every t ∈ [0, T ]. At
points of discontinuity of the optimal control (3.48) has to hold for the leftand right-hand limit separately.
The ﬁrst-order necessary conditions are as follows:
Theorem 3.52 (Maximum Principle for Mixed Path Constraints).
Let (x∗ (·), u∗ (·)) be an optimal solution of OCC (3.47a)–(3.47d) satisfying
the constraint qualiﬁcation (3.48). Then there exist a continuous and piecewise continuously diﬀerentiable function λ(·), with λ(t) ∈ Rn , and a piecewise
continuous multiplier function μ(·), with μ(t) ∈ Rl satisfying the following
conditions at every time t where u∗ (·) is continuous:
H(x∗ (t), u∗ (t), λ(t), t) = max H(x∗ (t), u, λ(t), t)
u∈Ω(x,t)

∗

∗

Lu (x (t), u (t), λ(t), μ(t), t) = 0
λ̇(t) = rλ(t) − Lx (x∗ (t), u∗ (t), λ(t), μ(t), t),
with the complementary slackness condition
μ(t) ≥ 0,

μ(t)c(x∗ (t), u∗ (t), t) = 0,

and the transversality condition
λ(T ) = Sx (x∗ (T ), T ).
The Hamiltonian H and Lagrangian L are deﬁned by
H(x, u, λ, t) = g(x, u, t) + λ(t)f (x, u, t)
L(x, u, λ, μ, t) = H(x, u, λ, t) + μ(t)c(x, u, t).
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For an informal derivation of Theorem 3.52, see Sect. 4.4.2.
Remark 3.53. For the case that the constraint qualiﬁcation is not satisﬁed see
the discussion in Seierstad and Sydsaeter (1986, Note 4.2.7).
In Léonard (1981) the following theorem is proved deriving conditions on the
sign of the costate λ(·):
Theorem 3.54 (Signs of the Costate Variables). Let (x∗ (·), u∗ (·)) be an
optimal solution of the optimal control problem (3.47a)–(3.47d). Assume that
there is a partition N + and N − of the set N = {1, . . . , n}, i.e., N + ∪N − = N
and N + ∩ N − = ∅, such that at any point of the optimal path the following
conditions are true:
1. i ∈ N + implies gxi ≥ 0 and ckxi ≥ 0 for all k = 1, . . . , l,
i ∈ N − implies gxi ≤ 0 and ckxi ≤ 0 for all k = 1, . . . , l.
2. fxji ≥ 0 if i and j belong to the same group, i = j,
fxji ≤ 0 if i and j belong to diﬀerent groups.
3. There exists a non-empty subset of N , called N1 , such that for all i ∈ N1
either gxi = 0 or μr crxi = 0 for some r.
4. For all i ∈ N1 , fxji = 0 for some j ∈ N1 .
Then i ∈ N + implies λi (t) > 0, and i ∈ N − implies λi (t) < 0 for all t ∈
[0, T ).
Remark 3.55. From the economic interpretation of λi as the shadow price of
stock xi we can say that for gxi > 0 (< 0) stock i has positive (negative) intrinsic worth and therefore stock i is called a good (bad) stock if i ∈ N + (N − )
and the strict inequality holds.
Ramsey’s Model With Mixed Path Constraints
Considering again Ramsey’s model, formulated in Sect. 3.3.7, and assume that
at any time one cannot consume and invest more than the output. Thus the
problem is restricted by the following mixed path constraint
0 ≤ C(t) ≤ F (K(t)),
The assumption

for all t ≥ 0.

U  (0) = ∞

is dropped, which only served the purpose of excluding the case that it might
be optimal to consume nothing.
Then the model is written as:
#
T

max
C(·)

e−rt U (C) dt + e−rT S(K(T ))

0

s.t. K̇ = F (K) − δK − C,
0 ≤ C ≤ F (K).

K(0) = K0 > 0
(3.49)
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We use Pontryagin’s Maximum Principle Theorem 3.52 to derive the necessary
conditions for an optimal solution. Thus we have to consider the Lagrangian
(in current-value notation)
L(K, C, λ, μ1 , μ2 ) = U (C) + λ (F (K) − δK − C) + μ1 C + μ2 (F (K) − C) .
Note that the constraint qualiﬁcation (3.48) is satisﬁed since not both control
constraints can become active at the same time (as long as K > 0). Thus the
matrix


1 C(t)
0
−1 0 F (K(t)) − C(t)
has full rank two.
Note that the Hamiltonian is strictly concave in C and the interior region
Ω(K) = {C : 0 ≤ C ≤ F (K)}
is convex in C for given K. Therefore the Hamiltonian is regular implying
continuity of the control C(·).
Thus the necessary conditions can be stated for all t ∈ [0, T ] as:
LC = U  (C) − λ + μ1 − μ2 = 0

(3.50a)

λ̇ = rλ − LK = λ (r + δ − F  (K)) − μ2 F  (K)
λ(T ) = SK (K(T ))

(3.50b)
(3.50c)

μ1 ≥ 0,
μ2 ≥ 0,

(3.50d)
(3.50e)

μ1 C = 0
μ2 (F (K) − C) = 0.

We have to distinguish between the diﬀerent cases of an interior arc and a
boundary arc. We concentrate on the latter, since the ﬁrst case has already
been considered in Sect. 3.3.7.
Boundary Arc I: Zero Consumption C = 0
The complementary slackness conditions (3.50e) yield μ2 = 0 and hence
L = U (C) + λ (F (K) − δK − C) + μ1 C.
To derive an explicit formula for the Lagrange multiplier μ1 (·) along the
boundary arc we can use (3.50a) together with C = 0, yielding
μ1 (t) = −U  (0) + λ(t).
Due to the nonnegativity condition in (3.50d)
λ(t) ≥ U  (0)
has to be satisﬁed.
The adjoint equation (3.50b) for the boundary arc (C = 0) reads as
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λ̇ = λ (r + δ − F  (K)) ,
which together with the corresponding state equation
K̇ = F (K) − δK
gives the canonical system.
Boundary Arc II: Maximum Consumption C = F (K)
For the boundary arc along maximum consumption C = F (K) we ﬁnd μ1 = 0,
and the corresponding Lagrangian is given by
L = U (C) + λ (F (K) − δK − C) + μ2 (F (K) − C) .
From (3.50a) the Lagrange multiplier μ2 is given by
μ2 (t) = U  (F (K(t))) − λ(t),
and therefore

λ(t) ≤ U  (F (K(t)))

has to hold along the boundary arc.
For C = F (K) the state equation reduces to
K̇ = −δK
and the adjoint equation becomes
λ̇ = λ (r + δ) − U  (F (K))F  (K).
This example is pursued in Sect. 3.6.2, where additionally pure state constraints are considered.
3.6.2 General Path Constraints
Consider the general OCC (3.47). The obvious analytical diﬀerence between
mixed path and pure state constraints is the independence of h(x, t) from the
control variable u. We therefore introduce the following deﬁnition (see also
Hartl, Sethi, & Vickson, 1995):
Deﬁnition 3.56 (Order of State Constraint). Let h : Rn × R → R be
q ∈ N times continuously diﬀerentiable and the functions d(i) : Rn ×Rm ×R →
R, i = 0, . . . , q be recursively deﬁned
d(0) (x, u, t) := h(x, t)
d(1) (x, u, t) := ḣ(x, t) = hx (x, t)f (x, u, t) + ht (x, t)
..
.
(q−1)
d(q) (x, u, t) := d˙(q−1) (x, u, t) = d(q−1)
(x, u, t)f (x, u, t) + dt
(x, u, t).
x
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If
d(i)
u (x, u, t) = 0, 0 ≤ i < q,

and

d(q)
u (x, u, t) = 0,

then the pure state constraint h(x, t) is called of order q. For h : Rn ×R → Rk
the order is determined for each coordinate function hj , j = 1, . . . , k, and the
jth state constraint is called of order qj .
Remark 3.57. Intuitively speaking the order q of the state constraint is given
q
by the number for which a control variable explicitly occurs in ddthq for the
ﬁrst time.
In many economic applications the state constraint is of order one in each of
its coordinates. Therefore we set
d(x, u, t) := d(1) (x, u, t) = hx (x, t)ẋ + ht (x, t)
= hx (x, t)f (x, u, t) + ht (x, t)
with

(3.51)



d(x, u, t) = d1 (x, u, t), . . . , dk (x, u, t) ,

and restrict the following formulations to state constraints of order one.
Remark 3.58 (Indirect Approach). Considering the total time derivative of
h(x, t) allows the derivation of necessary conditions via the so-called indirect approach, which historically preceded the direct 14 approach used here.
The indirect approach exploits the fact that for active constraints h(x, t) = 0
the function (3.51) should satisfy
d(x, u, t) ≥ 0.
Since d(x, u, t) < 0, the state constraint decreases, implying h(x, t) < 0 and
therefore violating the state constraint. Thus for the indirect approach, a
modiﬁed set, Ω̃(x, t), of admissible control values can be used
Ω̃(x, t) = {u : c(x, u, t) ≥ 0, and d(x, u, t) ≥ 0 if h(x, t) = 0}.
Using this condition the pure state constraints explicitly appear in the set
of admissible control values and therefore the corresponding optimal control
problem can be formulated as a standard optimal control problem OC (3.3).
Before we state the general Maximum Principle for problem OCC (3.47), we
formulate the following constraint qualiﬁcation for the pure state constraint.
Let the matrix
14

The terms direct and indirect are caused by the considered Lagrangian. For the
direct approach the pure state constraint is directly adjoined, whereas in the
indirect approach the derived function d(x, u) is adjoined.
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⎞

0
d1u (x, u, t) h1 (x, t) · · ·
⎜
.. ⎟
..
..
.
..
⎝
. ⎠
.
.
k
k
du (x, u, t)
0
· · · h (x, t)

(3.52)

have full rank for every t ∈ [0, T ]. If the order of the jth pure state constraint
(q )
is qj > 1, dju has to be replaced by (dj )u j .
Moreover for the terminal constraints (3.47f) and (3.47g) the following
constraint qualiﬁcation has to hold
⎛ 1
⎞
bx (x, T ) b1 (x, T ) · · ·
0
..
⎜
⎟
..
⎜
⎟
.
0
0
⎜ l .
⎟
l
⎜bx (x, T )
0
· · · b (x, T )⎟
⎜ 1
⎟
(3.53)
⎜ ax (x, T )
⎟
0
···
0
⎜
⎟
⎜
⎟
..
..
..
..
⎝
⎠
.
.
.
.


alx (x, T )

0

···

0

has full rank for all possible values x and T .
In analogy to the Maximum Principle for mixed path constraints Theorem
3.52 we now state a theorem, which is better to be denoted as an informal
theorem. Since it has not fully been proved in the literature (see also Hartl
et al., 1995).
Remark 3.59. In Seierstad and Sydsaeter (1986) the following necessary conditions are called almost necessary conditions since, very rarely, problems are
encountered where the optimal solutions require more complicated multipliers
and costates.
Theorem 3.60 (Informal Maximum Principle for General Inequality Constraints). Let (x∗ (·), u∗ (·)) be an optimal solution of OCC (3.47),
where the constraint qualiﬁcation (3.48), (3.52) and (3.53) are satisﬁed. Assume that x∗ (·) has only ﬁnitly many junction times. Then there exist a
piecewise15 absolutely continuous function λ(·), with λ(t) ∈ Rn , piecewise
continuous multiplier functions μ(·), ν(·), with μ(t) ∈ Rl , ν(t) ∈ Rk , a vector η(t̃i ) for each point t̃i , i = 1, . . . , q of discontinuity of λ(·) and constants


λ0 ≥ 0, α ∈ Rl , β ∈ Rl , γ ∈ Rk satisfying for almost all16 t ∈ [0, T ]:


(3.54a)
λ0 , λ(t), μ(t), ν(t), α, β, γ, η(t̃1 ), . . . η(t̃q ) = 0
(3.54b)
H(x∗ , u∗ , λ, λ0 , t) = max H(x∗ , u, λ, λ0 , t)
u∈Ω

Lu (x, u, λ, λ0 , μ, ν, t) = 0
∗

(3.54c)
∗

λ̇(t) = rλ(t) − Lx (x (t), u (t), λ(t), λ0 , μ(t), ν(t), t)
15

16

(3.54d)

There exists a partition of the time interval [0, T ] such that λ(·) is absolutely
continuous on each subinterval.
The term almost all has its origin in measure theory, where it characterizes properties which hold for all elements except some set of measure zero. In our case it
means at every time t except ﬁnitely many.
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with the complementary slackness conditions
μ(t) ≥ 0,

μ(t)c(x∗ , u∗ , t) = 0

(3.54e)

ν(t) ≥ 0,

ν(t)h(x∗ , t) = 0.

(3.54f)

At the end point T the following transversality condition has to hold:
λ(T − ) = λ0 Sx (x∗ (T ), T ) + γhx (x∗ (T ), T )+
αax (x∗ (T ), T ) + βbx (x∗ (T ), T ) (3.54g)
with the complementary slackness conditions
β ≥ 0,
γ ≥ 0,

βb(x∗ (T ), T ) = 0

(3.54h)

γh(x∗ (T ), T ) = 0.

(3.54i)

Discontinuities of the costate λ and the Hamiltonian H at time t̃ are of the
form17
λ(t̃+ ) = λ(t̃− ) − η(t̃)hx (t̃),

(3.54j)

+

−

H(t̃ ) = H(t̃ ) + η(t̃)ht (t̃),

(3.54k)

η(t) ≥ 0,

and

(3.54l)

with
η(t)h(t) = 0.

The Hamiltonian H and Lagrangian L are deﬁned by
H(x, u, λ, λ0 , t) = λ0 g(x, u, t) + λ(t)f (x, u, t)
L(x, u, λ, λ0 , μ, ν, t) = H(x, u, λ, λ0 , t) + μ(t)c(x, u, t) + ν(t)h(x, t).
The reader is also referred to Sect. 4.4.2 where we use a variational approach,
to prove that the costate and Hamiltonian, respectively, can be discontinuous
at junction points, (see also Hartl et al., 1995, Theorem 4.2).
Remark 3.61. The conditions (3.54j) and (3.54k) are called corner conditions
and are the analogous of the Weierstrass–Erdmann conditions from calculus
of variations (see Sect. 4.3.3).
For a regular Hamiltonian (see Deﬁnition 3.19) we can prove:
Proposition 3.62. Let (x∗ (·), u∗ (·)) be an optimal solution of OCC (3.47).
If the Hamiltonian is regular, then u∗ (·) is continuous at junction times.
The proof is straightforward and can also be found in Feichtinger and Hartl
(1986).
17

For notational simplicity we set H(t) := H(x(t), u(t), λ(t), λ0 , t).
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Proof. Considering the left- and right-hand side limits of the control u∗ (·) and
costate λ(·) at t̃, denoted as u− , λ− , and u+ , λ+ , respectively we ﬁnd
H(x, u− , λ− , λ0 , t̃) = λ0 g(x, u− , t̃) + λ− f (x, u− , t̃)


= λ0 g(x, u− , t̃) + λ+ + ηhx f (x, u− , t̃)
= H(x, u− , λ+ , λ0 , t̃) + ηhx f (x, u− , t̃)
≤ H(x, u+ , λ+ , λ0 , t̃) + ηhx f (x, u− , t̃)
−

−

(3.55)

−

= H(x, u , λ , λ0 , t̃) + ηhx f (x, u , t̃) + ηht ,
which yields the inequality
H(x, u− , λ− , λ0 , t̃) ≤ H(x, u− , λ− , λ0 , t̃) + ηd− ,

(3.56)

where d is deﬁned in (3.51) and d− denotes the left-hand side limit. Therefore
we get
ηd− ≥ 0.
Next we exclude the case ηd− > 0. Therefore we distinguish the cases of an
exit, contact, and entry point. In the latter case we immediately ﬁnd
d− =

dh−
h(x∗ (t̃ + s), t̃ + s) − h(x∗ (t̃), t̃)
0−0
= lim
= lim
= 0,
−
−
dt
s
s
s→0
s→0

whereas for the former cases we derive
d− =

dh−
h(x∗ (t̃ + s), t̃ + s) − h(x∗ (t̃), t̃)
h(t̃ + s)
= lim−
= lim−
≤ 0,
dt
s
s
s→0
s→0

since s < 0 and h(t̃ + s) ≥ 0.
Together with (3.56) this yields ηd− = 0. Note that this is a general result
since the regularity assumption was not used for its derivation.
This identity implies that equality has to hold at (3.55) yielding
H(x, u− , λ+ , λ0 , t̃) = H(x, u+ , λ+ , λ0 , t̃).
But this says that u− as well as u+ maximize the Hamiltonian
H(x, u, λ+ , λ0 , t̃).
Thus by the regularity of the Hamiltonian the uniqueness of u∗ (t̃) follows and
therefore the continuity of the control.


For the next proposition, characterizing a continuous costate, we assume a
strengthened form of the constraint qualiﬁcations (3.48) and (3.52). Thus the
matrix
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⎛

c1u (x, u, t) c1 (x, u, t)
⎜
..
..
⎜
.
⎜ l .
⎜ cu (x, u, t)
0
⎜ 1
⎜du (x, u, t)
0
⎜
⎜
..
..
⎝
.
.
dku (x, u, t)

0

···
0
0
..
..
..
.
.
.
· · · cl (x, u, t)
0
···
0
h1 (x, t)
..
.
..
..
.
.
···
0
0

···
..
.
···
···
..
.

⎞

0
..
.

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

0
0
..
.

(3.57)

· · · hk (x, t)

has full rank for all t ∈ [0, T ]. Then the following, can be proved (Feichtinger
& Hartl, 1986):
Proposition 3.63. Let h(x, t) ≥ 0 be a state constraint of order one with an
extremal state having an interior arc that joins a boundary arc at t̃. Then
η(t̃) = 0 if one of the following conditions is satisﬁed:
1. The control u(·) is continuous and the constraint qualiﬁcation (3.57) is
satisﬁed.
2. The exit or entry is nontangential, i.e., d(t̃+ ) > 0 or d(t̃− ) < 0, respectively (cf. Fig. 3.4).
The proof is straight forward and can be found, e.g., in Feichtinger and Hartl
(1986).
h

h

h(x∗ (t), t)

h>0

0

t

h(x∗ (t), t)

t̄

t

h>0

0

t

t̄

t

Fig. 3.4. The cases of (a) a nontangential entry and exit point and (b) a tangential
entry and exit point are depicted

For a comprehensive survey of the Maximum Principle under state constraints, the reader is referred to Hartl et al. (1995). An example and economic
interpretation of a model with discontinuous costate can be found in Verheyen
(1992). In Chap. 4 we give an informal proof explaining the possible discontinuity of the costate and Hamiltonian, respectively.
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Ramsey’s Model With General Constraints
Next we extend the Ramsey model by introducing the pure state constraint
K(t) ≥ K,

for all t ≥ 0,

(3.58)

where for the initial state K(0) = K0 ≥ K is assumed.
To analyze the Ramsey model including the mixed constraints (3.49) as
well as the pure state constraint (3.58) we use Pontryagin’s Maximum Principle Theorem 3.60. Therefore we have to consider the Lagrangian
L(K, C, λ, μ1 , μ2 , ν) =
U (C) + λ (F (K) − δK − C) + μ1 C + μ2 (F (K) − C) + ν (K − K) .
Then the necessary conditions become:
LC = U  (C) − λ + μ1 − μ2 = 0


(3.59a)


λ̇ = rλ − LK = λ (r + δ − F (K)) − μ2 F (K) − ν
λ(T ) = SK (K(T ))
μ1 ≥ 0,
μ2 ≥ 0,
ν ≥ 0,

μ1 C = 0
μ2 (F (K) − C) = 0
ν (K − K) = 0.

(3.59b)

(3.59c)
(3.59d)

First we note that the constraint (3.58) is of order one since the total time
derivative of the state constraint h(K) := K − K
d
h(K) = K̇ = F (K) − δK − C
dt
explicitly contains the control variable C. We restrict our analysis to the case
where the state and control constraint do not become active at the same time.
Then the constraint qualiﬁcation (3.57) for matrix
⎛
⎞
1 C(t)
0
0
⎝−1 0 F (K(t)) − C(t)
⎠
0
−1 0
0
K(t) − K
is trivially satisﬁed. The regularity of the Hamiltonian implies the continuity
of the optimal control(see Proposition 3.62). Thus using the constraint qualiﬁcation we can apply Proposition 3.63 proving the continuity of the costate
at junction points.
Minimum Capital Stock K = K
After these initial considerations we analyze the case where the state constraint becomes active. Thus for K0 > K there shall exist an interval (t, t̄)
satisfying
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K (t) = K

for t ∈ (t, t̄).

Since K(t) is constant on the interval (t, t̄) its time derivative is zero. Hence
to keep the state on the boundary arc the control value is given by
C = F (K) − δK.
To derive the adjoint equation we consider the total time derivative of (3.59a)
yielding
d
LC = U  Ċ − λ̇ = 0,
dt
where we used μ1 = μ2 = 0, since no control constrains are active. At the
boundary arc C = C is constant implying Ċ = 0 and thus λ̇ = 0. Transforming
(3.59b) and using (3.59a) yields an explicit formula for the multiplier ν
ν = U  (C) (r + δ − F  (K)) .
By assumption U  (C) > 0; thus a necessary condition for the boundary arc
to be optimal is F  (K) < r + δ.
In Exercise 3.11 the reader is invited to analyze Ramsey’s model for the
ﬁnite time horizon T , whereas in Sect. 3.8.2 the analysis is done for the inﬁnite
time horizon.
3.6.3 Suﬃciency Conditions
Next we formulate suﬃcient conditions for problems OCC (3.47):
Theorem 3.64 (The Arrow Suﬃciency Conditions). Let (x∗ (·), u∗ (·))
be an admissible solution for problem OCC (3.47). Assume that there exist
a piecewise continuously diﬀerentiable function λ : [0, T ] → Rn , piecewise
continuous functions μ : [0, T ] → Rl , and ν : [0, T ] → Rk , such that conditions (3.54b)–(3.54f) of Theorem 3.60 hold with λ0 = 1. Assume further that


there exist a α ∈ Rl and β ∈ Rl such that (3.54g) and (3.54h)–(3.54h) hold
and assume that at all points t̃i , i = 1, . . . , q of discontinuity of λ(·), there
exist η(t̃i ) ∈ Rn , i = 1, . . . , q, such that (3.54j)–(3.54l) hold. If the maximized
Hamiltonian H∗ exists for all x and is concave in x for all t, and the salvage
function S(x, T ) is concave in x, c(x, u, t) is quasiconcave in (x, u), h(x, t)
and b(x, t) are quasiconcave in x, and a(x, t) is linear in x then (x∗ (·), u∗ (·))
is an optimal solution.
If H∗ is strictly concave in x, then x∗ (·) (but not necessarily u∗ (·)) is
unique.
An analogous theorem holds for:
Theorem 3.65 (The Mangasarian Suﬃciency Conditions). Let the assumptions of Theorem 3.64 hold and replace the concavity of the maximized
Hamiltonian by the concavity of the Hamiltonian in (x, u) for all t, then Theorem 3.64 remains valid.
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3.7 Inﬁnite Time Horizon
So far an optimal control problem OC has been deﬁned up to some ﬁnite
time T . However, it is often useful to consider an inﬁnite time horizon. A
justiﬁcation for this can be found in Arrow and Kurz (1970, p. xviii):
The inﬁnite horizon is an idealization of the fundamental point that
the consequences of investment are very long-lived; any short horizon
requires some methods of evaluating end-of-period capital stocks, and
the only proper evaluation is their value in use in the subsequent
future.
There are many interesting economic models formulated as optimal control
problems over an inﬁnite time horizon (OCI ):
∞

max
u(·)

e−rt g(x(t), u(t), t) dt

(3.60a)

0

s.t. ẋ(t) = f (x(t), u(t), t)
x(0) = x0 .

(3.60b)
(3.60c)

This problem entails some theoretical diﬃculties, however. One is the derivation of a transversality condition. Another problem is that (3.60a) denotes
an improper integral, which may not converge. If it does not converge, then
it is even not clear what is meant by optimality. Therefore new concepts of
optimality have to be introduced. In both cases an answer will be found by
approximating the inﬁnite time problem by appropriate ﬁnite time problems.
3.7.1 Deﬁnitions of Optimality for Inﬁnite Horizon Problems
In our models the objective value is almost always ﬁnite, i.e., the integral
(3.60a) converges. However the reader may at some point encounter problems
for which it diverges. The results presented so far do not provide criteria for
comparing the objective value for diﬀerent admissible solutions, let alone a
way to characterize an optimal solution. Diﬀerent attempts have been made
to ﬁnd optimality criteria covering problems of this kind. We present three
main concepts, which can be further reﬁned (see, e.g., Carlson, Haurie, and
Leizarowitz, 1991; Stern, 1984).
Deﬁne the truncated objective functional VT with T > 0,
T

VT (u(·)) =

e−rt g(x(t), u(t), t) dt,

0

for the problem OCI (3.60). The subsequent deﬁnitions give some optimality
criteria using the truncated objective functional:
Deﬁnition 3.66 (Optimality Criteria). The admissible control u∗ (·) is
called:
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(O) Overtaking optimal if, for any admissible control u(·), there is a T (u(·))
such that for every T ≥ T (u(·))
VT (u(·)) ≤ VT (u∗ (·))
(C) Catching up optimal if, for any admissible control u(·) and for every
ε > 0, there is a T (u(·), ε) such that for every T ≥ T (u(·), ε)
VT (u(·)) < VT (u∗ (·)) + ε
(S) Sporadically catching up optimal if, for any admissible control u(·) for
every ε > 0 and for every T̄ , there exists a T = T (u(·), ε, T̄ ) ≥ T̄ such
that
VT (u(·)) < VT (u∗ (·)) + ε
For the above deﬁnitions the ordering also denotes an order in strength. That
is, (O) implies (C) implies (S) (see also Fig. 3.5).
In light of the above deﬁnitions problem OCI (3.60) can be reformulated
as: ﬁnd an admissible pair (x∗ (·), u∗ (·)) such that this pair is optimal in the
sense of one of the given deﬁnitions (O), (C), or (S). In the following we shall
state a Maximum Principle for the inﬁnite horizon.
3.7.2 Maximum Principle for Inﬁnite Time Horizon Problems
For the inﬁnite horizon case a Maximum Principle was ﬁrst formulated by
Halkin (1974) as:
Theorem 3.67 (Maximum Principle for an Inﬁnite Time Horizon).
Let the pair (x∗ (·), u∗ (·)) be an optimal solution of OCI (3.60) according to
any deﬁnition of optimality in Deﬁnition 3.66. Then there exist a continuous
and piecewise continuously diﬀerentiable function λ(·), with λ(t) ∈ Rn and a
constant λ0 ≥ 0 satisfying for all t ≥ 0:
(λ0 , λ(t)) = 0
H(x∗ (t), u∗ (t), λ(t), λ0 , t) = max H(x∗ (t), u, λ(t), λ0 , t),
u

and at every point t where u(·) is continuous
λ̇(t) = rλ(t) − Hx (x∗ (t), u∗ (t), λ(t), λ0 , t) .
Note that there is no transversality condition in the sense of (3.4c), a result
that is a consequence of the proof strategy presented in Halkin (1974).
Proof. The main idea of the proof is to consider truncated versions of the
inﬁnite rime horizon problem OCI (3.60) for an increasing time sequence Tk
with limk→∞ Tk = ∞. Thus we consider for every Tk the problem deﬁned by
(3.60b–3.60c) together with the truncated objective function

3.7 Inﬁnite Time Horizon
a)

157
b)

V

V

T
c)

V

T
V

d)

T
T
Fig. 3.5. Typical examples for the optimality deﬁnitions are depicted. The solid line
denotes VT (u∗ (·)) and the dashed line denotes VT (u(·)). In (a) VT (u(·)) ≤ VT (u∗ (·))
for all T whereas in (b), the overtaking criterion becomes relevant because VT (u∗ ) ≥
VT (u(·)) only for suﬃciently large T . In (c) the catching-up criterion is shown, and
(d) gives a typical example of the sporadically catching-up criterion. Note that for
each case the stronger criterion does not apply
Tk

max
u(·)

e−rt g(x, u, t) dt,

0

and the terminal state constraints
x(Tk ) = x∗ (Tk ).
It can be proved that for these problems the restriction of (x∗ (·), u∗ (·)) to
the interval [0, Tk ] is an optimal solution, for any of the three deﬁnitions of
optimality.
From Pontryagin’s Maximum Principle we know that for every k, there
(k)
exist λ0 ≥ 0 and a continuous and piecewise continuously diﬀerentiable
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λ(k) (·) satisfying
(k)

(λ0 , λ(k) (0)) = 0
∗

∗

H(x , u , λ

(k)

(3.61a)

(k)
, λ0 , t)

∗

= max H(x , u, λ
u

(k)

(k)
, λ0 , t)

(3.61b)

λ̇(k) = rλ(k) − Hx (x∗ , u∗ , λ(k) , λ0 , t)
(k)

(3.61c)

for every t ∈ [0, Tk ] where the control u∗ (·) is continuous. As (λ0 , λ(k) (0))
appear linearly in H, we can normalize these vectors without changing (3.61)
(k)
such that λ0 , λ(k) (0)) = 1 holds. Hence we can construct a sequence of
bounded vectors, where, by elementary calculus, a converging subsequence
exists (see the Bolzano–Weierstrass theorem (Theorem A.71)) satisfying
(k)

(ki )

lim (λ0

i→∞

, λ(ki ) (0)) = (λ0 , λ(0)),

such that (λ0 , λ(0)) = 1.
Let λ(·) be the unique solution18 of the diﬀerential equation
λ̇ = rλ − Hx∗ (x∗ , λ, t)

(k )
with the initial condition λ(0) = limi→∞ λ0 i (0) ; then

λ(t) = lim

i→∞

(3.62)

λ(ki ) (t)

holds due to the uniqueness of the solution (3.62), together with (3.61c).
Therefore
H(x∗ , u∗ , λ, t) = lim max H(x∗ , u, λ(ki ) , t) = max H(x∗ , u, λ, t)
u

i→∞

(ki )

is satisﬁed as H is linear in λ0

u

as well as λ(ki ) (·), which proves the theorem.



Remark 3.68. Considering the problem OCI (3.60), which additionally includes mixed path and pure state constraints of the form (3.47d) and (3.47d).
Then the analogous (informal) theorem to Theorem 3.60 can be proved according to any of the optimality conditions of Deﬁnition 3.66, but also without
a transversality condition.
Theorem 3.67 is signiﬁcantly weaker than Pontryagin’s Maximum Principle since it lacks the formulation of an analogue to the transversality
condition. One might expect that a kind of transversality condition, like
limT →∞ λ(T ) = 0, but that is not generally true, as counter-examples (see
Example (3.78)) conﬁrm. Nevertheless, under some additional conditions we
can derive transversality conditions holding at inﬁnity.
18

The adjoint equation is linear in λ, therefore yielding existence and uniqueness
of a solution.
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3.7.3 Suﬃciency Conditions
The following suﬃciency results are direct generalizations of the ﬁnite time
horizon problem results in Sect. 3.3.5. We restrict attention to the case in
which the objective value is ﬁnite, but similar results are available in the general case, in which the weaker deﬁnitions of optimality have to be considered.
For these results the reader is referred to Seierstad and Sydsaeter (1977):
Theorem 3.69 (The Mangasarian Suﬃciency Conditions for Inﬁnite
Time Horizon). Let (x∗ (·), u∗ (·)), and λ(·) satisfy Pontryagin’s Maximum
Principle with λ0 = 1 and for all admissible x(·) the limiting transversality
condition
lim λ(t) (x(t) − x∗ (t)) ≥ 0
t→∞

holds. Suppose that Ω(x, t) is convex for every x ∈ Rn , t ∈ [0, T ], the partial
derivatives of g(x, u, t) and f (x, u, t) are continuous with respect to their arguments and the Hamiltonian H is jointly concave in x and u for all t and λ,
then (x∗ (·), u∗ (·)) is an optimal solution.
If H∗ is strictly concave in x and u, then (x∗ (·), u∗ (·)) is the unique optimal
solution.
The transversality condition (3.63) is in general not a necessary condition.19
Proof. Following the argumentation of Theorem 3.29 we ﬁnd
V (u∗ ) − V (u) ≥ λ(T )(x(T ) − x∗ (T )) ≥ 0
which together with the limiting condition (3.63), ﬁnishes the proof.




Analogously the Arrow Suﬃciency conditions can be proved for the inﬁnite
case:
Theorem 3.70 (The Arrow Suﬃciency Conditions for Inﬁnite Time
Horizon). Suppose (x∗ (·), u∗ (·)), and λ(·) satisfy Pontryagin’s Maximum
Principle with λ0 = 1, and for all admissible x(·) the limiting transversality
condition
(3.63)
lim λ(t) (x(t) − x∗ (t)) ≥ 0
t→∞

holds. If the maximized Hamiltonian H∗ is concave in x for all t and λ, then
(x∗ (·), u∗ (·)) is an optimal solution.

3.8 Discounted Autonomous Inﬁnite Horizon Models
In many economic applications the problems are formulated as autonomous
optimal control problems. We shall subsequently refer to these speciﬁc problems as (DAM ):
19

For the inﬁnite horizon case diﬀerent transversality conditions exist, see Seierstad
and Sydsaeter (1986).
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∞

max
u(·)

s.t.

e−rt g(x(t), u(t)) dt

(3.64a)

0

ẋ(t) = f (x(t), u(t))
x(0) = x0 ,

(3.64b)
(3.64c)

where f and g are assumed to be continuously diﬀerentiable with respect x
and u. Moreover it is assumed that the integral (3.64a) converges for every
admissible pair (x(·), u(·)). Hence the deﬁnitions of optimality (O), (C), and
(S) coincide.
For this special kind of model, conditions can be stated allowing us to
derive the necessity of a transversality condition.
3.8.1 The Michel Theorem
For DAM (3.64) the necessary conditions for the inﬁnite time horizon problem
can be strengthened by the following theorem:
Theorem 3.71 (Michel Theorem). Let the pair (x∗ (·), u∗ (·)) be an optimal solution of DAM (3.64). Then there exist a continuous and piecewise
continuously diﬀerentiable function λ(·), with λ(t) ∈ Rn and a constant λ0 ≥ 0
such that for all t ≥ 0 the following conditions hold:
(λ0 , λ(t)) = 0
H(x∗ (t), u∗ (t), λ(t), λ0 ) = max H(x∗ (t), u, λ(t), λ0 ),
u

(3.65a)
(3.65b)

and for all t ≥ 0 where u(·) is continuous
λ̇(t) = rλ(t) − Hx (x∗ (t), u∗ (t), λ(t), λ0 )
∞

H(x∗ (t0 ), u∗ (t0 ), λ(t0 ), λ0 ) = rλ0

e−rt g(x∗ (t), u∗ (t)) dt

(3.65c)
(3.65d)

t0

together with the transversality condition
lim e−rt H(x∗ (t), u∗ (t), λ(t), λ0 ) = 0.

t→∞

(3.65e)

Remark 3.72. Even though the theorem is stated for problems without restrictions on the control value u and state x, the result can be adapted to the case
of equality and inequality constraints.
Remark 3.73. We present the proof of Theorem 3.71 in Appendix B.2 as its
results are of great importance for the models we are analyzing. As does Halkin
in his proof, Michel uses a ﬁnite-time approximation. But since he presupposes
stronger assumptions in the model – i.e., the existence of the improper integral
(3.64a) and the autonomous form of the state dynamics (3.64b) – he can use
a diﬀerent proof-strategy by introducing a salvage value and considering a
further state and control variable, which in addition allows the derivation of
the transversality condition (3.65e).
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Under further assumptions on the functions g and f the transversality condition (3.65e) can be strengthened to:
Proposition 3.74 (Transversality Condition). If g(x, u) ≥ 0 and the
set of possible values of the state dynamics, evaluated along an optimal state
trajectory x∗ (·) for an arbitrary control value u
{f (x∗ (t), u) : u ∈ Rm }

(3.66)

contains an open neighborhood of zero for all t ≥ T0 ≥ 0, then the transversality condition
(3.67)
lim e−rt λ(t) = 0
t→∞

holds for problem DAM (3.64).
The proof can be found in Appendix B.2.
The following proposition generalizes (3.65d) and is of great practical use,
since it provides a formula allowing an explicit computation of the objective
functional without carrying out the integration process:
Proposition 3.75 (Objective Value Given by the Hamiltonian). Let
the pair (x̂(·), û(·)) satisfy the necessary conditions (3.65) of Theorem 3.71
with λ0 = 1, then
∞
0

e−rt g(x̂(t), û(t)) dt =

1
H (x(0), u(0), λ(0)) .
r

(3.68)

Remark 3.76. This result is a consequence of the proof of Theorem 3.71 and
is related to (3.65d). However, it is stronger as we do not assume (x̂(·), û(·))
to be an optimal solution, but only to satisfy the necessary conditions. Thus
Proposition 3.75 proves useful when multiple paths (see Sect. 5.4) satisfy the
necessary conditions and therefore the corresponding objective values have to
be compared.
Proof. The crucial part concerns the identity of the total and partial time
derivative of the present-value Hamiltonian along a trajectory satisfying the
necessary conditions. This identity holds in the general case, but for a better understanding we derive it under the assumption that the Hamiltonian
maximizing condition is achieved for Hu = 0. Then the following identity
holds:
∂
d
H = Hx ẋ + Hλ λ̇ + Hu u̇ + H
dt
∂t
∂
= Hx f − f  Hx + H
∂t
∂
= H.
∂t
Hence with
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H = e−rt g(x, u) + λf (x, u)
we get
Ḣ =

∂
H = −re−rt g(x, u),
∂t

or in integrated form,
t

H(t) − H(0) = −r

e−rt g(x, u) dt.

0

Utilizing (3.65e), limt→∞ H(t) = 0, proves (3.68).




Remark 3.77. Since at time zero the current and present-value Hamiltonian
yield the same value, formula (3.68) also holds for the current-value Hamiltonian.
The formula in (3.68) allows an immediate computation of the objective value
of trajectories satisfying the necessary optimality conditions. Hence in the
case of multiple candidates for an optimal solution it is easy to compare the
corresponding objective values.
The reader should be aware that the assumption (3.68) on the state dynamics in Proposition 3.74 cannot be weakened without violating the transversality condition, and λ0 > 0 cannot be guaranteed in general. This can be seen
from the following counter-examples, taken from Halkin (1974).
Example 3.78 (Violation of the Transversality Condition). For the problem:
∞

max
u(·)

(1 − x(t)) u(t) dt

0

s.t. ẋ(t) = (1 − x(t)) u(t),
x(0) = 0, u(t) ∈ [0, 1],

t≥0

the transversality condition (3.67) is not satisﬁed. The formal reason for the
failing of the transversality condition is that the assumption (3.66) in Proposition 3.74 on the dynamics is violated, since for every ε > 0 there exists a
T > 0 such that for all t > T and all u ∈ [0, 1]
|ẋ∗ (t)| = |e−t u| < ε.
From the state equation we derive
x(t) = 1 − e−

"

t
0

u(s) ds

,

and the objective value function VT at time T is given by
T

VT (u(·)) =

ẋ(t) dt = x(T ).
0
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Thus for an arbitrary admissible u(·) the inequality
VT (u(·)) = 1 − e−

"

T
0

u(s) ds

≤ 1 − e−T = VT (x0 , 1)

holds, proving that u∗ ≡ 1 is the optimal control with the corresponding
optimal state trajectory
x∗ (t) = 1 − e−t .
Applying the necessary optimality conditions yields, given the Hamiltonian
H(x(t), u(t), λ(t), λ0 ) = λ0 (1 − x(t)) u(t) + λ (1 − x(t)) u(t)
= u(t) (λ0 + λ(t)) e−

"

t
0

u(s) ds

,

the costate equation becomes
λ̇(t) = λ0 + λ(t)
which exhibits the solution
λ(t) = (λ0 + λ(0)) et − λ0 .
It remains to show that
lim λ(t) = 0.

t→∞

But from the Maximum Principle we know that
max u (λ0 + λ(t)) e−

"

t
0

u(s) ds

u∈[0, 1]

is achieved for u = 1 yielding u∗ ≡ 1. Therefore, as the Hamiltonian is linear in
u, this requires λ0 + λ(t) ≥ 0 for all t, especially for t = 0. From (λ0 , λ(t)) = 0
it follows that either λ0 = 0, and hence λ(0) > 0, or λ0 > 0. Thus, in any case
the transversality condition is not satisﬁed.
In the following example, also presented in Halkin (1974), it is shown that for
inﬁnite horizon problems λ0 > 0 cannot be guaranteed.
Example 3.79 (Abnormal Inﬁnite Horizon Problem). In the problem:
∞

max
u(·)

(u(t) − x(t)) dt

0

s.t. ẋ(t) = u(t)2 + x,
x(0) = 0, u(t) ∈ [0, 1],
it holds that λ0 = 0.
Utilizing u ≡ 0 yields
VT (0) = 0,

for all T.

t≥0
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The state equation has the solution
t

u2 (s)es−t ds.

x(t) =
0

This implies that
T

VT (u(·)) =


u(t) −

0



t
2

u(s) (s)e

s−t

ds

dt < 0.

0

In particular limT →∞
" VT (u(·)) = −∞ for any other (piecewise
" continuous)
choice of u ≡ 0, as u(t) dt grows at most linearly, whereas x(t) dt grows
exponentially. Thus u∗ ≡ 0 is the optimal control, with the corresponding
state trajectory x∗ ≡ 0. From the necessary conditions we derive, using the
Hamiltonian


H(x(t), u(t), λ(t), λ0 ) = λ0 (u(t) − x(t)) + λ u(t)2 + x
the costate equation
λ̇(t) = −λ(t) + λ0
exhibits the solution
λ(t) = (λ(0) − λ0 ) e−t + λ0 .
Since the Maximum Principle demands that
max λ0 u + λu2

u∈[0, 1]

be achieved for u = 0, λ0 > 0 is ruled out. Otherwise, for λ0 > 0, the costate
equation reveals that we can ﬁnd a T > 0 such that for all t > T ,
λ(t) > 0
holds. But this yields u∗ (t) = 1 for t > T , which contradicts the result u∗ ≡ 0.
Remark 3.80. Another argument why the transversality condition may not
hold for inﬁnite horizon problems is considered in Appendix B.4.
The next example takes up again the question of diﬀerentiability of the value
function for an optimal control problem.
Example 3.81 (A Nondiﬀerentiable Value Function). Let us consider the following example:
∞

max
u(·)

s.t.

e−rt x(t)u(t) dt

(3.69a)

0

ẋ(t) = −x(t) + u(t)

(3.69b)

x(0) = x0 ∈ R
u(t) ∈ [−1, 1],

(3.69c)

t ≥ 0.
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The state equation (3.69b) reveals that for any x0 < 0 the negative control u ≡
−1 gives the largest decrease of x(t) and keeps x(t) < 0 therefore maximizes
the product x(t)u(t), and likewise u ≡ 1 does this for the case x0 > 0. By
symmetry, if x = 0, both u ≡ −1 and u ≡ 1 yield the same objective function
and are hence both optimal. Thus the optimal pair is given by
⎧
⎪
x0 < 0
⎨−1
∗
u ≡ −1 or 1 x0 = 0
⎪
⎩
1
x0 > 0,
and

⎧
−t
⎪
⎨−1 + e (x0 + 1) x0 < 0
∗
x (t) = ±1 ∓ e−t
x0 = 0
⎪
⎩
−t
1 + e (x0 − 1)
x0 > 0.

Note that for x0 = 0 two optimal paths exist, which is analyzed in more detail
in Sect. 5.4.1. For the moment we are only interested in the properties of the
corresponding value function V ∗ (x0 ).
An elementary calculation yields
⎧ 1−rx
⎧
1
⎪
⎪
x0 < 0
⎨ r(r+1) x0 < 0
⎨− r+1
∗
∗
1
and Vx (x0 ) = nondiﬀerentiable x0 = 0
V (x0 ) = r(r+1) x0 = 0
⎪
⎪
⎩ rx+1
⎩ 1
x0 > 0.
x0 > 0,
r+1
r(r+1)
This example reveals that even for functions g and f which are arbitrary often
diﬀerentiable the value function may not be diﬀerentiable at all.
3.8.2 The Ramsey Model for an Inﬁnite Time Horizon
We consider the Ramsey model introduced on p. 124 for an inﬁnite time
horizon. In that case the salvage function S(K) is omitted yielding the model:
∞

max
C(·)

e−rt U (C) dt

0

s.t. K̇ = F (K) − δK − C,

K(0) = K0 .

0 ≤ C ≤ F (K)

(3.70a)

K ≥ K.

(3.70b)

In Sect. 3.6.2 we already derived the canonical system for the state–control
space
K̇ = F (K) − δK − C

(3.71a)

U  (C)
Ċ = 
(r + δ − F  (K)) .
U (C)

(3.71b)
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It cannot be proved from the Proposition 3.74 that the transversality condition
(3.67) is a necessary condition. Since for an open neighborhood of zero Nε (0)
the inclusion
Nε (0) ⊂ F (K) − δK − C, C ≥ 0
can only be assured if F (K) − δK > 0, which is not necessarily true.
Next we do a phase portrait analysis of the nonlinear dynamical system
given by (3.71a) and (3.71b). Therefore we have to consider the K̇- and Ċisoclines yielding
C = F (K) − δK
F  (K) = r + δ.

(3.72a)
(3.72b)

Utilizing the assumptions (3.19b) and (3.19c) we see that the K̇-isocline
(3.72a) is a strictly concave function being zero both at the origin and for
some K̃ > 0 and exhibiting its maximum at some 0 < Km < K̃ (see Fig. 3.6a).
Moreover the Ċ-isocline is a vertical line, where (3.19c) together with (3.72b)
assures the existence of a unique K̂ satisfying (3.72b). Thus we ﬁnally ﬁnd a
unique equilibrium at (K̂, Ĉ) with Ĉ = F (K̂) − δ K̂ and the corresponding
Jacobian
⎛
⎞
F  (K̂) − δ
−1

⎜
⎟
Jˆ K̂, Ĉ = ⎝ U  (Ĉ) 
⎠.
−
0
F (K̂)

U (Ĉ)
Since det Jˆ < 0 the equilibrium is a saddle point, exhibiting a stable path.
Thus for initial states in a neighborhood of K̂ the stable path is a possible
candidate for an optimal solution. In fact by a careful inspection of the phase
portrait it can be proved that this solution is the unique optimal solution, see
Arrow and Kurz (1970, p. 64).
In presence of mixed path constraints (3.70a) there exist exit points K̄1 <
K̄2 , where for initial states between these points the stable path is the unique
optimal solution (see Fig. 3.6a). The exit point K̄1 is an intersection point of
the stable path with the axis C = 0 and the exit point K̄2 is given by the
intersection of the stable path with the curve C = F (K). In Sect. 3.6.1 we
have already proved that the optimal control is continuous. Thus the optimal
solutions depicted in Fig. 3.6a are the unique optimal paths.
In case of an additional pure state constraint (3.70b) the optimal solution
for K̂ < K < K̄1 is depicted in Fig. 3.6b. In that case it is optimal to control the system into the boundary equilibrium (K, C). The optimality of the
depicted solution for initial states lying between K and K̄1 can explicitly be
shown, using Theorem 3.70. Since for these states the maximized Hamiltonian
is strictly concave in K (see Sect. 3.3.7). Moreover the limiting transversality condition is satisﬁed, since λ(t) ≥ 0 for all t and limt→∞ K(t) ≥ K̂ for
any admissible state trajectory. Since the costate and control are continuous
(see Sect. 3.6.2) at the exit point K̂1 the depicted solution in Fig. 3.6b is the
unique optimal solution.
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C

Ċ = 0
C = F (K)

C = F (K)

C
Ĉ
K̇ = 0
0

K̇ = 0
0

K̄1 K̂

K̄2

K

K

K̄1

K

Fig. 3.6. Panel (a) depicts the optimal solution path (black solid curve) for the
Ramsey model over an inﬁnite time horizon and with mixed path constraints. Starting between the states K̄1 and K̄2 the stable path converging to the saddle (K̂, Ĉ)
is the optimal solution. For initial states outside this interval the optimal control
lies on its boundary until the exit point K̄1 or K̄2 , respectively, is reached. There it
is optimal to move along the stable path. In panel (b) also the pure state K ≥ K
has to be considered. In that case for states lying between K and K̄1 the optimal
control value lies in the interior of the control region and the optimal path leads to
the boundary equilibrium (K, C). For states K > K̄1 the control values are chosen
from the upper boundary of the control region, until the exit point K̄1 is reached,
there one switches to the interior of the control region as described before.

Remark 3.82. For Fig. 3.6 we used the functional forms
√
F (K) = K, and U (C) = log C,
and the parameter values r = 0.1 and δ = 0.5.

3.8.3 Structural Results on One-State Discounted, Autonomous
Systems
We summarize some propositions revealing structural properties of the solutions of autonomous, discounted systems over an inﬁnite time horizon. The
long-run behavior of the optimal solution is interesting from an economic
point of view, ﬁrst to see whether the optimal trajectory converges to some
equilibrium (or in higher dimensions also to a limit cycle).
Under appropriate concavity assumptions one can show that asymptotic
paths are the optimal solutions (see, e.g., Carlson et al., 1991, Chap. 6). But
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in general for nonlinear, nonconcave models these paths are only candidates,
and one has to exclude other possible paths explicitly. See, e.g., Arrow and
Kurz (1970, p. 64), in which such an argument is given for a simple capital
accumulation model.
The main computational eﬀort for solving optimal control models of this
type is calculating the stable manifolds of the occurring saddles (see Sect. 7.4).
Equilibria are of signiﬁcant importance for analyzing autonomous inﬁnite
horizon problems, especially for one-state models, and the following proposition summarizes some crucial properties; for a proof see Wagener (2003):
Proposition 3.83. For one-state models of type DAM (3.64) with r > 0, unstable equilibria are the only possible limit sets of the corresponding canonical
system.
Sketch of Proof. The ﬁrst part of the proposition uses the fact that the Jacobian Jˆ of the canonical system at an equilibrium (x̂, λ̂) is given by
 ∗

∗
Hλx
Hλλ
Jˆ =
,
∗
∗
−Hxx
r − Hxλ
yielding tr J = r > 0. This property also rules out limit cycles.
Thus saddles and their stable paths are identiﬁed as the most important candidates for optimal solutions under the assumption that an optimal solution
converges to an equilibrium.
Remark 3.84. The instability of optimal equilibria and limit cycles for r > 0
is proved for arbitrary dimensions in Sect. 7.4.
For one-state models the monotonicity of the state trajectory can be proved:
Proposition 3.85. Let (x∗ (·), u∗ (·)) be the unique optimal solution of a onestate model of type DAM (3.64). Then the state trajectory is monotone for
all t ≥ 0.
An elementary proof is presented in Appendix B.5, (see also Hartl, 1987).
Remark 3.86. The assumption of uniqueness is crucial for the validity of the
proposition and is shown by a counter-example in Hartl (1987). There an optimal state trajectory following a damped oscillation exists, since the optimal
control is not unique.
With these arguments in mind, we now analyze an optimal control problem
of the US cocaine epidemic.

3.9 An Optimal Control Model of a Drug Epidemic
3.9.1 Model Formulation
As a simple optimal control problem example, we augment the descriptive
model of a drug epidemic from Sect. 2.9 with one control that increases the rate
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of exit from drug use, which we will refer to as treatment . More precisely, the
control variable u(t) denotes treatment expenditure at time t. As in Tragler,
Caulkins, and Feichtinger (2001) we assume that the rate at which users quit
in response to treatment may be described by
z

u(t)
.
(3.73)
c
A(t)
The interpretation is that outﬂow due to treatment is proportional to treatment spending u(t) per capita A(t) raised to an exponent z (0 < z < 1)
that reﬂects diminishing marginal eﬃciency of treatment, with c being a positive constant. Such diminishing returns have been included in several related
models (e.g., Everingham and Rydell, 1994) and reﬂect “cream skimming.”
The idea is that some users are easier to treat than others, and the treatment
system has some capacity to focus ﬁrst on individuals who are more likely
to beneﬁt from treatment. As treatment funding and the number of people
treated grow, however, the system can aﬀord to be less and less selective.
For ease of exposition, we will mostly omit the time argument t in what
follows. Multiplying the rate from (3.73) by the number of users A, we get
u z
c
A = cuz A1−z
(3.74)
A
as the number of users per unit time who quit in response to treatment when
treatment spending is at level u. Note that (3.74) also holds for A = 0, which
can be shown using l’Hospital’s rule. Plugging (3.74) into the descriptive dynamics (2.58) and using the logistic function (2.59) for initiation, we get


(3.75a)
Ȧ = kA Ā − A − cuz A1−z − μA
as the state equation for our control model. Equation (3.75a) states that we
consider one inﬂow term, initiation, and two outﬂow terms: outﬂow due to
treatment and the “natural” outﬂow.
For the optimal control model we still have to specify the objective functional, which describes the optimization goal of the decision-maker. We formulate the objective as minimizing the discounted sum of the costs associated
with drug use plus the costs of treatment. For simplicity we assume that the
societal costs of drug use are proportional to the number of users, with parameter ρ denoting the average annual costs per user. If we assume an inﬁnite
planning horizon, we get the formulation
∞

min
u(·)

e−rt (ρA(t) + u(t)) dt,

(3.75b)

0

where r is the time discount rate. The minimization is subject to the system
dynamics (3.75a) and the nonnegativity constraint
u(t) ≥ 0,

for all t

as a reasonable condition for the control.

(3.75c)
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3.9.2 Stability Analysis
For the purpose of applying Pontryagin’s Maximum Principle to the autonomous optimal control problem speciﬁed by (3.75), we ﬁrst multiply the
objective functional by −1 to obtain a maximization problem. Next, we formulate the current-value Hamiltonian
 


H (A, u, λ) = −ρA − u + λ kA Ā − A − cuz A1−z − μA ,
where λ is the current-value costate variable. Recall that the costate λ may be
interpreted as a shadow price of the stock A of users. More precisely, in this
problem we expect that λ will be negative with the absolute value describing
the incremental costs of having one more drug user.
As a necessary condition for optimality we have the Hamiltonian maximizing condition Hu = 0, which gives
1

u = (−czλ) 1−z A = u (A, λ) .

(3.76)

For negative λ, Huu = −cz(z − 1)λuz−2 A1−z is negative in the admissible
domain, so the control u from (3.76) indeed maximizes the Hamiltonian. Furthermore, u is nonnegative whenever A is, so we don’t have to take into
account the nonnegativity constraint on u (3.75c) explicitly. Substituting the
expression (3.76) for u in the costate equation
λ̇ = rλ − HA
gives

 1


λ̇ = λ r − k Ā − 2A + (1 − z) −c z zλ

z
1−z


+μ +ρ

(3.77)

as the dynamics of the costate. Analogously, we paste u from (3.76) into the
state equation (3.75a) to get

  1
Ȧ = kA Ā − A − −c z zλ

z
1−z

A − μA.

(3.78)

The canonical system of the two diﬀerential equations (3.77–3.78) will now
be used to derive the solution of our optimal control problem. We start by
computing the equilibria of the canonical system, which we get by solving
Ȧ = 0 and λ̇ = 0 simultaneously. Obviously, Ȧ = 0 is quadratic in A and can
easily be solved, giving the two solutions
Â1 = 0
and
Ã = Ā −

μ 1 1
−
−c z zλ
k
k

(3.79)
z
1−z

= Ã(λ).

(3.80)
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Pasting either of the two solutions (3.79–3.80) into λ̇ = 0, we get a nonlinear
equation in λ, where the nature of the nonlinearity is determined by the value
z
. For z ∈ (0, 1), this exponent is monotonously increasing
of the exponent 1−z
in z and may take any value in (0, ∞). This implies that there is exactly one
value of z leading to a quadratic equation in λ, i.e., z = 0.5, with the exponent
taking the value 1. In past analyses, z has been set to 0.4 (Zeiler, 2004), 0.5
(Wallner, 2005), or 0.6 (Behrens et al., 2000b; Tragler et al., 2001). We shall
use the medium-sized value
z = 0.5.
This has the advantage of allowing for an analytical solution of the equation
λ̇ = 0, while any other value of z would require numerical solution methods
for the remaining steps of the analysis.
We ﬁrst compute the equilibria of the canonical system at Â1 and Ã,
respectively. Then we study the stability properties of these equilibria by
analyzing the associated eigenvalues of the Jacobian matrix.
Boundary Equilibrium Â1
Substituting Â1 = 0 into λ̇ = 0 yields the quadratic equation


4 r − k Ā + μ
4ρ
2
λ − 2 = 0,
λ −
c2
c
the solutions of which are given by


2 r − k Ā + μ
λ̂ =
±
c2

$


2
4 r − k Ā + μ
4ρ
+ 2.
c4
c

(3.81)

Deﬁning as in Sect. 2.9
r0 := k Ā − μ,
we can rewrite (3.81) more concisely as
$
⎞
⎛
2
2 (r − r0 )
(r − r0 )
±
+ ρ⎠ .
λ̂ = ⎝
c
c
c2

(3.82)

It makes sense to assume that condition (2.62) holds, i.e., r0 is positive. Without loss of generality we will further assume that the social cost parameter ρ is
strictly positive.20 We now ﬁrst observe that the radicand (i.e., the argument
of the square root) in (3.82) is strictly positive, implying that the square root
20

A negative value of ρ does not make sense from an economic point of view.
The hairline case ρ = 0 reduces the objective to the minimization of treatment
spending, which results in the trivial optimal solution u ≡ 0, i.e., the uncontrolled
problem discussed earlier in Sect. 2.9.
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gives a positive real number. Furthermore, the square root dominates the term
(r−r0 )
, irrespective of the sign of this term. Hence we conclude that only the
c
solution with the negative square root gives a negative costate, yielding the
appropriate equilibrium solution λ̂1 given by
$
⎞
⎛
2
2 ⎝ (r − r0 )
(r − r0 )
−
+ ρ⎠ .
(3.83)
λ̂1 =
c
c
c2
Interior Equilibrium Ã
z
 1
1−z
Substituting Ã = Ā− μk − k1 −c z zλ
= Ã(λ) into λ̇ = 0 yields a quadratic
equation in λ,


4 r + k Ā − μ
4ρ
2
λ +
λ + 2 = 0,
3c2
3c
the roots of which are given by



2
2
2
λ̂2/3 = 2 − (r + r0 ) ± (r + r0 ) − 3c ρ .
(3.84)
3c

The associated equilibrium values of A are given by



1
2
Â2/3 =
2r0 − r ± (r + r0 ) − 3c2 ρ ,
3k

(3.85)

where we deﬁne Â2 (Â3 ) as the solution in (3.85) with the negative (positive)
square root term.
As we are looking for real roots, we need to demand that the radicand,
given by
2
(3.86)
Δ := (r + r0 ) − 3c2 ρ
and being the same for λ̂2/3 and Â2/3 , is nonnegative:
Δ≥0

iﬀ ρ ≤

2

(r + r0 )
=: ρbs .
3c2

(3.87)

Assuming that (3.87) holds, λ̂2/3 given by (3.84) are not only real but also
negative, implying that in this case we get two more candidates for equilibria
making economic sense.
Whether or not condition (3.87) holds obviously depends on the relative
sizes of the parameters involved. For a better understanding let us assume that
all parameters except for the social cost parameter ρ are kept ﬁxed, while we
let ρ vary in (0, ∞). In other words, we will perform a bifurcation analysis
with respect to the average social costs per user per unit of time, a graphical
representation of which we display in Fig. 3.7.
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With Δ from (3.86) and
Φ := 2r0 − r
Â2/3 can be presented more clearly as
Â2/3 =

√
1 
Φ± Δ .
3k

(3.88)

(3.87) states that the equilibria at Â2/3 exist iﬀ the social cost parameter ρ
is less or equal to ρbs , implying that a blue sky bifurcation occurs for ρ =
Φ
ρbs , where Δ = 0 and Â2 = Â3 = 3k
. Furthermore, observing that Δ is
increasing for decreasing values of ρ, we ﬁnd that Â2 and Â3 are decreasing
and increasing, respectively, when we move along the ρ-axis from right to left
(see Fig. 3.7). Finally, at ρ = 0 (i.e., the minimum value for the social costs) we
1
compute Â2/3 = 3k
(Φ ± (r + r0 )), where Â3 = rk0 corresponds to the steady
state level of A in the uncontrolled (descriptive) problem (cf. Sect. 2.9).
ρ = ρbs

ρ=0
Φ+(r+r0 )
3k

=

r0
k

Â3

Φ
3k

=

2r0 −r
3k

=

r0 −2r
3k

ρ

Â2
Φ−(r+r0 )
3k

blue sky
Fig. 3.7. Bifurcation diagram for ρ, keeping all other parameters constant. The
equilibria at Â2/3 exist iﬀ ρ ≤ ρbs , where ρbs is the location of the blue sky bifurcation

This concludes a basic discussion of the equilibria that may arise in our
optimal control model of drug use. We proved that there may be up to three
equilibria, the admissibility and stability properties of which we will discuss
next.
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Admissibility and Stability Properties of the Equilibria
An equilibrium (Âi , λ̂i ), i = 1, 2, 3, is admissible if both Âi ≥ 0 and λ̂i ≤ 0
hold. We concluded above that this is always true for the equilibrium at Â1 = 0
with λ̂1 from (3.83), implying that there is always at least this one equilibrium
solution.
Assuming again ﬁxed values for all parameters
 except for ρ, we ﬁnd that
2
0)
for
Â2/3 , λ̂2/3 to exist. If they
we need ρ less or equal to ρbs = (r+r
3c2
exist, our considerations above concluded that λ̂2/3 will be nonpositive, so
the costates have the right sign. What remains to be checked are the signs of
Â2 and Â3 , respectively.
First recall Fig. 3.7. There, the horizontal axis is at the level Φ = 2r0 − r,
which can have any sign. The main question is where to put the horizontal line
representing Â1 = 0 which separates the admissible solutions (lying above)
from the ones which are not admissible (lying below). What we do know is
1
(Φ + (r + r0 )) = rk0 , which is always positive due to our
that Â3 at ρ = 0 is 3k
basic nonnegativity assumption for r0 (recall (2.62)). While this observation
allows us to conclude that the horizontal axis Â1 = 0 must be located below
r0
k , we cannot say more without knowing the relative sizes of r and r0 . In
other words, depending on those sizes of r and r0 , we may imagine to ﬁnd the
axis Â1 = 0 anywhere below the level rk0 . An immediate conclusion is that it
is possible to ﬁnd all three equilibria in the admissible domain.
For ease of exposition, let us choose one particular scenario as illustrated
in Fig. 3.8, where we ﬁnd the horizontal axis Â1 = 0 somewhere
& between the
%
−2r
Φ
levels 3k
and r03k
. This is the case whenever r ∈ r20 , 2r0 . Furthermore,
let us in parallel to discuss the stability properties of the equilibria which we
(1)
(2)
do by analyzing the two eigenvalues αi and αi of the Jacobian matrix,
evaluated at the equilibria (Âi , λ̂i ), i = 1, 2, 3.
(1)
(2)
The eigenvalues α1 and α1 at (Â1 , λ̂1 ) are given by


(1)
(2)
2
2
2
α1 = (r0 − r) + c ρ, and α1 = r − (r0 − r) + c2 ρ.
(3.89)
We see that the radicand in (3.89) is again the sum of the nonnegative term
(r0 − r)2 and the positive term c2 ρ, implying that these eigenvalues are real.
(1)
(2)
While α1 is (always) positive, α1 can have any sign. What we may say,
though, is that for ρ suﬃciently high, the radicand will be large enough for
(2)
α1 becoming negative. In particular, after a few lines of algebraic operations
we ﬁnd that
(2)
α1 < 0 iﬀ r02 − 2r0 r + c2 ρ =: Ω > 0.
(2)

In terms of a condition for ρ, α1
point iﬀ
Ω>0

is negative and, hence, (Â1 , λ̂1 ) is a saddle

iﬀ ρ >

r0 (2r − r0 )
=: ρt ,
c2
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ρ = ρbs

r0
k

Â3

2r0 −r
3k

Â1 = 0

ρ
Â2

r0 −2r
3k

transcritical

blue sky

Fig. 3.8. Bifurcation diagram for ρ, keeping all other parameters constant. Starting
with high values of ρ, there is only one equilibrium at Â1 = 0, which is a saddle.
With ρ decreased, a blue sky bifurcation occurs, creating a medium-sized unstable
equilibrium and a high saddle point. With ρ decreased further, a transcritical bifurcation emerges where the medium-sized equilibrium becomes negative and at the
same time the equilibrium changes its stability property, i.e., becoming a saddle,
while the equilibrium at Â1 = 0 becomes unstable

while it is unstable otherwise. Not surprisingly, under parameter values leading to a graphical representation as illustrated in Fig. 3.8, not only we ﬁnd a
change of the stability of (Â1 , λ̂1 ) at ρt , but also it is exactly this value of ρ
where Â2 changes its sign, because Â2 is positive exactly if ρ > ρt . Further(1)
(2)
more, analyzing the eigenvalues α2 and α2 at (Â2 , λ̂2 ) given by
'
√
1
r
3
(1)/(2)
√
α2
= ±
Δ + r2 − Φ Δ,
(3.90)
2
4
3
we ﬁnd that (Â2 , λ̂2 ) is a saddle point iﬀ ρ < ρt , while otherwise it is unstable.
We conclude that we just proved the existence of a transcritical bifurcation
at ρ = ρt as illustrated in Fig. 3.8 (cf. Sect. 2.8.3).
(1)
(2)
Finally, the eigenvalues α3 and α3 at (Â3 , λ̂3 ) are given by
'
√
1
r
3
(1)/(2)
α3
= ±√
Δ + r2 + Φ Δ.
2
4
3
In a scenario as depicted in Fig. 3.8 with positive Φ = 2r0 −r, both eigenvalues
are real and have opposite sign, so (Â3 , λ̂3 ) is a saddle point and Â3 is positive
for all ρ in [0, ρbs ].
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This concludes the discussion of existence, admissibility, and stability properties of the equilibria of the canonical system (3.77–3.78). What remains to
be done is a phase portrait analysis.
3.9.3 Phase Portrait Analysis
We have shown above that the simple model of a drug epidemic considered
here has either one, two, or three admissible equilibria, as is best illustrated
by a bifurcation diagram such as the one in Fig. 3.8. Keeping all parameters
except for the social cost parameter ρ constant, we ﬁnd the following three
possible regimes determined by the particular value that is chosen for ρ:
0 ≤ ρ < ρt : The equilibria at Â1 = 0 and Â3 > 0 are admissible. (Â1 , λ̂1 ) is
unstable, (Â3 , λ̂3 ) is a saddle point. For any positive initial number of users
A(0) =: A0 , the optimal trajectory is the saddle point path starting at A0
and converging to the high equilibrium at Â3 as shown in Fig. 3.9a. In this
regime, which is characterized by low costs of drug use, optimal treatment
spending is moderate, resulting in a high long-run equilibrium. As already
discussed earlier, in the special case ρ = 0 where no costs of drug use
occur irrespective of the number of users, optimal treatment spending
is zero for obvious reasons, so the optimal equilibrium corresponds to
the highest possible number of users, i.e., the equilibrium level of the
uncontrolled system rk0 . However, with increasing costs of drug use ρ,
treatment becomes more and more attractive, so the equilibrium level of
users to be approached is decreasing (but positive).
ρt < ρ < ρbs : All three equilibria are admissible. (Â1 , λ̂1 ) and (Â3 , λ̂3 ) are
saddle points, (Â2 , λ̂2 ) is unstable. This case will be discussed later in
Sect. 5.6. We will see that both saddle points can be optimal, with their
basins of attraction in terms of the initial number of users A0 being separated by a so-called DNSS point.
ρ > ρbs : The only admissible equilibrium is at the low level Â1 = 0. Hence,
for all initial numbers of users A0 it is optimal to follow the saddle point
path leading to the lowest possible number of users Â1 = 0 as illustrated
in Fig. 3.9b. The economic interpretation is that for large enough costs of
drug use (ρ > ρbs ) optimal treatment spending will be relatively excessive,
allowing for an eradication of drug use.
%
&
Remark 3.87. The scenario we discussed above assumed r ∈ r20 , 2r0 . For
r0
r < 2 or r > 2r0 the corresponding bifurcation diagrams are diﬀerent from
the one in Fig. 3.8 in that the location of the horizontal axis representing the
steady state at Â1 is lower or higher, respectively. When r < r20 , Â2 is positive
for all nonnegative values of ρ, so the transcritical bifurcation occurs for a
negative value of ρ. When r > 2r0 , Â2 is negative for all nonnegative values
of ρ, so there are at most two admissible steady states. More precisely, for
ρ > ρt the only admissible equilibrium is at Â1 , implying that the eradication
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Fig. 3.9. In (a) the phase diagram for a case in which only the high equilibrium
is optimal is shown. In panel (b) the phase diagram for a case in which only the
equilibrium at Â1 = 0 is optimal is depicted

policy is optimal. For ρ ≤ ρt (Â3 , λ̂3 ) is both admissible and a saddle point,
while (Â1 , λ̂1 ) is unstable, so the optimal policy is to converge to the high
equilibrium at Â3 . We will provide more insightful discussions about possible
scenarios and their implications for optimal policies in Sect. 5.6.

Exercises
3.1 (Present- and Current-Value Notation). Prove that for the present-value
notation (see Remark 3.11) the necessary conditions (3.6) can be derived from the
necessary conditions (3.4).
Hint. Consider the transformation H̃ = e−rt H,

and

λ̃ = e−rt λ.

3.2 (Control and Terminal Constraints). Solve the following problem:
4

min
u(·)

s.t.

x dt
0

ẋ = u,

x(0) = 1

1 + u ≥ 0,

1−u ≥0

for the following alternative terminal constraints
(a) x(4) = 1, (b) x(4) ≥ 1, (c) x(4) ≤ 1, (d) x(4) free. Show that in case (b) one
gets x(4) = 1. Note that the complementary slackness condition
λ(4) (x(4) − 1) = 0
says that at the end “nothing valuable is left” (i.e., x(4) > 1 is suboptimal for
λ(4) = 0).
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Hint. Use Pontryagin’s Maximum Principle Theorem 3.52.
3.3 (Pure State Constraints).
additional path constraint

Solve Exercise 3.91 for x(4) − 1 = 0 and the

h(x) = x ≥ 0

for

0 ≤ t ≤ 4.

Hint. Use the optimality conditions of Pontryagin’s Maximum Principle Theorem
3.60, particularly the complementary slackness conditions (3.54f). Does the costate
jump?
3.4 (The Nerlove-Arrow Model). The following model provides one of the ﬁrst
applications of optimal control in economics. It dates back to 1962 and was then
solved by variational calculus.
Nerlove and Arrow (1962) conceived advertising as an investment to accumulate
goodwill. Advertising expenditures spent today inﬂuence future demand. Goodwill
is interpreted as “advertising capital” or, more simply, as the number of customers,
who have bought the product so far.
Denoting by a the advertising expenditure rate at time t and by A the goodwill
stock by time t, we get
Ȧ = a − δA, A(0) = A0 ,
where the rate δ > 0 measures the rate at which the customers leave the ﬁrm or stop
using the product. Here it is assumed that one monetary unit spent on advertising
causes a (gross) increase of goodwill by one unit.
If we assume a constant selling price, the sales revenue of the ﬁrm depends solely
on A and we consider a strictly concave return function π(A). The objective of the
ﬁrm is to maximize its discounted proﬁt stream
∞

max

a(·)≥0

e−rt (π(A) − a) dt.

0

Show the existence of an MRAP solution and interpret the turnpike property of
the singular solution. Extend the analysis to a monopolistic ﬁrm for which the sales
depend not only on A but also on the price.
3.5 (Advertising and Diﬀusion–Gould’s First Diﬀusion Model). This example refers to another early application of optimal control techniques in marketing
(Gould, 1970). We consider a single ﬁrm on the supply side, and many consumers
on the demand side. Assume a market for a durable good with a constant number of
potential buyers, i.e., a market potential x̄. Denote by x the number of the ﬁrm’s customers by time t. Denote also the advertising rate of the ﬁrm at time t by a(t) and assume that the advertising costs c(a) are convex, with c(0) = 0, c (a) > 0, c (a) > 0.
The state dynamics
ẋ = a (x̄ − x) − δx, x(0) = x0
describes the transition of potential buyers to customers by means of advertising
as well as the “obsolescence” of the product (e.g., by brand switching). The ﬁrm’s
objective is to maximize the present value of its net proﬁt:
T

max

a(·)≥0

e−rt (π(x) − c(a)) dt + e−rT Sx(T ).

0

Here π(x) is the proﬁt obtained by the sales (net of the production costs), while
S denotes the salvage value per customer at the end of the planning horizon T .
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Usually it makes sense to assume S = 0. But one can imagine the case in which at
the terminal time the ﬁrm sells its clientele.
Carry out a saddle point analysis. Discuss the dependence of the solution on the
model parameters.
3.6 (Optimal Maintenance and Replacement). Consider a machine whose
resale value x(·) gradually declines over time t. Assume that it is possible to slow
the rate of decline of the resale value by preventive maintenance. Denote by T the
sale date of the machine and by u the expenditures on preventive maintenance.
The decline of the resale value is determined by two components: a technological
obsolesce rate γ(t) (aging and technological progress reduces the productivity of the
machine) and a rate of successive deterioration δ(t), both of which are subsequently
considered constant. The dynamics of the resale value is given by
ẋ = −γ − δx + g(u, t),

(3.92)

where g(u, t) measures the eﬀectiveness of maintenance.
It seems reasonable to assume γ ≥ 0 and gt ≤ 0. It is realistic to assume that
preventive maintenance is not so eﬀective as to enhance the resale value over its
previous values; i.e.,
−γ + g(ū, t) ≤ 0 for t ∈ [0, T ] ,
where ū denotes the maximum maintenance rate.
The machine produces goods or services. Suppose that the revenue of the production depends on the state of the machine. Assuming for simplicity that the revenue
is given by πx, then the ﬁrm wants to maximize the discounted stream of production
revenue minus maintenance costs during its lifetime, plus the discounted resale value
at T
T

max

u(·)∈[0, ū]

e−rt (πx − u) dt + e−rT x(T )

0

subject to (3.92) and a given initial value x(0) = x0 > 0.
The problem typically consists of simultaneously determining the optimal rate
of preventive maintenance and the sale date of the machine.
Assuming that π > r + δ for t ∈ [0, T ], show that there exists a switching point
τ such that
ū for 0 ≤ t ≤ τ
u(t) =
0 for τ ≤ t ≤ T.
Discuss the “corner” solutions τ = 0 and τ = T , respectively.
3.7 (Free Terminal Time; Optimal Replacement). In Exercise 3.6 the planning horizon T was ﬁxed. Assume now that T has to be determined optimally. Use
the condition (3.10) to determine the optimal replacement time of a machine. Which
assumptions imply the existence of a non-degenerate T ∗ ?
Note that (3.10) admits a nice economic interpretation given in Sect. 3.3.4.
3.8 (A Production–Inventory Model). Assume that a ﬁrm has to satisfy the
demand for a good by production. If production exceeds demand, the excess is put
into inventory. Denote the demand as d, the production rate as v, and the stock
of inventory as z. These three quantities are connected by the following accounting
equation:

180

3 Tour d’Horizon: Optimal Control
ż = v − d,

where the initial inventory z(0) = z0 ≥ 0 is given. Demand d(·) is exogenously given.
Clearly, the production intensity must be nonnegative, v ≥ 0.
Assuming that no shortages are allowed, a pure state constraint z ≥ 0 is imposed.
Assuming convex production costs, c(v), and linear inventory costs, hz, we see
that the ﬁrm’s goal is to minimize the total costs over a ﬁxed and ﬁnite planning
period:
T

min
v(·)

(c(v) + hz) dt,
0

where h is the per-unit inventory cost and c(v) is the production cost function.
Characterize the optimal production program by combining interior and boundary solutions, i.e., z > 0 and z = 0. It turns out that the optimal production policy
is a “smoothed” version of the demand trajectory. “Peaks” of demand are pulled
down, whereas “dips” are ﬁlled up.
If we set d ≡ 0 and z(T ) = zT > 0, the model deals with the problem of
determining an optimal production program to meet a certain demand xT at a given
deliver date T . Prove that in general there is an initial period of no production or
inventory. Ascertain the time t∗ when production commences in order to meet the
ﬁnal demand.
3.9 (Monopolist Pricing with Dynamic Demand and Production Cost).
Formulate and solve the following dynamic price model of a ﬁrm faced with carryover
eﬀects and learning by doing (Kalish, 1983).
For many durable goods, sales at time t depend not only on the price p(t) but
also on past sales, i.e., the cumulated sales until t. Assume that for a given price
during the earlier stages of the product’s lifecycle the sales at time t increase with the
cumulated sales until t, X(t), whereas later the opposite is true. Thus the demand
at t is given by η(p(t))ϕ(X(t)), where η  (p) < 0 and ϕ (X) ≷ 0 for X ≶ X̄, and
where X̄ is a positive constant.
Suppose further that the cost of producing one unit c(X) depends negatively
on X, i.e., c (X) < 0 (“learning by doing”). Formulate an intertemporal decision
problem for a proﬁt-maximizing ﬁrm that must determine an optimal pricing policy.
3.10 (Consumption–Pollution Trade-Oﬀs). The following model goes back
to Forster (1977). It studies the trade-oﬀ between consumption and pollution. In
order to focus on this basic problem, we assume away problems of natural-resource
exhaustion, population growth, technical progress, and capital accumulation. Its
purpose is to show how the solution is modiﬁed when the equilibrium occurs on the
boundary of the state space.
Assume that economic welfare is measured by a strictly concave utility function
U (C, P ) of current consumption C and a stock of pollution P . The marginal utility
of consumption is positive but diminishing. The marginal utility of pollution is
negative and decreasing. As the pollution level rises, these eﬀects are aggravated. In
particular, we assume that UCP ≤ 0 (e.g., a rise in the dust-particle level in a picnic
area will drive down the enjoyment derived from an additional sandwich).
In each time period a ﬁxed output ψ 0 is produced and is allocated to consumption
C or to pollution control E. That is,
ψ 0 = C + E.
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Posing the problem in this way allows us to focus solely on the consumption–
pollution abatement trade-oﬀ.
Whereas consumption contributes with a convex ﬂow g(C) to pollution, P is
cleaned up by a concave function h(E). The net contribution to the ﬂow of pollution
is given by
Z(C) = g(C) − h(E) = g(C) − h(ψ 0 − C).
The accumulation of waste is governed by the ODE
Ṗ = Z(C) − αP,

(3.93)

where α denotes the natural cleaning rate. Given the above assumptions, Z is a
concave function.
Note that there exists a level of consumption, C̄, that will sustain a clean environment:
Z(C)  0 for C  C̄.
The planning problem is

∞

max
C(·)

e−rt U (C, P ) dt

0

subject to (3.93), P (0) = P0 , 0 ≤ C ≤ ψ0 and, the pure state constraint
P (t) ≥ 0,

for all

t.

Carry out a saddle point analysis, and give an economic interpretation of the longrun equilibrium describing the consumption–pollution trade-oﬀ. Discuss the two
essential cases, namely:
•
•

An environment that is polluted over the long run (interior equilibrium)
A clean long-run (boundary) equilibrium

Prove and interpret the condition
UC (C̄) 

−UP (0)Z  (C̄)
,
r+α

which is crucial to distinguish the two cases.
3.11 (Optimal Capital Accumulation). Consider the Ramsey model over an
inﬁnite time horizon deﬁned in Sect. 3.8.2:
1. Prove that the canonical system for the admissible control C(t) = 0 admits only
the equilibria (0, 0) and (K̃, 0) with F  (K̃) < δ.
2. Derive the canonical system for maximum consumption, i.e., C = F (K).
3. Calculate the optimal solution for the functional forms and parameter values
deﬁned in Sect. 3.8.2.
4. Solve Ramsey’s problem for a ﬁnite planning horizon with a ﬁxed end-point
condition K(T ) = KT . (Note that the inequality K(T ) ≥ KT would give the
same solution.)
Hint. For question 1 note that F (K) − δK exhibits its maximum at some K̂ with
F  (K̂) = δ.
For question 3 use one of the algorithms to calculate the stable path deﬁned in
Sect. 7.4.
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Note that for a linear production function F (K) = gK the model admits another interpretation, as follows. A decision-maker inherits a capital stock K0 > 0
and intends to maximize the present value of the stream of consumption utility by
allocating the available capital between consumption and an investment that pays
an interest rate g.
3.12. Prove that the matrix (3.48) has full rank iﬀ the gradients ciu (x(t), u(t), t) are
linearly independent, when the ith constraint is active.
Hint. If the ith constraint is active, ci = 0.
3.13. Let Ω ⊂ Rm be convex and let f (x, u) be a real-valued concave function of
(x, u), x ∈ Rn , u ∈ Ω. Then prove that
f ∗ (x) := max f (x, u)
u∈Ω

is concave in x, provided that the maximum value exists for each x ∈ Rn .
Hint. Let x1 , x2 ∈ Rn , θ ∈ [0, 1] and choose u1 , u2 ∈ Ω such that f ∗ (xi ) =
f (xi , ui ), i = 1, 2.
3.14. The objective functional (3.2) is known as Bolza form. If the salvage value
vanishes, S(x(T )) = 0, we have a so-called Lagrange problem. If g(x, u, t) = 0, the
control problem is called a Mayer problem. It is not true that a Bolza problem is
more general than the other forms.
Prove that the three forms of an optimal control problem are equivalent.
Hint. The salvage value S can be written as
T

S(x(T ), T ) = S(x0 , 0) +

Sx (x(t), t)ẋ(t) + St (x(t), t) dt.
0

"T
Moreover, the integral 0 g(x, u, t) dt may be written as a salvage value by adding
an additional state variable y(t) as follows
T

g(x, u, t) dt = y(t)
0

s.t.

g(0) = 0,

ẏ(t) = g(x, u, t).

3.15 (Jorgenson’s Investment Model). The following model by Jorgenson
(1963, 1967) provides a cornerstone of most models in the area of the “dynamics of the ﬁrm” (compare Ludwig, 1978; van Hilten, Kort, & van Loon, 1993; and
van Loon, 1985)
∞

max

I(·),L(·)

s.t.

e−rt (pF (K, L) − cI − wL) dt

0

K̇ = I − δK,

K(0) = K0

¯
I ≤ I ≤ I.
Here K(t) denotes the capital stock owned by a ﬁrm at time t, L(t) the labor force
employed by the ﬁrm, and I(t) the gross investment rate. The selling price p, the
investment cost c, the wage rate w, and the depreciation rate δ are constant. The
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production function F (K, L) is assumed to be concave jointly in (K, L). Note that
I < 0 allows for disinvestments.
Since the control variable, L, does not appear in the state equation, it can be
determined by static maximization. Denoting this maximum by
π(K) = max (pF (K, L) − cI − wL)
L(·)

(3.94)

we get, by means of the envelope theorem, π  (K) = pFK > 0. Furthermore, the
concavity of F implies π  (K) < 0. By (3.94) we obtain a function L = L(K), and
by substituting this we get a one-control model.
Show that there exists an MRAP and interpret the singular solution K̂, L̂ =
L(K̂). What is the economic meaning of the derived optimal investment policy and
the optimal employment?
In a more realistic approach, the ﬁrm’s labor force is dealt with as an additional
state variable that can be controlled by hiring and ﬁring. Formulate such a two-state
model including hiring/ﬁring costs.
3.16 (Optimal Alcohol Consumption at a Party). Assume that a person
derives utility from consuming alcohol but disutility from a level of inebriation that
is too high. Too much drinking at earlier stages of a party may cause displeasure
in the later stages and a hangover afterward. There is a utility U (u, x) depending
not only on the drinking rate u, but also on the accumulated consumption (level of
inebriation) x. The dynamics are
ẋ = u − δx,

x(0) = x0 .

Formulate an optimal control problem including a (negative) salvage value of x(T ).
Discuss the properties of U for various kinds of drinking behavior. While defensive
drinking may be characterized by Uux < 0, addiction might mean Uux > 0 (see Exercise 6.2). Show that in the ﬁrst case the optimal consumption path monotonically
decreases. Show that a permille limit (i.e., a pure state constraint x ≤ x̄ limiting inebriation), gives rise to a smaller consumption rate at least during the earlier stages
of the party. See Feichtinger (1987) for a detailed analysis of this unusual optimal
control model.

Notes and Further Reading
At the end of Sect. 3.1 we brieﬂy mentioned some important references for the application of Pontryagin’s Maximum Principle to economics and Operations Research.
There are at least four standard references to books on optimal control of economic
processes.
Sethi and Thompson (2000), (originally published in 1981, 2nd edition in 2000),
provides a valuable introductory textbook to the ﬁeld. Since the mathematical apparatus is kept simple (without being a collection of recipes), it is well-suited for
beginners. The book contains examples from many ﬁelds, such as ﬁnance, production/inventory, marketing, maintenance/replacement, and resource management.
Another good introductory book is that by Kamien and Schwartz (1991). Fundamental concepts and results are introduced mainly with simple economic examples.
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While the ﬁrst part introduces variational calculus, the second part presents optimal
control.
A mathematically more sophisticated approach is provided in the monograph by
Seierstad and Sydsaeter (1986). Although it avoids measure theory and functional
analysis, problems of the existence of solutions, path constraints, and other delicate
issues are carefully discussed. Moreover, it analyzes several interesting economic
models.
The book by Léonard and Long (1992) is a remarkable one. It begins with an
introduction to nonlinear programming, an approach that is also pursued in this
book. Many examples from various economic ﬁelds make it a very useful textbook.
Another introduction to optimal control of economic processes is the Germanlanguage book by Feichtinger and Hartl (1986). It contains a rich survey of models
in production/inventory, maintenance/replacement, marketing, investment, employment, dynamics of the ﬁrm, resource management, and environmental planning.
Other texts dealing with economic applications of optimal control are Tu (1991)
and Chiang (1992). Caputo (2005) provided a monograph on optimal control theory
and its economic applications. A hallmark of this excellent book are the applications
of the envelope conditions to a dynamic comparative analysis.
After the formulation of the Maximum Principle by Pontryagin et al. (1962)
and the dynamic programming approach by Bellman (1957), the need for tools
for nonsmooth (i.e., not diﬀerentiable) problems became apparent. Clarke (1983)
provided such a tool with his concept of generalized gradients, while at the same time
Crandall and Lions (1983) introduced their concept of viscosity solutions proving the
existence of generalized solutions of the HJB equation. A self-contained presentation
of this modern approach to optimal control theory can be found in Vinter (2000).
A nice capital theoretic interpretation of the Maximum Principle has been given
by Dorfman (1969). His main thesis is that optimality conditions can be attained by
“strictly economic reasoning.” While the converse might be true (see Sect. 3.3.4),
Dorfman’s statement may somewhat be exaggerated.
There exist several proofs of the Maximum Principle. In the work of Pontryagin
et al. (1962) needle variations, (so called because in the limit the graphs of such
variations are “needle shaped”), were considered. Other proofs rely on the HJB
equation: Arrow and Kurz (1970) did so, where the objective function is assumed
to be twice continuously diﬀerentiable. For the general case, which relies on the
concept of viscosity solutions, an exact proof can be found in Barron and Jensen
(1986) or Cesari (1983). Long and Shimomura (2003) used the envelope theorem to
prove the Maximum Principle. A proof under reduced diﬀerentiability hypotheses
can be found in Arutyunov and Vinter (2004) or Shvartsman (2007).
Pontryagin’s Maximum Principle provides only necessary conditions of the ﬁrst
order, i.e., the ﬁrst derivatives are considered. But if the functions are at least
twice continuously diﬀerentiable, quadratic approximations can be considered for a
theory of second-order conditions (meaning that second derivatives are used). In fact,
these conditions are formulated as a (matrix) Riccati diﬀerential equation but are
in general hard to verify. They provide further conditions for classifying a possible
optimal solution and proving at least the local optimality of a calculated extremal.
For a detailed presentation of this theory the interested reader is referred to Caroﬀ
and Frankowska (1996); Malanowski, Maurer, and Pickenhain (2004); Maurer and
Pickenhain (1995); Zeidan (1984) and Zeidan and Zezza (1988).
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In many applications (e.g., in engineering sciences and in economics) linear–
quadratic control problems play an important role. An LQ control problem is a
problem with linear dynamics and a quadratic objective function. In the LQ case
the HJB equation leads to a matrix Riccati equation which may be used to synthesize
a feedback controller. A good reference is Bryson and Ho (1975); compare also Sethi
and Thompson (2000) for a short introduction.
In the basic optimal control problems OC (3.3) no conditions for the terminal
state x(T ) are imposed. In some cases, however, terminal constraints on the x(T )
play a role, either as ﬁxed-end point problems or in the form of inequality constraints
(see Sect. 3.6). Sethi and Thompson (2000) provided a complete study of terminal
conditions (see their table on p. 75).
An interesting use of the generalized Legendre–Clebsch condition was its application to a problem in space navigation, known as Lawden’s spiral. Lawden (1964)
showed that a singular arc of this model satisﬁed Pontryagin’s Maximum Principle and was therefore an optimal candidate. But Kelley, Kopp, and Moyer (1967)
falsiﬁed its optimality, applying the generalized Legendre–Clebsch condition.
The idea of exploiting Green’s integral theorem to prove the MRAP property
traces back to Miele (1962); see also Bell and Jacobson (1975). Sethi (1977) was
the ﬁrst to apply the MRAP concept in economics and OR. He used the term
“nearest feasible path,” but the term MRAP became popular. Note that Sethi’s
study of multiple equilibria also provided an early approach to indiﬀerence points
(see Chap. 5).
Note also the relation of MRAPs to turnpikes and saddle points occurring in
mathematical economics and growth theory; compare McKenzie (1986).
As already mentioned in Remark 3.58 the direct method was earlier used (see
Pontryagin et al., 1962). More information on the treatment of pure state constraints
are given by Feichtinger and Hartl (1986) and Hartl et al. (1995).
To the knowledge of the authors a comprehensive economic interpretation of the
possible jump of the shadow price in problems with pure state constraints is still
outstanding. A partial explanation was given by Verheyen (1992). In his illustration
of an economy with irreversible investments, it appears that the jump is caused by
a sudden change in the cost of capital and, therefore, in the marginal net present
value of the capital stock.
The optimal control model of a drug epidemic presented in Sect. 3.9 with one
state variable representing the number of users, A, is only one out of several variants
of the so-called A-model that was ﬁrst discussed in Tragler (1998) and Tragler et al.
(2001) where in addition to the one control considered here (drug treatment) a second control was included (price-raising law enforcement). In Moyzisch (2003) Zeiler
(2004) and Swaton (2005) prevention was included as third control variable. Recognizing that price-raising drug enforcement may increase property crime, Caulkins et
al. (2000) used an optimal control model to provide recommendations about whether
convicted drug-involved property oﬀenders should be incarcerated or should receive
some form of drug treatment. Acknowledging that harm reduction is gaining increasing interest as an alternative form of drug policy, Wallner (2005) Rudel (2006)
and Caulkins et al. (2007) adopted the A-model appropriately. The impact of supply
shocks on optimal dynamic drug policies was studied recently in a multi-stage framework (see Sect. 8.1) by Bultmann (2007), Bultmann et al. (2007) and Bultmann et al.
(2008). Only recently, Zeiler (2008) coupled two identical A-models for the purpose
of studying multiple drug use in two distinct drug user populations. While basically
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all these variants of the A-model were parameterized with data from the current US
cocaine epidemic, there also exist a few studies using data for the Australian heroin
epidemic (e.g., Mautner (2002), Großlicht (2003), Morawetz (2003)).
Price-raising drug enforcement suppresses drug use, but it may increase property
crime. Using an optimal control model Caulkins, Dworak, Feichtinger, and Tragler
(2000) provided recommendations about whether convicted drug-involved property
oﬀenders should be incarcerated or should receive some form of drug treatment.
The “optimal maintenance and replacement” model presented in Exercise 3.6
traces back to Thompson (1968) and provides one of the very ﬁrst applications of
optimal control to management science. In addition to his analysis, there are many
papers in this ﬁeld (see Feichtinger & Hartl, 1986, Chap. 10 as well as Sethi &
Thompson, 2000, Chap. 9 for an introduction to the ﬁeld). An interesting extension
of the maintenance and replacement problems deals with a chain of machines. By
this we mean that a machine will be replaced by a new one; compare Sethi and
Thompson (2000, Sect. 9.3) and Feichtinger and Hartl (1986, Sect. 2.8).
For a nice economic interpretation of the terminal condition (3.10) compare
Feichtinger and Hartl (1986, p. 46). Note that the proof of Theorem 3.25 is independent of the Maximum Principle and uses only calculus; see Hartl and Sethi (1983).
Exercise 3.8 refers to another important ﬁeld of application for Pontryagin’s
Maximum Principle; see Sethi and Thompson (2000, Chap. 6) for a detailed survey
of control-theoretic production/inventory models. These models trace back to Arrow,
Karlin, and Scarf (1958), and it can be seen as the basis of numerous extensions;
(see e.g., Feichtinger & Hartl, 1986, Chap. 9).
The pricing problem sketched in Exercise 3.9 is just one among a vast ﬁeld of
marketing applications for optimal control theory. For pertinent models on pricing,
advertising, and product quality, see Feichtinger and Hartl (1986, Chap. 11) and
Feichtinger, Hartl, and Sethi (1994).
Exercise 3.10 on consumption–pollution trade-oﬀs exempliﬁes a growing domain
of applications dealing with the eﬃcient control of environmental pollution; see
also Feichtinger and Hartl (1986, Chap. 15). There is a striking similarity between
crime control and environmental control, where the stock of oﬀenders/pollution
is controlled by prevention/abatement as well as treatment/clean-up measures see
Feichtinger (2001).
A whole spectrum of optimal control applications can be found for “unorthodox”
situations. Feichtinger and Mehlmann (1986) contains a non-exhaustive survey of
the ﬁeld “planning the unusual,” covering such areas as literature, theology, ethics,
sports, and history. Although some of the models seem to lack seriousness, they
often have hidden beneﬁts, (e.g., clarifying principles of optimal control) and in
some cases may even oﬀer valuable features for real-life decisions. To illustrate a few
points on this unorthodox spectrum, let us brieﬂy mention two models discussed
in Feichtinger and Mehlmann (1986). The ﬁrst is a health care model in which the
patients are under the care of a physician with various remuneration patterns. For
example, a physician is rewarded for each treatment or is paid for each patient
or each successful cure (and maybe punished in case of failure); alternatively, the
physician may be remunerated by the healthy part of the population. The second
model is a predator–prey model describing the dilemma of a vampire that draws
utility from sucking blood but, by biting human beings, creates competitors (other
vampires) that also exploit the prey.
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In Exercise 3.16 the utility function depends not only on the control (i.e., the
consumption rate), but also on the state variable. State-dependent utility functions
play an important role in dynamic economies, e.g., in habit formation (see, e.g.,
Ryder and Heal, 1973), environmental pollution (compare Exercise 3.10). Brock
circumscribed state dependency nicely as “money sings.” Its validity fosters complex
behavior of consumption paths, i.e., periodic and aperiodic oscillations, even chaos.
A nice example of state-dependent utility functions is status seeking, where the
status is determined by relative wealth; see, e.g., Fisher and Hof (2005).
Majumdar, Mitra, and Nishimura (2000) and Nishimura and Sorger (1996) studied cyclical chaotic equilibrium paths in deterministic optimal growth models with
inﬁnitely lived agents.

4
The Path to Deeper Insight: From Lagrange
to Pontryagin

In the last chapter we presented Pontryagin’s Maximum Principle and the
Hamilton–Jacobi–Bellman equation to solve optimal control problems. Now
we deal with its exposition from a diﬀerent point of view. In this chapter
we ﬁrst describe an intuitive approach to the Maximum Principle and its results, in which we reformulate the continuous-time problem of optimal control
theory as a discrete-time problem. Then we introduce the problem of static
optimization under equality and inequality constraints. The Lagrangian approach is used to ﬁnd ﬁrst-order necessary optimality conditions for the optimal solution. From this formulation we derive a discrete form of Pontryagin’s
Maximum Principle. Thereafter it is easy to understand how the discrete principle might be extended to the continuous case. In the course of this informal
approach we also introduce the main ideas of the calculus of variations, the
forerunner of optimal control theory. This allows us to derive the necessary
conditions of the Maximum Principle in a concise way but also to give an
explanation for the jump condition for the costate in the case of pure state
constraints.

4.1 Introductory Remarks on Optimization
With this goal in mind, we start by making some notational comments and
give an introduction to optimization theory. It is intended to present the
general questions of optimization and thus to characterize the optimal control
problems as one speciﬁcation of a general problem. From this enhanced point
of view it is easier to discern similarities in the formulations of conditions
specifying optimal solutions for such apparently distinct areas as maximizing a
real function and ﬁnding the optimal strategy in an economic model. We shall
not present a general theory of optimization but rather provide some insight
into the mathematical thinking and reasoning in the ﬁeld of optimization – a
global map, so to speak, to keep the reader from getting lost in the details.
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4.1.1 Notational Remarks
Einstein instructed that a model should be as simple as possible but not simpler. Likewise, we try to keep the notation as simple as possible but also as
complex as necessary. This is not an easy task, especially as we present results from several mathematical ﬁelds, each with its own notational standard.
To keep these parts notationally consistent while also depicting the analogy
between static optimization and optimal control theory, we have had to strike
some compromises. In the discussion of static optimization we use uppercase
letters for functions (e.g., G, F ) and occurring variables (e.g., X), whereas
in the part dealing with optimal control theory we use lowercase letters for
the corresponding functions (e.g., g, f ) and variables (e.g., x). Maximizers are
denoted by an asterisk, e.g., X ∗ and the corresponding value function is given
by G∗ := G(X ∗ ).
4.1.2 Motivation and Insights
An optimal control problem can be considered as a special case of the general
maximization problem (GMP ): Let (V, ·) be a normed vector space (see
Appendix A.2.7), and let G be a real-valued function(al) G : V → R called the
objective functional or objective function, then the constrained maximization
problem, written as:
max G(X)
X

s.t. X ∈ Ω ⊂ V

(4.1a)
(4.1b)

is, to ﬁnd an element X ∗ with
X ∗ ∈ argmax G(X).

(4.2)

X∈Ω

Explicitly written (4.2) becomes
X∗ ∈ Ω ⊂ V

(4.3a)

such that the following inequality
G(X) ≤ G(X ∗ ) holds for all X ∈ Ω.

(4.3b)

If such an element X ∗ exists, it is called a maximizer or maximal (optimal)
solution of problem GMP (4.3).
In this context the important questions are:
• Does a maximizer X ∗ exist? (existence).
• Can conditions be stated distinguishing a maximizer from any other element in Ω? (necessary optimality conditions).
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• Do the necessary conditions suﬃce to identify a maximizer? (suﬃcient
optimality conditions).
All three of these questions are of importance to solve a maximization problem,
where in our presentation we concentrate on the second question (see also
Appendix A.3.3). Anyhow, without specifying the properties of the function
G and the structure of the set Ω, mathematics can do little to answer these
questions. And depending on how much information is given, answers vary
greatly in character, ranging from abstract theorems of existence to concrete
algorithms of how to calculate a maximizer.
Since the set V is assumed to be a normed vector space, the concept of
neighborhood can be applied and therefore the following deﬁnition can be
given:
Deﬁnition 4.1 (Local/Global Maximum). Let X ∗ be a maximizer for
problem GMP (4.3) restricted to the set Nε (X ∗ ) ∩ Ω, where Nε (X ∗ ) is an
open ε-neighborhood of X ∗ ; then X ∗ is called a local maximizer. If X ∗ is the
unique local maximizer; then it is called a strict local maximizer.
If X ∗ is a (unique) maximizer of GMP (4.3); then it is called a (strict)
global maximizer.
A coarse classiﬁcation of the type of maximization problems is given by the
dimension of the vector space V, i.e., ﬁnite- or inﬁnite-dimensional problems,
respectively. Typical examples of the ﬁnite-dimensional case are maximizations in V := Rn , whereas an optimal control problem can be seen as an
example for an inﬁnite-dimensional maximization problem, with
V := Cp0,1 ([0, T ], Rn ) × Cp0 ([0, T ], Rm ),
which is the set of continuous and piecewise continuously diﬀerentiable (state)
functions and piecewise continuous (control) functions (for its deﬁnition see
Appendix A.3.2).
A further distinction is the speciﬁcation of the set Ω ⊂ V, which is often
given in the form of equality or inequality constraints
Ω := {X ∈ V : F (X) = 0,

and H(X) ≥ 0}.

The corresponding problem is then called a maximization problem under equality and/or inequality constraints.
Another possibility to classify maximization problems is that of specifying
properties of the occurring functions G, F , and H. Especially if these are
diﬀerentiable or nondiﬀerentiable, yielding the distinction between smooth
and nonsmooth maximization problems.
We restrict our considerations to smooth problems. This approach is, without doubt a signiﬁcant restriction to set of admissible solutions, but makes
mathematical life much easier and can be justiﬁed for a broad range of applications.
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Having given a short survey of possible speciﬁcations of optimization problems, we shall now present a simple problem introducing the underlying ideas
for solving these problems. At this stage technical terms are used in a naive
sense but will be deﬁned precisely in the subsequent sections.
4.1.3 A Simple Maximization Problem
Problem Formulation
Let us start by analyzing the simple problem of maximizing the real-valued
function G(X) = X(X 2 − 1/2) restricted to the interval Ω = [−1, 1], i.e., to
the problem:
max X(X 2 − 1/2)
X

s.t. X + 1 ≥ 0
1 − X ≥ 0,
where V = R, G : R → R is continuously diﬀerentiable, and
Ω = [−1, 1] = {X : H(X) ≥ 0}
with H(X) := (X + 1, 1 − X) (see the graph in Fig. 4.1).
In light of our discussion above, this is a smooth, ﬁnite-dimensional optimization problem with inequality constraints. Rephrasing the problem formulation, we search for some criterion allowing us to characterize possible
candidates for the optimal solution.
Local Criterion for Characterizing a Maximizer
In general such a criterion relies on the local behavior of the function G,
which reduces the complexity of the problem, since locally the behavior of the
function G may be “nice,” whereas the global behavior can be complicated.
It is evident that for every candidate X̂ as a maximizer we have to assure the
validity of the inequality (4.3b), at least in some neighborhood. To validate
this inequality for such a point X̂ we consider the objective values, while we
vary the point along an arbitrary admissible direction δS. Admissible means
that the varied point has to satisfy the constraints. In other words, we have
to prove that at a possible maximizer X̂ admissible changes of this point
do not increase the value of the objective function. From this formulation we
conclude that we can split the problem into two parts. First, we have carefully
to examine how to characterize an admissible direction or admissible change
and, second, we have to ﬁnd some concept that allows us to describe the
change in the functional values as simple as possible. Our example is simple
enough to apply these considerations heuristically.
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−1
X̂1

1
X̂3

X̂4

∗

X = X̂2

Fig. 4.1. For the simple case of a cubic polynomial the main principles of maximization are depicted. In general the condition that the derivative is zero for points lying
in the interior of the admissible region yields only local extremals (X̂3,4 ). On the
boundary X̂1,2 one has to determine the admissible directions δS and check whether
the objective function G increases or decreases along these directions

Admissibility and First-Order Conditions
Let us start with the problem of admissibility. If we consider some point X
lying in the interior of the interval, changes in the positive direction as well as
in the negative direction satisfy the constraints. If we consider +1 and −1 as
vectors of the real line, any admissible direction δS can be written as ε · (+1)
or ε · (−1) with ε ≥ 0, where for ε small enough X ± ε stay in the interval Ω.
At the boundary {±1} of the interval the admissible directions are +1 for the
left boundary point and −1 for the right boundary point.
Given the polynomial form of function G, we ﬁnd the functional value for
a “slightly” varied point X + εδS, and δS ∈ {−1, 1} as


G(X + εδS) = G(X) + 3X 2 − 1/2 εδS + o(ε2 ).
(4.4)



GX (X)

Here (4.4) follows from the polynomial form of G. In general the Taylor theorem provides such a polynomial approximation.
From our previous arguments we know that for any admissible change of
X the functional value must not increase; hence G(X + εδS) − G(X) ≤ 0. If
we consider (4.4) for all ε > 0 (small enough), this reduces to the necessary
optimality condition
GX (X)δS = lim+
ε→0

G(X + εδS) − G(X)
≤ 0,
ε

(4.5)

194

4 The Path to Deeper Insight: From Lagrange to Pontryagin

where (4.5) denotes the directional derivative of G along δS. Thus it is claimed
that the directional derivative along an admissible direction δS is nonpositive.
If we inspect this condition carefully, we see that at an interior point X
of the interval, the directions 1 as well as −1 are admissible. Therefore at an
interior point (4.5) can be satisﬁed only if
GX (X) = 0,

(4.6)

which is the well-known result from unconstrained optimization of diﬀerentiable functions (see Appendix A.3.3).
Candidates That Are Not Maximizers
Equations (4.5) and (4.6) just provide a necessary condition, and hence points
satisfying these conditions are only candidates for a maximizer. This can
already be
 seen in our introductory example, in which the interior points

X̂3,4 = ∓ 1/6 satisfy (4.6) but are not maximizers, although X̂3 = − 1/6
is at least a local maximizer. The boundary point X̂2 = 1 satisﬁes (4.5) and
is therefore a (local) maximizer. The second boundary point X̂2 = −1 does
not satisfy the necessary conditions and can therefore be excluded. For this
simple example we know that a maximizer exists (see Theorem A.102). Moreover we know that X̂2,3,4 are the only candidates and therefore in a ﬁnal step
we have to compare the objective values of these points identifying X̂2 as the
global maximizer. From this line of argument it already becomes obvious that
for more involved problems the justiﬁcation for a candidate to be a (local)
maximizer can get rather complicated. If the occurring functions are twice
continuously diﬀerentiable, further (second-order) necessary conditions can
be stated that a maximizer has to satisfy.
Existence of a Maximizer
One aspect is often ignored or overlooked, namely that of the existence for
a maximizer/minimizer. For our previous example the general theorem, that
a continuous function exhibits a maximum and minimum on a compact set,
assures its existence (see Theorem A.102). In general, however, the question
of existence cannot easily be answered. But since the necessary conditions
are derived under the assumption that a maximizer exists, its existence is of
fundamental importance. Otherwise the detected solutions may not have a
meaning anyhow as the Perron paradoxon impressively shows:
Perron paradoxon. One is the largest natural number.
Proof. Suppose the largest natural number is N , then if N > 1 we ﬁnd N 2 >
N contradicting the assumption on N and therefore N = 1.
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Even though the proof is logical correct, its conclusion fails since its assumption, the existence of a largest natural number, is false. Thus the reader should
be aware that the question of existence is not only one of mathematical subtlety, but it is of fundamental relevance for a correct interpretation of the
detected solutions satisfying the necessary optimality conditions.
Therefore consider the problem:
max X 3
X

s.t. X ∈ R.
For this problem X = 0 is the unique solution satisfying the ﬁrst order necessary condition (4.6), i.e., 3X 2 = 0, but obviously it is not a maximizer nor a
minimizer. Thus the necessary condition failed to identify an optimal solution
since there exists no maximum or minimum in R (cf. Sect. 3.3.6).
4.1.4 Finite-Dimensional Approximation
of an Inﬁnite-Dimensional Problem
To conclude this motivational section let us ﬁnally reformulate, in a heuristic manner, the continuous optimal control problem (inﬁnite-dimensional) as
a discrete optimal control problem (ﬁnite-dimensional). This step, although
seemingly straightforward, has diﬃculties of its own, e.g., the discretization
of a continuous problem need not have a solution at all or may not be an approximation of the original problem (see, e.g., Cullum, 1969). For our current
goal, however, it suﬃces to state the possible pitfalls without solving them.
An Inﬁnite-Dimensional Problem
In the previously stated scheme, the optimal control problem:
T

max
u(·)

g(x(t), u(t)) dt + S(x(T ))

(4.7a)

0

s.t. ẋ = f (x(t), u(t)),
x(0) = x0
c(x(t), u(t)) ≥ 0,
h(x(t)) ≥ 0,
a(x(T )) = 0

t ∈ [0, T ]

(4.7b)

for all t ∈ [0, T ]

(4.7c)
(4.7d)

for all t ∈ [0, T ]

b(x(T )) ≥ 0

(4.7e)
(4.7f)
(4.7g)

is an inﬁnite-dimensional maximization problem, where the corresponding objective functional G is given by
T

g (x(t), u(t)) dt + S(x(T )),

G (x(·), u(·)) =
0
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and (x(·), u(·)) is an element of the vector space
V := Cp0,1 ([0, T ], Rn ) × Cp0 ([0, T ], Rm ).
What about the subset Ω ⊂ V? Here we ﬁnd
⎧
⎪
⎨ẋ(t) − f (x(t), u(t)) t ∈ [0, T ]
F (x(·), u(·)) = x(0) − x0
⎪
⎩
a(x(T ))
⎧
⎪
⎨c (x(t), u(t)) t ∈ [0, T ]
H (x(·), u(·)) = h (x(t)) t ∈ [0, T ]
⎪
⎩
b(x(T )).
Approximation
In line with our chosen approach we now transform the inﬁnite-dimensional
optimization problem OCC (4.7) by discretizing the model on a ﬁnite time
grid. For numerical as well as for theoretical purposes the way of discretizing
the continuous-time problem is of great importance. For our informal approach
the discretization is of less importance since it should only help the reader to
become acquainted with the underlying ideas. But we hope that this approach
facilitates the reader doing the step from static to dynamic optimization.
Remark 4.2. This approach can also be found in the book of Léonard and
Long (1992) albeit there it is not accomplished to the extent we will present
the theory here.
Now the discretization is done in a straightforward manner. Thus the time
interval [0, T ] is subdivided into N − 1 equal-sized intervals of length τ =
T /(N − 1). Using basic calculus, we replace the integral in (4.7a) by a ﬁnite
sum of step width τ
max
(u1 ,...,uN −1 )

N
−1


τ g(xi , ui ) + S(xN ),

i=1

where xi = x((i − 1)τ ), ui = u((i − 1)τ ), for i = 1, . . . , N .
Furthermore, the diﬀerential equation (4.7b) is replaced by the diﬀerence
equation
xi+1 − xi
= f (xi , ui ),
τ
and hence we ﬁnd for the initial condition (4.7c)
xi+1 = xi + τ f (xi , ui ),
s.t. x1 = x(0) = x0 .

i = 1, . . . , N − 1
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The constraints on the paths and at the terminal time become:
c(xi , ui ) ≥ 0,
h(xi ) ≥ 0,
b(xN ) ≥ 0

i = 1, . . . , N − 1

i = 1, . . . , N

a(xN ) = 0.
Summing up, this yields a discrete-time optimization problem (DOC ), which
approximates the continuous-time problem (4.7):
N
−1


max
(u1 ,...,uN −1 )

τ g(xi , ui ) + S(xN )

(4.8a)

i=1

s.t. xi+1 = xi + τ f (xi , ui ),

i = 1, . . . N − 1

x1 = x0

(4.8b)

c(xi , ui ) ≥ 0, i = 1, . . . N − 1
h(xi ) ≥ 0, i = 1, . . . N

(4.8c)
(4.8d)

b(xN ) ≥ 0
a(xN ) = 0,

(4.8e)
(4.8f)

where xi ∈ Rn and ui ∈ Rm .
Remark 4.3. Note that the factor τ appears because of the discretization process and has no inﬂuence on the maximization. Therefore, if exclusively studying the discrete problem, we shall assume τ = 1.

4.2 Static Maximization
In this section we develop the theory of static maximization under equality
and inequality constraints insofar as it is needed to derive a special form of the
discrete-time Maximum Principle. Our paradigmatic object of investigation in
this section is that of a real-valued, ﬁnite-dimensional, and smooth maximization problem under equality and inequality constraints. In formal terms, let
G : Rn → R, F : Rn → Rm and H : Rn → Rk be continuously diﬀerentiable
functions; then the problem, subsequently referred to as ﬁnite-dimensional
static maximization (FSM ), is written as:
max G(X)

X∈Rn

s.t. F (X) = 0
H(X) ≥ 0,

(4.9a)
(4.9b)
(4.9c)

where F (X) = 0 is called the equality constraint and H(X) ≥ 0 is called the
inequality constraint.
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4.2.1 Basic Theorems and Deﬁnitions
In this subsection the necessary conditions and theorems are presented to
develop the Lagrange theory for solving problem FSM (4.9). Thus we have to
ﬁnd a maximizer X ∗ satisfying the equations F (X ∗ ) = 0 and lying in a region
bounded by the inequalities H(X ∗ ) ≥ 0. As we have seen for the motivating
example in Sect. 4.1.3, it is important to distinguish between points lying in
the interior and at the boundary of the region Ω (see Fig. 4.2a). Therefore
we specify the set I(X) of indices with the active inequality constraints at a
point X, i.e.,
(
)
I(X) := j : H j (X) = 0 ,
where the argument X is omitted if there is no ambiguity.
X2

a)

H4

X2

b)

X̂1

X̂3
H3
H2

H2

Ω

H3
X̂2
X̂1
0

H

Ω

1

X

1

0

X̂2
H

1

X1

Fig. 4.2. In (a) the (gray) region Ω, given by the inequality constraints H 1 to H 4 ,
is depicted together with an inner point X̂1 and the two points at the boundary
X̂2 and X̂3 . The admissible directions are given by the convex hull of the depicted
vectors. Thus at the inner point X̂1 every direction is admissible. Panel (b) depicts
the admissible directions for the points X̂1 and X̂2 . In X̂2 the constraints H 1 and
H 3 intersect tangentially therefore the admissible directions are lying in the negative
half-line at X̂2

The introductory example showed that admissible direction is a central
term for stating necessary conditions for a (local) maximizer. Obviously, an
admissible point lies in the region restricted by the constraints, and a point
given by a possibly inﬁnitesimal change of X̂ along an admissible direction
should also satisfy the constraints. Formally these concepts are deﬁned by:
Deﬁnition 4.4 (Admissibility). A point X̂ ∈ Rn is called admissible for
problem FSM (4.9) if it satisﬁes the conditions (4.9b) and (4.9c).
A vector δS ∈ Rn is called an admissible direction (at X̂) if there exists a
sequence Xj ∈ Rn , j ∈ N of admissible points with
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lim Xj = X̂

j→∞

and

Xj − X̂

δS = δS.
(4.10)
Xj − X̂
A vector δS which is not admissible is called a nonadmissible direction.
lim

j→∞

Remark 4.5. Note that the zero vector is an admissible direction, since in
that case (4.10) is trivially satisﬁed for any sequence of admissible points
converging to X̂.
Remark 4.6. Geometrically this deﬁnition refers to the fact that a point X̃
given by
X̃ = X̂ + εδS,
with ε ≥ 0 chosen small enough is admissible. The formulation as a limiting process is necessary to include the case, where the admissible direction is
tangential to the boundary of the constraint. In Fig. 4.3a the case of a nonadmissible direction δS is shown. Here it is not possible to ﬁnd a sequence of
admissible points satisfying Deﬁnition 4.4.

δS

H1

a)

H

b)

δSn+3
δSn+2

2
HX

δSn+1
X̂
δSn

δS

δSq

X̂
1
HX

HX

H2

Fig. 4.3. Panel (a) shows that any direction δS not satisfying HX δS ≥ 0 is not
admissible, since for any sequence δSj converging to δS nearly all corresponding
points X̂j (gray dots) violate the constraints. In (b) the case is shown in which
quasi-admissible directions δSq exist (gray arrow ), which are not admissible

Remark 4.7. The symbol δS for an admissible direction anticipates already its
generalization in the calculus of variations (see Sect. 4.3), where it is convenient to use the symbol δ for variational terms. We employ this terminology
here to make it easier for the reader to recognize the similarities of both
theories.
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Since the deﬁnition of an admissible direction at the point X̂ is not very
amenable to manipulation, it is convenient to consider the related set of quasiadmissible directions at X̂, denoted as Aq , which is obtained by the linear
approximation of the constraints; that is,
j
i
Aq = {δS : FX
(X̂)δS = 0, i = 1, . . . , k, HX
(X̂)δS ≥ 0, j ∈ I(X̂)}.

Unfortunately, the sets of admissible and quasi-admissible directions are, in
general, not identical (see Fig. 4.3b). In general only the following conclusion
holds:
Proposition 4.8. Every admissible direction at X̂ is also a quasi-admissible
direction at X̂; that is
A ⊂ Aq .
The geometric argument for Proposition 4.8 in the complementary formulation
Rn \ Aq ⊂ Rn \ A
is depicted in Fig. 4.3a. Since, if you chose a vector δSRn \ Aq , which is
not quasi admissible, in that case HX δS < 0, then Deﬁnition 4.4 cannot be
satisﬁed and is therefore also not admissible. The formal proof can be found
in Appendix B.6.
As already stated the converse inclusion of Proposition 4.8 does not
hold in general. Thus deriving necessary optimality conditions, where quasiadmissible directions are utilized rather than admissible directions, one has
to assure the identity of both sets by some additional property. Such an additional regularity property is called a constraint qualiﬁcation.
One of these properties assuring the identity of admissible and quasiadmissible direction is the so-called Karush–Kuhn–Tucker (KKT) constraint
qualiﬁcation, which is formulated in the following lemma:
Lemma 4.9 (Karush–Kuhn–Tucker Constraint Qualiﬁcation). Let X̂
j
i
be an admissible point and the gradients FX
(X̂), i = 1, . . . , k, and HX
(X̂), j ∈
I at X̂ be linearly independent; then the identity A = Aq holds. The condition
of linearly independent gradients is called the Karush–Kuhn–Tucker constraint
qualiﬁcation.
The main idea of the proof is depicted in Fig. 4.4, whereas the technical details
are presented in Appendix B.6.
Remark 4.10. The KKT constraint qualiﬁcation assures that admissible directions can be speciﬁed by (in)equalities without explicitly referring to the
construction process of Deﬁnition 4.4.
The KKT constraint qualiﬁcation can also be stated in the form, that the
matrix

4.2 Static Maximization

δS2
X12

201

δS

δS1

X22
..
.̂
X2

F̂X
X̂
X11

X21

...

F

X̂ 1

Fig. 4.4. The process of constructing a sequence of vectors δSi converging to the
quasi-admissible direction δS, that is F̂X δS = 0, is depicted. The implicit function
theorem assures the explicit calculation of a sequence of admissible points Xi =
(Xi1 , Xi2 ). Since for Xi1 = X̂ 1 + θi δS 1 we ﬁnd Xi2 from satisfying F (Xi1 , Xi2 ) = 0,
where θi = Xi − X̂ / δS and limi→∞ θi = 0

⎛

⎞
1
FX
(X)
0
···
0
⎜. . . . . . . . . . . . . . . . . . . . . . . . . .⎟
⎜ k
⎟
⎜ F (X)
0
···
0 ⎟
⎜ X1
⎟,
⎜H (X) H 1 (X) · · ·
0 ⎟
⎜ X
⎟
⎝. . . . . . . . . . . . . . . . . . . . . . . . . .⎠
l
HX
(X)
0
· · · H l (X)

(4.11)

evaluated at an admissible point X̂, exhibits full rank. The reader is invited
to prove this reformulation in Exercise 4.6.
Next we state the necessary conditions for a maximizer X ∗ of problem FSM
(4.9), which has already been formulated in the simple case of the introductory
example in Sect. 4.1.3:
Theorem 4.11 (General Necessary Condition).
maximizer of FSM (4.9); then

Let X ∗ be a (local)

GX (X ∗ )δS ≤ 0,

(4.12)

for any admissible direction δS.
Proof. We prove the theorem by contradiction. First observe that for δS = 0
(4.12) is trivially satisﬁed. Thus assume the existence of an admissible direction at X ∗ , δS = 0, satisfying
GX (X ∗ )δS > 0.
By Deﬁnition 4.4 we ﬁnd a sequence
δSi := θi (Xi − X ∗ ),

θi =

δS
> 0, i ∈ N,
Xi − X ∗ 

(4.13)
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where Xi = X ∗ are admissible points. Next we consider


G(Xi ) = G X ∗ + θi−1 δS
= G(X ∗ ) + θi−1 GX (X ∗ )δS + o(θi−1 )
yielding
0 ≥ G(Xi ) − G(X ∗ ) = θi−1 GX (X ∗ )δS + o(θi−1 )
0 ≥ GX (X ∗ )δS +

o(θi−1 )
θi−1



o(θi−1 )
GX (X ∗ )δS + −1
= GX (X ∗ )δS.
i→∞
θi

0 ≥ lim

But this is a contradiction to (4.13), concluding the proof.




Theorem 4.11 provides a condition that every maximizer of FSM (4.9) has
to satisfy, but in general (without further restrictions on function G) this
condition is not suﬃcient. Hence points X̂ may exist, satisfying (4.12), which
are neither local nor global maximizers of FSM (4.9). Therefore we deﬁne:
Deﬁnition 4.12 (Extremal). Every point X̂ satisfying (4.12) is called an
extremal point of FSM (4.9).
This completes our general exposition of deﬁnitions and elementary theorems.
We shall now introduce the Lagrange theory of optimization.
4.2.2 Theory and Geometric Interpretation of Lagrange
and Karush–Kuhn–Tucker
Here we analyze the problem FSM (4.9) using the theory of Lagrange and
Karush–Kuhn–Tucker. Doing so will subsequently allow us to derive the ﬁrstorder necessary conditions of discrete optimal control problems.
In coordinate notation, problem FSM (4.9) becomes:
max G(X)

X∈Rn
1

s.t. F (X) = 0, . . . , F k (X) = 0
H 1 (X) ≥ 0, . . . , H l (X) ≥ 0.
Necessary Conditions for a Maximizer of FSM (4.9)
In the following the Lagrange–Karush–Kuhn–Tucker theorem provides ﬁrstorder necessary conditions to identify a maximizer of problem FSM (4.9). Its
proof relies considerably on the analysis of the (local) change of the objective function along admissible directions δS ∈ A. Hence an easy-to-manage
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characterization of these directions is needed. Since such a characterization
is provided by quasi-admissible directions δS ∈ Aq , the identity of both sets
Aq = A has to be guaranteed.
Using the Karush–Kuhn–Tucker constraint qualiﬁcation we ﬁnd the theorem:
Theorem 4.13 (Lagrange–Karush–Kuhn–Tucker). Let X ∗ be a local
maximizer of problem FSM (4.9) and let the matrix (4.11) have full rank.
k
l
Then there exist unique row vectors Λ = (Λi )i=1 and Π = (Πj )j=1 such that:
LX (X ∗ ) = 0

(4.15a)

Π≥0
ΠH(X ∗ ) = 0,

(4.15b)
(4.15c)

where L = G + ΛF + ΠH is called the Lagrangian of problem FSM (4.9) and
the vector (Λ, Π) is called the Lagrange multiplier. The condition (4.15c)
is called complementary slackness condition. The nonnegativity condition
(4.15b) together with the complementary slackness condition are also known
as the Karush–Kuhn–Tucker conditions.
Proof. Lemma 4.9 assures that A = Aq holds. From the necessary conditions
stated in Theorem 4.11 we ﬁnd GX (X ∗ )δS ≤ 0 for every admissible and
therefore quasi-admissible direction δS. Furthermore, any equality constraint
F i = 0 can be separated into F i ≥ 0 and −F i ≥ 0. Thus from the deﬁnition
j
i
δS ≥ 0 and HX
δS ≥ 0 with
of quasi-admissible directions we end up with ±FX
j ∈ I(X̂).
Now we can apply the Farkas lemma (Theorem A.36), for −GX (X ∗ ), which
assures the existence of vectors Λ1 ≥ 0, Λ2 ≥ 0, and Π j ≥ 0, j ∈ I(X̂). If we
/ I(X̂) the Farkas lemma (Theorem A.36) yields
set Π k = 0 for k ∈
GX + Λ1 FX − Λ2 FX + ΠHX = 0.
Collecting the factors of FX to Λ = Λ1 − Λ2 , we have proved (4.15a), the
nonnegativity condition (4.15b), and the complementary slackness condition
(4.15c).


Remark 4.14. Note that contrary to the inequality constraints, where Πj has
to be nonnegative, the sign of Λi is not determined.
Necessary Conditions Without Constraint Qualiﬁcations
Let us deﬁne the following set A = {δS : G∗X δS ≤ 0}; then Theorem 4.11
yields A ⊂ A , but not necessarily Aq ⊂ A . The constraint qualiﬁcation in the
Lagrange–Karush–Kuhn–Tucker theorem ensures the inclusion A = Aq ⊂ A
as well as the uniqueness of the multiplier (Λ, Π). If the KKT constraint
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qualiﬁcation is dropped, two things can happen. First, Aq ⊂ A can still hold
yielding the results of the Lagrange–Karush–Kuhn–Tucker theorem but losing
the uniqueness of the Lagrange multiplier. Or second, Aq ⊂ A , then in the
proof of the Lagrange–Karush–Kuhn–Tucker theorem, the assumptions of the
Farkas lemma (Theorem A.36) do not hold and no conclusion can be drawn
from it. Without constraint qualiﬁcation, the following weaker form of the
Lagrange–Karush–Kuhn–Tucker theorem can be proved:
Theorem 4.15 (Weak Lagrange–Karush–Kuhn–Tucker). Let X ∗ be a
local maximizer of the problem FSM (4.9). Then there exist a real number
k
l
Λ0 ≥ 0 and row vectors Λ = (Λi )i=1 and Π = (Πj )j=1 with (Λ0 , Λ, Π) = 0
satisfying
LX (X ∗ ) = 0
Π≥0
ΠH(X ∗ ) = 0,
where L = Λ0 G + ΛF + ΠH is called the general Lagrangian. The vector
(Λ0 , Λ, Π) is called a Fritz John (FJ) multiplier.
i
In case of Aq ⊂ A the linear dependence of the gradients FX
is a necessary condition, which is equivalent to Λ0 = 0 and (Λ, Π) = 0. This was ﬁrst
proved by John (1948) for inequality constraints, whereas the complete proof
for equality and inequality constraints can be found in Mangasarian and Fromovitz (1967). In fact only two cases have to be considered, namely Λ0 = 0
and Λ0 = 1. Since if Λ0 > 0 holds, the Lagrangian can be divided by Λ0
without changing the results.
In the following subsection we present the geometric intuition for the
Lagrange–Karush–Kuhn–Tucker theorem. In many of the optimization textbooks the Lagrange–Karush–Kuhn–Tucker theoremis proved by making the
subsequent presented geometric steps rigor (see, e.g., Apostol, 1977; Fletcher,
1987).

Geometric Intuition of the Lagrangian Approach
For the underlying geometric idea of the Lagrange–Karush–Kuhn–Tucker theorem let us consider a problem in the plane, where the function G(X) has to
be maximized due to the constraint F : R2 → R:
max G(X)

X∈R2

s.t. F (X) = 0.

(4.16a)
(4.16b)

For notational simplicity we write X = (x, y) . Let X ∗ = (x∗ , y ∗ ) be a solution
of this problem and FX (x∗ , y ∗ ) = 0. Especially we assume Fy (x∗ , y ∗ ) = 0, then
by the implicit function theorem there exists an open neighborhood Nε (x∗ ) =
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a)
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X2

b)
F

δS
δS

∗
FX

∗
FX

δSδS

G∗X

G∗X

F̃X

F̃X
G̃X

F

G̃X
X1

X1

Fig. 4.5. In the optimal case (a) an admissible direction δS may not increase the
optimal value G∗ , where G is shown by its contour lines. Hence δS is orthogonal
∗
to the contour line at G∗X as well as to the equality constraint FX
(dashed curve).
∗
∗
This implies the linear dependence of GX and FX and therefore the existence of a
∗
= 0. Case (b) visualizes the argument that
Lagrange multiplier Λ with G∗X + ΛFX
δS has to be orthogonal to G∗ , as otherwise a step in an admissible direction would
increase the objective value G

(x∗ − ε, x∗ + ε) and a continuously diﬀerentiable function y(x) : Nε (x∗ ) → R
satisfying
F (x, y(x)) = 0, for all x ∈ Nε (x∗ ).
Next we show that the gradient FX (X ∗ ) is perpendicular to the tangent vector
of y(x) at x∗ , which is an admissible direction δS and given by


dy(x∗ )
.
δS = 1,
dx
That δS is an admissible direction is a consequence of the implicit diﬀerentiation formula applied to y(x)


Fx (x∗ , y ∗ )
(Fx (x∗ , y ∗ ), Fy (x∗ , y ∗ )) 1, −
= Fx (x∗ , y ∗ ) − Fx (x∗ , y ∗ ) = 0.
Fy (x∗ , y ∗ )
We next show that the gradient GX (x∗ , y ∗ ) is also perpendicular to y(x) at
x∗ (see Fig. 4.5). Therefore consider the problem
max G(x, y(x)),
x

with

x ∈ Nε (x∗ ),

which is a real-valued maximization problem of a continuously diﬀerentiable
function and therefore
d
G(x∗ , y(x∗ )) = 0
(4.17)
dx
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has to hold at X ∗ . Using the chain rule, the derivative (4.17) becomes


Fx (x∗ , y ∗ )
0 = (Gx (x∗ , y ∗ ), Gy (x∗ , y ∗ )) 1, −
,
Fy (x∗ , y ∗ )
proving that GX (X ∗ ) is perpendicular to the curve at X ∗ . Since GX (X ∗ ) as
well as FX (X ∗ ) are perpendicular to y(x) they are linearly dependent and
therefore a Λ = 0 exists satisfying
GX (X ∗ ) + ΛFX (X ∗ ) = 0.
An Example Failing the Constraint Qualiﬁcation
The Lagrangian method may fail if the constraint qualiﬁcation is not satisﬁed.
To study such a case we analyze the following problem:
max G(x, y) = −y

(4.18a)

s.t. H(x, y) = y − x ≥ 0.

(4.18b)

3

2

Obviously x = y = 0 is the (unique) maximizer. But since
 
0
,
HX (0, 0) =
0
there exists no λ satisfying (4.15a), which for this speciﬁc case becomes
   
 
0
0
0
=
+λ
.
0
−1
0
In Fig. 4.6 the admissible region of the problem (4.18) is depicted, showing
that there is a cusp1 at the origin. Thus the curve
γ := {(x, y) : y 3 − x2 }
given by (4.18b), is not diﬀerentiable at (0, 0) and therefore the chain of previous reasoning cannot be drawn. Considering the set of admissible directions
we see that (4.18b) can be split into the two constraints
3

H̃ 1,2 (x, y) := ±y 2 − x ≥ 0.
We see that the corresponding sets of admissible directions A = {(x, 0) : x ≥
0} and quasi-admissible directions Aq = {(x, 0) : x ∈ R} are not identical
and thus the constraint qualiﬁcation is not satisﬁed (see Fig. 4.6).
So far we answered the question which necessary conditions a maximizer
has to satisfy. In the next subsection we address the question under which
conditions these necessary conditions are also suﬃcient.
1

A cusp point is a point at which two branches of a curve meet such that the
tangents of each branch are equal.

4.2 Static Maximization

207

y

H≥0

y1 (x)

1
(0, 0)
HX

2
HX
(0, 0)

0

x

Fig. 4.6. The admissible region H ≥ 0 of problem (4.18) exhibits a cusp point
1,2
(0, 0) are linearly dependent the constraint
at the origin. Since the gradients HX
qualiﬁcation is violated and the Lagrange–Karush–Kuhn–Tucker theorem cannot be
applied

Suﬃciency Conditions for a Maximizer of FSM (4.9)
Under appropriate concavity assumptions the necessary conditions become
also suﬃcient:
Theorem 4.16 (Global Suﬃciency). Let X ∗ satisfy the conditions of the
Lagrange–Karush–Kuhn–Tucker theorem and let the Lagrangian L be (strictly)
concave in X; then X ∗ is a (strict) global maximizer of problem FSM (4.9).
Proof. We have to show that G(X) ≤ G(X ∗ ) holds for every admissible X.
This follows from
G(X) − G(X ∗ ) = L(X) − L(X ∗ )
≤ LX (X ∗ )(X − X ∗ )
= 0.
For a strictly concave function the strict inequality follows, and hence X ∗ is
the unique maximizer, which concludes the proof.


Under the assumption that the functions G and F are two times continuously
diﬀerentiable a local form of Theorem 4.16 can be stated:
Theorem 4.17 (Local Suﬃciency). If X ∗ is an extremal point of FSM
(4.9) and if the Hessian matrix of the Lagrangian at X ∗ satisﬁes
δS  LXX δS < 0,

for every δS = 0 and δS ∈ A,

then X ∗ is a strict local maximizer of FSM (4.9).

208

4 The Path to Deeper Insight: From Lagrange to Pontryagin

For a geometric interpretation of Theorem 4.17 see Fig. 4.7.

X2

a)

X2

b)

δS

δS

δS

δS

X̂X̂

GG

F

X̂

F

G

G

X̂

F

F

X1

X1

Fig. 4.7. For G = X the contour lines of G (solid curves) and the constraint
F (dashed curve) are depicted. It is illustrated that for an extremal X̂ (a change
along an admissible direction δS does not change the objective value), the curvature
of G and F in X̂ is of importance. In case (a) the objective value is not increased
in second-order approximation in a neighborhood of X̂ and hence is a maximizer,
whereas in case (b) the curvature of F is that large that the objective value for a
point X in the neighborhood of X̂ exceeds that of X̂

Remark 4.18. The inequality
δS  LXX δS ≤ 0,

for all δS ∈ A,

is a necessary condition of second order for a maximizer X ∗ of FSM (4.9).
If the constraint qualiﬁcation hold the set of admissible directions A can be
replaced by the set of quasi-admissible directions Aq . For optimal control
problems such second-order conditions can also be stated but are in general
diﬃcult to prove.
After this short excursion to suﬃcient and second-order conditions, we consider an important tool for the sensitivity analysis of solutions of FSM (4.9)
provided by the envelope theorem.
4.2.3 The Envelope Theorem and the Lagrange Multiplier
The sensitivity of the value function of an optimization problem, which depends on exogenously given parameter values, is an important question to be
analyzed. The envelope theorem and its generalizations answer these questions. Let us therefore extend problem FSM (4.9) to the case including the
exogenous parameter μ ∈ Rp (FSMP ):
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max G(X, μ)

X∈Rn
1

s.t. F (X, μ) = 0, . . . , F k (X, μ) = 0,
H 1 (X, μ) ≥ 0, . . . , H l (X, μ) ≥ 0,
where the given functions G, F and H are continuously diﬀerentiable with
respect to X and μ. Then the corresponding Lagrangian is given by
L(X, Λ, Π, μ) = G(X, μ) + ΛF (X, μ) + ΠH(X, μ).
Deﬁning the value function
⎧
∗
⎪
⎨G (X (μ) , μ)
∗
G (μ) =
⎪
⎩∞

(4.19)

X ∗ (μ) ∈ argmax G(X, μ)
X∈Ω(X,μ)

argmax G(X, μ) = ∅

(4.20)

X∈Ω(X,μ)

the following theorem can be proved:
Theorem 4.19 (Envelope Theorem For Constrained Maxima). Let
the value function (4.20) be ﬁnite for every μ ∈ Γ ⊂ Rp and Γ be open. For
every μ ∈ Γ there exists a multiplier (Λ∗ (μ), Π ∗ (μ)) for the Lagrangian (4.19)
satisfying
LX (X ∗ (μ), Λ∗ (μ), Π ∗ (μ), μ) = 0.
Assume that X ∗ : Γ → Rn , Λ∗ : Γ → Rk and Π ∗ : Γ → Rl be continuously
diﬀerentiable in μ; then the value function (4.20) is continuously diﬀerentiable
in μ and
∂L
dG∗
(μ) =
(X ∗ (μ), Λ∗ (μ), Π ∗ (μ), μ) .
dμ
∂μ
Remark 4.20. A comprehensive exposition of the envelope theorem in context
of optimal control theory and comparative dynamics can be found in Caputo
(2005).
For the proof see Appendix B.7.
Remark 4.21. For the consideration of a parametrized maximization problem
under weaker assumptions the reader is referred to Clarke, Ledyaev, Stern,
and Wolenski (1998).
An important corollary of this result enables us to ﬁnd an interpretation of
the Lagrange multiplier:
Corollary 4.22. Let X ∗ be a maximizer of the problem FSM (4.9) and let
the vector ε = (ε1 , . . . , εk+l ) denote a change in the constraint levels, i.e.,
⎛
⎞
⎛ ⎞
εk+1
ε1
⎜
⎟
⎜ ⎟
F (X) + ⎝ ... ⎠ = 0, and H(X) + ⎝ ... ⎠ = 0.
εk

εk+l
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Under the assumptions of Theorem 4.19 we ﬁnd
(Λ, Π) =

dG (X ∗ )
.
dε

Proof. For the given maximization problem the Lagrangian L is written as
L(X, Λ, ε) = G(X) +

k


l

 


Λi F i (X) − εi +
Πj H j (X) − εj+k .

i=1

Thus we ﬁnd

j=1

dL
dG∗
=
= (Λ, Π) ,
dε
dε



which concludes the proof.

Remark 4.23. From Cor. 4.22 it follows that the entries of the Lagrange multiplier denote the change of the value function G∗ if the constraint levels are
relaxed. For reasons of simplicity we only consider the case of an equality
constraint. Setting
ΔG∗ (0)
dG∗ (0)
≈
Λj =
dε
Δε
we see that Λj can be interpreted as the shadow price of the jth constraint.
Compare this with the economic interpretation of the costate in optimal control problems in Sect. 3.3.4.
4.2.4 The Discrete-Time Maximum Principle
as a Static Maximization Problem
In this subsection we use the results from Lagrange theory to prove a discrete
version of the Maximum Principle. We start with reformulating the discrete
optimal control problem as stated in Sect. 4.1.4.
Reformulation of the Discrete-Time Optimal Control Problem
First we analyze the maximum condition posed on the objective function
(4.8a)
#
N
−1

max
g(xi , ui ) + S(xN ),
u∈RM

(u1 , . . . , uN −1 )

i=1

with u =
and M = (N − 1)m.
Here the maximization is formulated only for the controls ui at the steps
i = 1, . . . , N − 1. It is now possible to take two diﬀerent positions. First, the
states xi , i = 1, . . . , N , can be considered as an independent variable x ∈ RK
satisfying the constraints (4.8b–4.8f), which is equivalent to the maximization
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N
−1


max

(u,x)∈RM ×RK
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#
g(xi , ui ) + S(xN ) .

i=1

Pursuing this line leads to the discrete-time Maximum Principle by using the
Lagrange–Karush–Kuhn–Tucker theorem. Second, one can also refer to the
recursive structure of the discrete state dynamics given in (4.8b) and keep
the original maximum condition (4.8a), which corresponds to the dynamic
programming approach.
In this subsection we adopt the Lagrangian point of view and consider the
problem DOC (4.8) as a maximization problem for the objective function
G(X) =

N
−1


g(xi , ui ) + S(xN ),

i=1

with


X = (u1 , x1 , . . . , ui , xi , . . . , xN ) ∈ RK ,

K = N n + (N − 1)m.

The equality constraint F (X) = 0 is given as
⎧
(0)
⎪
⎨x1 − x0 = F (x1 )
F (X) = −xi + xi+1 − f (xi , ui ) = F (i) (ui , xi , xi+1 )
⎪
⎩
a(xN ) = F (N ) (xN ),

i = 1, . . . , N − 1

representing the state dynamics, together with initial and terminal constraints.
Finally, the inequality constraint H(X) ≥ 0 is combined in
⎧
⎪
⎨c(xi , ui ) i = 1, . . . , N − 1
H(X) = h(xi )
i = 1, . . . , N − 1
⎪
⎩
b(xN ).
Rewriting the discrete-time optimal control problem in this form, we get:
max G(X)

X∈RK

s.t. F (X) = 0
H(X) ≥ 0.

(4.21a)
(4.21b)
(4.21c)

After this reformulation of the discrete problem DOC (4.8) as a static maximization problem, (4.21) can be analyzed via the Lagrange theory.
The Discrete Maximum Principle
We start with the formulation of the discrete Maximum Principle for DOC
(4.8):
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Theorem 4.24 (Discrete Maximum Principle). Let the sequence of vectors (x∗i , u∗i ) , i = 1, . . . , N − 1, be an optimal solution of DOC (4.8). Then
there exist row vectors λi ∈ Rn , ν i ∈ Rk , and μi ∈ Rl with i = 1, . . . , N − 1


and constants λ0 ≥ 0, α ∈ Rl and β ∈ Rl+ with (λ0 , λi , ν, μ, α, β) = 0 where
1
N −1
1
N −1
), μ = (μ , . . . , μ
) satisfying the following conditions:
ν = (ν , . . . , ν
Lui (x∗i , u∗i , λi , μi , ν i , λ0 ) = 0
i

i−1

λ =λ

−

(4.22a)

Lxi (x∗i , u∗i , λi , μi , ν i , λ0 ),

i = 2, . . . , N − 1

(4.22b)

together with the complementary slackness conditions
μj ≥ 0,
ν ≥ 0,
j

cj (x∗i , u∗i )μj = 0,
h

j

(x∗i )ν j

= 0,

j = 1, . . . , l

j = 1, . . . , k.

(4.22c)
(4.22d)

At the end point the following transversality condition has to hold
λN −1 = Sx (x∗N ) + ν N hx (x∗N ) + αax (x∗N ) + βbx (x∗N )
with the complementary slackness conditions
β ≥ 0,

βb(x∗N ) = 0.

The function
L(xi , ui , λ , μ , ν , λ0 ) = H(xi , ui , λ , λ0 ) +
i

i

i

i

N
−1


 i

μ ci + ν i h i

(4.22e)

i=1

is called the Lagrangian and
H(xi , ui , λi , λ0 ) = λ0 g(xi , ui ) + λi f (xi , ui )
the Hamiltonian of the problem.
Remark 4.25. For a more general formulation of the problem the reader is
referred to Ravn (1999).
Proof. For the proof we apply the results of the weak Lagrange–Karush–
Kuhn–Tucker theorem to the problem (4.21).
At ﬁrst we deﬁne the overall Lagrangian2 L of the problem as
L = λ0

*N −1


+
g(xi , ui ) + S(xN )

i=1

+

N
−1

i=1

2

+

N
−1


λi (xi − xi+1 + f (xi , ui ))

i=1

μi c(xi , ui ) +

N


ν i h(xi ) + κ (x1 − x0 ) + αa(xN ) + βb(xN ),

i=1

Note that L denotes the Lagrangian of the problem DOC (4.8) considered as
a static maximization problem and is diﬀerent to the Lagrangian L in (4.22e),
where the correspondence is given in (4.23).
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or when using (4.22e)
L=

N
−1


L(xi , ui , λi , μi , ν i , λ0 ) +

i=1
N

N
−1


λi (xi − xi+1 )

i=1

+ν h(xN ) + αa(xN ) + βb(xN ).

(4.23)

The condition (4.15a) of the Lagrange–Karush–Kuhn–Tucker theorem applied
to L yields
Lui = Lui = 0,

i = 1, . . . , N − 1

Lx1 = Lx1 + λ + κ = 0
1

Lxi = λ + Lxi − λ
i

(4.25)
i = 2, . . . , N − 1

(4.26)

+ ν hxN + αaxN + βbxN = 0.

(4.27)

i−1

= 0,

N −1

N

LxN = λ0 SxN − λ

(4.24)

From (4.24) we ﬁnd
Lui = 0,
identifying the control value at time i as an extremal point of the Lagrangian
L. Note that in the absence of inequality constraints Lui = 0 reduces to
Hui = 0, i.e., ui is an extremal of the Hamiltonian, which is a local form of
the Hamiltonian maximizing condition.
Using (4.25) and (4.26) yield
Lx1 = Hx1 + λ1 + μ1 cx1 + ν 1 hx1 = −κ
i

i−1

λ =λ

− Lxi (xi , ui ).

(4.28)
(4.29)

Thus (4.29) adds an adjoint system of recursive relations to the state system,
in which the vectors λi are the adjoint variables or costates. From (4.28) it
follows that λ1 is free. Whereas (4.27) restricts λN −1 to
λN −1 = λ0 SxN + ν N hxN + αaxN + βbxN ,

(4.30)

yielding the transversality condition.
Note that in the absence of any terminal constraints on the state, (4.30)
reduces to
λN −1 = λ0 SxN ,
or if S ≡ 0

λN −1 = 0.



Remark 4.26. The formal analogy between the discrete-time Maximum Principle and the continuous-time Maximum Principle is obvious and the reader
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may, e.g., derive the adjoint diﬀerential equation from its discrete analog
(4.22b) in an informal way by a simple limiting argument. Anyhow, a rigorous derivation of the continuous Maximum Principle from the discrete-time
Maximum Principle is formally tricky and beyond the scope of this book.
Remark 4.27. One of the main drawbacks of the Lagrangian approach is that
the Hamiltonian maximizing condition
u∗ = argmax H(x, u, λ)
u

can only be derived in the local form
Hu (x, u∗ , λ) = 0.
Thus the optimal control value u∗ is only speciﬁed as an extremal point of
the Hamiltonian H.
Next we introduce the calculus of variations to present a further proof of Pontryagin’s Maximum Principle, which allows us to derive the corner conditions
speciﬁc only to the continuous-time problem.

4.3 The Calculus of Variations
This is not the place to present the theory of the calculus of variations in
depth; for that the reader is referred, e.g., to the textbooks on the calculus
of variations by Bliss (1925); Sagan (1969), and Smith (1974). Nonetheless,
an introduction to calculus of variations as a direct predecessor of optimal
control theory should be given (see the historical remarks in Sect. 3.1). The
calculus of variations extends the methods of ordinary calculus to the case
of functionals. This allows a generalization of the Lagrange–Karush–Kuhn–
Tucker theory and will be explored in some detail in the following section.
4.3.1 A Simple Variational Example
In this subsection we present one of the simplest problems, which can be
formulated as a problem of the calculus of variations, namely to determine the
(continuously diﬀerentiable) path of minimum length connecting two points
a = b in the plane.
Problem Formulation
From calculus we know that the arc length of a continuously diﬀerentiable
function x : [0, T ] → R2 is given by
T

ẋ(t) dt.

G (x(·)) =
0

4.3 The Calculus of Variations
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Then the problem can be stated as the minimization problem:
T

min
1

x(·)∈C ([0, T ])

s.t. x(0) = a,

ẋ(t) dt

(4.31a)

0

x(T ) = b,

(4.31b)

where subsequently the integrand of (4.31a) is abbreviated by

g(ẋ) := ẋ = ẋ21 + ẋ22 .
Thus among all continuously diﬀerentiable curves x(·) connecting the points
a and b, one has to identify the curve exhibiting the smallest arc length. At
this point we assume a naive point of view and forget that we already know
the solution given by the connecting line.
As in the previously discussed case of static optimization we next consider small variations of the minimizer x∗ (·). These variations together with
an analysis of the corresponding objective value will then lead to necessary
conditions characterizing a minimizer of problem (4.31). Therefore we ﬁrst
have to identify admissible variations.
Admissible Variations
Suppose that x∗ (·) is a solution of problem (4.31). Since x∗ (·) is assumed to be
continuously diﬀerentiable with ﬁxed initial and terminal state, we only consider variations such that the perturbed curve is in the same class of functions.
Thus the set
A := {δS(·) ∈ C 1 ([0, T ]) : δS(0) = δS(T ) = 0}
satisﬁes these conditions, since for ε > 0 the varied curve
xε (·) := x∗ (·) + εδS(·) ∈ C 1 ([0, T ]),
ε

ε

iﬀ

− δS(·) ∈ A.

δS ∈ A

(4.32)

is continuously diﬀerentiable with x (0) = a and x (T ) = b.
Moreover, this thus deﬁned set of admissible variations A is a vector space
exhibiting the important property
δS(·) ∈ A

This property allows us to chose ε in (4.32) not only for ε ∈ R+ but for all
ε ∈ R. For δS(·) ∈ A the real-valued function
T 
˙
V (ε) := G(xε (·)) =
g ẋ∗ (t) + εδS(t)
dt
0

is then continuously diﬀerentiable with respect to ε and deﬁned in an open
neighborhood of zero, which exhibits a (local) minimum at ε = 0 (see Deﬁnition 4.28). This approach reduces the “functional” problem to the well known
real-valued problem, which will subsequently be exploited.3
3

˙
Note that δS(·)
denotes the time derivative
not be varied independently from δS(·).

d
δS(·)
dt

of the variation δS(·) and must
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Local Criterion for a Minimizer
Given the continuous diﬀerentiablity of V (·), its derivative has to be zero at
ε = 0 (see Appendix A.3.3). Interchanging integration and diﬀerentiation and
applying the chain rule therefore yields
T

V  (0) =

,

˙
gx (ẋ∗ (t)) , δS(t)
dt = 0.

(4.33)

0

To reformulate (4.33) in a more applicable form we apply the Dubois–
Reymond lemma (Lemma A.140), for each of the terms occurring in the scalar
product of (4.33). This yields the ﬁnal condition, that for the minimizer x∗ (·)
there exists a constant C ∈ R2 satisfying
gx (ẋ∗ (t)) = C = (C1 , C2 ) ∈ R2 ,

for all t ∈ [0, T ].

Or using the deﬁnition of g we ﬁnd
ẋ∗ (t)
= C,
ẋ∗ (t)

for all t ∈ [0, T ].

Since for a = b, ẋ(0) = 0 we ﬁnd C = 1 for all t, which implies that at least
one of the coordinates is unequal to zero. Assuming C2 = 0 we set y = x1 ,
and z = x2 . Thus y can be considered as a function y(z) yielding
y  (z) =

C1
ẏ
=
.
ż
C2

This proves that the minimizer x∗ (·) is a straight line.
Having considered this speciﬁc problem of the calculus of variations let us
return to the general case.
4.3.2 The First Variation
Let us reconsider the general problem of maximization (GMP ):
max G(X)
X

s.t. X ∈ Ω ⊂ V,

(4.34a)
(4.34b)

where V is assumed to be a real vector space, e.g., V = Cp0,1 ([0, T ]).
In the previous subsection we considered “small” variations εδS of X ∗
to determine necessary conditions a maximizer X ∗ of problem (4.34) has to
satisfy. For these variations the relative changes
G(X ∗ + εδS) − G(X ∗ )
,
ε

with ε > 0

in direction of δS are analyzed. We therefore deﬁne the ﬁrst variation of the
functional G in direction δS by the following:
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Deﬁnition 4.28 (First Variation). Let G : V → R with X̂ ∈ V and δS ∈ V.
If the following limit
δG(X̂, δS) := lim+
ε→0

G(X̂ + εδS) − G(X̂)
,
ε

exists, then δG(X̂, δS) is called the ﬁrst variation of G(X̂) at X̂ in direction
δS.
Remark 4.29. The ﬁrst variation δG(X̂, δS) is the right side derivative of
G(X̂ + εδS) with respect to ε, denoted by

d

G(X̂ + εδS) + := δG(X̂, δS).
dε
ε=0
Remark 4.30. For a diﬀerentiable function G : Rn → R the ﬁrst variation
denotes the directional derivative, which is given by
δG(X̂, δS) = GX (X̂)δS =

n

∂G(X̂)
i=1

∂Xi

δSi ,

where δS = (δS1 , . . . , δSn ) .
Next, we deﬁne the set of admissible variations:
Deﬁnition 4.31 (Admissible Variation). A vector X ∈ V is called admissible for GMP (4.34) if X ∈ Ω. A vector δS ∈ V is called an admissible
variation of an admissible vector X if X + εδS ∈ Ω for all ε ∈ [0, 1]. The set
of admissible variations is denoted by A.
We can now formulate the analog to Theorem 4.11 as:
Theorem 4.32 (Necessary Optimality Condition). Let G : V → R possess a ﬁrst variation at X ∗ ∈ V for every δS ∈ A. Suppose G exhibits a relative
maximum at X ∗ , then
δG(X ∗ , δS) ≤ 0.
If the set A is a vector space, then
δG(X ∗ , δS) = 0.
Proof. To prove the ﬁrst part we only have to consider that if X ∗ is a local
maximizer, we ﬁnd for ε > 0 small enough
G(X ∗ + εδS) − G(X ∗ )
≤0
ε
yielding
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δG(X ∗ , δS) = lim

ε→0+

G(X ∗ + εδS) − G(X ∗ )
≤ 0.
ε

(4.35)

For the second part we use the fact that the ﬁrst variation is homogenous,
i.e.,
δG(X ∗ , μδS) = μδG(X ∗ , δS), μ ∈ R,
which is an immediate consequence of the deﬁnition; the reader is invited to
prove this property in Exercise 4.7. Given the homogeneity and using the fact
that, since A is a vector space, with δS ∈ A also −δS ∈ A, we get
δG(X ∗ , −δS) = −δG(X ∗ , δS) ≤ 0.
This yields, together with (4.35), the equality
δG(X ∗ , δS) = 0



and concludes the proof.

To derive the necessary optimality conditions of an optimal control problem
we ﬁrst prove the Euler equation and Weierstrass–Erdmann conditions of the
calculus of variations.
4.3.3 Deriving the Euler Equation and Weierstrass–Erdmann
Conditions
We start analyzing the following optimal control problem:
T

max
u(·)

s.t.

g(x(t), u(t), t) dt

(4.36a)

0

ẋ(t) = u(t)
x(0) = x0 ,

(4.36b)
x(T ) = xT ,

(4.36c)

where x(·) ∈ Cp0,1 ([0, T ]), u(·) ∈ Cp0 ([0, T ]), and g is two times continuously
diﬀerentiable in x and u. This problem can equivalently be rewritten as a
problem of the calculus of variations:
T

max
x(·)

s.t.

g(x(t), ẋ(t), t) dt

(4.37a)

0

x(0) = x0 ,

x(T ) = xT .

(4.37b)

Then the following theorem holds:
Theorem 4.33 (Euler Equation and Weierstrass–Erdmann Conditions). Let x∗ (·) be a maximizer of problem (4.37) with a kink at t̃ and
satisfying the regularity assumption
det gẋẋ (x∗ (t), ẋ∗ (t), t) = 0,

for all

then the following conditions have to be satisﬁed:

t ∈ [0, T ];

(4.38)
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Euler Equation: On each interval [0, t̃) and (t̃, T ]
d
gẋ (x∗ (t), ẋ∗ (t), t) = gx (x∗ (t), ẋ∗ (t), t).
dt

(4.39)

First Weierstrass–Erdmann condition: at time t̃
gẋ (x∗ (t̃), ẋ∗ (t̃− ), t̃) = gẋ (x∗ (t̃), ẋ∗ (t̃+ ), t̃).

(4.40)

Second Weierstrass–Erdmann condition: at time t̃
H(x∗ (t̃), ẋ∗ (t̃− ), t̃) = H(x∗ (t̃), ẋ∗ (t̃+ ), t̃)

(4.41)

H(x, ẋ, t) := g(x, ẋ, t) − ẋgẋ (x, ẋ, t).

(4.42)

with

Remark 4.34 (Regularity Assumption). The regularity assumption (4.38) assures that the optimal solution x∗ (·) is two times continuously diﬀerentiable
on each of the intervals [0, t̃] and [t̃, T ], where at the boundaries the leftand right-hand side derivatives, respectively, are considered (see also Exercise
4.12).
Proof. The solution x∗ (·) is a maximizer of (4.37) iﬀ (x∗ (·), u∗ (·)) is an optimal
solution of problem (4.36), with ẋ∗ (·) = u∗ (·) and a discontinuity of u∗ (·) at t̃.
To derive the necessary optimality conditions we have to determine the
set of admissible variations (see Fig. 4.8a). Therefore we consider variations
δx(·) ∈ Cp0,1 ([0, T ]) with a kink at t̃, and variations δ t̃ of the junction time t̃.
Varying the junction time t̃ causes a shift of the kink. But since the variation
δx(·) exhibits the kink at t̃ we have to introduce a time transformation assuring
that both variations can be considered simultaneously (see Fig. 4.8c). Thus
we deﬁne the transformation
⎧ t
⎪
t̃
0 ≤ t ≤ t̃ + εδ t̃
⎨
t̃
τ (t, ε) := t̃ + εδ
(4.43)
⎪
⎩t̃ + t − t̃ − εδ t̃ (T − t̃) t̃ + εδ t̃ ≤ t ≤ T,
T − t̃ − εδ t̃
which satisﬁes τ (t, 0) = t. This time transformation is deﬁned such that τ (t, ε)
maps the intervals [0, t̃ + εδ t̃] and [t̃ + εδ t̃, T ] onto [0, t̃] and [t̃, T ].
The derivative of (4.43) with respect to the perturbation variable at ε = 0
is given by
⎧ t
⎪
0 ≤ t ≤ t̃ + εδ t̃
⎨− δ t̃
t̃
τε (t, 0) =
⎪
⎩− T − t δ t̃ t̃ + εδ t̃ ≤ t ≤ T,
T − t̃
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x

a)

δx

t̃

b)

ε

0

t

x0
−ε
xT
t

t̃
x

c)

yε

d)

0
t̃

t̃ + δ t̃

t

t

Fig. 4.8. Panel (a) depicts the solution path x∗ (·) ∈ Cp0,1 ([0, T ]) (black curve), with
a kink at t̃, and two varied paths (gray curve) x∗ (·) + δxi (·), i = 1, 2 enclosed in a
region bounded by the dashed curves. Corresponding to these varied paths in (b)
the variations δxi (·), i = 1, 2 are shown. In panel (c) additionally the variation δ t̃ of
t̃ is considered. Therefore the time transformation (4.43) is applied to the solution
path as well as the variations, yielding the varied paths yi (τ (t, ε)), i = 1, 2 given by
(4.45). The variations (yi )ε of yi , i = 1, 2 (gray curve) are shown in (d). This change
is composed of a part stemming from the time transformation and given by −ẋ∗ (·)δ t̃
(black curve), therefore the discontinuity at t̃, and the variation δxi (·), i = 1, 2
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yielding at t = t̃
τε (t̃, 0) = −δ t̃.

(4.44)

Using the time transformation (4.43), we can deﬁne a path y(·), which denotes
the variation of x∗ (·) with respect to x as well as t by
y(τ (t, ε)) := x∗ (τ (t, ε)) + εδx(τ (t, ε)).

(4.45)

Then y(τ (t, ε)) satisﬁes y(τ (t, 0)) = y(t) = x∗ (t) and the derivative of (4.45)
with respect to the perturbation variable at ε = 0 is given by
yε (τ (t, 0)) = ẋ∗ (τ (t, 0))τε (t, 0) + δx(τ (t, 0))
= ẋ∗ (t)τε (t, 0) + δx(t) = yε (t),

(4.46)

yielding for the left- and right-hand side limit at t̃
yε (t̃− ) = −ẋ∗ (t̃− )δ t̃ + δx(t̃− ),

and yε (t̃+ ) = −ẋ∗ (t̃+ )δ t̃ + δx(t̃+ ).

Owing to the continuity of δx(·) we can deﬁne
δx(t̃− ) = δx(t̃+ ) =: δx̃,
which denotes the variation of the state at time t̃.
In Remark 4.34 we pointed to the fact that the optimal solution is two
times continuously diﬀerentiable on each of the intervals [0, t̃] and [t̃, T ].
Therefore the time derivative ẏε (t) is well deﬁned on each of these intervals
as can be seen by (4.46). This will be important in the subsequent derivation.
We set
g(τ (t, ε)) := g(y(τ (t, ε)), ẏ(τ (t, ε)), t)
and omit the time arguments if there is no ambiguity. Then applying ﬁrst
the Leibniz rule (Proposition A.139) and afterwards the integration by parts
(Proposition A.138) formula the ﬁrst variation of the objective functional
T

V (x(·)) :=

g(x(t), ẋ(t), t) dt,
0

from (4.37a) is given by
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*

d
dV (ε) 
=
dε ε=0+
dε

t̃+εδ t̃
0

+


g(τ (t, ε)) dt +
g(τ (t, ε)) dt 

t̃+εδ t̃
T

t̃

ε=0+

T

=g(t̃− )δ t̃ − g(t̃+ )δ t̃ +
(gx yε + gẋ ẏε ) dt +
(gx yε + gẋ ẏε ) dt
0
t̃
 −

= g(t̃ ) − g(t̃+ ) δ t̃ + gẋ (t̃− )yε (t̃− ) − gẋ (t̃+ )yε (t̃+ )


t̃ 
T 
d
d
gx − gẋ yε dt +
gx − gẋ yε dt
+
dt
dt
t̃
 0−

− ∗ −
+
+ ∗ +
= g(t̃ ) − gẋ (t̃ )ẋ (t̃ ) − g(t̃ ) + gẋ (t̃ )ẋ (t̃ ) δ t̃


+ gẋ (t̃− ) − gẋ (t̃+ ) δx̃
(4.47)


t̃ 
T 
d
d
+
gx − gẋ yε dt +
gx − gẋ yε dt.
dt
dt
0
t̃
Since with yε (·) admissible also −yε (·) is admissible Theorem 4.32 states that
the ﬁrst variation of the objective functional (4.47) has to be zero. Then


gẋ (t̃− ) − gẋ (t̃+ ) δx̃ = 0
yields the ﬁrst Weierstrass–Erdmann condition (4.40) and
 −

g(t̃ ) − gẋ (t̃− )ẋ∗ (t̃− ) − g(t̃+ ) + gẋ (t̃+ )ẋ∗ (t̃+ ) δ t̃ = 0
the second Weierstrass–Erdmann condition (4.41).
Using the Dubois–Reymond lemma (Lemma A.140) on each interval [0, t̃]
and [t̃, T ] we ﬁnd that the integrals in (4.47) yield the Euler equation (4.39),
which concludes the proof.


Remark 4.35 (Reformulation in Optimal Control Notation). Setting
λ(t) := −gẋ (x∗ , ẋ∗ , t),

and H (x, u, λ, t) := g (x, u, t) + λ(t)u(t),

the Euler equation (4.39) becomes
λ̇(t) = −Hx (x, u, λ, t) .
The usual costate equation for the optimal control problem (4.36) and the
Weierstrass–Erdmann conditions assure the continuity of the costate and the
Hamiltonian, respectively at t̃, i.e.,
λ(t̃− ) = λ(t̃+ )




H x(t̃), u(t̃− ), λ(t̃), (t̃) = H x(t̃), u(t̃+ ), λ(t̃), (t̃) .
Remark 4.36 (Transversality Condition). Consider the problem (4.37) with
free terminal time, then the following transversality conditions can be derived
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gẋ (x(T ), ẋ(T ), T ) = 0
g(x(T ), ẋ(T ), T ) − ẋ(T )gẋ (x(T ), ẋ(T ), T ) = 0.
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(4.48a)
(4.48b)

In Exercise 4.13 the reader is invited to prove the transversality conditions
repeating the arguments of the previous proof.
These results will now be used to prove Pontryagin’s Maximum Principle.

4.4 Proving the Continuous-Time Maximum Principle
The Euler equation and Weierstrass–Erdmann conditions are now used to
prove the necessary conditions stated in Pontryagin’s Maximum Principle.
This approach allows a more detailed analysis of the question of continuity and
diﬀerentiability of the costate – a question that is omitted from most books
that survey this subject on this mathematical level – and is an extension of
the problem considered in Sect. 4.3.3.
Using the results of the previous subsections we present a proof of the
Maximum Principle in local form. The following presentation is mainly based
on the excellently written (in German) lecture note in Oberle (2006). For the
local Maximum Principle the Hamiltonian maximizing condition
H(x∗ (t), u∗ (t), λ(t), t) = max H(x∗ (t), u, λ(t), t)
u

is replaced by the condition
Hu (x∗ (t), u∗ (t), λ(t), t) = 0,

(4.49)

implying that the control value u∗ (t) is an extremal point of the Hamiltonian.
Let us restate the optimal control problem, which we subsequently consider:
#
T

g(x(t), u(t), t) dt

max
u(·)

s.t.

(4.50a)

0

ẋ(t) = f (x(t), u(t), t)
x(0) = x0 ,

x(T ) = xT ,

(4.50b)
t ∈ [0, T ],

(4.50c)

where the functions f : Rn × Rm × R → Rn and g : Rn × Rm × R → R are
continuous and continuously diﬀerentiable with respect to x and u.
4.4.1 The Continuous-Time Maximum Principle Revisited
To apply the results of Theorem 4.33 to the optimal control problem (4.50)
we have to restate the problem, transforming it into a calculus of variation
problem. Therefore we introduce the new variables
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t

v(t) :=

u(s) ds,

and

(4.51a)

0
t

λ(s) ds,

ρ(t) :=

(4.51b)

0

where λ(·) is assumed some piecewise continuous function (see Remark 4.37).
Then we consider the new problem:
T

(g(x(t), v̇(t), t) + ρ̇(t) (f (x(t), v̇(t), t) − ẋ(t))) dt

max
v(·),x(·),ρ(·))

0

(4.52a)
s.t. x(0) = x0 ,

v(0) = 0,

ρ(0) = 0,

(4.52b)

Setting
g̃(x, ẋ, v̇, ρ̇, t) := g(x(t), v̇(t), t) + ρ̇(t) (f (x(t), v̇(t), t) − ẋ(t)) ,
and
y := (x, v, ρ)
(4.52a) becomes
T

g̃(y, ẏ, t) dt

max
y(·)

0

s.t. y(0) = (x0 , 0, 0) ,
and problem (4.50) is therefore stated as a problem of the calculus of variations
in the form (4.37) and we can use Theorem 4.33 to derive the necessary
optimality conditions. In fact this problem is slightly diﬀerent, since there are
no terminal conditions stated. Thus so-called transversality conditions have
to be satisﬁed (see Remark 4.36).
Proof of the Local Maximum Principle
First we consider the function H deﬁned in (4.42), yielding
H(y, ẏ, t) := g̃(y, ẏ, t) − ẏg̃ẏ (y, ẏ, t).
Subsequently we need the following derivatives
⎞
⎛
⎛
⎞
gx + ρ̇fx
−ρ̇
⎠ , g̃ẏ = ⎝gv̇ + ρ̇fv̇ ⎠ ,
0
g̃y = ⎝
0
f − ẋ
and

(4.53)
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⎛

0
0
g̃ẏẏ = ⎝ 0 gv̇v̇ + ρ̇fv̇v̇
0
−I(n)

⎞
−I(n)
0 ⎠.
0
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(4.54)

Considering (4.54) we see that the regularity assumption is equivalent to the
nonsingularity of guu + ρ̇fuu , which is equivalent to the non singularity of Huu ,
where
H := g + λf
is the usual Hamiltonian.
Under the assumption that g̃ẏẏ is nonsingular for all t ∈ [0, T ] the necessary optimality conditions of Theorem 4.33 have to be satisﬁed. In that case
the Euler equation yields
d
g̃ẏ (y ∗ (t), ẏ ∗ (t), t) = g̃y (y ∗ (t), ẏ ∗ (t), t)
dt
or explicitly written for each of its components
λ̇ = −(gx + λfx )
d
Hu = 0
dt
d
(f − ẋ) = 0,
dt

(4.55a)
(4.55b)
(4.55c)

where we used the identities v̇(t) = u(t) and ρ̇(t) = λ(t). Since these identities
hold piecewise, we ﬁnd, using (4.55b) and (4.55c), that the terms
Hu ,

and f − ẋ

are piecewise constant.
At a point t̃, where the solution exhibits a discontinuous derivative the
Weierstrass–Erdmann conditions have to be satisﬁed. Thus using the ﬁrst
Weierstrass–Erdmann condition we get
g̃ẏ (y ∗ (t̃), ẏ ∗ (t̃− ), t̃) = g̃ẏ (y ∗ (t̃), ẏ ∗ (t̃+ ), t̃)
or for its coordinates
λ(t̃− ) = λ(t̃+ )
−

(4.56a)

Hu (t̃ ) = Hu (t̃ )
−

+

−

(4.56b)

f (t̃ ) − ẋ(t̃ ) = f (t̃ ) − ẋ(t̃ ).
+

+

(4.56c)

Thus the ﬁrst identity (4.56a) proves that the costate λ(·) is continuous for
every t ∈ [0, T ], which in consequence says, that the solution y ∗ (·) can only
have a discontinuous derivative if the optimal control u∗ (·) is discontinuous.
Moreover (4.56b) and (4.56c) prove that with c1 , c2 ∈ R
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Hu ≡ c1
f − ẋ ≡ c2 ,

(4.57a)
(4.57b)

these terms are constant on the interval [0, T ].
Next we consider the transversality condition (4.48a)
g̃ẏ (y(T ), ẏ(T ), T ) = 0,
which becomes in coordinate form
λ(T ) = 0
Hu (x(T ), u(T ), λ(T ), T ) = 0

(4.58)

f (x(T ), u(T ), T ) − ẋ(T ) = 0.
This ﬁnally proves the transversality condition (4.58) of the optimal control
problem together with c1 = c2 = 0. Therefore we ﬁnd the local Maximum
Principle be satisﬁed as
Hu (x(t), u(t), t) = 0,

for all t ∈ [0, T ],

and retrieve the state dynamics
ẋ(t) = f (x(t), u(t), t),

for all t ∈ [0, T ].

In a last step we analyze the function H, yielding
H = g + λ(f − ẋ) + ẋλ − u(gu + λfu ) − λ(f − ẋ)
= g + λf = H.

(4.59)

From the second Weierstrass–Erdmann condition we ﬁnd
H(y ∗ (t̃), ẏ ∗ (t̃− ), t̃) = H(y ∗ (t̃), ẏ ∗ (t̃+ ), t̃)
and using (4.59) this yields
H(t̃− ) = H(t̃+ ),
and therefore the continuity of the Hamiltonian for every t, which concludes
the local Maximum Principle.
Remark 4.37. The critical part of the proof is the assumption on the costate
λ(·), since in the deﬁnition (4.51) we assumed that λ(·) is integrable, which
cannot a priori be assumed. In a general framework using results from functional analysis it can at least be proved that λ(·) is a function of bounded
variation and that the corresponding Lagrangian does therefore exist in the
Riemann–Stieltjes sense.
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Remark 4.38 (Needle Variations). To derive not only the local Maximum Principle but the usual global Maximum Principle a diﬀerent type of variations
has to be considered. For the previous proof we considered variations εδu(·),
which converge to zero in the maximum norm, i.e., limε→0 max εδu(·) = 0.
In Pontryagin, Boltyanski, Gamkrelidze, and Mishchenko (1962) so-called needle variations δuN (·) (see Fig. 4.9) were used, which converge to zero in the
integral norm, i.e.,
T

δuN (t) dt = 0

lim ε

ε→0

0

but not necessarily in the maximum norm.
Next we introduce mixed path and pure state constraints for the previously
given optimal control problem and derive necessary corner conditions.
4.4.2 Necessary Conditions at Junction Points
For the deﬁnition of the terms used in this subsection the reader is referred
to Sect. 3.6. In this section we concentrate on the derivation of the necessary
conditions at a junction time t̃. In case of mixed path constraints the necessary
optimality conditions at the junction time t̃ reduce to:
λ(t̃+ ) = λ(t̃− )
−

H(t̃ ) = H(t̃ ),
+

(4.60a)
(4.60b)

which simply states the continuity of the costate and Hamiltonian, whereas
for pure state constraints h(x, t) the following conditions have to be satisﬁed:
λ(t̃+ ) = λ(t̃− ) − η(t̃)hx (x(t̃), t̃)
−

(4.61a)

H(t̃ ) = H(t̃ ) + η(t̃)ht (x(t̃), t̃)

(4.61b)

η(t̃) ≥ 0.

(4.61c)

+

These conditions are called the corner conditions, which correspond to the
Weierstrass–Erdmann conditions from the calculus of variations.
Using variational principles we derive the corner conditions and explain
the diﬀerences between the case of mixed path constraints (4.60) and that of
pure state constraints (4.61). For notational simplicity we consider a system
with only one state and one control.
Derivation of the Corner Conditions
To analyze necessary optimality conditions in the case of mixed path or
pure state constraints at a junction time t̃ we use the same deﬁnitions as
in Sect. 4.4.1, where we derived the necessary conditions without any path
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a) δuN

b)

t

t
u

c) δuN

d)

t

t
Fig. 4.9. In (a) the control path u(·) together with varied control u(·) + δuN (·, ε) is
illustrated, where the needle variation δ(·, ε) is shown in (b). In the panels (c) and
(d) the situation is captured for a smaller ε, where the change in the control values
are the same, but the support of the variation δuN is smaller. This illustrates the
origin of the name needle variation in a vivid manner

constraints. Therefore we ﬁrst repeat the proof of the Weierstrass–Erdmann
conditions (see p. 219) for the optimal control problem to the point, where
it is derived that the variation have to be zero at the varied time δ t̃ and the
varied state δx̃ at t̃. Inspecting this argument carefully we shall see that this
can only be done under the assumption that with admissible variations δ t̃ and
δx̃ also the negative variations are admissible, which is obvious if there are no
further restrictions on these variations. But in our case the mixed path and
pure state constraints restrict the set of admissible variations and we therefore carefully inspect the subsequent proof for mixed path and pure state
constraints, separately.
Thus let us start considering the value function, deﬁned as
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T

L :=

g̃(x, ẋ, v̇, ρ̇, t)dt
0
T

(g(x(t), v̇(t), t) + ρ̇(t) (f (x(t), v̇(t), t) − ẋ(t))) dt,

:=
0

with
y := (x, v, ρ),

and H(y, ẏ, t) := g̃(y, ẏ, t) − ẏg̃ẏ (y, ẏ, t).

Then the reader may check that for the new variables we derive


δL(δ ỹ, δ t̃) = g̃ẏ (t̃− ) − g̃ẏ (t̃+ ) δ ỹ


+ g̃(t̃− ) − g̃ẏ (t̃− )ẏ ∗ (t̃− ) − g(t̃+ ) + g̃ẏ (t̃+ )ẏ ∗ (t̃+ ) δ t̃.
This is equal to (4.47) where we only considered the terms containing variations at the time t̃.
Using the results of the proof of the local Maximum Principle in the previous subsection we ﬁnally ﬁnd




δL(δx̃, δ t̃) = H(t̃− ) − H(t̃+ ) δ t̃ + λ(t̃+ ) − λ(t̃− ) δx̃,
(4.62)
where δx̃ and δ t̃ denote the variations of the state and time at t̃. Then by the
ﬁrst part of Theorem 4.32 the necessary optimality condition becomes




H(t̃− ) − H(t̃+ ) δ t̃ + λ(t̃+ ) − λ(t̃− ) δx̃ ≤ 0.
(4.63)
At this point only the inequality in (4.63) can be assured since it is not guaranteed that with admissible variations (δx̃, δ t̃) also (−δx̃, −δ t̃) are admissible.
This is caused by the fact that the constraints pose further restrictions on
the variations δx̃, δũ and, δ t̃ which we shall subsequently analyze. This analysis brings forward the principal diﬀerences between mixed path and pure
state constraints and will therefore be presented separately (cf. McIntyre &
Paiewonsky, 1967).
Mixed Constraint
In the case of the mixed path constraints the variations at t̃ have to satisfy
c(x∗ (t̃) + εδx̃, u∗ (t̃) + εδũ, t̃ + εδ t̃) ≥ 0
for every ε ≥ 0 small enough with c(x∗ (t̃), u∗ (t̃), t̃) = 0. Thus using the Taylor
theorem, we ﬁnd the inequality
0 ≤ c(x∗ (t̃) + εδx̃, u∗ (t̃) + εδũ, t̃ + εδ t̃)
= cx (x∗ (t̃), u∗ (t̃), t̃)εδx̃ + cu (x∗ (t̃), u∗ (t̃), t̃)εδũ + ct (x∗ (t̃), u∗ (t̃), t̃)εδ t̃ + o(ε).
Dividing now by ε > 0 and letting ε converge to zero ﬁnally yield further
restrictions on δx̃, δũ and δ t̃ given by
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cx (x∗ (t̃), u∗ (t̃), t̃)δx̃ + cu (x∗ (t̃), u∗ (t̃), t̃)δũ + ct (x∗ (t̃), u∗ (t̃), t̃)δ t̃ ≥ 0. (4.64)
Thus every admissible variation (δx̃, δ t̃) has to satisfy (4.64), which can be
rewritten as
cx (x∗ (t̃), u∗ (t̃), t̃)δx̃ + ct (x∗ (t̃), u∗ (t̃), t̃)δ t̃ ≥ −cu (x∗ (t̃), u∗ (t̃), t̃)δũ.

(4.65)

Let us assume that (δx̃, δũ, δ t̃) satisfy (4.65). Since the constraint qualiﬁcation cu (x∗ (t̃), u∗ (t̃), t̃) = 0 holds we ﬁnd δũ2 such that (4.65) is satisﬁed for
(−δx̃, δũ2 , −δ t̃). This implies that the inequality of (4.63) can be replaced by
the equality sign and each of the terms has to be zero, i.e.,
H(t̃− ) − H(t̃+ ) = 0,

λ(t̃+ ) − λ(t̃− ) = 0.

This proves that for mixed path constraints, given that the constraint qualiﬁcation is satisﬁed, the costate λ and the Hamiltonian H are continuous at
the junction time t̃ (see Seierstad and Sydsaeter 1986, p. 278 for an example,
in which the constraint qualiﬁcation fails).
Remark 4.39. Intuitively this proves that in the case of mixed path constraints
the decision-maker has freedom enough in choosing the control to adjust the
system smoothly from an unconstrained to a constrained state or vice versa.
Pure State Constraint
Next, we analyze the case of pure state constraints h(x∗ (t), t) ≥ 0. Analogously
to the mixed path constraints this imposes the following restrictions on the
variations δx̃ and δ t̃ at t̃
hx (x∗ (t̃), t̃)δx̃ + ht (x∗ (t̃), t̃)δ t̃ ≥ 0.

(4.66)

Obviously with variations (δx̃, δ t̃) = 0 satisfying (4.66) the negative variations
(−δx̃, −δ t̃) do not satisfy (4.66) and therefore equality in (4.63) cannot be
guaranteed. Rewriting (4.66) and (4.63) in vector notation implies that
 


δx̃
h (x∗ (t̃), t̃)
for any
satisfying (δx̃, δ t̃) x ∗
≥0
δ t̃
ht (x (t̃), t̃)


also
(δx̃, δ t̃)

λ(t̃− ) − λ(t̃+ )
H(t̃+ ) − H(t̃− )


≥0

has to hold. This implication is fundamentally the second statement of the
Farkas lemma (Theorem A.36) and it can therefore be concluded that there
exists η ≥ 0 such that




hx (x∗ (t̃), t̃)
λ(t̃− ) − λ(t̃+ )
η
=
.
ht (x∗ (t̃), t̃)
H(t̃+ ) − H(t̃− )
But these last identities are exactly the corner conditions (4.61), concluding
the proof.
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Remark 4.40. Contrary to the case of mixed path constraints, in this case the
decision-maker cannot inﬂuence the system directly by choosing the control
to adjust the system smoothly from an unconstrained to a constrained state
or vice versa.

Exercises
4.1. Solve the problem
min x2 + y 2 + 3xy + 6x + 19y
(x,y)

s.t.

3y + x = 5.

4.2. Consider the problem
min

(x,y)

1
α (x − 1)2 − x − y
2

x ≥ y2

s.t.

x2 + y 2 ≤ 1.
Find the region of α where the extremal point satisﬁes the Karush–Kuhn–Tucker
conditions. Draw the contour lines of the objective function and the constraints to
interpret the inﬂuence of the parameter α.
4.3. Consider the problem
min x2 + y 2
(x,y)

s.t.

(x − 1)3 − y 2 ≥ 0.

Try to ﬁnd the extremals of this problem. What problem arises? Draw the admissible
region to clarify the problem. Does a point exist satisfying the Fritz John conditions?
4.4. Given the problem
n

ci
(x1 ,...,xn )
x
i
i=1

max

s.t.

n


ai xi = b

i=1

xi ≥ 0,

i = 1, . . . , n,

with ai , ci ≥ 0, i = 1, . . . , n, show that the maximum of the objective function
+2
* n
1 √
∗
g =
ci ai .
b i=1
Hint. Consider

.n

i=1

xi Lxi = 0, where L is the Lagrangian.
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4.5. Given the problem
max 4x + 2y
(x,y)

s.t.

x log(x) − x + 1 ≥ 0
x≥0
3x − 2y 2 ≥ 1.

Show that there exists no point (x̃, ỹ) satisfying the Karush–Kuhn–Tucker conditions. Why is that so? Does there exist a point satisfying the conditions of the weak
Lagrange–Karush–Kuhn–Tucker theorem without rank condition?
Hint. Consider the assumption of Lagrange–Karush–Kuhn–Tucker theorem.
4.6. Prove that the constraint qualiﬁcation stated in Lemma 4.9 is equivalent to the
full rank of (4.11).
4.7 (Homogeneity). Prove that the ﬁrst variation is homogeneous of the ﬁrst
degree, i.e., for μ ∈ R
δG(X ∗ , μδS) = μδG(X ∗ , δS).
Hint. Consider the deﬁnition of the ﬁrst variation
δG(X ∗ , μδS) =

d
G (X ∗ + hμδS)|ε=0+ .
dε

4.8 (Beltrami Identity). Prove the Beltrami identity
−ẋ(t) +

d
(g(t) − ẋ(t)gẋ (t)) = 0.
dt

Hint. Consider the total time derivative
d
g(x, ẋ, t) = ẋ(t)gx (t) + ẍ(t)gẋ (t) + gt (t),
dt
together with the Euler equation.
4.9 (Brachistochrone Problem). Geometrically the brachistochrone (shortest
time) problem corresponds to ﬁnding the shape of a (diﬀerentiable) curve joining
two points in the plane Pa (a, 0) and Pb (b, yb ), with a = b and yb = 0, along which a
mass point under the inﬂuence of gravity moves frictionlessly from Pa to Pb in the
shortest possible time.
Formally this problem becomes
$
b
1 + y  (x)
dx
min
y(·) a
2gy(x)
s.t.

y(a) = 0,

y(b) = yb ,

where g is the gravitational constant. Find all extremals of the brachistochrone
problem.
Hint. Since f (y, y  , x) does not explicitly depend on x, one can use the Beltrami
identity in the form f − y  fy  = C, where C is some constant, instead of the full
Euler equation.
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4.10 (Brachistochrone Problem with Friction). Consider the same problem
formulation as in Exercise 4.9 but with kinetic friction included. Then the problem
becomes
$
b
1 + y  (x)
dx
min
y(·) a
2gy(x) − μx
s.t.

y(a) = 0,

y(b) = yb ,

where μ is the friction constant. Solve the problem using the Euler equation.
4.11. Formulate the following optimal control problem as a problem of the calculus
of variations:
max x0 (T )
u(·)

s.t.


2
ẋ0 = 1 − u2
ẋ1 = u,
ẋ2 = 1,
x0 (0) = x1 (0) = x2 (0) = 0,

x1 (T ) = x2 (T ) = 1.

Solve the problem under the restriction |u| ≤ 1/2.
Hint. Set x2 = τ , where τ can be interpreted as a new time variable.
4.12 (Regularity Assumption). Prove that if x∗ (·) is an optimal solution of the
problem (4.36) with a kink at 0 < t̃ < T and satisfying the regularity assumption
(4.38); then x∗ (·) is two times continuously diﬀerentiable on each of the intervals
[0, t̃] and [t̃, T ].
Hint. Show that with δx(·) ∈ C 1 ([0, t̃])
t̃

˙ dt = 0,
gδx − gẋ δx

0

then use the Dubois–Reymond lemma (Lemma A.140) to show that gẋ is continuously
diﬀerentiable with respect to the time. Finally consider the total time derivative
d
gẋ = gẋt + gẋx ẋ + gẋẋ ẍ
dt
to conclude the proof. Repeat the argumentation for the interval [t̃, T ].
4.13 (Transversality Condition). Prove that for problem (4.37) with free terminal time the following transversality conditions have to hold
gẋ (x(T ), ẋ(T ), T ) = 0
g(x(T ), ẋ(T ), T ) − ẋ(T )gẋ (x(T ), ẋ(T ), T ) = 0.
Hint. Use the time transformation
τ (t, ε) :=

t
T,
T + εδT

0 ≤ t ≤ T + εδT
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and the varied path
y(τ (t, ε)) := x∗ (τ (t, ε)) + εδx(τ (t, ε)).
Then consider the ﬁrst variation
d
dε

T +εδT
0



g(x(τ (t, ε)), ẋ(τ (t, ε)), t) dt

ε=0+

and follow the lead of the proof on p. 219.

Notes and Further Reading
In this chapter we had to handle the trade-oﬀ between presenting the theory of
optimization intuitively enough to give the reader an insight into the underlying
principles, but also rigorously enough to avoid making the use of mathematics a
farce. What this approach lacks in “exactness” from a mathematical point of view
is hopefully compensated for by the concentration on the basic concepts of the
Maximum Principle and its contribution to intuitive understanding. By the way, it
is not the mathematical formalism as such that complicates things, but rather the
problem of investing these formal terms with meaningful content. The mathematical
notation, if it is well adapted to the problem, helps to present results compactly and
clearly. But to use this formal language in an eﬃcient and helpful way it is necessary
to understand the underlying concepts, and it was the aim of this chapter to provide
the reader with these concepts and to enable him or her to work with and apply the
derived formulas of optimal control theory.
There exists a huge range of literature on ﬁnite-dimensional optimization. Selecting three that are representative of many others for the presentation of the theory
of nonlinear optimization, we relied on the presentations given in Avriel (1976);
Fletcher (1987), and Léonard and Long (1992). For the original proof of the Fritz
John necessary conditions under equality and inequality constraints, we refer the
reader to Mangasarian and Fromovitz (1967).
The classical references for the presentation of the theory of optimization in a
general setting are Ioﬀe and Tichomirov (1979) and Neustadt (1976), but the reader
should be alerted that their approach needs a rather well-founded knowledge of
mathematical concepts. The reader who is interested in general results from optimization is referred to Halkin and Neustadt (1966), which can be downloaded for
free as a reprint.
For an enhanced presentation of the Fritz John conditions and a general interpretation of the Lagrange multipliers, even in the case where multiple multipliers
exist or the value function is nondiﬀerentiable see Bertsekas, Ozdaglar, and Tseng
(2006) and Penot (1997).
The question of diﬀerentiability of the value function is discussed within a very
general framework in Penot (2004).
Cesari (1983) bridges the gap between the calculus of variations and optimal control theory. For an excellent exposition of the connection and diﬀerences between
the calculus of variations and optimal control theory from a historical point of view,
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see Sussmann and Willems (1997, 2002) and Dreyfus (1965). In Girsanov (1972) the
classical problems of optimization, “mathematical nonlinear programming,” “calculus of variations” and “optimal control theory” are studied in the framework of the
general Dubovitsky–Miljutin theory (Dubovickii & Miljutin, 1965).
The techniques needed to derive the principles of the theory of the calculus of
variations can be found, e.g., in the classical textbooks by Bliss (1946) and Sagan
(1969). The German speaking reader we refer to the excellently written lecture note
on the calculus of variations in Oberle (2006). Variational principles are also the
backbone of the classical reference of the Maximum Principle by Pontryagin et al.
(1962). In contrast to this original approach, we proﬁted from the presentation in
Canon, Cullum, and Polak (1970), where the theory of optimal control was presented
as a mathematical programming problem. It is a mathematically rigorous exposition,
and its direct comparison of the discrete- and continuous-time Maximum Principle
warns one of the diﬃculty of trying to prove the continuous case via the discrete
problem in an exact way.

5
Multiple Equilibria, Points of Indiﬀerence,
and Thresholds

This chapter addresses the interesting and important topics of multiplicity
and history-dependence of optimal solutions. Multiplicity means that for given
initial states there exist multiple optimal solutions; thus the decision-maker
is indiﬀerent about which to chose. This explains why such initial states are
called points of indiﬀerence. In contrast, history-dependence occurs when the
optimal solution depends on the problem’s temporal history.
The existence of multiple equilibria has been long-recognized in physics,
and more recently has provided an important enrichment of economic control models. In policy-making, it may be crucial to recognize whether or not
a given problem has multiple stable optimal equilibria and, if so, to locate
the thresholds separating the basins of attraction surrounding these diﬀerent
equilibria. At such a threshold diﬀerent optimal courses of actions are separated. Thus, in general, starting at a threshold, a rational economic agent is
indiﬀerent between moving toward one or the other equilibrium. Small movements away from the threshold can destroy the indiﬀerence and motivate a
unique optimal course of action. Among the economic consequences of such an
unstable threshold is history-dependence (also denoted as path-dependence):
the optimal long-run stationary solution toward which an optimally controlled
system converges can depend on the initial conditions.
In the following section we present general results on discounted, autonomous problems, which are applied to a typical problem in the subsequent
section. Here multiplicity and history-dependence are explained by means of a
simple one-state model that already exhibits many of the interesting features
connected to indiﬀerence points. In the next section we introduce a deﬁnition
of multiplicity and history-dependence for optimal control problems with an
arbitrary number of states.
Therefore we are mainly concerned with discounted, autonomous models
over an inﬁnite time horizon (DAM ), already introduced as:
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∞

max
u(·)

s.t.

e−rt g(x(t), u(t)) dt

(5.1a)

0

ẋ(t) = f (x(t), u(t))
x(0) = x0 ,

(5.1b)
(5.1c)

where f and g are assumed to be continuously diﬀerentiable with respect
to their arguments. Both functions do not depend on time t and for any
admissible solution (x(·), u(·)) the integral (5.1a) shall converge.

5.1 Occurrence of Multiple Equilibria
Multiple equilibria and history-dependent optimal solutions are important in
diverse economic models and are typically related to the presence of market imperfections, expectations, and the like. Skiba (1978) and Dechert and
Nishimura (1983) explored these points of indiﬀerence for the ﬁrst time when
they considered a special class of economic models formulated as optimal
control problems, namely the one-sector problem of optimal growth with a
nonconvex production function. Singular models with multiple optimal solutions had already been analyzed by Sethi (1977, 1979a). In recognition of the
studies by Sethi, Skiba, Dechert, and Nishimura, these points of indiﬀerence
are denoted as DNSS (Dechert–Nishimura–Sethi–Skiba) or Skiba points.
In this book we show that DNSS points can also arise in eﬃcient deterministic dynamic optimization models, and we explore various mechanisms that
may generate multiple optimal equilibria. While most of the existing literature refers to one-dimensional state space models, we also present examples
of two-dimensional optimal control problems exhibiting DNSS curves.
The following analysis covers all these cases of multiple equilibria and
threshold behavior, for the special class of discounted, autonomous models
over an inﬁnite time horizon. The focus on inﬁnite time horizon models is
not a serious restriction, moreover it is the natural class of models, for which
the notion of history-dependence and long-run optimal behavior only makes
sense. Otherwise it is trivial, since in general the optimal transient behavior
will necessarily diﬀer for diﬀerent initial states.
For these optimal control models Proposition 3.83 stated that saddle point
stability1 is the “most stable” behavior of the long-run equilibrium solutions.
While stability of the equilibria of the canonical system can be excluded, with
a discount rate r > 0, unstable equilibria may occur.2
Multiple long-run equilibria exist if the phase portrait of the canonical
system exhibits that the isoclines have more than one intersection. According
1

2

Saddle point stability concerns the canonical system in the state–costate space,
which corresponds to stability in the optimized dynamical system.
The possibility of instability was observed in one of the earliest economic applications of optimal control contributed by Kurz (1968).
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to the continuity of the vector ﬁeld, the quality of neighboring equilibria cannot be the same (see, e.g., Wagener, 2003). This implies that in such a case
unstable equilibria occur.
We start with a short introduction to important aspects of the optimal vector ﬁeld and multiple optimal solutions, emphasizing optimal control problems
of inﬁnite time horizon.

5.2 The Optimal Vector Field
In optimal control theory, especially as applied in the economic literature, it
has become common to concentrate on the canonical system and to describe
the optimal paths as solution trajectories of this 2n-dimensional system. This
approach is appealing because the costate has an immediate economic interpretation as a shadow price. Nevertheless, it causes some terminology, such
as saddle point stability (see Remark 2.49), to collide with the terminology of
dynamical systems, wherein a saddle point is by deﬁnition unstable. Shifting
the perspective to the optimal vector ﬁeld may improve understanding and
avoid terminological vagueness.
In the subsequent subsections we introduce the concept of an optimal state
dynamics, shedding light on the process of determining the optimal solution.
As will be seen, the optimal state dynamics for a discounted, autonomous inﬁnite time horizon problem becomes itself an autonomous vector ﬁeld, making
it accessible to the theory of dynamical systems. Moreover, since by Pontryagin’s Maximum Principle the optimal solution corresponds to a solution of the
canonical system, we shall ﬁnd the rule for choosing the corresponding optimal initial costate (the optimal costate rule) that proves useful to describe
a possible indiﬀerence point. For working out the diﬀerence between models
over a ﬁnite and inﬁnite time horizon we start with a simple example, letting
us determine the important concepts analytically.
5.2.1 Finite vs. Inﬁnite Time Horizon Models
To illustrate the diﬀerence in the description of the optimal state dynamics
we start with the following model:
T

max
u(·)



e−rt −x(t)2 − cu(t)2 dt

(5.2a)

0

s.t. ẋ(t) = x(t) + u(t)
x(t) ≥ 0, t ≥ 0

(5.2b)
(5.2c)

where r ≥ 0 is the discount rate and x is the stock of some bad such as
the number of drug users, corrupt oﬃcials or terrorists, or even the level
of pollution in an environmental engineering context. The control u is some
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activity aﬀecting the stock. Since there is no restriction on the control values,
it can in principle have either an exacerbating or an abating eﬀect. As will be
seen, applying the control only as an abatement will be optimal. The costs,
interpreted as negative utility, are taken to be quadratic in the state as well
as in the control.
Using Pontryagin’s Maximum Principle we have to consider the Hamiltonian
H(x, u, λ) = −x2 − cu2 + λ (x + u) .
(In Exercise 5.3.5.3 the reader may prove that the problem is also normal,
i.e., λ0 = 1, for an inﬁnite time horizon.)
The Hamiltonian is strictly concave in u
Huu (x, u, λ) = −2c < 0,
yielding a unique optimal control value u∗ with
u∗ =

λ
.
2c

(5.3)

Pasting this value for u yields the corresponding canonical system
1
λ
2c
λ̇ = λ (r − 1) + 2x.

ẋ = x +

(5.4a)
(5.4b)

Lastly, the transversality condition
λ(T ) = 0

(5.5)

provides a further necessary condition. Moreover the Hamiltonian is jointly
strictly concave in x and u for all λ and therefore the necessary conditions are
also suﬃcient (see Theorem 3.29).
To work out the correspondence between the occurrence of multiple optimal solutions and the existence of multiple costate solutions λ(·) for the
canonical system let us consider the dynamics (5.4a). Then the costate value
λ(t) at time t is replaced by an appropriate function P, which, as will subsequently turn out, in general depends on time t, the initial state x0 and the
time horizon T . For an inﬁnite time horizon this dependence of the function P
will reduce only to a dependence on state x(t) causing the optimal dynamics
to be an autonomous ODE. Let us now start analyzing the canonical system
(5.4).
As is illustrated in Fig. 5.1a there exists a whole range of solutions x(·), λ(·)
for the canonical system but only one trajectory (black curve) satisﬁes the
transversality condition (5.5). This solution implicitly depends on the initial
state x0 as well as the time horizon T . Thus the corresponding costate value
can be written as a function
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a)

λ
Ws (0)
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b)

λ
0

x
Wu (0)
Pτ
P0
xτ
c)
x

λ

λ
xτ

x0

x

d)
x0 x

T =3
T =2
T = 1.5

Pτ
P0

T =∞

Fig. 5.1. Panel (a) depicts the phase portrait of the canonical system (5.4), where
the black curve is the optimal solution for T = 1 starting at x(0) = 1. In panel (b) the
solutions for the initial states 1 and 0.8 are displayed, revealing that P(x0 , τ, 1) =
P(xτ , 0, 1), with P0 = P(xτ , 0, 1) and Pτ = P(x0 , τ, 1). Panel (c) shows that for
increasing T the optimal solution converges to the stable manifold. For T = ∞
panel (d) depicts that the optimal solution is time invariant exhibiting P(x0 , τ, ∞) =
P(xτ , 0, ∞)

λ(t) := P(x0 , t, T )

(5.6)

yielding the optimal dynamics
1
P(x0 , t, T ).
(5.7)
2c
For a ﬁnite time horizon T < ∞ this is a nonautonomous ODE as is illustrated
in Fig. 5.1b. Since for a time-shift τ the optimal solution starting at x(0) =
x∗ (τ ) is diﬀerent to the optimal trajectory x∗ (t), t ∈ [τ, T ] of the primary
problem. In terms of the function P this writes as P(x∗ (τ ), 0, T ) = P(x0 , τ, T ).
ẋ(t) = x(t) +
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Consider the model for an inﬁnite time horizon T = ∞ the optimal solution
is the unique trajectory starting at x0 and converging to the equilibrium at
the origin. This is depicted in Fig. 5.1c, where for an increasing time horizon
T the optimal trajectory approaches the stable manifold Ws (0) and lying in
the stable manifold for the inﬁnite time horizon.
Next we derive an explicit representation of P(x0 , t, ∞). Therefore we note
that owing to the linearity of the canonical system the stable manifold is analytically given. It is the line crossing the origin in direction of the eigenvector
νs = (ν1s , ν2s ) corresponding to the eigenvalue ξs < 0. To ease the formulas
we choose the eigenvector with its ﬁrst coordinate equal to one, i.e., ν1s = 1.
Then the stable manifold is given by
Ws (0) = {(x, λ) : λ = xν2s , x ∈ R} .
Thus for x(0) = x0 the state and costate trajectories exhibit the simple form
x∗ (t) = x0 eξs t
λ(t) = P(x0 , t, ∞) = λ(0)eξs t
with
λ(0) = x0 ν2s .
Next we show that the explicit dependence of P(x0 , t, ∞) on time t can be
replaced by only a dependence on the actual state x(t). Therefore we consider
the optimal trajectories for the problem starting at x = x∗ (τ ) = x0 eξs τ (see
Fig. 5.1d). Then we ﬁnd the optimal costate as
λ(t) = P(x(t), t, ∞) = νs2 x(0)eξs t
= νs2 x0 eξs τ eξs t
= P(x0 , t + τ, ∞).
Setting t = 0 proves that the initial optimal costate only depends on the initial
state x. Therefore we deﬁne the optimal costate rule
P(x) := P(x, 0, ∞).
Hence the optimal state dynamics for the inﬁnite time horizon problem can
be written as
1
ẋ(t) = x(t) +
P(x(t)),
(5.8)
2c
which is an autonomous vector ﬁeld, also called the optimal vector ﬁeld.
This result is generally true for discounted, autonomous models over an
inﬁnite time horizon as will be proved in the next section.
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5.2.2 Discounted Autonomous Models for an Inﬁnite Time
Horizon
Assume that (x∗ (·), u∗ (·)) is an optimal solution of DAM (5.1) with the initial
condition x(0) = x0 . The following lemma shows that for these speciﬁc models
the optimal costate rule is of a simpler form, since it will only depend on the
actual state x(t) and not on the time point t. Subsequently this property will
be used to deﬁne the phenomenon of multiplicity and history-dependence:
Lemma 5.1. The optimal solutions of DAM (5.1) are invariant under a positive time shift τ .
Remark 5.2. This means that if one starts at some point of the optimal state
trajectory x∗ (·), i.e., for τ ≥ 0 we have x(0) = x∗ (τ ), the optimal solution is
given by (x∗ (t), u∗ (t)) with t ≥ τ .
Naturally Lemma 5.1 is not satisﬁed for ﬁnite time problems, since in such
cases u∗ (t) is given only on the interval [0, T ] and will not be deﬁned on the
interval [τ, T + τ ] for τ > 0.
Proof. First, we introduce the functions
uτ (t) := u∗ (t + τ )
xτ (t) := x∗ (t + τ )
and note that xτ (·) satisﬁes the state dynamics
ẋ(t) = f (x(t), u∗τ (t))
xτ (0) = x∗ (τ ).
Next we show that the time shifted solution is optimal for the given initial
state. Assume, to the contrary, that (u∗ (t + τ ), x∗ (t + τ )) is not optimal; then
there exists an admissible solution (ũ(·), x̃(·)) satisfying
∞

∞

e−rt g (ũ(t), x̃(t)) dt >

0

e−rt g (u∗ (t + τ ), x∗ (t + τ )) dt.

0

But this implies
∞

e−rτ

∞

e−rt g (ũ(t − τ ), x̃(t − τ )) dt > e−rτ

τ

e−rt g (u∗ (t), x∗ (t)) dt,

τ
∗

∗

and therefore the solution (u (·), x (·)) could be improved on [τ, ∞], contradicting its optimality and ﬁnishing the proof.


Denoting the set of optimal state trajectories emanating from x0 as
S(x0 ) = {x∗ (·) : x∗ (0) = x0 },
we deﬁne the optimal costate rule, in analogy to the previous section as
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P(x) = {λ(0) : λ(·) is a costate trajectory of x∗ (·) ∈ S(x0 )} ⊂ Rn .
Owing to the time invariance of the solution paths for problems DAM (5.1)
the optimal state dynamics
ẋ(t) = Hλ (x(t), λ(t))
can be written as
ẋ(t) = Hλ (x(t), P(x(t))) .3
Under appropriate regularity assumptions we will prove that P(x) is unique
apart from the initial state x(0), whereas P(x(0)) may be multivalued. In
that case one can choose one of these costates and consider the corresponding
uniquely given autonomous ODE. The corresponding vector ﬁeld is then called
the optimal vector ﬁeld and is denoted by
ẋ(t) = f ∗ (x(t))
s.t. x(0) = x0 .

(5.9a)
(5.9b)

It is now justiﬁed to use the theory of autonomous dynamical systems to
analyze (5.9). For this optimal vector ﬁeld, stable equilibria may exist, given
by the projections of the (optimal) equilibria of the canonical system into the
state space.
Moreover, we are now able to deﬁne the so-called asymptotic solution set
by
S ∞ (x0 ) = {x(x0 , ∞) : x(·) ∈ S(x0 )},
where x(x0 , ∞) is the limit set (see Deﬁnition 2.21), corresponding to the
state trajectory x(·).

5.3 A Typical Example
To illustrate these concepts we slightly change the state dynamics (5.2a) of
the model presented in Sect. 5.2.1, i.e., we assume logistic increase of the state
instead of exponential increase. Thus we end up with the following model:
∞

max
u(·)



e−rt −x(t)2 − cu(t)2 dt

(5.10a)

0

s.t. ẋ(t) = x(t)(1 − x(t)) + u(t)
x(t) ≥ 0,

t≥0

(5.10b)
(5.10c)

where the interpretation of the state x and the control u are analogous to the
model (5.2). To simplify calculations the cost parameter is ﬁxed at c = 3 and
3

Since the set P(x) can contain more than one element the above expression may
not be deﬁned in the usual sense but rather denote a so-called diﬀerential inclusion, where ẋ ∈ f (x, t) and f is a multivalued function.
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r ≥ 0 is free. In Sect. 5.5 this restriction on c will be removed and the model
is analyzed in the total of its parameter space (r, c). This model is typical
inasmuch as it exhibits many of the characteristics of the models presented in
this book. Thus the optimal solutions are equilibria of the canonical system
and the (stable) paths converging to these equilibria. Furthermore the model
is simple enough to analytically compute at least the equilibria and bifurcation
points (curves).
Using Pontryagin’s Maximum Principle yields the canonical system
1
ẋ = x(1 − x) + λ
6
λ̇ = λ (r + 2x − 1) + 2x,
together with the transversality condition
lim e−rt λ(t) = 0.

t→∞

The main candidates for optimal solutions are the saddles of the canonical
system and their stable manifolds. For the one-dimensional case other limit
sets, such as limit cycles, are excluded. The transversality condition does not
rule out the existence of a diverging optimal solution, as long as λ(t) diverges
more slowly than ert . We must therefore explicitly show that diverging paths
are only suboptimal.
Let us ﬁrst compute the equilibria and their stability properties.
5.3.1 Existence and Stability of the Equilibria
After some basic computations we ﬁnd the explicit formulas for the equilibria
(x̂, λ̂) as
x̂
E1
E2

λ̂

0
1
4

0

(3 − r + w)

3
4

(3 − r − w)

3
4

(r − 1) (1 + r − w) − 1

(r − 1) (1 + r + w) − 1

2
with w = (r + 1) − 8/3.
Next, we have to determine the regions of existence for these three equilibria. The equilibrium at the origin (0, 0) exists for every r. In contrast E2,3
only exist if w is a real number, i.e., if the radicand is positive, meaning
E3

1
4

(r + 1)2 −

8
≥ 0 implying
3

r≥

2√
6 − 1.
3

In the following we abbreviate the minimum value of r, for which the equilibria
E2,3 exist, as
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2√
6 − 1.
3
Since the state also has to be positive, i.e., x̂ ≥ 0,
r0 :=

3−r+w ≥0

and 3 − r − w ≥ 0

have to be satisﬁed too. A short calculation proves that in the ﬁrst case x̂ ≥ 0
holds true for all r ≥ 0, whereas in the latter case 0 ≤ r ≤ 4/3 is a necessary
condition.
Finally, we determine the stability properties of the equilibria, which are
characterized by the corresponding Jacobian matrix Jˆ (see Sect. 2.6.2)
⎛
⎞
∂ ẋ ∂ ẋ
*
+
1
⎜ ∂x ∂λ ⎟
1
−
2x̂
⎟
Jˆ = ⎜
6
⎝ ∂ λ̇ ∂ λ̇ ⎠ =
2(λ̂ + 1) r − 1 + 2x̂
∂x ∂λ
the values of the trace
τ = tr Jˆ = r,
the determinant
1
λ̂ + 1 ,
Δ = det Jˆ = (1 − 2x̂) (r − 1 + 2x̂) −
3
and the discriminant
D = τ 2 − 4Δ = r2 − 4 (1 − 2x̂) (r − 1 + 2x̂) +

4
λ̂ + 1 .
3

We next compute these values separately for each of the three equilibria.
The Origin E1
Here the Jacobian matrix Jˆ reduces to


1 16
,
Jˆ =
2 r−1
giving
Δ=r−1−

1
3

D = (r − 2)2 +

4
> 0.
3

Hence for r < 4/3 the origin is a saddle, whereas for r > 4/3 it is an unstable
node.
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The Outer Equilibrium E2
For E2 the Jacobian matrix Jˆ becomes

1
(r − 1 − w)
ˆ
J= 3 2
(r
−
1)(1 + r − w)
2

1
2 (r

1
6



+ 1 + w)

,

together with
1
w(r − 3 − w).
4
Obviously Δ < 0 for all r < 3 and hence for all r, for which the outer
equilibrium exists. Therefore it is a saddle point.
Δ=

The Inner Equilibrium E3
Similarly to the last case, the Jacobian matrix Jˆ is given by


1
1
(r − 1 + w)
2
6
ˆ
,
J= 3
1
2 (r − 1)(1 + r + w) 2 (r + 1 − w)
yielding
1
w(3 − r − w)
4
D = r2 − w(3 − r − w).
Δ=

A simple calculation shows that Δ ≥ 0 for all r ≤ 4/3, and therefore on the
interval, where E3 exists. To compute the zeros of D we have to solve a quartic
equation, yielding two real-valued solutions
r ≈ 0.6442,

and r̄ ≈ 0.9935

satisfying
D

<0
>0

for r < r < r̄
for r0 ≤ r < r , r̄ < r ≤ 4/3.

Thus the inner equilibrium is either an unstable node or an unstable focus.
5.3.2 Determining the Optimal Vector Field and the Optimal
Costate Rule
Let us now illustrate, on the basis of our typical model, the terms and optimal
costate rule. We specify two diﬀerent cases, with the speciﬁc parameter values
r = 0.4 and r = 0.7, giving rise to a unique optimal solution in the ﬁrst case,
and to an indiﬀerence point in the latter case.
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A Unique Optimal Solution for r = 0.4
By the previous analysis for r = 0.4 the origin E1 is the only equilibrium
and it is a saddle with an associated stable manifold Ws (E1 ). Considering
Fig. 5.2, which depicts the phase diagram for the canonical system, we discover
that the ẋ- and λ̇-isoclines divide the state–costate space into four regions
(I, II, III, IV ), wherein the arrows reﬂect the direction of the vector ﬁeld.
λ
I

Wu (E1 )

II
ẋ = 0

E1

x
III
λ̇ = 0

Ws (E1 )

IV

x∗
Fig. 5.2. The phase portrait is plotted together with the ẋ- and λ̇-isoclines and
the (un)stable manifold of the saddle E1 for r = 0.4, where the stable manifold is
the unique optimal solution. At the lower axis the corresponding direction of the
optimal vector ﬁeld ẋ = f ∗ (x) is depicted

In the following we shall identify all trajectories that are ruled out as optimal solutions. Considering the quadratic costs of the control in the objective
function (5.10a) and the linear occurrence of u in the state dynamics (5.10b),
it becomes clear that no solution lying in region II and above the x-axis can
be optimal. Since trajectories in this region cannot leave it (they cannot cross
the ẋ-isocline), they will therefore diverge to inﬁnity in x as well as in λ, with
u∗ (t) =

λ(t)
.
6

Hence, if t0 is the time point where λ(·), (u(·)) crosses the x-axis, we have
λ(t) ≥ 0 for all t ≥ t0 . Choosing u(t) = 0 for t ≥ t0 is then a better alternative,
since it slows down the increase of x(·) and obviously has lower control costs.
Since every solution (x(·), λ(·)) with initial point (x(0), λ(0)) lying above
the stable manifold Ws (E1 ) ends up in this region, we have proved that only
the stable manifold and the solutions starting beneath it have to be considered.
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The other trajectories can immediately be eliminated simply because those
solutions cross the λ-axis for some t0 > 0 and λ(t0 ) < 0. And choosing u(t) = 0
for t ≥ t0 will be superior to these solutions. Thus, summing up, we have
identiﬁed the stable manifold Ws (E1 ) as the unique optimal solution.
Regarding the stable manifold Ws (E1 ) as a function in x, this function is
obviously the optimal costate rule P(x), and thus we have
Ws (E1 ) = {(x, P(x)) : x ∈ [0, ∞)}.
Moreover, the optimal vector ﬁeld f ∗ (x) is given by
ẋ = f ∗ (x) = x(x − 1) +

P(x)
,
6

which is depicted at the bottom of Fig. 5.2.
An Indiﬀerence Point for r = 0.7
For the parameter values r = 0.7 and c = 5, there exist three equilibria. The
origin E1 and outer equilibrium E3 are saddles and the inner equilibrium E2
is an unstable focus. Thus associated with E1 and E3 are the stable manifolds
Ws (E1 ) and Ws (E3 ), spiraling out of the focus, as can be seen in Fig. 5.3.
λ̇ = 0 xB

xB xI xA

x a)

xA

E1

x b)

ẋ = 0
E3
λ̇ = 0

λ




x∗

H

Fig. 5.3. In (a) the phase portraits for the canonical and the optimal system are
plotted in case of an indiﬀerence point. Moreover, the direction of the optimal vector ﬁeld is depicted in the lower part of panel (a). In (b) the intersection of the
Hamiltonians for the two extremals is displayed, implying the existence of a point
of indiﬀerence
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By an analogous argument to that in the previous case, the two stable
manifolds are identiﬁed as the only candidates for an optimal solution. Since
both stable manifolds spiral out of the unstable focus, we can use a general
argument to prove the existence of a unique point xI , where both trajectories
starting for x(0) = xI on the stable manifolds Ws (E1 ) or Ws (E3 ) are equally
optimal.
In the following computations we need two general results from optimal
control theory. First, Proposition 3.75 enables us to compute the objective
value for an extremal solution (x̃(·), ũ(·)) starting with x(0) = x0 as the
value of the Hamiltonian at the initial point. Second, Proposition 3.23 reveals
that the Hamiltonian achieves its minimum at the ẋ-isocline. (Note that the
assumptions made in this proposition are satisﬁed since Huu = −2c < 0 and
fu = 1 = 0 hold.)
Result 5.3.1. For problem (5.10) with parameter values r = 0.7 and c =
3 there exists a unique point xI such that the problem exhibits two optimal
solutions for x(0) = xI .
Proof. If we consider Fig. 5.3a, it is obvious that there exists a maximal
interval [xA , xB ] where the stable manifolds have non-empty intersections
in the state variables. Moreover, by the strict convexity of the Hamiltonian
with respect to the costate λ (see Proposition 3.23), there exist for every
x ∈ [xA , xB ] two costate values, λA (x) and λB (x), satisfying
(x, λA (x)) ∈ Ws (E3 )

and

(x, λB (x)) ∈ Ws (E1 ),

where the maximized Hamiltonian at (x, λA (x)) is greater compared to all
other points (x, λ) ∈ Ws (E3 ) and at (x, λB (x)) is greater compared with the
other points in Ws (E1 ) (see Fig. 5.3b). Obviously (xA , λ(xA )) and (xB , λ(xB ))
lie on the ẋ-isocline; if they do not, the interval could be extended, contradicting its assumed maximality.
To keep the notation simple, we introduce the following abbreviations
HA (x) := H∗ (x, λA (x))
HB (x) := H∗ (x, λB (x))
ΔH(x) := HA (x) − HB (x).
From these deﬁnitions we immediately ﬁnd that
ΔH (xA ) = HA (xA ) − HB (xA ) < 0,
since HA (xA ) gives the minimum value of the maximized Hamiltonian at xA
and is therefore smaller than HB (xA ). An analogous argument yields
ΔH (xB ) = HA (xB ) − HB (xB ) > 0.
But since ΔH(x) is continuous on the compact interval [xA , xB ], it achieves
its minimum at some point xI ∈ (xA , xB ). Thus two points, (xI , λA (xI ))
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∈ Ws (E3 ) and (xI , λB (xI )) ∈ Ws (E1 ), exist and exhibit the same objective
value; the corresponding solutions are therefore equally optimal.
Lastly, we have to prove the uniqueness of xI . Therefore we assume the
existence of a further indiﬀerence point x̃I , where we can assume xI < x̃I .
Starting at the solution converging to E3 , we cross x̃I . Since this is an indiﬀerence point, we could change the actual control to u(x̃I , λB (x̃I )), giving
another optimal solution. But in the state–costate space we would jump to the
stable manifold Ws (E1 ) exhibiting a discontinuous costate, which is excluded
and therefore yields a contradiction.
Finally, we have found a unique point xI where, if one starts at this point,
two optimal solutions exist. What does this mean in terms of the optimal
vector ﬁeld and optimal costate rule? To answer this question we extend the
deﬁnition of λA and λB to
λB (x) = λ(x),

satisfying (x, λ(x)) ∈ Ws (E1 ), for 0 ≤ x < xA

λA (x) = λ(x),

satisfying (x, λ(x)) ∈ Ws (E3 ), for x > xB .

Now we can write the optimal costate rule P(x) as
⎧
⎪
0 ≤ x < xI
⎨λB (x)
P(x) = {λA (xI ), λB (xI )} x = xI
⎪
⎩
λA (x)
x > xI ,
with the corresponding optimal vector ﬁeld
f ∗ (x) =

f (x, λB (x))
f (x, λA (x))

0 ≤ x ≤ xI
x ≥ xI .

Summing up, we have detected a point xI , with |P(xI )| = 2 and a corresponding multivalued optimal vector ﬁeld f ∗ (x) (see Fig. 5.3a).


Remark 5.3 (Nondiﬀerentiable Value Function). In Fig. 5.3b we see that the
Hamiltonian, evaluated along an optimal solution, exhibits a kink at the DNSS
point xI . Since for the optimal solution (x∗ (·), u∗ (·)) with x∗ (0) = x the value
function is given by
1
V ∗ (x) = H(x, u∗ (0), P(x))
r
the nondiﬀerentiability of the Hamiltonian at xI also denotes the nondiﬀerentiability of the value function at the DNSS point (see also Example (3.81)).
The reason that the value function is nondiﬀerentiable at a DNSS point becomes obvious, when considering that at points where V ∗ (·) is diﬀerentiable
λ(0) = P(x) = Vx∗ (x)
(i)

holds. Thus in a neighborhood of xI we ﬁnd two sequences (xj )i≥0 , j = 1, 2
converging to xI and satisfying
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(i)

(i)

lim P(x1 ) = lim P(x2 )

i→∞

i→∞

by deﬁnition of a DNSS point. Therefore
lim Vx∗ (x1 ) = lim Vx∗ (x2 ),
(i)

i→∞

(i)

i→∞

proving the nondiﬀerentiability at xI .
Remark 5.4 (Cusp Points Along the Maximized Hamiltonian). Considering
Fig. 5.3b the Hamiltonian, evaluated along an extremal solution, exhibits
cusp points at turning points of the stable path. This nondiﬀerentiability
of the Hamiltonian can easily be explained. Therefore suppose x̂ and λ̂ to
be a turning point of the stable path Ws . Then for a sequence (x(i) )i≥0
(i)
with limi→∞ x(i) = x̂, there exist two distinct sequences (λj )i≥0 satisfying
(i)

limi→∞ xj = λ̂, j = 1, 2,. But since
λ̂ = Vx∗ (x̂) = Hx∗ (x̂, λ̂)
we ﬁnd the two branches of the Hamiltonian satisfying
λ̂ = lim Hx∗ (x̂(i) , λ̂j ).
(i)

i→∞

Thus the two branches of the Hamiltonian exhibit the same tangent at the
turning point (x̂, λ̂), and therefore being a cusp point. In the calculus of variations these points are also known as conjugate points.
The situation described here is the usual phenomenon of a multivalued optimal
solution occurring in one-state models of the given type. Moreover this proof
can be applied whenever there exists an overlap of the stable manifolds on
a ﬁnite interval. In the next section we give exact deﬁnitions for the general
case.

5.4 Deﬁning Indiﬀerence and DNSS Points
We have now gathered a great deal of information concerning the multiplicity
of optimal solutions. In the last section we proved in Result 5.3.1 the existence
of a point where one is indiﬀerent as to which solution is chosen. This section
is devoted to the formalization of this phenomenon and to revealing some immediate consequences of the deﬁnitions used. We start by presenting a further
example of multiple optimal solutions. This time it is simple enough to do all
the calculations analytically; doing so shows the advantage of concentrating
on the characterizing elements. Subsequently we present the deﬁnitions.

5.4 Deﬁning Indiﬀerence and DNSS Points

253

5.4.1 Multiplicity and Separability
In the last section we presented an example that, although simple enough
to determine the canonical system and most of its properties analytically,
required computing the optimal solution (stable manifolds) numerically. To
elaborate the principles characterizing a DNSS point, we recall the Example
(3.81) from Sect. 3.4.2:
∞

max
u(·)

s.t.

e−rt x(t)u(t) dt

0

ẋ(t) = −x(t) + u(t)
x(0) = x0 ∈ R
u ∈ [−1, 1].

In Example (3.81) we have shown that the optimal state trajectories are given
by
⎧
−t
⎪
⎨−1 + e (x0 + 1) x0 < 0
S(x0 ) = ±1 ∓ e−t
x0 = 0
⎪
⎩
−t
1 + e (x0 − 1)
x0 > 0,
and therefore

⎧
⎪
⎨−1 x0 < 0
S ∞ (x0 ) = ±1 x0 = 0
⎪
⎩
1
x0 > 0

(see Fig. 5.4a). This is one of the simplest examples exhibiting multiple optimal solutions, and it reveals the two main properties that a DNSS point has
to satisfy: multiplicity and separability.
At x = 0 the set S(0) contains two elements (multiplicity), while in every
neighborhood of x = 0 there exist solutions converging to a diﬀerent limit set
{±1}. These observations anticipate our deﬁnition of a DNSS point and will
be formalized in the following section.
From an application-oriented point of view the property of multiplicity
seems not very interesting since it occurs for a negligible set compared to
the entire state space (a point on an interval, a curve in a plane). But the
relevance for real-world applications becomes obvious when we consider the
separation property. Therefore, assume that the model (3.69) describes some
real process and that some mechanism is implemented for measuring the state
and consequently calculating the optimal control. Since measurements are
never perfectly accurate, starting near zero can lead to a strategy that is
the exact opposite of what is optimal, because if x(0) > 0 but small, due
to some measuring error, the measured x(0) could be negative; hence the
corresponding control u = −1 is chosen instead of u = 1. The situation can
get even worse if some feedback mechanism is implemented, whereby after
some time the actual state is measured and the corresponding optimal control
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Fig. 5.4. In (a) the optimal trajectories of Example (3.81) are depicted for diﬀerent
(1,2)
initial points xk (0), k = 1, 2, . . . converging to 0, with the corresponding optimal
(1,2)
(1)
(2)
trajectories xk (·), k = 1, 2, . . . converging to S(0) = {x0 (·), x0 (·)}.
In (b) diﬀerent optimal (feedback) solutions with measurement errors starting at
x(0) = 0.05 > 0 are depicted. In the extreme case chattering around the DNSS point
can occur as in case III (the probability of this case persisting near 0 as t gets larger
tends to zero), or the opposite strategy can be chosen as in case II. Case I exhibits
the correct optimal behavior

is recalculated (see Fig. 5.4b). In the optimal control setting this feedback
strategy leads to the same optimal solution (principle of optimality) if the
state is measured exactly. In our real-world scenario this could result in some
“chattering” behavior of the process around zero (see Fig. 5.4b)
5.4.2 Deﬁnitions
Let us now return to the question of how to deﬁne points of indiﬀerence.
Reconsidering the previous example, we have to formalize the concepts of
multiplicity and separability. Thus we deﬁne points of indiﬀerence as follows:
Deﬁnition 5.5 (Indiﬀerence Point). Let S(x0 ) be the solution set of an
optimal control problem OC (3.3). If there exist x∗1 (·), x∗2 (·) ∈ S(x0 ) and t ∈
[0, T ] satisfying
x∗1 (t) = x∗2 (t),
then x0 is called an indiﬀerence point. If the solution set S(x0 ) has cardinality
k < ∞, then x0 is called of order k; otherwise it is of inﬁnite order.
Remark 5.6. Note that the optimal state trajectories are continuous. Thus if
they diﬀer in a single time point t, they are already diﬀerent on an open
interval.
Note that Deﬁnition 5.5 is stated for a general optimal control problem,
whereas for the next deﬁnition we explicitly refer to discounted, autonomous
models of inﬁnite horizon DAM (5.1):
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Deﬁnition 5.7 (Threshold Point). Let us consider a problem DAM (5.1)
with x(0) = x0 . Then x0 is called a threshold point if for every neighborhood
U of x0 there exist x10 , x20 ∈ U , satisfying
S ∞ (x10 ) ∩ S ∞ (x20 ) = ∅, S ∞ (xi0 ) = ∅, i = 1, 2.
Remark 5.8. Hence a threshold point x0 is characterized by the property that
in every neighborhood of x0 there exist solutions converging to distinct limit
sets.
The two deﬁnitions formalize the concepts of multiplicity and separability
and can now be used to deﬁne the phenomenon of DNSS points often found
in economic literature:
Deﬁnition 5.9 (DNSS Point). Let us consider a problem DAM (5.1) with
x(0) = x0 . Then x0 is called a DNSS point if it is both an indiﬀerence point
and a threshold point.
If x0 is a threshold point but not an indiﬀerence point, it is called a weak
DNSS point.
Remark 5.10. Not only DNSS points separate diﬀerent basins of attraction,
but only at DNSS points does the decision-maker get to make a choice about
how to proceed. Weak DNSS points do not create such options.
Remark 5.11. We call a weak DNSS point “weak” because as a practical matter, they are places that give the decision-maker choices about where to go
in the long-run if the decision-maker is willing to pay even an inﬁnitesimally
small premium for the privilege of having that ﬂexibility.
To further illustrate the diﬀerence between a DNSS point (multiplicity) and a
weak DNSS point (history-dependence), let us analyze the following example:
∞

(x(t) + u(t))2 dt
0


s.t. ẋ(t) = u(t) u(t)2 − 1
x(0) = x0 .
min

(5.11a)

u(·)

(5.11b)

From the cost function (5.11a) it readily follows that u∗ = −x. Substituting
this optimal control into (5.11b) yields
∗

x (t) =


−1/2

± 1 − e−2t 1 − 1/x20
0

Thus in the long run we ﬁnd
x∗ (∞) =

±1
0

x0 ≷ 0
x0 = 0.

x0 ≷ 0
x0 = 0.
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Hence x0 = 0 serves as a threshold separating the two long-run solutions ±1,
whereas at x0 = 0 the unique optimal solution u∗ ≡ 0 exists. Therefore x0 = 0
satisﬁes the condition of separability but not that of multiplicity, and so it is
a weak DNSS point.
For one-state inﬁnite time horizon problems, Fig. 5.5 depicts the usual
case for a DNSS point and a weak DNSS point, respectively. In terms of the
canonical system derived from Pontryagin’s Maximum Principle the characterizing element of a DNSS point is an overlap of the extremal solutions over
a ﬁnite interval in the state space (see Fig. 5.5a,b). Such an overlap can occur
in the case of an unstable focus or an unstable node. If no such overlap in the
neighborhood of an unstable node exists we have the case of a weak DNSS
point (see Fig. 5.5c). The actual characteristic (DNSS point or weak DNSS
point) therefore depends on the topology of the trajectories near the unstable
node (see Proposition 5.17).

a)

λ



b)

λ

c)

λ



*
xS

x

xS

x

xw
S

x

Fig. 5.5. The three cases for one-dimensional systems are depicted in the state–
costate space. Case (a) shows a DNSS point in the neighborhood of an unstable
spiral. In (c) the unstable node is a weak DNSS point. Owing to the overlap of the
stable manifolds in state space, there exists a DNSS point near the unstable node
in case (b)

5.4.3 Conclusions from the Deﬁnitions
Subsequently we make the following assumptions.
Assumption 5.1. For every initial state x ∈ Rn there exists at least one
bounded optimal solution, with the corresponding optimal vector ﬁeld
ẋ(t) = f ∗ (x(t)).

(5.12)

Assumption 5.2. The Hamiltonian is strictly concave in u.
Assumption 5.3. The matrix fu (x∗ (t), u∗ (t)) has full rank along an optimal
solution (x∗ (·), u∗ (·)).
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Note that the cardinality of P(x0 ) denotes the number of initial costates for
optimal trajectories emanating from the state x0 . Under the given assumptions
the following lemma holds:
Lemma 5.12. Let (x∗ (·), u∗ (·)) be an optimal solution of DAM (5.1). If Assumptions 5.2 and 5.3 are satisﬁed; then the set P(x∗ (t)) with t > 0 reduces
to a single point.
Proof. The proof follows from the continuity of the costate and the uniqueness
and continuity of the control and costate. Therefore the adjoint dynamics and
hence the costate is uniquely determined by the initial costate at t = 0.


Hence we ﬁnd:
Corollary 5.13. Under Assumptions 5.1–5.3 the number of optimal solutions
is equal to the cardinality of P(x0 ).
Proof. From Lemma 5.12 we know that for t > 0 the set P(x∗ (t)) is singlevalued. Thus if there exist n optimal solutions, by the uniqueness of the solution of the canonical system, n initial costates have to exist corresponding to
the n optimal solutions, concluding the proof.


Remark 5.14. In general Cor. 5.13 may not be true. Consider the following
example:
∞

max
u(·)

−e−rt u(t)2 dt

0

s.t. ẋ(t) = x(t) + u(t)3 ,
x(0) = 0.
Since the integral does not depend on the state x, it is evident that the
∗
= −2 < 0)
minimum is achieved for u ≡ 0. Thus Assumption 5.2 (Huu
∗
is satisﬁed but not Assumption 5.3 (fu = 0). By Pontryagin’s Maximum
Principle we ﬁnd the adjoint equation given as
λ̇ = (r − 1)λ,
yielding
λ(t) = λ(0)e(r−1)t .
Hence if r < 1/2, every λ(0) ∈ R satisﬁes the transversality condition, which is
a necessary condition since the assumptions of Proposition 3.74 are satisﬁed.
In that case
P(0) = R,
which is obviously not representing the number of optimal solutions.
From the deﬁnition of a DNSS point we therefore ﬁnd the following corollary:
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Corollary 5.15. Let a model DAM (5.1) satisfy the Assumptions 5.1–5.3 and
x0 be a DNSS point; then P(x0 ) ≥ 2.
We can now give a characterization of a weak DNSS point in terms of the
optimal vector ﬁeld:
Proposition 5.16. Given the optimal vector ﬁeld (5.12), the solution starting
at a weak DNSS point x0 ∈ Rn does not converge to a stable limit set of
(5.12). For one-state models a weak DNSS point x0 is a repelling or semistable
equilibrium.
Proof. From the deﬁnition of a weak DNSS point we know that for every
neighborhood of x0 there exist at least two solutions exhibiting diﬀerent limit
sets. Then Lemma A.99 assures us that for a sequence of initial points converging to x0 the corresponding solutions converge to the solution starting at
x0 , and by assumption the limit set x(x0 , ∞) = ∅ exists. Thus if the limit
set x(x0 , ∞) = ∅ is stable, any solution starting in the neighborhood of x0
converges to this limit set, contradicting the deﬁnition of a weak DNSS point
and proving the ﬁrst part of the proposition.
For one-state models the only limit sets are equilibria. Moreover, only three
classes of equilibria are possible – namely stable, repelling, and semistable
equilibria – and from the ﬁrst part of the proof we can immediately exclude
the stable equilibrium, since in that case x0 is the limit set for every solution
starting in a small enough neighborhood.


For the one-state case we can provide necessary conditions for the occurrence
of a weak DNSS point. This has been proved in Feichtinger and Wirl (2000)
and will be restated in the following proposition:
Proposition 5.17. Consider a one-state and one-control model DAM (5.1).
Let the Assumptions 5.1–5.3 be satisﬁed and the optimized Hamiltonian H∗
be strictly concave in the state x on an open convex set covering the equilibria
of the canonical system. Then a necessary condition for the existence of an
unstable equilibrium x̂ of the optimal vector ﬁeld is
df ∗ (x)
= fx − fu (Hux /Huu ) > 0,
dx
which can be achieved through
∗
r > Hxλ
> 0.

If such an equilibrium x̂ exists, it is optimal and a weak DNSS point.
Proof. By assumption there exists at least one equilibrium (x̂, û) of the canonical system, and the equilibria obviously satisfy the necessary conditions of
Pontryagin’s Maximum Principle. Thus by the concavity assumptions and
Theorem 3.70 (x̂, û) is the unique optimal solution for the given problem with
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x(0) = x̂. Now assume that (x̂, û) is a hyperbolic equilibrium and not a saddle. In this case x̂ is an equilibrium of the corresponding optimal vector ﬁeld
f ∗ (x̂), satisfying
d ∗
f (x̂) > 0.
dx
Under the given assumptions and using the implicit function theorem, we can
diﬀerentiate the control u∗ = u(x, λ) in respect to x and λ, satisfying
Hux
du∗
=−
.
dx
Huu
Hence we immediately ﬁnd
d ∗
du∗
Hux
f (x̂) = fx + fu
= fx − fu
.
dx
dx
Huu
This also proves that x̂ is a weak DNSS point, since in every interval around
x̂ there exist solutions converging to (two) diﬀerent limit sets (equilibria).
Next, we want to analyze the properties that an optimal unstable equilibrium of the canonical system has to satisfy. Therefore we only have to
investigate the Jacobian Jˆ at (x̂, λ̂), satisfying
 ∗

∗
Hxλ
Hλλ
,
∗
∗
−Hxx
r − Hλx
∗
∗
where Hxλ
= Hλx
. A necessary condition for the equilibrium not to be a
saddle is
∗
∗
∗
∗
(r − Hxλ
) + Hλλ
Hxx
> 0.
det Jˆ = Hxλ
∗
∗
> 0, and the assumption Hxx
< 0 we have
Due to Proposition 3.23 Hλλ
∗
∗
Hxx
< 0.
Hλλ

ˆ
Thus to assure the positivity of the det J,
∗
>0
r > Hxλ

ˆ ≥ 0.
has to be satisﬁed. To exclude unstable spirals we exhibit r2 − 4 det(J)
This follows from the quadratic term in r
∗
∗
∗
∗
r2 − 4rHxλ
+ 4 (Hxλ
) − 4Hλλ
Hxx
,
2

∗
∗
∗
Hxx
> 0 at r = 2Hxλ
.
which achieves its minimum −4Hλλ




Remark 5.18. In Feichtinger and Wirl (2000) the slightly stronger assumption
of concavity of the Hamiltonian H with respect to x and u has been made,
where Huu < 0 is assumed. This yields the negative deﬁniteness of the matrix


Huu Hux
.
Hux Hxx
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Under this assumption the necessary conditions stated in Proposition 5.17 can
be reﬁned to
r > fx > 0

growth

or
fu Hux > 0 positive state–control interactions.
Moreover, the concavity assumption covering all equilibria cannot be relaxed,
as can be shown by a counter-example (see Exercise 5.2).

5.5 Revisiting the Typical Example
Having introduced exact terminology for indiﬀerence points and (weak) DNSS
points, we now return to our typical example (5.10) focusing on the question
of uniqueness and multiplicity of the optimal solution. Subsequently we shall
consider the discount rate r as well as the cost parameter c as a variable and
determine the regions with diﬀerent dynamical behavior, i.e., doing a bifurcation analysis and calculating the corresponding bifurcation curves. Since most
of the calculations are similar to those in Sect. 5.3.1, the reader is invited to
complete the necessary calculations (see Exercise 5.4.5). After elementary but
lengthy calculations the two fold bifurcation curves δ = δ1 ∪ δ2 and η = η1 ∪ η2
can explicitly be computed and are depicted in Fig. 5.6.4 Each of these curves
is diﬀerentiated by an index one and two, referring to the fact that these
parts have to be distinguished in respect to the optimal solution, which will
be explained below.
The curves δ and η are given by
δ :=
η :=

1
, r ∈ (1, ∞)
r−1
8
, r ∈ [0, 3] ,
(c, r) : c = 2
r + 2r + 1

(c, r) : c =

where δ characterizes a saddle-node bifurcation at the outer equilibrium and
η a transcritical bifurcation at the origin.
The third curve β = β1 ∪ β2 (see Fig. 5.6) is given by
β1 :=
β2 :=

4


4(Σ1 + Σ2 )
,
r
∈
(
2/3, 1]
(x + 2)2 (x2 − 2/3)
4(Σ1 − Σ2 )
, r ∈ [0, 1] ,
(c, r) : c =
(x + 2)2 (x2 − 2/3)
(c, r) : c =

To clarify the depiction the region between r = 1 and r = 3 is compressed.
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Fig. 5.6. The central ﬁgure depicts the regions for the canonical system of model (5.10) with diﬀerent dynamical and optimal behavior.
Around the central ﬁgure characteristic phase portraits of the canonical and optimal system are displayed, exemplifying these regions.
To avoid overloading the ﬁgure the elements are explained in the text of Sect. 5.5
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Fig. 5.7. Panel (a) points out the diﬀerent topologically equivalent regions of the
canonical system in the parameter space (r, c). In panel (b) the regions of diﬀerent
optimal behavior are depicted. The numbers are those of Fig. 5.6 and highlight the
diﬀerences across the regions in the dynamical and optimal behavior

with
Σ1 := 3r2 + 10r − 7,


and Σ2 := (r − 3) (r − 1)(r + 3).

This curve is not a bifurcation curve, but denotes the transformation of the
inner equilibrium from an unstable focus to an unstable node.
The bifurcation/transformation curves δ, η and β denote local bifurcations
and are analytically given. In contrast the curve α1 (see Fig. 5.7a) depicts the
case of a global bifurcation, namely a heteroclinic bifurcation, which can only
be computed numerically. (Section 7.8 explains how this is done.)
Finally the curve
γ := {(r, c) : r = 1, c ≥ 2.75}
denotes a bifurcation of the optimal vector ﬁeld, where a DNSS point becomes
a weak DNSS point.
After this preparatory work we are ready to start analyzing the optimal
behavior of these diﬀerent regions. In Fig. 5.6 the considered cases are depicted
as well as phase portraits of the canonical systems and of the optimal vector
ﬁeld. The central panel of Fig. 5.6 shows the (r, c)-parameter space together
with the already-mentioned bifurcation curves and transformation curves.
Arranged around this central panel are the typical phase portraits in the
state–costate space together with the corresponding optimal dynamics. These
phase portraits are drawn for each of the diﬀerent regions and for hairline
cases delimiting these regions.
In Figs. 5.6 and 5.8 the ẋ-isocline (
) and λ̇-isocline (
) together
with the saddles ( ), repelling equilibria (  ) and non-hyperbolic equilibria
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Fig. 5.8. The region denoted by the rectangle in Fig. 5.6 is blown up to show
the details. Panel (a) shows (schematically) the regions in the parameter space and
for regions IV , IV  and IV  the phase portraits are depicted in the panels (b), (c)
and (d)

(  ) are depicted. For every saddle the corresponding stable paths (
) and
) are drawn.
optimal paths (
The phase portraits of the optimal vector ﬁeld at the bottom of each of the
ﬁgures denote the direction of the optimal path, together with stable equilibria
( ), unstable equilibria (  ), and DNSS points (  ).
Occurrence of a DNSS Point
Panels a–c of Fig. 5.6 depict the situation typical for the occurrence of a DNSS
point. From a local perspective, these regions cannot be distinguished, since
the occurring equilibria are all of the same type and the canonical systems
are topologically equivalent at these equilibria. We can consider this sequence
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of panels from two points of view. The ﬁrst one is the usual way of thinking
about the canonical system, whereas the second tells the story from the perspective of the optimal system. Let us start with the canonical system. Here
we are confronted with the problem of multiple equilibria, where a repelling
equilibrium lies between two saddles. Hence, both saddles have to be considered as long-run optimal solutions. To answer the question of optimality,
one has to compute the corresponding stable paths, where in region I we see
that one saddle path originates from the unstable equilibrium, and the other
comes from inﬁnity. In that case the unbounded path is superior, since by
Proposition 3.23 we know that the Hamiltonian is strictly convex in λ and
therefore is strictly less at the outer equilibrium E3 compared to the value
at the stable path with the same x-coordinate. This implies that the saddle
path of the origin is the unique optimal solution, being always superior to the
saddle path of E3 .
By contrast in region II, both saddle paths spiral out of the unstable
focus. Following the argumentation already given on p. 249, we ﬁnd a DNSS
point separating the initial values, where it is optimal to move to the origin
or to the outer equilibrium, i.e., being indiﬀerent, when starting at the DNSS
point.
The intermediate situation between these two cases arises when the saddle
path of the origin neither comes from inﬁnity nor spirals out of the unstable
focus, but coincides with the unstable path of the outer equilibrium, constituting a heteroclinic connection between these two saddles. Since the heteroclinic
connection is unstable,5 i.e., vanishes if one of the parameters is changed, we
ﬁnd a curve in the parameter space separating regions I and II. This heteroclinic connection is a global phenomenon since it depends on the saddle paths,
and can therefore be calculated only numerically. Owing to our deﬁnitions,
E2 is a DNSS point since in every neighborhood two optimal solutions with
diﬀerent limit sets, E1 and E3 , exist.
Changing the perspective, we now consider the optimal vector ﬁeld and
interpret the results in terms of this system. Thus in region I only one stable
equilibrium at 0 exists. If we keep the parameter c ﬁxed and increase r, a
semistable equilibrium at the x-coordinate of E3 arises, bifurcating into a
DNSS point and a stable equilibrium at E3 . Hence in the optimal vector
ﬁeld the heteroclinic bifurcation of the canonical system corresponds to a
bifurcation of the optimal vector ﬁeld, which has no counterpart in the usual
bifurcation theory of ODEs. In that sense we shall call this bifurcation an
indiﬀerence bifurcation. For a more detailed description of bifurcation of the
optimal vector ﬁeld see Kiseleva and Wagener (2008).

5

The heteroclinic connection is constituted by a stable and an unstable path connecting both equilibria. It is geometrically evident that a (generic C 1 ) perturbation will break up this connection (for a proof in the homoclinic case see
Kuznetsov, 1998).
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Transformation into a Weak DNSS Point
Next, we consider the panels d–f. Having the canonical system in mind, it
becomes obvious that from the dynamical point of view regions III and IV
are equivalent to regions I and II, since the only diﬀerence is that the unstable
focus is replaced by an unstable node. But what happens to the optimal
solution? Let us start with region IV , lying between r = 1 and the transcritical
bifurcation curve δ1 . As the reader may prove, we immediately ﬁnd that the
assumptions of Proposition 3.23 are satisﬁed and thus the occurrence of DNSS
points is excluded. This implies the usual case of history-dependent solutions
and the existence of a weak DNSS point at the x-coordinate of the inner
equilibrium E2 , where one stays put if starting exactly at E2 or moves to the
left or to the right when deviating from E2 .
Contrary to the former behavior in region III, the saddle paths have an
overlap of the x-values near the unstable node; using the same argumentation
as in the case of an unstable focus, we ﬁnd there exists a DNSS point and the
unstable node is no longer optimal. Note that since the existence of a DNSS
point is a global phenomenon, this overlap can only be proved numerically.
This shows that the conditions in Proposition 3.23 are suﬃcient but not necessary to exclude the existence of a DNSS point. This becomes obvious when
we consider the region with r < 1 and lying between β2 and η as is depicted
in Fig. 5.8. In respect to the optimal dynamics, the curve γ separating regions
III and IV denotes a demarcation curve, where the DNSS point transforms
into a weak DNSS point.
From History-Dependence to Uniqueness
Finally, we consider the remaining panels g–l. Moving from region IV to region
V , the transcritical bifurcation curve δ1 is crossed and the origin becomes an
unstable node, whereas the second saddle has a negative x-value and therefore
does not satisfy the positivity assumption x ≥ 0 and is dropped. In that case
the origin becomes a weak DNSS point, for any other initial value of x it is
optimal to converge to the outer equilibrium E3 . In Exercise 5.4 the reader is
asked to compute the optimal solution at the transcritical bifurcation curve
δ1 .
When crossing the saddle-node bifurcation curve η1 , the origin remains as
a unique equilibrium, whereas we have already proved in Sect. 5.3.2 that its
saddle path is the optimal solution.
At last the hairline case at the saddle-node bifurcation curve δ1 has to be
considered. Here it turns out that collision of the inner and outer equilibrium
leaves an unstable equilibrium remain, which is a weak DNSS point.
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Taking a Closer Look
In Fig. 5.8 the region including the points A and B (see Fig. 5.6) is depicted
in more detail. This closer look reveals that region IV , enclosed by η and β
(and δ), can be separated into IV, IV  and IV  . As we have already seen,
region IV exhibits three equilibria, where an unstable node exists between
two saddles. Considering the global saddle paths we see that in region IV 
(Fig. 5.8d) the saddle path exists for all x ≥ 0 and lies beneath that of the
second saddle. Following the arguments for region I we ﬁnd that the origin
is the unique long-run optimal solution. Contrary to this situation in region
IV  (see Fig. 5.8c) both saddle paths have an overlap in their state values.
Following the argumentation of region II, this gives rise to the existence of
a DNSS point. Finally for region IV we already know that the state value of
the unstable node is a weak DNSS point. These regions are separated by the
curves α2 and α3 as illustrated in Fig. 5.8a.
Figure 5.7 summarizes the behavior of the system from the perspective of
the canonical system panel (a) and that of the optimal dynamics panel (b).

5.6 Eradication vs. Accommodation in an Optimal
Control Model of a Drug Epidemic
In this section we revisit the optimal control model of a drug epidemic which
is discussed earlier and analyzed partly in Sect. 3.9. Here we focus on scenarios
in which a DNSS point occurs to illustrate for the reader how the concepts
introduced in this chapter can be applied.
For that purpose, let us ﬁrst recall the bifurcation diagram for the socialcost parameter ρ (see Fig. 3.8). From that analysis we concluded that for low
or high enough values of ρ it will always be optimal to approach the high or
low equilibrium, respectively. However, for some range of intermediate levels
of ρ we found two saddle points with an unstable focus in between. In these
cases we may expect to ﬁnd a DNSS point separating the basins of attraction
of the two saddle points.
Figure 5.9 depicts such a case. In Fig. 5.9a the phase portrait is plotted
in the (A, λ)-space, where we ﬁnd both the Ȧ- and λ̇-isoclines and the stable
manifolds of the saddles, which emanate from the unstable focus in between.
The DNSS point is computed by comparing and intersecting the Hamiltonians
along the two extremal solutions, as illustrated in Fig. 5.9b. More precisely, in
Fig. 5.9b we plot the maximized Hamiltonians divided by the discount rate r
to obtain the utility functional values as functions of the initial state A0 , for
each of the two candidate solutions.
Finally, Fig. 5.9c depicts the optimal policy (i.e., u∗ as a function of A) resulting from this analysis. The policy interpretation is as follows. The optimal
control model of a drug epidemic as described above may have two optimal
equilibrium solutions. One is at a low level Â1 = 0, and the other is at a
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Fig. 5.9. Panel (a) depicts the phase diagram and the optimal paths in the (A, λ)space. The DNSS point ADNSS separates the basins of attraction of the two saddle
points. In panel (b) the utility functional values along the saddle point paths as a
function of the initial state A0 are computed as 1r H(A0 , u(0), λ(0)). The point of intersection provides the DNSS point ADNSS . Panel (c) shows the control spending u
along the optimal paths (“optimal policy”). Massive treatment spending is optimal
when approaching the low equilibrium (“eradication” policy), whereas only rather
moderate levels of spending are used along the stable manifold of the high equilibrium (“accommodation” policy). Panel (d) illustrates a bifurcation diagram for
ρ, keeping all other parameters constant. The DNSS point ADNSS (dashed curve)
exists iﬀ ρ ≤ ρh , where ρh is the location of the heteroclinic bifurcation
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high level of Â3 users. We showed that there exists a DNSS point, ADN SS
users, such that if initially there are fewer than that critical number of users
it is optimal to drive use down to the low-use equilibrium (an “eradication
strategy”), whereas if there are already more than that number of users, the
best strategy is simply to delay but not prevent growth toward the high-level
equilibrium (an “accommodation strategy”).
In other words, if control begins before the problem has grown beyond the
DNSS point, then it is optimal to use massive control to push it back down
to a lower level of use. However, if the problem has already grown beyond
that threshold, then the accommodation strategy with relatively little control
spending is optimal. In the latter case, even if the eradication strategy was
technically possible, it would be too expensive for it to be the optimal strategy.
This is a classic DNSS point acting as a “tipping point.”
The ﬁnal part of the analysis of this model addresses the question for
which values of the social cost parameter ρ we ﬁnd a DNSS point. In Fig. 5.9d
we display another bifurcation diagram for ρ, which we augment with the
location of the DNSS point, ADN SS , whenever it exists. We ﬁnd that a DNSS
point occurs for ρ ∈ [0, ρh ], where ρh is a positive value of ρ at which we ﬁnd
a heteroclinic bifurcation. As ρh < ρbs , we conclude that for all ρ between ρh
and ρbs we have multiple steady states but no DNSS point, so for all initial
numbers of users the optimal policy is to drive use down to the low equilibrium
at Â1 = 0 despite the existence of another saddle at the high level of Â3 users.
In mathematical terms, this rather simple example of a one-state model shows
that the existence of multiple saddle points separated by an unstable steady
state is not a suﬃcient condition for the occurrence of DNSS points.
Figure 5.9d also gives rise to a nice economic interpretation. First recall
that whenever the initial number of users A0 is above ADN SS , the optimal
policy is to approach the high equilibrium at Â3 , while below and for social
costs above ρh it is optimal to approach the low equilibrium at Â1 as indicated
by the arrows in Fig. 5.9d. Starting with the lowest possible value of ρ = 0,
the DNSS point coincides with Â1 , so for all positive A0 the high equilibrium
is approached. As discussed earlier, this is not at all surprising; if ρ = 0, no
social costs occur from drug use, so the objective functional is minimized by
setting the control equal to zero throughout, which results in the uncontrolled
dynamics with the highest possible steady state level of users in the long run.
However, ADN SS is strictly positive as soon as ρ is positive, so even for very
small values of the social costs, there exists some range of initial numbers of
users for which it is optimal to eradicate drug use. This range is small when
ρ is small, but it is increasing convexly with ρ. In other words, the larger
the social costs, the larger is the basin of attraction of the low equilibrium
at Â1 . We also observe that the high equilibrium level Â3 is decreasing in
ρ, which results from higher levels of control spending for increasing social
costs. Finally, the DNSS point disappears at the critical level ρ = ρh , so the
eradication of drug use is optimal for all values of ρ larger than ρh , irrespective
of the initial number of users.
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There is yet one more nice economic story to tell. In a remark at the end of
Sect. 3.9 there was a brief discussion about the inﬂuence of the relative sizes of
the discount rate r and r0 = k Ā−μ on the qualitative shape of the bifurcation
diagram. A careful look at the bifurcation diagram here (Fig. 5.9d) and the one
used back in Sect. 3.9 (Fig. 3.8) reveals that the location
of &the horizontal line
%
representing Â1 is diﬀerent. The reason is that r ∈ r20 , 2r0 in Fig. 3.8, while
for Fig. 5.9d a value of r below r20 was used. In economic terms, the decision
maker is less farsighted in the old ﬁgure than in the new one presented here.
That is interesting because we ﬁnd that a more farsighted decision maker
has a broader range of social cost values for which the saddle point at Â1
exists. While only two paragraphs above we concluded that the existence of
a saddle point does not imply its optimality, it can indeed be shown that the
more farsighted a decision maker is, the broader is the range of parameters for
which eradication is the optimal strategy as opposed to the accommodation
strategy. This is probably not so much surprising, but it is deﬁnitely in line
with results presented in Behrens, Caulkins, Tragler, and Feichtinger (2002).
This example ends our presentation of multiple optimal solutions and
history-dependence. Even though the phenomenon of multiplicity in an economic framework has been analyzed for nearly three decades, few theoretical
results are known so far. In that respect the approach taken by Wagener
(2003) and Kiseleva and Wagener (2008) seems promising and opens the ﬁeld
for further research.

Exercises
5.1 (Gould’s Second Diﬀusion Model). The following model is probably the
ﬁrst one analyzed in which a DNSS point occurs.
In Exercise 3.5 we presented a model in which advertising inﬂuences those who
are “not-yet-buyers.” In another scenario dealt with by Gould (1970) people learn
of a product by talking with others who are knowledgeable. In particular the customers of a product inform other potential customers by word-of-mouth information
diﬀusion. Assume that the potential market for a product is m people, of whom x(t)
know of the product and buy it. Consider a single ﬁrm that can inﬂuence the contact
rate a(t) at which people discuss the ﬁrm’s product. Then the x customers inform xa
people, of whom a fraction 1 − x/m will be newly informed. Knowledgeable people
are assumed to forget at constant rate δ, e.g., by switching brands.
Assume that purchases generate concave proﬁts π(x). Moreover, it is reasonable
to assume that the contact rate increases with advertising. Denoting the convex cost
of achieving eﬀect a(t) via advertising as c(a) and get
∞

max
a(·)

s.t.

e−rt (π(x) − c(a)) dt

0

ẋ = ax(1 − x/m) − δx
x(0) = x0 ∈ [0, m].
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Show that there exist two interior long-run equilibria and one equilibrium at the
boundary. Show further that the “middle” equilibrium is an unstable focus. Carry
out a phase portrait analysis and interpret the optimal solutions. Discuss the role
of the DNSS threshold.
5.2. To prove the necessity of the concavity assumption for Proposition 5.17, compute the optimal solution of the following model:
∞

max
u(·)

s.t.





e−rt au + bx − 1/2 αu2 + βux − 1/2γx2 − θx3 dt

0

ẋ = (A − δ) x − 1/2x2 − u.

Use the parameter values:

rAγ

a α

b

β

δ θ

2 2 1 0.01 1 0.01 0.5 0.1 1

5.3. Prove that the problem (5.2) is normal, i.e., λ0 = 1.
5.4. For the typical example (5.10):
1. Prove that the problem is normal, i.e., λ0 = 1.
2. Prove that the transversality condition has to hold.
3. Perform the explicit calculations to determine the stability properties of the
equilibria.
4. Prove that the stable manifolds are the only candidates for an optimal solution
(r = 0.5, c = 5).
5. Determine the equilibria and stability properties for the model with r and c
variable.
Hint. Prove 1 by contradiction, and then use the linearity in u. For 2 show that the
assumptions of Proposition 3.74 are satisﬁed.
5.5. Calculate the quadratic approximation of the center manifold for the canonical
system of the typical example (5.10) at the equilibrium (0, 0) and for the bifurcation
parameter c = 8/(r2 + 2r + 1).
Hint. Use the procedure presented, e.g., in Kuznetsov (1998, p. 172).
5.6 (Optimal Growth with a Convex–Concave Production Function).
Skiba (1978) extended Ramsey’s neoclassical growth model to an S-shaped production function. This provided an early analysis of indiﬀerence or DNSS points.
Consider the optimal capital-accumulation model presented in Exercise 3.11 but
replace the concavity assumption of the production function by a convex–concave
shape:
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⎧ ⎫
⎨ <⎬
⎨ >⎬
(5.13)
F (0) = 0, F  (K) > 0, F  (K) = 0 for K = K̄.
⎩ ⎭
⎩ ⎭
>
<
Show that if we assume the validity of the Inada-conditions (see Exercise 3.11), (5.13)
implies the existence of two interior equilibria (as well as a boundary equilibrium
K̂ = 0).
Prove that the “middle” equilibrium is an unstable focus, while the “upper” and
the “boundary” equilibria have saddle properties. Can a node be excluded? Sketch
a phase portrait and give an economic interpretation of the optimal consumption
path. Use Lagrangian techniques described in Sect. 3.6.1 to cope with the mixed path
constraint. Note that the left branch of the trajectory was presented incorrectly by
Skiba (1978) (see Feichtinger and Hartl 1986, pp. 418–420 for a correct proof).
5.7 (Moving to Opportunity). One of the targets of US housing policy is to
deconcentrate poverty. The Moving to Opportunity for Fair Housing Program directed by the US Department of Housing and Urban Development attempts to place
poor families in middle-class neighborhoods.
Denote the proportion of middle-class families at time t by X(t). The policy
variable is the rate u(t) at which poor families are placed in the neighborhoods.
The state dynamics of the housing mobility program,
Ẋ = aX(1 − X) − βu + γXu

(5.14)

consists of three ﬂows
–
–
–

An autonomous growth term assumed as logistic growth
A “middle-class ﬂight” term proportional to the inﬂow of poor people6
An “assimilation” term,7 γXu

The objective is to place a compromise between placing poor families (u) and retain
middle-class residents (X) as socially beneﬁcial, and tax payers. Assuming quadratic
moving costs, the target is
∞

max

u(·)≥0

e−rt (u − cu2 + ρX)dt

0

s.t. (5.14), an initial condition X(0) = X0 ∈ (0, 1), and a pure state constraint
0 ≤ X(t) ≤ 1.
Show the existence of a DNSS point separating initial conditions, in which the optimal policy leads to substantial middle-class ﬂight, from those conditions in which
the optimal policy leads to a stronger middle class population; see Caulkins, Feichtinger, Johnson, Tragler, and Yegorov (2005) for details of this model of controlled
migration.

6

7

That term addresses the lack of tolerance of social groups. Schelling (1971) was
perhaps the ﬁrst who wrote about (racial) segregation and the propensity of
residents to ﬂee neighborhoods.
This term refers to the inﬂuence the existing stock of middle-class residents exerts
on the incoming poor families to “assimilate.”
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Notes and Further Reading
The neoclassical optimal growth model of Cass (1965) and Koopmans (1965) predicts
that countries will converge to a common standard of living. Empirical evidence,
however, suggests diverse growth paths. The heterogeneity in growth patterns can
be modeled by including the possibility of multiple equilibria, indiﬀerence points,
and history-dependence.
Skiba (1978) did this by extending the Ramsey model to include a convex–
concave production function, obtaining an unstable focus and a threshold separating
two saddle point equilibria. Compare also Brock and Malliaris (1989, Chap. 6), in
which the threshold was called a “Skiba point.” (See Exercise 5.6.)
Skiba’s analysis had some deﬁciencies. The ﬁrst exact proof of the existence of
a “Skiba point” was given by Dechert and Nishimura (1983); compare also Dechert
(1983). Independently, Sethi (1977, 1979a) studied multiple equilibria in the context
of most rapid approach paths. Other early references on multiple equilibria are Brock
(1983) and Brock and Dechert (1985).
Multiple equilibria may provide an explanation for the existence of poverty traps
and the development of “miracles.” (See the endogenous-growth literature initiated
by Lucas, 1988 and Romer, 1990.)
If there is an externality, rational agents will forecast its evolution. Depending
upon the initial conditions, this can give rise to diﬀerent expectations and long-run
outcomes. This point was ﬁrst made in Krugman (1991). A more recent application
to CO2 permits can be found in Liski (2001).
It is now recognized that multiple equilibria occur in many other contexts as
will subsequently be shown. For example Brock and Starrett (1999) considered the
dynamics and optimal management of a shallow lake. Internal loading of phosphorus
in shallow lakes causes nonlinearities, multiple equilibria, and DNSS points. Their
paper has been extended by including a number of communities that use the lake
as a resource and waste sink. Mäler, Xepapadeas, and de Zeeuw (2003) showed that
the initial level of accumulated phosphorus determines whether a lake will end up
in a turbid state. Note that although the analysis focused on a shallow lake, the
methodology applies to all models that are driven by convex–concave relations.
In the context of addiction, Becker and Murphy (1988) noted the general possibility of thresholds separating multiple equilibria. However, the linear–quadratic
framework they used precluded their occurrence. That limitation was overcome by
the model of Orphanides and Zervos (1998), who used a generalized nonlinear framework with convex–concave preferences. Here, three equilibria exist, the middle one
being unstable. At the lower equilibrium, there is no drug consumption. At the higher
one, there is addiction. In response to small shocks in drug consumption or to the
impact of enforcement policies, the system can converge toward one or the other
of these two equilibria. The threshold separating the optimal trajectories leading to
either the lower or the higher stable equilibrium does not necessarily coincide with
the middle unstable one. For a recent related contribution, see Gavrila, Feichtinger,
Tragler, Hartl, and Kort (2005).
Schelling (1967, 1973) provided an interesting early analysis of multiple equilibria and history-dependence. The Nobel laureate assumed that the probability that
an agent engages in an illegal transaction increases with the total number of agents
that also engage in the transaction. This results in three equilibrium points, two
stable boundary ones – corresponding, respectively, to a “clean” and a “dirty society”
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– and an unstable interior tipping point. In this context Andvig (1991) introduced
what he called a Schelling diagram to explain observed variations in corruption frequency, and gave several other examples of multiple equilibria in the context of the
economics of crime.
In a certain sense Chap. 5 may be conceived of as a dynamic extension of
Schelling’s static considerations. The appearance of ratios of variables in a model
may lead to multiple equilibria. For example, the eﬀect of enforcement depends on
the amount of law enforcement eﬀort relative to the size of the population of offenders, i.e., on the per capita enforcement eﬀort. This mechanism has been named
enforcement swamping in the context of crime and illicit drug consumption; see
Kleiman (1993), Caulkins (1993), Caulkins et al. (2000), Feichtinger, Grienauer,
and Tragler (2002), and Tragler, Caulkins, and Feichtinger (2001). This dependency
implies multiple equilibria, unstable nodes or focuses, and weak DNSS points. The
result is fairly general. The use in the objective function of “per capita” quantities,
generically deﬁned as a control variable divided by a state variable, usually generates a convexity of the Hamiltonian with respect to the state and may easily lead
to multiple equilibria.
Another interesting ﬁeld of application of the “per capita” threshold-generating
mechanism relates to adjustment costs. See the framework in Feichtinger, Hartl,
Kort, and Wirl (2001) and Hartl, Kort, Feichtinger, and Wirl (2004).
Usually nonconcavity is considered to be the property that causes the long-term
behavior to depend on the initial state. This history-dependence due to “increasing
returns” or “positive feedbacks” plays a central role in many policy-related discussions, ranging from the choice of a technology to diﬀerences in economic development.
However, this traditional road is not the only route to multiple equilibria, since
a strictly concave framework does not rule out history-dependent outcomes. This
result may appear surprising, and it has been largely overlooked in the economic
literature; compare, however, the early contributions of Kurz (1968) and Liviatan
and Samuelson (1969), and, more recently, Feichtinger and Wirl (2000), Feichtinger
et al. (2002), and Wirl and Feichtinger (2005).
A survey on multiple equilibria and history-dependence, including thresholds in
concave models, is given by Deissenberg, Feichtinger, Semmler, and Wirl (2004), but
let us brieﬂy mention a few more examples.
Caulkins et al. (2006) examined optimal spending for drug-substitution programs
in the context of a dynamic epidemic model of both drug use and drug use-related
infections. They showed that the optimal spending for drug-substitution programs
may depend on such initial conditions as the number of drug users and the number of
infected users. It turned out that the optimal long-run solution may be characterized
by a relatively large amount spent for drug-substitution programs and by a small
number of drug users, or vice versa.
While there exist abundant applications with one-state variables, there are only
a few studies using two-state models. Feichtinger and Steindl (2006) investigated
the bifurcation behavior of an production/inventory model close to a Hamilton–
Hopf bifurcation. They found diﬀerent types of DNSS curves separating either the
domain of attraction of the steady and oscillatory solutions or the trajectories to
the same periodic solution. This discovery of multiple DNSS curves delivers a new
family of optimal production policies. The existence of threshold indiﬀerence points,
from which three diﬀerent paths emanate exhibiting the same minimal value of the
discounted cost stream, illustrates the complex structure of the stable manifolds and
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DNSS curves. It is remarkable that such a complex behavior occurs in a “standard”
model of production planning, the so-called intensity-splitting model, which is separable and has only a nonconcavity resulting from concave–convex production costs;
see Feichtinger and Sorger (1986) and Feichtinger, Kistner, and Luhmer (1988).

(x1 , y1 )
O1

(x2 , y2 )

O2

Fig. 5.10. The problem depicted is to determine the directions of minimal distance
from points to an ellipse. The corresponding connections are given by the dashed
lines. For points
lying on the major axis between the center of the osculation cir
cles O1,2 = ±(a2 − b2 )/a, 0 (shown on the right side) two such directions exist
and therefore constitute a Maxwell set. In contrast, for every other point a unique
direction exists, pointed out for the points (xi , yi ), i = 1, 2. As this problem can
be formulated as an optimal control problem, where the optimal trajectories are exactly the connecting lines and the optimal controls are the directions, the Maxwell
set coincides with the set of DNSS points. Note that O1,2 are not DNSS points
Hartl, Kort, and Feichtinger (2003) studied the tradeoﬀ between the beneﬁts and
costs of preventing oﬀenses and treating oﬀenders. Starting with an age-structured
epidemiological model (see Sect. 8.3.2), they analyzed a two-state compartment
model in which multiple equilibria were identiﬁed: a “law-and-order” equilibrium
(with no oﬀenders), a “conservative” equilibrium (with few oﬀenders), and a “liberal” equilibrium (with many oﬀenders). Remarkably, the authors derived a kind of
indiﬀerence property for this ﬁnite time horizon problem.
Asking why politics makes strange bedfellows, Caulkins, Hartl, Tragler, and
Feichtinger (2001) computed DNSS curves in a more straightforward way than usual.
The curves show an interesting spiral structure.
Caulkins, Hartl, Kort, and Feichtinger (2007) tried to explain why there are
fashion cycles. They considered the problem of a fashion trend-setter confronting
an imitator who could produce the same product at lower cost. Remarkably, the
authors derived an analytic expression for a DNSS curve.
Hof and Wirl (2008) analyzed a multiple equilibria version of the Ramsey model.
For higher-dimensional problems there may exist a whole set of DNSS points.
In Wagener (2006) and Pampel (2000) it was proved, at least in a special case, that
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under convenient assumptions these sets can (locally) be classiﬁed as DNSS curves
(two-dimensional state space) or DNSS manifolds (higher-dimensional state space).
Besides these numerical results, only a few theoretical propositions on the existence
and appearance of DNSS points exist (see, e.g., Wagener, 2003) in the optimal control
literature. Note that according to Wagener’s conjecture, in the two-dimensional case
there exists generically no indiﬀerence point of higher multiplicity than three.
Although there exists no comprehensive theory analyzing DNSS points in the
optimal control literature, Arnold, Goryunov, Lyashko, and Vasiliev (1993) studied the problem of multiple maximum (minimum) points in detail for the theory of
smooth manifolds, where, e.g., points of minimal energy (physics) or minimal distance (geometry) are considered. In this context these sets of multiple solutions are
called Maxwell sets. For an example see Fig. 5.10. But a full mathematical comparison of the concepts of DNSS points and Maxwell points has not yet been carried
out as far as we know.

unstable equilibrium
H concave
node
continuous
(Case 1)

H nonconcave
node

continuous
(Case 2)

equilibrium = threshold

focus

discontinuous
(Case 3)

discontinuous
(Case 4)

equilibrium = threshold

Fig. 5.11. Possible cases with respect to the unstable equilibrium; case 1 is Wirl
and Feichtinger (2005), case 4 is the well-known scenario and the cases 2 and 3 are
scenarios discovered by Hartl et al. (2004)

Hartl et al. (2004) derived an interesting tree diagram showing the relation
between the (non)concavity of the Hamiltonian, the instability of nodes and foci,
and the possibility of jumps (see Fig. 5.11)
If the Hamiltonian is concave in an unstable state, this equilibrium is a node, the
function describing the initial control in respect to the initial state (policy function)
is continuous, and the threshold coincides with the equilibria (see the dotted branch
in Fig. 5.11). If the unstable equilibrium is situated in the nonconcave domain of
the Hamiltonian, it can either be a node or a focus. In the literature, an unstable
equilibrium is mostly assumed to be a focus, which leads to a discontinuous policy
function and to a threshold diﬀerent from the unstable equilibrium; see the dashed
branch in Fig. 5.11. However, Hartl et al. (2004) show that the unstable equilibrium
can also be a node and a further and rather subtle diﬀerentiation has to be made. In
particular, a node in the nonconcave domain can sometimes exhibit characteristics
similar to the node in the concave domain, i.e., continuity of the policy function and
no point of indeterminancy. This contrasts with many claims found in the literature.
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But such a node can also be associated also with a discontinuous policy function,
while losing its equilibrium property.
To summarize, of the four possible outcomes shown at the bottom in Fig. 5.11,
only one is found in the literature. Note that case 3 refers to the existence of a
node with an overlapping region and a discontinuity (compare also Fig. 5.5b). Furthermore, the diﬀerentiation between concave vs. nonconcave Hamiltonians seems
not to be the appropriate one and neither is the one between node and focus. The
proper classiﬁcation is to diﬀerentiate between continuous and discontinuous policies. Continuous policies, which require the unstable equilibrium to be optimal (an
equilibrium), are ensured by concavity but are possible in nonconcave models too.
We have to admit that the deﬁnition presented here of a DNSS point may not
be the end of the story. In fact, this could be seen as the initial point for further
and deeper investigations, because the mathematical claim of soundness requires
a deﬁnition encompassing even degenerate cases. However this multiplicity is wellknown in applications where degenerate cases are of minor interest and mathematical
sophistication does not necessarily lead to a better understanding for students. Hence
our somewhat less formal approach suits our needs and, we believe, most of the
problems appearing in the economic literature. What the present deﬁnition really
lacks is veriﬁcation of its mathematical signiﬁcance and a connection with other
analytical properties of the solution sets that would provide new insights into the
phenomenon of history-dependent solutions.
We wish to thank Florian Wagener and Vladimir Veliov for providing their
own results on the phenomenon of critical points. The formulations discussed here
originate from their investigations and intensive discussions on this subject. We also
owe Florian Wagener thanks for his work on the optimal vector ﬁeld and on the
DNSS bifurcation.
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Higher-Dimensional Models

The theory of optimal control is wonderful. Now, how does one actually apply
it? In particular, how does one compute the solutions numerically, including
for higher-dimensional systems (since solving these systems can substantially
be harder than solving one-dimensional models)? This third part of the book
sheds light on the practical side of applying optimal control theory.
By “practical side” we still mean mathematical calculations, not political
or organizational issues associated with persuading decision-makers to implement a solution or even statistical issues associated with data collection and
model parameterization. Too often, however, texts on optimal control tell the
reader what to do but not how or even when and why to do it.
The “practical side” of how to solve optimal control problems involves
writing computer programs because few models have analytic solutions. The
“when and why” questions concern how to organize all of the components of
an overall analysis. Given a particular mathematical formulation, what does
one do ﬁrst? What second? What does one do when one analytic strategy hits
a dead end? We illustrate how to answer such questions with three innovative
examples that are worked in depth.1 We oﬀer one example each from the three
main application areas discussed in this book: drug control, corruption, and
counter-terror.
This chapter presents the model formulations and meta-analytic strategies employed to analyze them. Points in the analysis that require nontrivial
computations are ﬂagged, with a reference forward to the following chapter
on numerical methods. In that subsequent Chap. 7, the discussion walks the
reader step by step through the details of how to do computations of that
sort, including references to the computer code available on the companion
Web site for performing these numerical calculations.

1

The example in Sect. 6.1 is also partially empirically validated.
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6.1 Controlling Drug Consumption
This section illustrates the application of Pontryagin’s Maximum Principle
and the analytical investigation of the quality of the long-run equilibrium
with a real-world policy problem pertaining to control of illicit drugs.2
6.1.1 Model of Controlled Drug Demand
A fundamental question of drug policy is how scarce resources should be
allocated between diﬀerent drug control programs, e.g., source country control, interdiction, or diﬀerent forms of domestic control (such as prevention,
treatment or domestic enforcement). Hence there is ongoing interest in understanding how much we can save (in terms of lives, grams of consumption,
or cost to the society) per dollar invested in each of these control programs.
The trouble is, however, that (illicit) drug use and associated problems change
over time, so no single, static strategy always saves more lives, averts more
grams consumed, or avoids more cost to society (or the government) than any
other, and, thus, is always “best.” Rather the optimal mix of interventions
should vary over time. Behrens et al. (1999, 2000b) sought to help inform
such thinking by starting with the LH-model of heterogeneous drug demand
discussed in Sect. 2.7 and augmenting it to include two demand side controls
representing spending on drug prevention and treatment, respectively.
1. Spending on prevention (denoted by w) such as school-based prevention
programs, after school programs, Red Ribbon weeks, etc., is assumed to
reduce initiation into drug use, as deﬁned by (2.37), down to some fracH
tion ψ of its baseline level, I(L, H) = τ + sLe−q L . Even the very best
programs only cut initiation by a modest amount (depending on the substance, reductions are typically on the order of one-sixth). Furthermore,
if policy can target ﬁrst the groups at highest risk of initiating drug use,
one would expect the ﬁrst dollars invested in prevention to produce bigger eﬀects than later dollars. That is one would expect ψ to be a smooth
convex function of prevention spending w. A simple smooth function that
captures such diminishing returns to scale is an exponential decay approaching an asymptotic value h
ψ(w) = h + (1 − h) e−mw ,

(6.1)

where
• h is the minimum percentage to which initiation can be cut down by
prevention.
• m is a constant measuring the eﬃciency of prevention spending.
Based on Caulkins et al. (1999), Behrens et al. (2000b) estimated the
parameter values h = 0.84 and m = 2.37 × 10−9 .
2

The model is parametrized for cocaine use in the US for 1967–1992; 1996.
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2. As in the one state drug control model discussed in Sects. 2.9 and 3.9,
treatment is modeled as increasing the outﬂow from drug use, in this case
the outﬂow from heavy use, H, at a per capita rate that is a concave
function of treatment spending u per (heavy) user. In particular,
d

u
(6.2)
β (H, u) = c
H +ε
•
•

c is a constant measuring the eﬃciency of treatment.
d is a constant measuring the extent to which expansions in treatment
spending retain that eﬃciency as opposed to suﬀering from diminishing
returns.
To be consistent with parallel work Tragler, Caulkins, and Feichtinger
(2001) and Behrens et al. (2000b) set the diminishing returns to treatment
parameter to d = 0.6. Based on Rydell, Caulkins, and Everingham (1996)
they estimate c = 5 × 10−4 . The constant ε = 10−5 is a mathematical
convenience that avoids the possibility of dividing by zero; its speciﬁc
value has essentially no eﬀect on the results at all. (Note: since for our
parameter values the long-run equilibrium is located comfortably within
the admissible range for state and control variables, one can even use
ε = 0.)
The policy-maker or regulating authority is modeled as wanting to minimize
the sum of the social costs caused by illicit drug use and the monetary costs of
the control measures. Heavy users generate more social costs per capita than
do light users, so social costs are assumed to be proportional to consumption
measured in grams rather than to the total number of users. In particular, a
constant social cost per gram consumed (estimated to be κ = 113 dollars per
gram3 ) is multiplied by the total quantity consumed, denoted by Q, which is
computed as the weighted sum of the number of light and heavy users,
Q = kL L + kH H,

(6.3)

with weights equal to the average annual consumption rates of light and heavy
users. Rydell et al. (1996) reported those to be kL = 16.42 and kH = 118.93
grams per year, respectively. So the decision-maker can be modeled as seeking
to minimize the entire discounted stream of costs associated with illicit drug
use
∞
e−rt (κQ + u + w) dt,

V (u(·), w(·)) =

(6.4)

0

where u(t) and w(t) denote the expenditures on treatment and prevention
programs at time t, respectively, r = 0.04 is the discount rate, and Q denotes
total annual consumption in grams (6.3).
Ideally the government would be free to choose whatever controls u(·) and
w(·) minimize (6.4), but public budgeting is sometimes reactive, responding to
3

This is a political parameter ranging for diﬀerent states from $50 to $500 per
gram.
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existing problems, not proactive. This tendency to respond to the problem of
the day may imply that society allocates drug-control resources in proportion
to the current magnitude of the drug problem. Therefore we consider the
drug-control budget in (6.4) to be proportional to total current consumption,
i.e.,
u + w = γQ.
(6.5)
Behrens et al. (2000b) estimate that γ = 5.31 dollars are spent on both
treatment and prevention per gram consumed. Thus the total drug-control
budget is not assumed to be constant and thus frozen at a particular level,
but rather is ﬁxed in terms of being proportional to the current drug demand,
γQ. The control budget’s allocation between treatment and prevention can,
however, be varied at each instant of time.4
With budget rule (6.5) we can replace prevention spending with “nontreatment spending,” w = γQ − u, and the optimization problem becomes a
nonlinear control problem with a single scalar control, u, and two states, L
and H, where the policy-maker is modeled as wanting to solve:
∞

max − (κ + γ)
u(·)

s.t.

e−rt Q dt

(6.6a)

0

L̇ = ψ (w) I(L, H) − (a + b)L,
Ḣ = bL − gH − β(H, u)H,

L(0) = L0 ,

H(0) = H0

u ≥ 0,
γQ − u ≥ 0

(6.6b)
(6.6c)
(6.6d)
(6.6e)

with initiation function
H

I(L, H) = τ + sLe−q L

as deﬁned in the uncontrolled case, (2.37) and Q deﬁned by (6.3).
Remark 6.1. From a numerical point of view it is advisable to replace the
constraint (6.6d) with
u ≥ k0 > 0,
where k0 is some positive constant, since at u = 0 the dynamics of the control
(6.11b) exhibits a singularity and will therefore entail numerical diﬃculties.
Decreasing k0 to zero approximates the solution for k0 = 0.
4

The original analysis reported in Behrens (1998) and Behrens et al. (2000b) also
analyzed two other budget rules, including unconstrained control spending. This
represented a sort of structural sensitivity analysis with respect to the consequences of diﬀerent budgeting strategies. While the results are quite interesting
for substantive purposes, those extra analyzes are not needed here to illustrate
how to solve optimal control problems of this sort, and so we conﬁne ourselves to
this one budget allocation model.
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6.1.2 Deriving the Canonical System
Since we have to consider mixed path constraints as deﬁned by (6.6d) and
(6.6e), we analyze the form of the canonical system for control values lying in
the interior and at the boundary of the control set separately.
Control Values in the Interior
The analysis proceeds as described in Chap. 3, where H denotes the Hamiltonian and λ1 and λ2 denote the costate variables with respect to L and H,
respectively, all in current-values
H = λ0 (κ + γ) (−kL L − kH H) + λ1 L̇ + λ2 Ḣ.
Remark 6.2. We restrict our analysis to the normal case, i.e., λ0 = 1, even
though we have to admit the λ0 = 0 cannot principally excluded (see Exercise
6.1).
Remark 6.3. Since the derivatives of the (negative) cost function in (6.6a) with
respect to the states are both negative along the optimal path, i.e.,
−

∂(κ + γ) (kL L + kH H)
< 0,
∂L

and

−

∂(κ + γ) (kL L + kH H)
< 0,
∂H

the economic interpretation of the costates as imputed values or shadow prices
of an additional light and heavy user, respectively, and (3.11) tell us that λ1
and λ2 are negative (see Theorem 3.54 on the signs of the costate variables).
This means that even though the optimal values for L and H, and thus optimally controlled prevalence, may increase over time, an additional user is
always “bad” in terms of the objective because its “value” is negative.
The Hamiltonian maximizing condition for optimal interior control values,
u∗ = u∗ (L, H, λ1 , λ2 ), is given by
Hu = λ1 Iψu − λ2 Hβu = 0,

(6.7)

together with the Legendre–Clebsch condition
Huu = λ1 Iψuu − λ2 Hβuu ≤ 0.

(6.8)

An immediate calculation proves that for h, d < 1, λ1 , λ2 < 0, and L, H > 0
(6.8) satisﬁes the strict inequality for all u, and thus a unique interior optimal
control value for (6.7) exists.
Remark 6.4. Equation (6.7) reveals that the intertemporal optimal drug control requires that at any instant of time the value that the decision-maker
assigns to the change in incidence (due to prevention) just balances the value
that the decision-maker assigns to the change in the number of heavy users
(due to treatment).
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The following two diﬀerential equations determine the evolution of the costates
λ1 and λ2 (which can be interpreted as the changes in the values of an additional light and heavy user, respectively), where the notation is simpliﬁed by
Ξ (L, H, u∗ ) := IL ψ + IψL − (a + b)
Σ (H, u∗ ) := g + (1 + d)β > 0
Π (L, H, u∗ ) := IH ψ + IψH < 0, yielding
λ̇1 = rλ1 − HL = kL (κ + γ) + (r − Ξ (L, H, u∗ )) λ1 − bλ2
∗

(6.9a)
∗

λ̇2 = rλ2 − HH = kH (κ + γ) − Π (L, H, u ) λ1 + (r + Σ (H, u )) λ2 . (6.9b)
The optimal control value u∗ is only implicitly determined by (6.7) and cannot
be replaced by a closed-form representation. This implies that the canonical
system (6.6b), (6.6c), (6.9a) and (6.9b) is also only implicitly given. A way to
avoid this inconvenience is to transfer the canonical system from the state–
costate space into the state-(costate-)control space, or in our case from the
(L, H, λ1 , λ2 )-space, into the (L, H, λ1 , u)-space using the following procedure
(see also Sect. 7.3). We start by determining the total time derivative of the
Hamiltonian maximizing condition (6.7) and replacing λ2 by λ1 ζ, where
ζ :=

Iψu
.
Hβu

(6.10)

Solving the resulting equation for u̇ yields a diﬀerential equation for the control
variable, which allows us, together with λ2 = ζλ1 to replace (6.9a) and (6.9b)
by
λ̇1 = kL (κ + γ) + (r − Ξ − bζ) λ1
(6.11a)


1 kH − kL ζ
u̇ =
(κ + γ) − Π + (bζ + Σ + Ξ) ζ − ζL L̇ − ζH Ḣ . (6.11b)
ζu
λ1
Remark 6.5. The continuous diﬀerentiability of u(·) is assured as long as the
strict Legendre–Clebsch condition is satisﬁed. Since in that case the formula
for implicit diﬀerentiation provides the continuous derivative for u(·) (see also
the regularity assumption in Theorem 4.33 of the calculus of variations).
Remark 6.6. We cannot prove that the necessary conditions are suﬃcient.
Therefore, when proceeding with the analysis, we keep in mind this limitation
when it comes to interpretation.
Control Values at the Boundary
To determine the form of the canonical system for solutions exhibiting a
boundary arc (see Sect. 3.6.1), we have to consider the Lagrangian
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L = H + μ1 u + μ2 (γ (kL L + kH H) − u) .
The constraint qualiﬁcation (3.48) is satisﬁed, since the corresponding matrix,


1 u
0
,
−1 0 γ (kL L + kH H) − u
has full rank. Thus we can use Pontryagin’s Maximum Principle Theorem 3.60
to derive the necessary conditions.
Obviously the control constraints cannot be simultaneously active as long
as L, H > 0. We can therefore consider both cases separately. From
Lu = 0
we ﬁnd explicit representations of the Lagrange multipliers as follows
μ1 = −Hu
μ2 = Hu .
Hence for u∗ = 0 the canonical systems in the state–costate space reads as
L̇ = ψ (γ (kL L + kH H)) I(L, H) − (a + b)L

(6.12a)

Ḣ = bL − gH

(6.12b)

λ̇1 = kL (κ + γ) + (r − Ξ (L, H, 0)) λ1 − bλ2

(6.12c)

λ̇2 = kH (κ + γ) − Π (L, H, 0) λ1 + (r + Σ (H, 0)) λ2 ,

(6.12d)

and for u∗ = γ (kL L + kH H) as
L̇ = I(L, H) − (a + b)L
Ḣ = bL − gH − β(H, u∗ )
λ̇1 = kL (κ + γ) + (r − Ξ (L, H, u∗ )) λ1 − bλ2
λ̇2 = kH (κ + γ) − Π (L, H, u∗ ) λ1 + (r + Σ (H, u∗ )) λ2 .
Remark 6.7. Note that a transition into the (L, H, λ1 , u∗ )-space is not necessary here, because at the boundary arc u∗ is explicitly be given (either u∗ = 0
or u∗ = γ (kL L + kH H)).
Additionally, the slackness conditions
μ1 u∗ ≥ 0,

and μ2 (γ (kL L + kH H) − u∗ ) ≥ 0,

and nonnegativity conditions
μ1 ≥ 0,
have to be satisﬁed.

and μ2 ≥ 0,
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Table 6.1. Set of base-case parameter values chosen by Behrens et al. (1999, 2000b)
in consideration of Caulkins (1996); Oﬃce of National Drug Control Policy (1996);
Rydell et al. (1996) and Rydell and Everingham (1994) to model the US cocaine
epidemic

a

b

g

s

q

τ

0.163 0.024 0.062 0.61 7.00 5 ×

104

c
5×

10−4

d

h

m

0.60 0.84 2.37 ×

10−9

r

γ

κ

0.04 5.31 1.13 × 102

6.1.3 The Endemic Level of Drug Demand
As is commonly the case, it is useful to start investigating the dynamics of a
system by looking for equilibria of the canonical system. One can determine
these equilibrium values by solving the nonlinear algebraic equations obtained
by setting the diﬀerential equations of the canonical system to zero. In doing
this one should try to proceed with the analysis as far as possible without
specifying the parameter values. The next section on corruption gives a good
example of when this is fruitful. However, the complex functional forms needed
to adequately represent real world problems often make it impossible to follow
this analytical track very far. Here that is the case. Therefore, we proceed with
the numerical problem for parameter values given by Table 6.1.
Determining the Equilibrium
Finding roots numerically can be tricky (see Sect. 7.4.1). In this case the
system (6.6b), (6.6c), (6.11a) and (6.11b) yields the following equilibrium in
the positive section of the state–control-space:
⎛ ⎞ ⎛
⎞
L̂
347, 474
⎜ Ĥ ⎟ ⎜ 124, 354 ⎟
⎟ ⎜
⎟
Ê = ⎜
⎝λ̂ ⎠ = ⎝ −36, 863 ⎠ .
1
5, 890, 747
û∗
The eigenvalues ξi , i = 1, 2, 3, 4, of the linearized system around this equilibrium are found to be conjugate complex, one pair having positive, one having
negative real parts. The reader is invited to check this result numerically in
Exercise 6.1. Hence Ê is hyperbolic and of saddle-type, exhibiting transient
oscillations. Since the values of parameters are never known with certainty,
hyperbolicity is of importance. This assures that modest changes in parameter
values do not alter the stability properties of the equilibrium (see Sect. 2.6.2).
Note that the equilibrium shadow price of an additional heavy user,λ2 , and
equilibrium treatment spending, ŵ∗ , can be computed using (6.10) and (6.5),
respectively
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I(L̂, Ĥ)ψu γ kL L̂ + kH Ĥ
λ̂2 =

Ĥβu (ŵ∗ , Ĥ)
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λ̂1 = −11, 499


ŵ∗ = γ kL L̂ + kH Ĥ − û∗ = 102, 937, 557.
Comparing the Result with the “Real World” Problem
Having calculated the equilibrium values, it is natural to compare those values
with current values observed from the system in the real world. In this case
the levels of equilibrium drug use are far less than contemporary levels in
the US. Likewise, equilibrium prevention spending ŵ∗ is quite small relative
to current prevention, and treatment spending per capita û∗ is also slightly
below current rates. Hence, in the model’s long-run equilibrium, it is optimal
to spend less per user on demand-side control than is being spent now. Thus
the ﬁrst conclusion is that in this model it is never optimal to use prevention
and treatment to push the ﬁnal state of the epidemic (i.e., its endemic level)
to a place very diﬀerent from where it would go “naturally.”
If control is not what pushes drug use below current levels, what does?
Recall that in this model initiation can be tempered by a bad reputation
for a drug if most current users are heavy or dependent users (cf. Sect. 2.7).
Once this feedback eﬀect of heavy use on initiation is included, the system
gravitates toward a relatively low level of equilibrium drug use on its own.
That equilibrium is fairly “stubborn” (in part because of the constant inﬂow
τ of initiation by “innovators”), and so it is not worth trying to use treatment
or prevention to suppress it much further; at least not if the social cost per
gram consumed is equal to κ = 113. We can examine how characteristics of
the equilibrium depend on the other model parameter values; but because
little control is used in an equilibrium, the results are not so diﬀerent from
those reported in Sect. 2.7.
The values (û∗ , ŵ∗ ) are assumed as the optimal controls for the initial
states (L0 , H0 ) = (L̂, Ĥ). Strictly speaking its optimality has to be proved,
since the equilibrium only satisﬁes the necessary conditions (see Remark 6.6).
In what follows we assume its optimality and determine paths converging to
this long-run optimal solution starting at diﬀerent initial positions.
6.1.4 Optimal Dynamic Policy away from the Endemic State
That a control plays a minor role in an equilibrium does not imply that it
is generally unimportant. On the contrary – control could still play a crucial
role in determining the transient path leading toward the equilibrium. One
way to test this proposition is to assess the eﬀect on the objective function of
beginning optimal control at diﬀerent points in the drug epidemic.
Therefore, we calculate the total discounted cost caused by the drug epidemic as a function of T0 , where T0 denotes the time when prevention and
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treatment interventions begin. To compute this graph, we run the uncontrolled model for T0 years, leading to a particular and uniquely deﬁned state
(L(T0 ), H(T0 )) at time T0 , keeping track of the discounted amount of drug use
and, hence, social cost along the (uncontrolled) way. Next, starting with that
state, (L(T0 ), H(T0 )), as the initial condition, we run the optimally controlled
allocation problem with the standard inﬁnite planning-horizon assumption,
also keeping track of discounted social cost plus cost of control.
Computing the Path Leading to the Endemic State
The speciﬁc question to answer is, how to solve the optimal control problem (6.6) for the initial states (L0 , H0 ) = (L(T0 ), H(T0 )), because “running
the optimal control model” diﬀers from “running the uncontrolled model.”
Whereas in the uncontrolled case we have two diﬀerential equations and two
initial conditions, in the optimally controlled model we have four diﬀerential
equations plus information on the two initial states and also the terminal conditions, that the solution converges to the equilibrium. Thus we solve a BVP,
where the inﬁnite time horizon is replaced by some ﬁnite horizon te and the
terminal conditions are replaced by asymptotic boundary conditions, which
assure that the solution lies time te at the local stable manifold of the equilibrium, as explained in Sect. 7.4.1. Therefore the following steps have to be
accomplished.
Determining the Asymptotic Boundary Condition
First we have to ﬁnd a condition guaranteeing that we reach the stable
eigenspace Es (Ê) of the equilibrium Ê. Owing to Proposition 7.20 we therefore have to determine the eigenvectors of the transposed matrix Jˆ for the
eigenvalues with positive real part, where Jˆ is the Jacobian evaluated at the
equilibrium Ê. In our case there exist two conjugate complex eigenvectors ν
and ν̄. Therefore we only have to consider the real and imaginary part of one
of these eigenvectors, yielding
⎛
⎞
−0.0108 − 0.0846i
⎜ 0.1399 + 0.3950i ⎟
⎟.
ν=⎜
⎝
⎠
0.9039
−0.0002 − 0.0002i
Then the matrix

 
Re ν 
−0.0108
F =
=
−0.0846
Im ν 

0.1399
0.3950

0.9039
0

determines the stable eigenspace Es (Ê) by
Es (Ê) = {X ∈ R4 : F (X − Ê) = 0},


−0.0002
,
−0.0002
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with X = (L, H, λ1 , u∗ ). The condition at inﬁnity, that the trajectory converges to the equilibrium Ê, is replaced by the condition X(te ) ∈ Es (Ê) for
the ﬁnite time te , which can always be normalized to 1 (see Sect. 7.1.4)
F (X(1) − Ê) = 0.
Denoting the dynamics of the canonical system for interior control values by
f I (X) the BVP becomes
Ẋ = te f I (X), t ∈ [0, 1]
X1 (0) = L0 , X2 (0) = H0
F (X(1) − Ê) = 0.

Carrying out the Continuation of the Optimal Solution
Next we want to answer, how to proceed, if we want to ﬁnd the optimal path
starting, e.g., at

  
2 × 106
L0
A1 =
=
.
H0
1 × 105
The only solution for the BVP, that we already established, is the “trivial”
equilibrium solution. Therefore we numerically solve the BVP, starting at the
equilibrium Ê and continuing the solution, by means of one of the continuation
algorithms presented in Sect. 7.2, along the line l(γ), connecting the state
values of the equilibrium Ê and A1 (see Fig. 6.1a), i.e.,
 
 
L̂
L0
+γ
, with γ ∈ [0, 1].
Aγ = l(γ) = (1 − γ)
H0
Ĥ
During these continuation steps we always check the admissibility of the solution. For γ0 ≈ 0.3579 the state trajectory starts at Aγ0 (see Fig. 6.1a). For this
initial state the corresponding control is zero (see Fig. 6.1b) and continuing
the solution for γ > γ0 the control would become negative. At this point the
algorithm stops since it has detected an exit point of a boundary arc with
u = 0. If we continue the solution along the line l for γ > γ0 we have to take
into account, that we start at the boundary arc (u = 0) and that at some
time t̄ an exit point exists, where we switch to the interior arc (see Fig. 6.1c).
Carrying out the Continuation of an Optimal Solution Exhibiting an Exit
Point
To continue the solution for γ > γ0 we use the algorithm described in
Sect. 7.6.3. We therefore have to consider the canonical systems for the boundary and the interior arc. Furthermore we know that there exists an exit time
t̄. At the time t̄ the solution path is connected continuously in the states and
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a)

H

u

b)

u=0
u(t)

Ê = A0
l(γ)

×

Aγ0

A1
L
c)

H

X̄ ×

0

t

u

d)

u=0

u(t)
Ê = A0
l(γ)

A1
L

0

t̄

t

Fig. 6.1. The continuation process of the solution from Ê to A1 along the connecting
line l is depicted. In panel (a) the state trajectory X(·) is depicted starting at
X(0) = Aγ0 . For this initial state the corresponding control value is zero at time t = 0
and greater than zero later on, as illustrated in (b). In panel (c) the state trajectory
starting at X(0) = A1 is depicted with an exit point X̄ at t̄. The corresponding
control u∗ (·) is shown in panel (d). In that case u∗ (·) is zero until time t̄ and greater
than zero for t ≥ t̄

the costates and the control is zero. These conditions suﬃce to state a welldeﬁned BVP. The dynamical systems for the interior and the boundary arc
are normalized with respect to time and considered on the time interval [0, 1]
(see Sect. 7.6.3).
Denoting the interior arc by X I (·), the boundary arc by X B (·), and the
corresponding dynamics by f I and f B , respectively, the BVP becomes:
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Ẋ I = te f I (X I ),

t ∈ [0, 1]

(6.14a)

Ẋ B = t̄f B (X B ),
 B 
X1 (0)
= Aγ
X2B (0)

t ∈ [0, 1]

(6.14b)
(6.14c)

X I (0) = X B (1)

(6.14d)

X4I (1)

(6.14e)



=0

F X I (1) − Ê = 0,

(6.14f)

where te is the previously ﬁxed terminal time and t̄ the unknown exit time.
Thus we solve an optimal control problem of terminal time te + t̄, satisfying
the initial condition (6.14c), the terminal condition (6.14f) and the corner
conditions (6.14d) and (6.14e). The BVP (6.14) is well-posed since the number
of unknowns equals the number of equations to be satisﬁed.
Remark 6.8. Note that X I = (L, H, λ1 , u) , whereas X B = (L, H, λ1 , λ2 ) .
Remark 6.9. This solution ﬁnding strategy can in principle be extended for
an arbitrary number of junction points. At each time, when a junction point
is reached the BVP is augmented by the corresponding dynamics and corner
conditions. Then the continuation process is started with the last detected
solution as described before.
To start the continuation process for the BVP (6.14) at γ = γ0 we initialize a
BV-Solver with the “trivial” solution t̄ = 0
X I (t) = X(t),
B

X (t) = X(0),

t ∈ [0, 1]
t ∈ [0, 1],

where X(t) is the last detected solution starting at (X1 (0), X2 (0)) = Aγ0 .
Continuing this solution we ﬁnally ﬁnd the solution for the initial state A1
(see Fig. 6.1c,d).
Processing the Eﬀect of Delaying Control by T0 Years
Having now derived the controlled trajectory “connecting” the initial point
(L(T0 ), H(T0 ), λ1 (T0 ), u∗ (T0 )) with the equilibrium Ê = (L̂, Ĥ, λ̂1 , û∗ ), we
multiply the absolute value of the resulting optimal objective functional by
e−rT to discount those costs back to the original starting time and add them to
the social costs resulting from the uncontrolled trajectory over period [0, T0 ].
The such computed total costs C(T0 ) are given by
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T0

C(T0 ) =
0

e−rt κ (kL L + kH H) dt
∞

+

e−rt (κ + γ) (kL L∗ + kH H ∗ ) dt

T0

s.t. L̇ =
Ḣ =

I(L, H) − (a + b)L
ψ(w∗ )I(L∗ , H ∗ ) − (a + b)L∗
bL − gH
bL∗ − gH ∗ − β(H ∗ , u∗ )H ∗

t ∈ [0, T0 ]
t > T0
t ∈ [0, T0 ]
t > T0 ,

where (u∗ (·), w∗ (·)) is the optimal control for the time shifted problem (6.6)
starting at (L(T0 ), H(T0 )). The uncontrolled dynamics on the interval [0, T0 ]
is that of Sect. 2.7.
As Fig. 6.2 illustrates, one could avert as much as half of the total costs
associated with the drug problem by starting control early. Note that total
discounted cost C(T0 ) of delaying control reaches a maximum at the same
time that light use peaks. Starting control later than that causes lower values
of C(T0 ) because heavy use is already giving the drug a bad reputation, and
one merely needs to optimally support the decline of the epidemic, instead of
proactively driving the levels of use toward the equilibrium state.
For the actual computations, depicted in Fig. 6.2, we solved the uncontrolled model starting at L0 = 1, 010, 000 and H0 = 70, 000 (these are the
estimated numbers of light and heavy users by Everingham and Rydell, 1994)
yielding an uncontrolled trajectory (L(t), H(t)) with t ∈ [0, 24], where t = 0
corresponds to 1967. Then we solved the optimal control problem taking each
of the points (L(t), H(t)) as an initial point and added the total costs as
described above.
6.1.5 Optimal Policies for Diﬀerent Phases of a Drug Epidemic
Having established that control during the transient phase of a drug epidemic
can be important, it is next natural to ask what the control spending should
look like. To investigate how spending patterns respond to the time (or phase)
of the drug epidemic, we calculate trajectories “connecting” the equilibrium
value, Ê, with data on drug prevalence observed for US cocaine in a particular
year, (L(year), H(year)) (for the actual calculation technique see Sect. 7.5.1
and Remark 6.9). Four such examples are shown by Fig. 6.3.
For illustrative purposes we focus on further investigating and discussing
the “1967-trajectory,” which should help us to develop a better understanding
of drug control over the entire course of a drug epidemic (see Fig. 6.4). Analyzing the other trajectories completes the picture, but for this particular model
the qualitative results do not dramatically diﬀer from the ones described below
for the “1967-time-path.” Note that throughout the discussion in the remainder of this chapter the years will appear in quotation marks, because they
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Fig. 6.2. Totals costs, C(T0 ), of delaying control as a function of T0 , where T0
denotes the time when government starts control. Calculation initiated with data
observed in 1967 (corresponding to t = 0)
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Fig. 6.3. Projections of the controlled trajectories into the (L, H)-plane for initial
data from various years of the uncontrolled modeled epidemic (where the uncontrolled epidemic follows approximately the dashed line). The gray lines separate the
regions P of (L, H) values for which treatment is optimally zero, M where a mixture
of treatment and prevention spending is optimal and T where treatment is set to
maximum absorbing the entire drug control budget
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refer not only to particular years but also, more importantly, to particular
“phases of the (US cocaine) epidemic.” “1967,” for instance, means “at the
onset of an epidemic.” “1975” and “1979” correspond to phases “before” or
“close to the peak in light use,” whereas “1996” refers to a later phase, in
which the drug epidemic has already stared to ebb on its own accord.
Starting with initial conditions, (L0 , H0 ), that reﬂect US cocaine use in
1967 (as estimated by Everingham and Rydell, 1994), Fig. 6.3 shows (in the
(L, H)-plane) how diﬀerent the optimally controlled cocaine epidemics would
have looked as compared with its observed path (indicated by the dashed
line).5 In Fig. 6.3 once again last section’s result is emphasized on how much
of a problem could be avoided by beginning to address it early. What causes
such a massive diﬀerence? It is the optimal allocation of the budget to drug
treatment and prevention starting 1967 without any further delay.
At the beginning of the US cocaine epidemic, in “1967,” it would have been
optimal to put all drug-control resources (determined by γ dollars times the
quantity currently consumed (kL L + kH H)) into prevention (see Fig. 6.4b).
No money should have been spent on treatment until shortly after the peak
in optimally controlled light use was observed at a level of 3.1 million (only
9 years after starting control). At this point there would have been a very rapid
changeover from all prevention to all treatment (see Fig. 6.4). This transition
would have been completed in just 6 years. Treatment spending would then
have quickly risen to a peak and decayed slowly as the amount of use fell
(due to a decline in heavy use). Then in “2020” prevention would begin to
kick in again, taking over nearly the entire (much smaller) drug-control budget
approaching the equilibrium state replacing some of the drug’s bad reputation
(which is not bad enough anymore to have w∗ = 0).
The basic recommendation is prevention ﬁrst, then treatment, then back
to mostly prevention as an epidemic approaches its equilibrium, with very
abrupt changes from one control regime to another (cf. Fig. 6.4b). The kinks
in prevention and treatment spending occur at the time when it is not optimal
to spend all of the budget on either prevention or treatment, but rather to
use a mixture of both. Since prevention spending is deﬁned as a residual,
w∗ = γ(kL L+kH H)−u∗ , the trajectory for u∗ becomes zero (or even negative
in numerical calculations) if ﬁnancial resources are optimally to be shifted
entirely to prevention programs. In this case (u∗ ≤ 0) we have to switch
to the (constrained) canonical system (6.12). As long as the complementary
slackness condition is positive, we move along the border of the admissible
control space (u∗ = 0, w∗ = γ(kL L + kH H)). If the complementary slackness
condition again becomes zero, the control variable u∗ becomes positive and
optimal prevention spending is again deﬁned by w∗ = γ(kL L + kH H) − u∗ .
With optimal control, the proportion of all users who are heavy users,
an indicator of the severity of the drug problem, would peak in terms of
5

The corresponding evolution of controlled and uncontrolled light and heavy users
over time is depicted by Fig. 6.4a.
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Fig. 6.4. In panel (a) time paths of controlled and uncontrolled cocaine use and
smoothed historical data (Everingham and Rydell, 1994) are depicted; start of optimal budget allocation in 1967. Panel (b) shows the optimal allocation of the drug
control budget in million dollars. The dotted lines correspond to the lines in Fig. 6.3
separating the all Prevention region (P) from the all Treatment region (T), and the
region where the Mix is optimal (M).
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Fig. 6.4a in “1998” at roughly 40%, then decrease to its equilibrium value of
26%. This low proportion of heavy users in equilibrium partially explains why
treatment’s share of all control spending is so small at the equilibrium. The
other factor is that since heavy users help to suppress initiation by serving as
a negative example, it may be optimal to have at least some of them around
to prevent a recurrence of the epidemic cycle.
A logical next step in the analysis would be to solve the optimal control
model starting with initial conditions reﬂecting other levels of use. Technically
this is done in exactly the same way done so far, except for starting with a
diﬀerent initial state. For this particular model the results are not dramatically diﬀerent. We therefore omit them here and refer the interested reader to
Behrens (1998) and for Behrens et al. (2000b).
We have learned a lot about dynamic drug policy. Both prevention and
treatment are helpful in suppressing drug consumption – but not necessarily
applied at the same time. In fact the period when both demand side controls
should be implemented is strikingly brief. This is an important insight, but
a thorough OR-study would not stop here. A next step is to ask whether
the optimal drug control policy and its timing would look very diﬀerent and
whether the equilibrium approached would be very diﬀerent from Ê, if total
prevention and treatment spending were not limited to being proportional to
the “size of the current drug problem.” This could answer questions about how
much valuable it would be to be able to shift ﬁnancial resource to problems
before they are perceived to be problems by the public, and how valuable it
would be to be ﬂexible with respect to recruiting additional ﬁnancial resources
at all. This would yield a control model with two states L and H and two
controls u and w, but no budget rule apart from u, w ≥ 0. The interested
reader may consult Behrens (1998) and for Behrens et al. (2000b) for such an
analysis.

6.2 Corruption in Governments Subject to Popularity
Constraints
To combat corruption and improve the well-being of a society, we need to understand politicians’ motivation for being honest or dishonest. Drawing heavily on the work of Feichtinger and Wirl (1994) the normative model presented
here seeks to ﬁnd conditions under which self-interested (rational) oﬃcials do
or do not want to abuse their power. By analyzing the behavior of a rational
politician who derives beneﬁts from both being popular and corrupt, we aim to
identify situations or scenarios in which either being honest or being crooked
would be in the politician’s self-interest. Knowing this could help with the
design of appropriate counter-measures, such as passing sunshine laws that
make information available to the public.

6.2 Corruption in Governments Subject to Popularity Constraints
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6.2.1 The Modeled Incentive for Being Corrupt
As public opinion poll numbers show, a politician’s popularity evolves according to a dynamic process. For present purposes we assume that a central
dynamic is that an oﬃcial’s popularity suﬀers when evidence of corruption
piles up and gradually recovers over periods when there are no new reports
of corruption or scandal. Thus the public responds to a cumulative level of
awareness of current and past corruption, not just to isolated observations of
corruption today. It seems reasonable that these features should be incorporated into a model that aims at explaining the incentives for being a corrupt
oﬃcial.
We suppose that the public’s memory (or level of awareness) of recent and
past corruption (represented by the state variable C) increases if politicians
are acting in corrupt ways. The decision to be corrupt is not a one-time,
binary choice. Rather, it is modeled as an ongoing level of participation in
shady activities. So at each instant of time t the politician’s decision variable
(or control variable) u represents this level of current engagement in corrupt
activities. This control variable is positive when the politician is engaging
in corrupt practices (taking bribes), but it can also become negative if the
politician – in order to promote his or her popularity to stay in oﬃce – engages
in a crusade against corruption, since that requires scarce human resources
and may alienate the bureaucracy, which retaliates with red tape.
The accumulated level of awareness, C, does not, however, remain at one
ﬁxed level forever. The public’s memory fades. We assume that the public
forgets past knowledge at a rate δ ≥ 0, which corresponds to an exponentially
declining memory. Thus the evolution of the public’s memory of recent and
past corruption C can be modeled as
Ċ = u − δC,

C(0) = C0 ,

(6.15)

where
C

. . . accumulated awareness (knowledge) of past corruption

u

. . . extent of corruption (politician’s control variable)

δ

. . . rate of forgetting past corruption

The accumulated knowledge of corruption is just one inﬂuence on a politician’s
popularity. If word of mouth is crucial to maintaining the public’s goodwill,
then aside from the eﬀects of corruption, the politician’s popularity (represented by the second state variable P ) may grow according to a diﬀusion
process. This suggests using a logistic law or some other concave function
g(P ) where g  < 0.
The eﬀect of awareness or memory of current or past corruption, C, on
the politician’s popularity P is clearly negative. It is not uncommon when
modeling corruption to assume that cumulative reports of corruption (or the

298

6 Higher-Dimensional Models

public’s memory of current and past corruption) are necessary to trigger opposition and resistance. One explanation seems to be that people are quite
aware that corruption is to some degree unavoidable or at least irrationally
expensive to uproot. Put another way, in at least some jurisdictions, a modest
level of shady dealing is not out of the ordinary. Hence, a low-level reputation
for corruption might have quite modest eﬀects on popularity, since throwing
the current politician out of oﬃce might lead to a replacement who is every
bit as bad. However, as the perception of the extent of corruption grows, there
might be less and less tolerance for such behavior. These considerations suggest that if the function f (C) measures the loss of popularity caused by the
awareness of current and past corruption C, then f  > 0 and quite plausibly
that f  ≥ 0 as well. Given these considerations, the evolution of a politician’s
popularity P can be modeled by the following diﬀerential equation
Ṗ = g(P ) − f (C),

P (0) = P0 ,

(6.16)

where
P

. . . politician’s popularity

C
g

. . . accumulated awareness (knowledge) of past corruption
. . . growth function of popularity

f

. . . function measuring the loss of popularity caused by C

Note that u inﬂuences C directly, and has an indirect negative impact on P
via f (C) as indicated by Fig. 6.5. Formally, the politicians face an intertemporal trade-oﬀ between the beneﬁts associated with being popular (for example,
being conﬁrmed in oﬃce), U1 (P ), and the beneﬁts resulting from bribery and
fraud, U2 (u). Even if the politicians do not personally accept any bribes, they
beneﬁt from the support of the bureaucrats and the public. While tolerance
of corruption may secure support among the bureaucracy, it hurts public support. Therefore, we assume that the two types of beneﬁts are to be modeled as
being separable, U1 (P ) + U2 (u), and that both utility functions are increasing
and concave
U1 > 0, U1 ≤ 0, U2 > 0, U2 < 0.
We proceed by analyzing a continuous-time optimization problem in which a
politician seeks to maximize the discounted stream of beneﬁts coming from
being honest and from being dishonest. So the intertemporal utility functional,
V , is given by the following expression
∞

V (u(·)) =

e−rt (U1 (P ) + U2 (u)) dt.

(6.17)

0

The politician seeks to maximize beneﬁts (6.17), subject to the two dynamic
constraints (6.15) and (6.16).
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Fig. 6.5. Eﬀect of corruption on the two state variables in the corruption model

6.2.2 Optimality Conditions
Following Pontryagin’s Maximum Principle we state the current-value Hamiltonian function
H = λ0 (U1 (P ) + U2 (u)) + λ1 Ṗ + λ2 Ċ,
where λ1 and λ2 denote the costates of the states C and P , respectively.
Remark 6.10. An immediate argument proves that the problem is normal and
therefore λ0 = 1. Suppose to the contrary that λ0 = 0, then the Hamiltonian
maximizing condition yields λ2 (t) = 0 for all t. Since otherwise the maximum
of H is achieved for u = ∞ or u = −∞ depending on the sign of λ2 . This
implies that λ̇2 (t) = −HC = λ1 (t)f  (C(t)) = 0 yielding λ1 (t) = 0 due to
f  > 0. But this contradicts the condition that the vector(λ0 , λ1 (t), λ2 (t)) is
nonzero for all t.
This Hamiltonian is concave in both states and control because the objective
function, U1 (P ) + U2 (u), and the state transition equations, Ṗ and Ċ, are
concave. The adjoint variable λ1 must be positive because the derivative of
the objective function, U1 (P ) + U2 (u), with respect to P is larger than zero.
The concavity implies that the suﬃcient optimality conditions (see Sect. 3.3.5)
are satisﬁed if additionally the limiting transversality conditions are satisﬁed
lim e−rt λ1 P = 0

t→∞

lim e−rt λ2 C = 0.

t→∞

The Hamiltonian maximizing condition for control values lying in the interior
is given by
Hu = U2 (u∗ ) + λ2 = 0,
(6.18)
which is already the general case owing to the strict concavity of the Hamiltonian with respect to u
Huu = U2 (u) < 0.
Using the inverse function theorem we see that the inverse function

300

6 Higher-Dimensional Models
−1

h(λ2 ) := (U2 )

(λ2 )

exists, satisfying
Hu (C, P, h(λ2 ), λ1 , λ2 ) = 0.
Intertemporal optimality requires that the marginal utility of being corrupt,
U2 (u), just balances the negative shadow price, λ2 , of the stock of corruption.
The following two diﬀerential equations determine the evolution of the costates
λ1 and λ2
λ̇1 = (r − g  (P )) λ1 − U1 (P )

(6.19a)



λ̇2 = (r + δ) λ2 + λ1 f (C) .

(6.19b)

6.2.3 Insights About the Incentive to Be Corrupt
To produce results that are as general as possible, in this subsection we do
not yet specify the precise form of the functions. The necessary conditions
(6.18)–(6.19b) deliver the following canonical system
Ṗ = g (P ) − f (C)

(6.20a)

Ċ = h (λ2 ) − δC

(6.20b)

λ̇1 = (r − g  (P )) λ1 − U1 (P )

(6.20c)



λ̇2 = (r + δ) λ2 + λ1 f (C) .

(6.20d)

First we consider the properties of an equilibrium (P̂ , Ĉ, λ̂1 , λ̂2 ) of the canonical system, which are described by the corresponding Jacobian matrix:
⎛
⎞
g  (P̂ )
−f  (Ĉ)
0
0
⎜
1 ⎟
⎜
0
−δ
0
−  ∗ ⎟
⎜
U2 (û ) ⎟
⎜
⎟


⎜
⎟
Jˆ = ⎜− g (P̂ )U1 (P̂ ) − U  (P̂ )
⎟.

0
r − g (P̂ )
0
⎜
⎟
1
⎜ r − g  (P̂ )
⎟
⎜
⎟
⎝
⎠
f  (Ĉ)U1 (P̂ )
0
r+δ
f  (Ĉ)

r − g (P̂ )
The eigenvalues of this matrix are crucial for characterizing the local dynamics
of the linear ODE that approximates the canonical equations (6.20) at the
equilibrium point. Using the formula (7.28a) on p. 345 the eigenvalues become
'

K
1
r
r2
1,2
ˆ
ξ3,4 = ±
−
±
K 2 − 4 det J,
(6.21)
2
4
2
2
where the coeﬃcient K for our “corrupt politician problem” yields

K = g  (P̂ ) r − g  (P̂ ) − δ (r + δ) +

f  (P̂ )U1 (P̂ )
U2 (û∗ )(r − g  (P̂ ))

.

(6.22)
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The determinant of the Jacobian evaluated at the equilibrium is given by
f  U1
g  U  f 
g  f  U1
+
.
det Jˆ = −g  δ (r − g  ) (r + δ) +  1  +

U2 (r − g )
U2
U2
2

2

(6.23)

Using the indicator K and det Jˆ above, we can use Table 7.1 as a kind of menu
to look up the long-run system behavior once the parameters are speciﬁed.
That includes understanding how the long-run system behavior would change
if those parameters are altered by counter corruption measures:
• If g  (P̂ ) ≤ 0, then the long-run equilibrium is a saddle point. This result
follows directly from (6.23), since g  ≤ 0 implies that det Jˆ > 0 and K < 0.
Therefore, exactly two eigenvalues must have negative real parts. This local
property does not, however, exclude transient and damped oscillations. In
fact, damped oscillations are optimal in many cases.
More complex types of behavior are possible for g  (P̂ ) > 0, as the second main
result states:
• If 0 < g  (P̂ ) < r, then all the diﬀerent possible cases of long-run system
behavior can occur: saddle point stability (including local monotonicity
and damped oscillations), locally unstable spirals, and instability such that
convergence to the equilibrium is restricted to a one-dimensional set of
initial conditions. In particular, the transition from a domain of stable
to locally unstable spirals may give birth to limit cycles according to the
Poincaré–Andronov–Hopf theorem.
The existence part of the Poincaré–Andronov–Hopf theorem (see Sect. 2.10) is
proved below after the functional forms for the objective and the constraints
are speciﬁed.
Obviously, g  = 0, or equivalently P̃ , separates the domain of stable policies from the domain where complexities may (but need not) arise. What is
the reason for this result? Arithmetically, the supposition of growth, g  > 0
for P < P̃ , is crucial here. An economic and intuitive explanation follows. A
diﬀusion process g with one, and only one, point P̃ such that g  (P̃ ) = 0 implies that the time path of popularity (i.e., integrating g) consists of a convex
segment (if P < P̃ ) and a concave segment (if P > P̃ ) with respect to time. In
other words, the domain of low popularity (P < P̃ ) exhibits increasing returns
and the domain of high popularity (P > P̃ ) is characterized by diminishing returns. It is plausible that diminishing returns lead to stable equilibria, whereas
increasing returns to popularity favor complexities (in particular cycles). The
reason is that a low popularity level may increase to a certain threshold so
that it may be rational for the politician to sacriﬁce his/her good reputation
because it is “easy” to replenish the public’s goodwill.
Figure 6.6 highlights that a large weight on popularity – such that stationary popularity exceeds P̃ := argmax g(P ) – is suﬃcient (but not necessary)
to stabilize corruption. However, this stable level of corruption may be quite
high.
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Fig. 6.6. Properties of equilibria depending on popularity

6.2.4 Is Periodic Behavior Caused by Rational Optimization?
Model Speciﬁcations
Assuming that the beneﬁts of popularity are proportional to its current level
yields the beneﬁt function (6.24a). The growth of the beneﬁts associated with
the current accumulated level of corruption is, however, not unrestricted but
rather reaches a maximum level. Thus we specify the functional forms occurring in (6.15)–(6.17) as follows
U1 (P ) = β1 P,

β1 > 0
1
U2 (u) = α1 u − α2 u2 , αi > 0, i = 1, 2
2
g (P ) = P (1 − P )
f (C) = γC, γ > 0.

(6.24a)
(6.24b)
(6.24c)
(6.24d)

Equations (6.24c) and (6.24d) represent the fact that a maximum level of
popularity exists toward which P grows in the absence of corruption, while
the decline in popularity is proportional to the accumulated level of awareness
of corruption C.
Assuming that the forgetting rate of the accumulated level of awareness
with respect to corruption is equal to zero, i.e., δ = 0, yields û∗ = 0. That
is, in the long-run, current corruption will be wiped out if the public never
forget past wrong-doing. Then (6.23), i.e., the determinant of the Jacobian of
the associated linearized system and K, see (6.22), can be simpliﬁed to
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det Jˆ =

f  (P̂ )
U2 (û∗ )
2

*

g  (P̂ )U1 (P̂ )

+

r − g  (P̂ )

=

2rα1 γ
α2
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(6.25)

and

β1 γ(r2 α1 − β1 γ)
.
K = g  (P̂ ) r − g  (P̂ ) =
α21 r2

(6.26)

Poincaré–Andronov–Hopf Bifurcation
The Poincaré–Andronov–Hopf theorem gives suﬃcient conditions for the existence of limit cycles of nonlinear ODEs. Informally, we can think of this
theorem as requiring that the equilibrium must suddenly change from a sink
to a source with variation of a parameter. Arithmetically this requires that a
pair of purely imaginary eigenvalues exists for a particular value of the bifurcation parameter and that the real part of this pair of eigenvalues smoothly
changes its sign as the parameter is altered from below its actual value to
above (see Sect. 2.10). These two arithmetic conditions guarantee the existence of limit cycles for a one-sided neighborhood of the critical value of the
bifurcation parameter.
Thus we have to analyze the eigenvalues given by (6.21) and speciﬁed for
(6.25) and (6.26) in more detail. For any equilibrium satisfying 0 < g  (P̂ ) < r,
(6.25) as well as (6.26) is positive. By the classiﬁcation scheme in Sect. 7.4.1
we see that the existence of purely imaginary roots requires the following
relation
 2
K
K
det Jˆ −
= 0.
(6.27)
− r2
2
2
(The reader may verify this condition for herself/himself by substituting (6.27)
into (6.21).)
For our computation we specify the parameter values as given in Table
6.2.
Table 6.2. Parameter values
α1 α2
1

1

γ

r δ

0.071 1 0

Now we investigate the system’s structure with respect to variations of the
parameter β1 . For the given parameter values we ﬁnd a unique equilibrium at



1
7 2 100
7
ˆ
ˆ
β1 , β 1 −
β ,
, −1 .
Ê(β1 ) = P̂ , Ĉ, λ1 , λ2 =
200
2
400 1 7
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After some tedious but straightforward calculations, (6.27) becomes a quartic
equation in β1
7
49 2
343
2401
7
−
β1 +
β +
β3 −
β 4 = 0,
50 200
40000 1 2000000 1 400000000 1
which can explicitly be solved yielding
 P AH 3,4
= 6.6910; 7.5947; −15.4403; 29.7260.
β1
1,2
Since β1 is assumed as positive and P̂ ∈ (0, 1) only the ﬁrst two values of β1
have to be considered. At these critical parameter values both K and det Jˆ
are positive, so that one pair of purely imaginary roots exists. Therefore, both
small and large values of β1 imply a saddle point, while intermediate values,
β1 ∈ (6.6910, 7.5947), induce complex eigenvalues, all with positive real parts.
We will now numerically calculate a limit cycle at the PAH-bifurcation for
β1 and continue the limit cycles up to the upper bound for β1 .
Finding and Continuing a Limit Cycle
First we set β1 equal to β1P AH = 6.6910 yielding for the eigenvalue ξ = 0.3528i
the eigenvector
⎛
⎞
−0.0161 + 0.0121i
⎜−0.0610 + 0.1730i⎟
⎟.
ν̃ = ⎜
⎝
⎠
0.9807 + 0i
−0.0610 − 0.0215i
Next we use the procedure presented on p. 347 approximating the limit cycle
by
Γε (t) = 2ε (νR cos ω0 t − νI sin ω0 t) ,
(6.28)
where ε > 0 is some arbitrarily chosen parameter, the angular velocity ω0 is
given by the imaginary part of the eigenvalue ξ, and ν = νR + iνI additionally
satisfying
νR , νR  + νI , νI  = 1, νR , νI  = 0.
(6.29)
By Remark 7.15 on p. 348 we have to ﬁnd some c ∈ C such that ν = cν̃ satisﬁes
the normalization conditions (6.29). Using the abbreviations ν̃R = Re ν̃ and
ν̃I = Im ν̃ and setting c = c1 + ic2 the conditions read as
(c21 + c22 )(A + B) = 1
(c21 − c22 )C + c1 c2 (A − B) = 0,
with
A = ν̃R , ν̃R  , B = ν̃I , ν̃I  , C = ν̃R , ν̃I  .
Solving these equations in c1 and c2 yields four symmetric solutions, where
we choose c = −0.0101 + i0.9999. For this choice the associated eigenvector
becomes
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⎛
⎞
−0.0162 + 0.0119i
⎜−0.0628 + 0.1724i⎟
⎟
ν=⎜
⎝ 0.9806 + 0.0099i ⎠ .
−0.0608 − 0.0222i
To locate the limit cycle we consider the BVP (see Sect. 7.4.2)
Ẋ = Θf (X)
X(0) = X(1)
ψ(X) = 0,
where X = (P, C, λ1 , λ2 ) and f is the dynamics of the canonical system.
Using the cycle deﬁned by (6.28), where we choose6 ε = 7.5−3 we can
initialize the BVP (6.30) (see Fig. 6.7a). Now we can continue this initial
limit cycle for increasing β1 , which is illustrated in Fig. 6.7b.
C

b)

a)
u

P
β1

P
Fig. 6.7. Panel (a) depicts the approximated (dashed line) and the actual limit
cycle (solid line) for β1 = 6.6910. In panel (b) the continuation of the limit cycles
in the (P, u)-plane are shown for varying parameter β1

Determining the Stability of a Limit Cycle
As an example we consider the limit cycle Γ with period Θ = 17.8201 for
the parameter value β1 = 7.2 and use the approach presented on p. 348 to
determine its stability.
Therefore we compute the monodromy matrix M (see p. 81) at some point
x0 ∈ Γ . The monodromy matrix is the solution of the variational equation
6

To ﬁnd a limit cycle crucially depends on the choice of ε. Thus, one often has to
try a wide range of diﬀerent values for ε.
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Hλ∗ 1 λ1 (Γ (t))
Y (t),
∗
rI(n) − Hxλ
(Γ (t))
1


Ẏ (t) =

Hλ∗ 1 x (Γ (t))
∗
(Γ (t))
−Hxx

along the periodic solution Γ (·), solved for the initial condition Y (0) = I(n)
on the interval [0, Θ], where Θ = 17.8201.
Since we already calculated the limit cycle and we can take any point
x0 ∈ Γ . Thus we can numerically solve the extended system containing the
canonical system as well as the variational equation. But due to the numerical
errors integrating this system on [0, Θ] only provides an inaccurate solution
(see Fig. 6.8a). But using this result as an initial solution, we can solve the corresponding BVP yielding an accurate solution of M exhibiting the eigenvalues

a)

C

u

b)

P

P
Fig. 6.8. Panel (a) shows the error when integrating the canonical system for one
period of the limit cycle, starting at x0 a point lying numerically on the limit cycle.
Panel (b) depicts an optimal trajectory in the state–control space converging to the
limit cycle
3,4
ξ1,2
= 1; 0.9863; 5.5612 × 107 ; 5.4850 × 107 .

This numerically proves the existence of a two-dimensional stable manifold of
the limit cycle and a “strong” unstable manifold, explaining the inaccurate
results of the IVP approach.
Interpretation of the Results
Using the parameter values as speciﬁed in Table 6.2 Fig. 6.9a shows the phase
portrait of a politician’s cyclical strategy in the (P, u)-plane. We observe for
the model speciﬁed according to (6.24) and parameter values given by Table
6.2 that optimal corruption u∗ and the optimal popularity level P ∗ move
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clockwise around a popularity level of approximately 23.5% (see Fig. 6.9a).
The amplitude is small because β1 is close to its critical value, β1P AH = 6.6910,
but the amplitude would increase for parameter values further away from the
critical value (see Fig. 6.7b). Four regimes, labeled I–IV, characterize this
cycle:
I:
II:
III:
IV:

Ṗ
Ṗ
Ṗ
Ṗ

> 0,
> 0,
< 0,
< 0,

u

and
and
and
and

a)

.04

P
.245

Ċ
Ċ
Ċ
Ċ

I

> 0,
< 0,
< 0,
> 0.

II

II
.02

III

IV

I

C
2.7

P
.24

2.65

.235

2.6

.23

2.55

b)

.04

.02

I

0

0
III

−.02
−.04
.22

u

.225

2.5

u

C

−.02

IV
.23

.24

P

.22

0

5

10

15

20

t

Fig. 6.9. The cyclical strategy of the corrupt politician for the base parameter
values is depicted in (a) in the (P, u)-plane and in (b) in the time domain

Another way to characterize the regimes is to diﬀerentiate between “give”
(ﬁrst half of Phase I, second half of Phase III, Phase IV) and “take” (second
half of Phase I, Phase II, ﬁrst half of Phase III). The following paragraphs
explain the behavior embodied in Fig. 6.9a and describe the associated optimal
behavior of the politician. General conclusions should not be drawn from this
particular illustration, with the parameter values taken from Table 6.2 and
β1 = 6.691.
Suppose that we start with the minimum level of public approval. Phase I
begins with a ﬁght against corruption (u∗ < 0), but at a diminishing rate
(u̇ > 0). This crusade purges the memory of past corruption, thereby replenishing goodwill, and once there is suﬃcient popularity corruption returns and
continues to rise. Corruption declines while popularity is still rising to its peak
(Phase II). This entire Phase II, plus the end of Phase I and the beginning of
Phase III, may be labeled the “skimming period,” where the politician exploits
the previously acquired public goodwill. The resulting accumulated history of
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corruption now begins to adversely aﬀect popularity; hence, corruption must
be lowered and eventually a crusade against corruption is launched to halt
this decline of popularity (Phase III). Finally, the ﬁght against corruption is
slightly relaxed while popularity completes its downward trend (Phase IV).
This phase plus neighboring segments from III and I paint the politician as
“Saint George ﬁghting a dragon called corruption.”
On the one hand, Fig. 6.9b highlights how corruption and later the crusade against corruption run ahead of popularity while public awareness C
lags behind. The reason is that public perception of contained corruption
increases the politician’s popularity, and he/she can skim oﬀ the beneﬁts acquired through active corruption, given the inherent dynamics and inertia of
diﬀusion. On the other hand, it takes quite some time to purge the public’s
memory of historic mismanagement, so the public remains quite skeptical,
even if the current level of corruption is low or even if corruption is actively
being fought.
Two of these four phases dominate the picture both in the phase portrait
and in the time domain. More precisely, positive correlations (Phases I and
III) dominate the other two segments where corruption and popularity are
negatively correlated. This is the expected pattern as higher corruption should
lower popularity. One important consequence of this analysis is that crosssectional regressions drawing on data generated from such complex underlying
processes could yield misleading results if the data come from certain parts of
this cycle.
Politicians or other oﬃcials may consider bribes to be like a consumption good, which is disliked by the public. Thus, any government is subject
to popularity constraints (at least if reelection is desired). If popularity (in
absence of corruption) grows too quickly toward its carrying capacity, a rational decision-maker may become a corrupt (at least periodically) to exploit
this popularity for personal gain. That is, if the drop in popularity which is
associated with corruption is easily counter-acted, it is optimal for the politician to accepts bribes. A public that forgives and forgets too readily is likely
repeatedly victimized.

6.3 Is It Important to Manage Public Opinion While
Fighting Terrorism?
There is a growing literature on counter-terror policy that uses a state variable to model the size or strength of a terrorist organization. The model
here, described by Caulkins, Feichtinger, Grass, and Tragler (2007b), supplements that approach with a second state variable R, for reputation, representing the level of public sympathy for the counter-terror forces (because force
strength is not all that matters in unconventional or asymmetric warfare).
The battles are fought as much in the court of world opinion as they are in
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conventional ﬁreﬁghts, a concept reﬂected in Arquilla and Ronfeldt (1999)
about noopolitik.7
6.3.1 What One Should Know when Fighting Terrorism
The state variable S denoting the size of the terrorist organization has inﬂows
for recruitment of new terrorists and outﬂows due to both counter-terror operations and also “natural outﬂow” at a constant per capita rate, μ. As in
the ﬁre-and-water model introduced in Sect. 2.5 we include both a constant
recruitment term, τ , and an inﬂow term that is a power function in S.
Outﬂow due to controlled counter-terror operations (denoted by u) is proportional to the level of those operations. It is concave in S, because the more
terrorists there are, the more targets there are for counter-terror operations
(but the relationship is concave, not linear, because counter-terror operations
are often driven by intelligence leads, not just by random search).
The distinctive feature of this model is that this outﬂow also increases (and
is concave) with the positive reputation of, or sympathy for, the counter-terror
forces (denoted by R). The dependence on both S and R is modeled by a power
function. Power functions are convenient, increasing concave functions. Indeed
modeling a production level (in this case the number of terrorists eliminated)
as the product of power functions of the input factors (R, S, and u in this
case) is common enough to have a special name (the so-called Cobb–Douglas
production function). With this approach, the ﬁrst-state dynamic equation
can be written as
Ṡ = τ + kS α − μS − ηuS β Rγ .
(6.31)
On the one hand, public sympathy R is presumed to tend toward a baseline b,
but when terrorists are strong (large S), that raises support for the decisionmaker (like a regulating authority or state). Here that rate of increase is
assumed to be proportional to S.
On the other hand, counter-terror operations sometimes create collateral
damage to innocent parties that erodes respect for the authorities. Caulkins
et al. (2007b) modeled that erosion as being convex in the intensity of counterterror operations, the reasoning being that overzealous measures can erode
public sympathy more than proportionally. For convenience, here the outﬂow
is taken to be proportional to the square of the intensity of counter-terror
operations.
Hence the state equation for the world’s regard for the counter-terror authority’s legitimacy, R, can be written
Ṙ = δS − ρu2 + κ (b − R) .
The objective is simply to minimize a discounted (at rate r) sum of the terrorists’ strength and the control costs. Control costs are modeled as being
7

Noopolitik is stated in contrast to realpolitik and is based on ethics and ideas
instead.
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proportional to the square of the control intensity, for the usual diminishingreturns arguments. Hence the model becomes:


∞
u2
dt
e−rt cS +
min
u(·) 0
2
s.t. Ṡ = τ + kS α − μS − ηuS β Rγ
Ṙ = δS − ρu2 + κ (b − R)
S(0) = S0 ≥ 0, R(0) = R0 ≥ 0
u ≥ 0.
Note that we keep the original notation as a minimization problem.
6.3.2 Derivation of the Canonical System
Applying Pontryagin’s Minimum Principle gives the Hamiltonian




u2
+ λ1 τ + kS α − μS − ηuS β Rγ
H = λ0 cS +
2


+λ2 δS − ρu2 + κ (b − R) .
Even though the abnormal case (λ0 = 0) cannot be excluded for this model
from the outset, we restrict our considerations to the normal case (λ0 = 1).
From the Hamiltonian minimizing condition we ﬁnd
Hu = u − λ1 ηS β Rγ − 2ρλ2 u = 0

(6.32a)

Huu = 1 − 2λ2 ρ.

(6.32b)

Provided that (6.32b) satisﬁes the strict Legendre–Clebsch condition (see the
next remark and note that for a minimization problem Huu ≥ 0 has to be
satisﬁed) (6.32a) yields the (interior) optimal control value
u∗ =

λ1 ηS β Rγ
.
1 − 2ρλ2

(6.32c)

Remark 6.11. A heuristic argument establishes that for the economically
meaningful cases the ﬁrst costate λ1 will be positive, whereas the second
costate λ2 will be negative. Therefore we consider the economic interpretation
of the costate as shadow price. On the one hand, obviously a small increase
in the terrorist strength S implies an increase of the objective function and
thus λ1 ≥ 0. On the other hand, increasing the public sympathy R results,
due to (6.31), in a decrease of the terrorist strength and hence of the objective
function, yielding λ2 ≤ 0.
Thus for the economically relevant cases, the Legendre–Clebsch condition
(6.32b) will be satisﬁed and since λ1 ≥ 0 the nonnegativity of the control is
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guaranteed. This is only heuristic reasoning, showing what can be expected,
and has to be veriﬁed for the concrete calculation.
Next, we have to establish the adjoint equations, yielding
λ̇1 = λ1 (−kαS α−1 + μ + ηu∗ βS β−1 Rγ + r) − c − λ2 δ
λ̇2 = λ1 ηu∗ S β γRγ−1 + λ2 (κ + r),
where u∗ has to be replaced by (6.32c). Obviously it is not possible to ﬁnd
equilibria of the state–costate equations analytically. Hence we resort to numerical methods.
Remark 6.12. Note that if the constant inﬂow of terrorist strength, τ , is zero,
we immediately ﬁnd the equilibrium Ŝ = 0, R̂ = b and λ̂2 = 0. Unfortunately
the ﬁrst costate λ̂1 can become inﬁnite if α < 1 (which is inconvenient for numerical purposes). To circumvent this problem we therefore consider a small
τ keeping that equilibrium Ŝ near zero but away from the possible singularity. Letting τ converge to zero can then help to determine what the optimal
solution would be for τ equal to zero.
Thus for the base-case we apply the parameter values taken from Table 6.3.
Table 6.3. The speciﬁed parameter values for the base-case
r

γ α b β c

δ

η

k

κ

μ ρ

τ

0.01 1 0.8 1 0.5 1 0.25 0.085 0.05 0.05 0.05 1 10−5

6.3.3 Numerical Calculations
For these base-case parameter values the following three equilibria exist:
⎛
⎞
⎛
⎞
⎛
⎞
0.0001
0.0155
0.0226
⎜ 0.9613 ⎟
⎜ 0.7061 ⎟
⎜ 0.7379 ⎟
⎟
⎜
⎟
⎜
⎟
Êl = ⎜
⎝ 74.7315 ⎠ , Êm = ⎝147.2660⎠ , Êh = ⎝ 95.1430 ⎠ ,
−0.0363
−3.5342
−2.7760
where the computation of the eigenvalues for the corresponding Jacobian matrices reveals that Êl (low) and Êh (high) exhibit a two-dimensional and Êm
(medium) exhibits a one-dimensional stable manifold.
To analyze the model’s behavior we start calculating the one-dimensional
stable manifold of Êm using the IVP approach presented on p. 350 in
Sect. 7.5.1, which is depicted in Figs. 6.10a and 6.11a as the gray line.
Given the existence of multiple equilibria, we have to determine whether one
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of the equilibria is the unique optimal solution in the long run, or whether
there exists a DNSS curve separating regions, where in the long run for initial
points lying on the DNSS curve either the low or high equilibrium is optimal.
Therefore we continue the optimal solutions, using a BVP approach (see on
p. 352 in Sect. 7.5.1) along the connecting line from Êl to Êh and vice versa. In
both cases this continuation process ends at the one-dimensional stable manifold. This result, as projected into the (R, λ2 )-plane, is shown in Fig. 6.10b.
It suggest the existence of a weak DNSS point. This weak DNSS point lies
on the one-dimensional stable manifold and starting exactly at this point the
optimal solution is to move to the medium equilibrium Êm .
a)

R

b)

λ2

1.0
−1

Êl
1

0.9

R̂W

2

−2

0.8

R̂hE
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Êh

−4
×10−2

0.6
0

1

2

R̂lE

3

S

−5
0.7

0.8

0.9

R

Fig. 6.10. Panel (a) depicts the neighborhood of the equilibria, with the onedimensional stable manifold of Êm (gray line) and two solution paths (dark line).
The dashed line shows the line along which the solution is continued from Êh to Êl
and vice versa. The result, projected into the (R, λ2 )-plane, is displayed in panel (b),
where the numerical results suggest the existence of a weak DNSS point (SW , RW ),
lying on the one-dimensional stable manifold

Next we try to ﬁnd out if the one-dimensional stable manifold serves as a
DNSS curve in the state space, separating the regions where it is optimal to
move to the high equilibrium inside, move to the low equilibrium outside, or
move to the medium equilibrium when starting exactly at the one-dimensional
stable manifold. Therefore the two solutions starting at the initial states A
and B (see Fig. 6.11a) are continued to the opposite point. I.e., the solution
starting at A is continued to B and vice versa. The numerical result reveals
that the continuation can be processed further the one-dimensional stable
manifold from both sides. Therefore an overlap along the connecting line exists
(see Fig. 6.11b). Considering the corresponding Hamiltonian we ﬁnd a DNSS
point for which two optimal solutions exist.
For the numerical computation of the DNSS point and subsequently the
DNSS curv the following BVP is stated:
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Fig. 6.11. Panel (a) depicts the global behavior of the one-dimensional stable manifold of Êm (gray line), together with two optimal solutions (dark line). Along the
dashed line the solutions starting at the initial points A and B are continued. In
panel (b) the slice manifolds (see Deﬁnition 7.25), i.e., the state–costate values at
time zero for the stable paths starting with initial states on the connecting line, are
depicted, revealing an overlap, which numerically proves the existence of a DNSS
point

Ẋl = T f (Xl ),
Ẋh = T f (Xh ),
Xl1 (0)
Xl2 (0)

=
=

Xh1 (0)
Xh2 (0)

t ∈ [0, 1]
t ∈ [0, 1]
= S0

(6.33a)
(6.33b)
(6.33c)
(6.33d)

Fl (Xl (1) − Êl ) = 0

(6.33e)

Fh (Xh (1) − Êh ) = 0

(6.33f)

H(Xl (0)) − H(Xh (0)) = 0,

(6.33g)

where Xl = Xh = (S, R, λ1 , λ2 ) and T is some ﬁxed ﬁnite time. The ﬁrst
two equations (6.33a) and (6.33b) denote the dynamics of the two diﬀerent
paths, converging to the low and high equilibrium, respectively. The next two
equations (6.33c) and (6.33d) cause the ﬁrst coordinate at time t = 0 to
be ﬁxed at some value S0 , whereas along the second coordinate the DNSS
point is searched for. Equation (6.33e) and (6.33f) are the usual asymptotic
boundary conditions (see, e.g., p. 288) assuring that the solutions end up at
the stable manifold of the equilibria Êl and Êh , respectively. The last equation
(6.33g) ﬁnally states the usual DNSS point condition, that the objective value
(determined by the Hamiltonian) of both solutions are the same.
Thus we ﬁnally ﬁnd the situation shown in Fig. 6.12b, where part of the
one-dimensional stable manifold is a weak DNSS curve, and at some connecting point (a weak DNSS point) this weak part passes over to a DNSS
curve.
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6.3.4 Optimal Strategy for a Small Terror Organization
The terrorist organization is much stronger in one of the optimal equilibria
than in the other (Ŝh = 0.023 vs. Ŝl = 0.0001). Since the focus is on terror, we
refer to these states as the high and low equilibria, respectively, even though
the second state variable, the reputation, is lower (R̂h = 0.73 vs. Ŝl = 0.961)
in the high equilibrium. That is, there is less respect for the counter-terror
authorities when the terrorists are stronger because larger terror organizations
require a more aggressive control program, and those eﬀorts undermine public
support for the authorities. At the low equilibrium, terrorism has been all but
eradicated, so only very modest eﬀorts (u = 0.044) are needed to hold it in
check. This lets the authorities’ reputation return nearly to the constant level
(of unity) that would pertain in the absence of terror-related inﬂuences.
In between the two optimal equilibria there is also an unstable equilibrium
(Ŝm , R̂m ) = (0.016, 0.706) with a one-dimensional stable manifold ms . This
situation is reminiscent of the one-dimensional counter-drug model explored in
Sect. 2.9. When two stable equilibria are separated by an unstable equilibrium,
one should be on the lookout for separating thresholds such that on one “side”
of the threshold one should go toward one stable equilibrium, while on the
other “side” one should approach the other equilibrium, and on the threshold
one is indiﬀerent as to which direction one moves.
Here, however, we have a two-dimensional state space, so that there are
no “sides” and the threshold is in general mot a point but a curve. In some
two-dimensional models the threshold curve will be more or less a vertical
line. One can then still speak of choosing to move to the left or right from the
threshold. However, this example shows that the separating thresholds can
have complicated shape and hence lead to complicated policy prescriptions.
A numerically computed curve Φ divides the state space into two regions.
The curve Φ is composed of parts of the one-dimensional stable path of Êm
and the set of DNSS points (see Fig. 6.12a). Both parts are connected by
a point PW (denoted by ⊗ in Fig. 6.12a). This point is part of the weak
DNSS curve, and not a DNSS point itself (see, e.g., the geometric example
of a DNSS set Fig. 5.10, where the points O1,2 correspond to the point PW ).
Starting exactly on the curve Φ left of PW , one is on the “weak” part of the
DNSS curve and hence remain on that curve and move toward the node Êm .
In contrast, starting to the right of PW , the decision-maker has two optimal
strategies, one leading to the lower equilibrium and the other leading to the
higher equilibrium. Subsequently we refer to the curve Φ as weak DNSS curve,
even though it consists of a “strong” part of DNSS points.
For any initial state outside the region limited by the weak DNSS curve
in Fig. 6.12a, the optimal trajectory approaches the higher equilibrium Êh ,
whereas for any initial state in the interior of this region, the optimal trajectory approaches the lower equilibrium Êl .
The shape and direction of the weak DNSS curve makes intuitive sense.
The greater the initial level of sympathy, the more likely it is to be optimal to
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Fig. 6.12. In panel (a) four optimal paths (black solid curves), denoted by 1, 2, 3, 4,
are depicted. Path 1 and 2 converge to the high equilibrium Eh and the paths 3
and 4 move to the low equilibrium El . The gray solid line is a weak DNSS curve
approaching the medium equilibrium Em . The dashed black curve is a DNSS curve
and the paths 2 and 3 are two equally optimal solutions starting at one of DNSS
points. The weak DNSS curve and DNSS curve meet at point ⊗, which is the last
weak DNSS point. In panel (b) the trajectories 1–4 and weak DNSS curve are
depicted in the neighborhood of the equilibria

drive the number of terrorists down to the low equilibrium. It would appear
that sympathy acts like a capital stock that is drawn down in order to drive
the number of terrorists close to “extinction.” Once the number of terrorists
has been reduced, the intensity of control is low, and sympathy rebounds as
the lower equilibrium is approached.
Likewise, for any given initial level of sympathy, R(0), if the initial number of terrorists is smaller than (to the left of) the weak DNSS curve (see
Fig. 6.12a,b) then it is optimal to drive the number of terrorists down to the
lower equilibrium. But if the initial number of terrorists is “too large,” then
the best one can do is to moderate growth in the number of terrorists toward the larger equilibrium. Such “eradicate or accommodate” choices have
appeared before in optimal dynamic control models of “bad stocks” whose
inﬂow is increasing in the level of the stock (see, e.g., Sect. 3.9).
That tidy interpretation does not, however, hold up if one moves away
from the origin. Figure 6.12b parallels Fig. 6.12a, but for S-values up to almost
two, it shows that the weak DNSS curve that was upward sloping reaches a
maximum, then bends back down all the way to the horizontal axis. That the
weak DNSS curve Φ may reach a maximum is not so surprising. It says that
if sympathy is large enough, it is not only possible but also optimal to use
counter-terror operations to drive the number of terrorists down to the low
equilibrium, no matter how many terrorists there are initially.
That the weak DNSS curve bends back down to the axis is more surprising.
This says that for initial numbers of terrorists S(0) around 1.5 and initial
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sympathy levels that are not high (e.g., R < 3), the policy prescription is
reversed. If the initial number of terrorists is very large (to the right of the
weak DNSS curve), it is optimal to scale the number of terrorists back to very
low levels. But if there are not so many terrorists initially, then the optimal
strategy is to let them persist in the long run in greater numbers; because
neither the intensity of the terror problem nor the public sympathy is high
enough admitting the usage of large control to reduce the number of terrorists
near to “extinction.”
Clearly, if one could instantly move to either equilibrium at no cost, one
would prefer the lower equilibrium. Therefore if it is optimal to approach the
higher equilibrium, the trajectory to that equilibrium must be better in the
short run. That is the case here. When S(0) is to the left of the right-hand
side of the weak DNSS curve, the best way to reach the higher equilibrium
is to quickly drive down the number of terrorists. When the initial number
of terrorists is larger, speciﬁcally to the right of the weak DNSS curve, the
number of terrorists will fall relatively quickly of its own accord because it
greatly exceeds the uncontrolled equilibrium number of Ŝ = 1. The optimal
policy in that case is not to deploy counter-terror operations too aggressively
at ﬁrst, but instead to build up the stock of public sympathy. Once that
stock has grown, then it becomes optimal to deploy counter-terror operations
aggressively. Furthermore, given the accumulation of public sympathy, those
counter-terror operations can and should be used to drive the number of
terrorists down to the lower equilibrium.
With the base-case parameters, larger initial levels of public sympathy
R(0) always increase the range of initial numbers of terrorists for which it
is optimal to essentially eradicate terrorism. That is, the weak DNSS curve
bends back down, but it does not turn back on itself. Is that result robust?
It turns out that the answer is no. Modest changes in parameter values
can lead to a backward bending right-hand side of the weak DNSS curve. For
example, this occurs if κ is reduced from 0.05 to 0.02.
Following the examples in this chapter step-by-step the reader should have
gotten a deeper understanding of how optimal control problems can be applied
to real world problems (and how to apply the theory). Of course the precise
description of the numerical steps are brief, keeping in mind that the next
chapter is devoted to this topic only.

Exercises
6.1 (Endemic Level of US Cocaine Epidemic). Determine the equilibrium and
the stability properties for the canonical system for the abnormal case of problem
(6.6). Determine the equilibrium and the stability properties for the canonical system
(normal case) of problem (6.6) for the parameter values given in Table 6.1.
6.2 (Rational Addiction and Bingeing). Becker and Murphy (1988) and Dockner and Feichtinger (1993) considered the following rational addiction model:
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e−rt U (c, S, W ) dt

0

Ṡ = c − δS,
Ẇ = c − αW,

S(0) = S0 ≥ 0
W (0) = W0 ≥ 0,

where c(t) denotes the consumption rate at time t, S the accumulated consumption,
W the weight or, more generally, the health status of a person, and δ, α > 0 constant
depreciation rates. The utility function U (c, S, W ) is assumed to be strictly concave
in c, S, and W . While USW = 0, it is assumed that the marginal consumption utility
increases with past consumption
UcS =

∂ ∂U
> 0.
∂S ∂c

There are at least two interpretations of the model, namely dieting–overweighting
and binge drinking. Show that stable limit cycles may occur as stable solutions
for suﬃciently positive values of UcS and high discount rates r. Becker (1992) has
characterized addiction by these properties. Discuss and interpret bingeing, i.e.,
alternate periods of high and low consumption.
6.3 (Harm Reduction). A heated debate in drug policy concerns the relative
merits of “harm reduction” (e.g., reducing drug-related HIV/AIDS transmission)
vs. “use reduction” (controlling drug use per se). The following two-state model
investigates whether shifting emphasis between these goals over the course of a
drug epidemic might reduce social costs (compare Caulkins, Feichtinger, Tragler, &
Wallner, 2007).
Denote by A(t) the number of drug users at time t, and by S(t) the number
of nonusers (susceptibles). The control variable v(t) is the percentage reduction in
harmfulness of drug use at time t. Social costs are the product of A and a baseline
social cost per user per unit of time when there is no harm reduction. The harmfulness without harm reduction is, without loss of generality, normalized to 1. Then
1 − v is the proportion of harm that is not averted via harm reduction policies.
This leads to the following problem
∞

min
v(·)

s.t.

e−rt (A(1 − v) + c(v)) dt

0

Ṡ = k − δS − f (A)Sh(v)
Ȧ = f (A)Sh(v) − μA
0 ≤ v ≤ 1,

where k denotes the inﬂow rate, δ the outﬂow rate, and μ a death or ceasing rate,
all three of which are assumed to be constant. Moreover, f (A) is assumed a convex function measuring the dependence of drug initiation on the number of users,
whereas h(v), which is assumed to be a convex increasing function with h(0) = 1,
and measures the impact of harm reduction on initiation.
Determine the long-run equilibria in the (A, S)-plane and carry out a stability
analysis. Use the functions c(v) = cv 2 , as well as f (A) = c1 Aα and h(v) = 1 + βv,
where the parameter c denotes the costs of the percentage decrease in harm, c1 and
α determine the strength of the inﬂuence of the users, and β describes how much
any reduction of harm inﬂuences the ﬂow from susceptibles to users (compare Seidl,
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2008). Show that for the parameter constellation c = 8, r = 0.04, k = 1, δ = 0.05,
c1 = 0.01, α = 1.75, β = 0.17, and μ = 0.1 there exist three long-run equilibria and
try to calculate a (weak) DNSS curve. Try to interpret the results for an evaluation
of drug policy.
6.4 (Multiple Drug Use). Reconsider the drug model from Sect. 3.9 with the
single state A representing the number of users of some given drug. Assume now that
we have two diﬀerent drugs denoted simply by 1 and 2, and let A1 and A2 represent
the numbers of users consuming drug 1 and 2, respectively. Assume further that, at
any given time, a user may consume only drug 1 or drug 2, but allow for the users to
change their drug of choice. Then, we may formulate the following two-state model:
∞

min

u1 (·),u2 (·)

s.t.

e−rt (ρ1 A1 + ρ2 A2 + u1 + u2 ) dt

0



1
Ȧ1 = k1 A1 Ā1 − A1 − c1 uz11 A1−z
− μ1 A1 − γ1 A1 + γ2 A2
1


z2 1−z2
Ȧ2 = k2 A2 Ā2 − A2 − c2 u2 A2
− μ2 A2 + γ1 A1 − γ2 A2 ,

where the control variables u1 and u2 represent treatment spending for drugs 1
and 2, respectively, γ1 and γ2 are the rates at which users switch from one drug to
the other, and the other parameters are to be interpreted as in the original model
formulation.
It is obvious that for the special case γ1 = γ2 = 0, this model decomposes into
two fully uncoupled problems as given by the original model. In that case, one may
draw a phase diagram in the (A1 , A2 )-plane with a fourfold indiﬀerence point, from
which one may approach four diﬀerent equilibria (cf. Brock and Dechert, 1983).
First, analyze this model in a fully symmetric scenario, where all parameters are the
same for the two populations, and take values as provided in Sect. 3.9, but allow
γ1 = γ2 to be not only zero but also positive. Once you gain suﬃcient insight into
the behavior of the model, consider also a heterogeneous setting, where parameters
are diﬀerent for the two populations. For instance, drug 1 may be less costly than
drug 2 (i.e., ρ1 < ρ2 ), drug 2 may be more attractive and more readily available
than drug 1 (i.e., k2 > k1 and Ā2 > Ā1 ), drug 2 is more costly and harder to treat
than drug 1 (i.e., ρ1 < ρ2 and c1 > c2 ).
Other examples of the A1 A2 -paradigm are optimal growth of disparate regions,
pollution, economic growth, and lobbying.
6.5 (An Extended Heterogeneous Drug Model). In the Sects. 3.9 and 6.1 we
analyzed a model of drug demand that embodied two diﬀerent levels of consumption, light and heavy use. “Light” users were envisioned as suﬀering few adverse
consequences and hence helping to spread drug use, while “heavy” users were envisioned as suﬀering substantially more harm and thus, when there are relatively
many heavy users, dampening the rate of initiation into drug use.
This example introduces an autonomous three-state, single-control model to explore how best to control epidemics of drug use when initiation is both contagious
(transmitted from existing users) and moderated by the memory of past experiences
of drug use, as suggested by Musto (1987). This extension has obvious appeal. All
knowledge of the negative experiences of a heavy user is unlikely to disappear the
very moment the individual leaves the population, particularly if his/her exit is due
to physical death from drug use (as opposed to ceasing use or moving out of the
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area). Thus we assume that the drug’s reputation is governed by the relative number
of light users (denoted by the state variable L) and a decaying memory of people
who have ever been heavy users (denoted by the state variable E). The ﬂow into
this state is the same as the ﬂow into the number of current heavy users (denoted
by the state variable H). The outﬂow is a simple exponential decay governed by
a memory parameter δ. When this parameter is small, memories of heavy users
are long-lived; when δ is large, the dampening eﬀect of heavy users’ problems on
initiation dissipates rapidly. Hence, we model initiation as
E

I(L, E) = τ + sLe−q L ,
where
•
•
•

τ = rate of “spontaneous initiation”
s = annual rate at which light users attract nonusers when a drug’s reputation
is benign
q = constant which measures the deterrent eﬀect of heavy use

Drug treatment (denoted by the control variable u(t)) is the only drug control intervention concerned and is modeled according to (6.2). The objective is assumed
to minimize the total drug related cost. Thus we seek values of u that maximize the
integral
∞

max
u(·)

s.t.

e−rt (−κ (μL L − μH H) − u) dt

0

L̇ = I (L, E) − (a + b)L,
Ḣ = bL − (g + β (H, u) H,
Ė = bL − δE,

L(0) = L0
H(0) = H0

E(0) = E0 = H0 .

Determine the necessary conditions for the problem sketched above. Determine the
equilibrium point and the Jacobian evaluated at the equilibrium. Draw a bifurcation
diagram for δ for the following set of parameter values: r = 0.04, κ = 113, μL =
16.42, μH = 118.93, a = 0.163, b = 0.024, s = 0.61, q = 7.25, d = 0.6, c = 5 ×
10−4 , τ = 50, 000. Is recurrent behavior likely to occur if δ varies? What about the
discount rate? Is the parameter value r capable of producing periodic solutions (i.e.,
is it optimal to repeat the past (epidemics) if the future is not highly valued (r
large))?
6.6 (Methadone Maintenance Treatment). In order to determine how much
should be spent methadone maintenance treatment (MMT), consider the following
optimal control model (compare Caulkins et al., 2006; Pollack, 2001). The state
variables N and I deﬁne the total number of illicit drug users (IDU) and the number
of them who are HCV infected, respectively. Authorities try to control the illicit
drug use and the spreading of HCV infection (caused by needle sharing) by installing
MMT programs. In the model, M deﬁnes the number of IDUs undergoing methadone
treatment.
The parameter r denotes the discount rate and the other exogenous parameters
of the model are:
•

θ exogenous increase of IDUs due to initiation or immigration
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δ per capita outﬂow of IDUs in the absence of treatment
μ exit rate of IDUs due to treatment
γ proportion of those exiting due to treatment who do not relapse
κ risk of infection in case of sharing a needle with an infected IDU
ψ frequency of needle sharing
Ω fraction of those IDUs who share needles

C M , C N , and C I model the costs caused by methadone treatment, illicit drugs use,
I
and HCV infection. (Note that the rate of new HCV infections is κ ψ (Ω N − I) ΩN
in the absence of an MMT program. Methadone treatment reduces this rate by the
proportionality factor (1 − M
).)
N
Hence, consider the following optimal control model, where the aggregated overall costs are minimized:



∞
I
M
)(Ω N − I)
dt
e−rt C M (M ) + C N (N ) + C I κψ(1 −
min
M (·) 0
N
ΩN
s.t. Ṅ = θ − δ (N − M ) − μγM,




I
M
M
M
(ΩN − I)
− δI 1 −
− μγI ,
I˙ = κψ 1 −
N
ΩN
N
N
N (0) = N0 ≥ 0,

I(0) = I0 ∈ [0, ΩN0 ]

0 ≤ M ≤ N.
The model can be simpliﬁed by replacing the state variable I by P = I/N and the
control variable M by U = M/N, and grouping parameters a = μγ − δ, β1 = κψ,
. Verify the adapted model has the following form:
β2 = κψ
Ω
∞

min

U (·)∈[0,1]

s.t.


e−rt C M (U N ) + C N (N ) + C I ((β1 − β2 P )(1 − U )N P ) dt

0

Ṅ = θ − δN − aU N,


θ
Ṗ = P (1 − U ) (β1 − β2 P ) −
,
N
I0
∈ [0, Ω].
N (0) = N0 , P (0) = P0 =
N0

Assume now that the treatment intensity U constant. Compute the equilibrium of
the system dynamics in case of absence of HCV infections (P = 0). Analyze the
local stability of this equilibrium.
Hint. Distinguish between the cases δ < β1 and δ > β1 .
Prove that there are equilibria with positive P only if U < (β1 − δ)/(β1 + a). As
a result, there exists no equilibrium in case of δ > β1 regardless of what policy is
implemented.
Deﬁne C M (M ) = α1 M + α2 M 2 quadratically, and C N (N ) = ρ N and C I (x) =
νx linearly. Determine and maximize the Hamiltonian (take care that u ∈ [0, 1]).
Derive the dynamics of the costate variables λ1 and λ2 . Compute equilibria of this
state costate dynamics in the absence of any infection. (P = 0). To investigate
further the equilibria, reduce the system of four nonlinear equations Ṅ = Ṗ = λ̇1 =
λ̇2 = 0 to a single equation g(N ) = 0 in the single variable N.
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The equation g(N ) = 0 is too tricky to investigate it analytically. To do this
job numerically parameter speciﬁcations are needed. Start your investigations with
the following parameter speciﬁcation: r = 3/100, θ = 183, δ = 183/2, 000, μ =
0.9125, γ = 2/10, κ = 4/100, ψ = 52, Ω = 3/10; moreover ρ = 6, 000, α1 =
4, 014, α2 = 1. The speciﬁcation of ν is a more complicated; estimates of the costs
of an HCV infected person vary between some thousands of USD up to more than
100K USD (depending especially on whether indirect costs, like reduction of economic productivity, are included or not).
Vary ν in the interval [2000, 11000] and produce a two-dimensional plot containing the U values of the equilibria. (Remark: U and ν are the axes.) Investigate the
local stability of these equilibria. Fix ν at 70K. Now vary σ := μ γ within the values
σ ∈ [11/10 δ, 23/10 δ] and produce a two-dimensional plot containing the U values
of the equilibria. (Remark: U and σ are the axes.) Investigate the local stability of
these equilibria.
6.7 (A Two-State Capital Accumulation Model). Consider the following capital accumulation model with the capital stock K and the investment rate I as state
variables, and the change of investment rate v as control (compare Haunschmied,
Kort, Hartl, & Feichtinger, 2003):
∞

max
v(·)

s.t.

0


α
e−ρt R (K) − c (I) − v 2
2

dt,

K̇ = I − δK,
I˙ = v.

The revenue function R(K) is monotonously increasing and features a convex segment, i.e., it has a concave–convex–concave shape. Moreover R(0) = 0 and the limits
satisfy limK→0 R (K) = ∞, limK→∞ R(K) = 0, and limK→∞ R (K) = 0. (Note: R
decreases from inﬁnity to a positive minimum, increases to a maximum and ﬁnally
decreases to zero.8 )
The function
c2 2
I
c (I) = c1 I +
2
denotes the investment costs.
Derive the necessary optimality conditions. Prove that there are at least one and
at most three equilibria fulﬁlling the necessary optimality conditions. Show that in
case of three equilibria the local stability analysis results in one equilibrium with a
one-dimensional stable invariant manifold, and two equilibria with a two-dimensional
stable invariant manifold. The latter two equilibria are saddle points with transient
oscillations if
(αδ(ρ + δ) − c2 )2 + 4R (Ki )α < 0;
otherwise they are saddle points with real eigenvalues. (Note: Ki are the equilibrium
values of K.)
Specify the revenue function by
√
R (K) = k1 K − k3
8

K
.
1 + k2 K 4

For an economic explanation see Haunschmied et al. (2003).
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Use a new time scaling τ = δt and the parameter grouping
k̃2 =

√
4

k2 , ρ̄ =

ρ
k3
c1 δ
c2 δ 2
αδ 4
 , a4 =
 .
, a1 =  , a2 =  , a3 =
δ
k1 k̃2
k1 k̃2
k1 k̃2 k̃2
k1 k̃2 k̃2

Transform the model variables as follows
x (τ ) = k2 K

τ
δ

,

y (τ ) =

k̃2  τ
I
,
δ
δ

u (τ ) =

k̃2  τ
.
v
δ2
δ

Show that the optimal control problem can be written in a more simpliﬁed shape:


∞
√
x
a3 2 a4 2
y
u
dτ,
max
e−ρ̄τ
x − a1
−
a
y
−
−
2
u(·)
1 + x4
2
2
0
s.t.

ẋ = y − x,

ẏ = u.

Use the simpliﬁed version of the optimal control model to analyze the model numerically. For this purpose specify
k̃2 = 0.329,

ρ̄ = 0.160,

a1 = 0.872,

a2 = 0.163,

a3 = 0.414,

a4 = 0.124.

Derive the adapted necessary optimality conditions. Derive the two equilibria with
a two-dimensional stable invariant manifold. Try to compute numerically at least
one point in the state space, where one is indiﬀerent to control the system optimally
to one or the other of these two equilibria. Finally verify numerically that it is not
possible to control the system by fulﬁlling the necessary optimality conditions in
a way starting at the state values of one equilibrium and ﬁnally converging to the
state values of the other equilibrium.
6.8 (A Technology Investment Decision Problem). Consider a single product
ﬁrm that optimizes discounted and aggregated proﬁts (sale revenues minus investment costs). The state variables are sales volume C and the technology content T of
the product (relative to a baseline). The ﬁrm controls the investment in improving
the technology content of the product (compare Haunschmied, Feichtinger, Kort, &
Hartl, 2005).
∞

max

I(·)≥0

s.t.

e−rt (αC − a(I)) dt

0

Ċ = γ (f (T ) − C) − k C I,
Ṫ = h(T )I − δT,
C(0) = C0 > 0,

T (0) = T0 > 0.

The parameters r, α, γ, k, δ are positive, a(·) is monotonously increasing and convex, whereas f (·) is monotonously increasing and concave; a(0) = f (0) = 0. Moreover, postulate various assumptions on the eﬀectiveness h(T ) of technology investments:
A1 : The eﬀectiveness of technology investments increases from 0 at T = 0 and decreases to 0 at inﬁnity and it is unimodal with a maximum at Tmax ; additionally
limT →0+ h(T )/T = 0.
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21 : The marginal eﬀectiveness of technology investments (h (T )) monotonously
A
increases in the interval [0, T1 ), decreases until T2 (of course T1 < Tmax < T2 )
and ﬁnally increases to zero at inﬁnity.
 (T )
A2 : The “technology investment eﬀectiveness elasticity” hh(T
T decreases monoton)
ically from a positive value for T = 0 to a negative value for T → ∞.
Determine and maximize the current-value Hamiltonian (take care that I ≥ 0).
Derive the dynamics of the costate variables λ1 and λ2 . The system dynamics has
a trivial equilibrium at C = T = I = 0. Compute the relevant costate values. To
investigate further equilibria reduce the system of four nonlinear equations Ċ = Ṫ =
λ̇1 = λ̇2 = 0 to a single equation G(T ) = 0 in the single variable T. Prove that there
are at most three equilibria.
Specify
a(I) = a1 I + a2 I 2 ,

f (T ) = f1 T,

h(T ) =

h1 T 2

1 + hT2

3

.

Start your investigations with the following parameter speciﬁcation
r = 0.05, δ =

1
1
1
, α = 2, γ = 0.0625, f1 = 1, a1 = 1, a2 = , h1 =
, h2 = 75.
24
3
2700

Vary parameter k in the interval [0.002, 0.014] and investigate the local stability of
the computed equilibria. You should ﬁnd a special equilibrium, where the eigenvalues
of the local linearization of the state costate dynamics are purely imaginary (PAHbifurcation point.)
Employ a bifurcation analysis program to compute limit cycles emanating from
this bifurcation point by decreasing k. Verify (with the aid of the bifurcation analysis
program) that these limit cycles are unstable.
Decrease k further to the point where the stable limit cycle merges with another limit cycle and then for even smaller k the limit cycles disappear (limit point
bifurcation).
Now start from the limit point bifurcation, where you face a semistable limit
cycle and increase k, but now concentrate on the development of the stable limit
cycle.
Note that in the four-dimensional state costate space these cycles are not fully
stable but feature a two-dimensional stable invariant manifold. Fix k = 0.00852 and
compute some trajectory on this manifold.
Hint. Use the monodromy matrix to compute points on this manifold next to the
limit cycle.
Try to ﬁnd a set of initial values C0 and T0 , where one is indiﬀerent between controlling the system in a way that the solution path converges to the origin or to the
limit cycle.

Notes and Further Reading
Corruption is a perennial phenomenon. The political scientist Friedrich wrote that
“politics needs all these dubious practices, it cannot be managed without corruption”
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(Friedrich, 1972). The evolution of corruption within a society – its emergence and
expansion but also its uncovering, prosecution, and deterrence – is often complex
and apparently spontaneous.
Economic analysis of the supply and demand of bribes was pioneered by RoseAckerman (1978) (for recent applications see Chander & Wilde, 1992 on illegal tax
evasion, Hillman & Katz, 1987 on the distribution of bribes within hierarchical
bureaucracies, and Shleifer & Vishny, 1993 for a survey).
The model of corruption in governments subject to popularity constraints analyzed in Sect. 6.2 traces back to Feichtinger and Wirl (1991, 1994) and is remarkable
for at least two reasons. First, it admits various interesting interpretations (“the two
sides of a medal”). One of them is optimal consumption or production under environmental constraints, see Wirl (1999). Second, the model provides probably the
simplest optimal control framework in which optimal stable limit cycles occur. Note
that the model, also called Wirl’s paradigm, is not only separable (i.e., no interaction
occurs), but also is strictly concave; compare also Wirl (1992).
Just as economics is divided into micro- and macro-level analysis, so too are there
multiple levels of mathematical modeling of substance abuse issues. At the lowest
unit of analysis there is a medical/scientiﬁc literature addressing the pharmacokinetics of drug molecules binding with receptors, being broken down into metabolites,
and possibly being detected via assays. This level of analysis is omitted in this text
because it requires a substantial time investment to understand the underlying biochemistry and biophysics. However, advances in brain science and investments in
treatment research, including innovations such as vaccines that can interdict drug
molecules after ingestion but before they cross the blood-brain barrier (Harwood &
Myers, 2003) make this an exciting domain of mathematical modeling.
The next level of analysis focuses on explaining individual behavior. The bulk
of work at this unit of analysis is empirical and statistical, but Becker and Murphy
(1988) introduced the notion of explaining certain stylized facts concerning addictive
behavior via rational actor (economic) models that included a state variable representing an individual’s accumulated past history of consumption, the so-called consumption stock. As perhaps was Becker and Murphy’s intent, this “rational addiction
theory” (RAT) was controversial and stimulated considerable follow-on research. For
example, Dockner and Feichtinger (1993) demonstrated that consumption behavior
may end up in persistent oscillations (stable limit cycles). This may explain binges
that continue to cycle often throughout an agent’s lifetime.
Becker (1992) stressed that a key idea, underpinning these models of habit formation and addiction, is that past consumption inﬂuences current behavior. In this
literature, addiction means that greater past consumption raises the marginal utility
of present consumption, although other parameters are also important for modeling
the development of strong habits, including, for instance, the rate of discount on
future utilities. To the extent that this tradition regards addiction as just a strong
habit, the fact that drugs bind directly with neuroreceptors rather than operating
through the ﬁve senses is irrelevant. RAT thus creates a bridge between drug use
modeling and an older economic literature on habit formation, including, e.g., the
important contribution made by Ryder and Heal (1973) who anticipated persistent oscillatory consumption behavior as a result of the degree of complementarity
between past and current consumption.
Most of the drug control examples discussed in this text come from a third and
higher level of aggregation, namely studying change over time in the population-level
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prevalence of drug use and drug-related problems. This level of analysis draws on
two distinct traditions: the literatures in epidemiology and mathematical biosciences
modeling the spread of contagious diseases and the literatures in marketing and
management modeling “viral” or “word of mouth” diﬀusion of innovation and new
product adoption.
Earlier modeling was primarily descriptive or conﬁned to static optimization
(e.g., Baveja, Batta, Caulkins, & Karwan, 1993; Behrens et al., 1999; Caulkins,
1993; Gardiner & Schreckengost, 1987; Homer, 1993a; Levin et al., 1975; Rossi,
1999; Rydell et al., 1996; Rydell & Everingham, 1994). Behrens et al. (2000b) and
Tragler et al. (2001) were the ﬁrst to apply optimal dynamic control theory to these
epidemic models. The former is the basis for the LH-drug control model discussed
in this chapter, and the latter being the basis for the A-model discussed earlier.
So-called SIR-models of contagious diseases often model explicitly not only people who currently have the condition/use drugs (I for “infected” individuals), but
also to track the number who are susceptible (S for “susceptible”) to initiation.
Recent work has been extending the drug epidemic models to also consider explicitly individuals who are not currently using but who are susceptible to initiation.
In particular, Caulkins et al. (2007) use such a model to explore implications of
varying a country’s drug control objectives between reducing drug use and reducing
drug-related harm even if use per se is not released. Use reduction is the dominant
policy in the US, but Australia and a few European countries (including the UK
and the Netherlands) make an explicit objective of reducing the harmfulness of drug
use. Both sides seem to have convincing arguments. Many harm reduction advocates
focus on harm suﬀered by users, notably the risk of overdose and HIV/AIDS. Many
advocates of use reduction focus on harm to nonusers such as drug-related crime.
Caulkins et al. (2007) discussed the trade-oﬀ that eﬀorts to reduce harmfulness will
spur greater use; compare also MacCoun (1998) and MacCoun, Reuter, and Schelling
(1996).
Many dependent users have used more than one substance and are willing to
alter their drug of choice in response to price and availability. Likewise, it is common
for careers of drug use to begin with certain substances (e.g., cannabis), with some
progressing on to use other substances (e.g., heroin or cocaine). So it is natural to
want to extend these drug control models to address explicitly interactions between
users of diﬀerent drugs, e.g., to create an A1 A2 -model with one state variable for
the number of current users of each of two diﬀerent drugs. An early analysis of
a model with this sort of structure was given by Brock and Dechert (1983). The
multiple drug use model of Exercise 6.4 is part of a PhD thesis by Zeiler (2008) that
substantially extends this line of analysis. There seem to be many applications of the
A1 A2 -model paradigm in various other ﬁelds, including optimal economic growth of
diﬀerent regimes and the interaction between pollution and economic growth.
Likewise, there are any number of two-state models relevant to crime and delinquency. For example, Caulkins, Feichtinger, Tragler, and Veliov (2007) analyzed a
two-state model of cycles of violence in which oscillations are generated when surges
in lethal violence shrink the pool of active violent oﬀenders. The analysis includes
ﬁnding the optimal dynamic trajectory of incarceration and violence prevention interventions.
In some countries, terrorists try to hurt the country income from the tourism
industry by violent actions against tourists. Feichtinger, Hartl, Kort, and Novak
(2001) attempted to model the interaction of tourists and terrorists as predator-
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prey relation. They analyze a two-state optimal control model, the controls being the
investment in the touristic infrastructure as well as in counter-terroristic measures.
For reasonable parameter values, the optimal trajectory exhibits a cyclical strategy.
The interpretation is that, after starting out with a low number of tourists and
terrorists, tourism investments are undertaken to increase tourism. This attracts
terrorists reducing the eﬀect of tourism investments. Therefore, investment declines
and so does the number of tourists. This makes it less attractive for terrorists to
act, so we are back in the original situation, where the whole thing starts again.
Illegal drug use is a relatively recent concern, dating primarily to the late nineteenth century, but terrorism has been around for centuries. Still, terrorism has
particular potency in the modern era of electronic media and global interdependence. Whereas in the past terror tactics might have been employed to instill fear
in the populace in a particular region, now terrorists can strive for global visibility
and impact.
The September 11th attacks in the US ushered in a period of greater attention
to terrorism and a willingness, even a determination, to take a multi-disciplinary approach (see, e.g., Kaplan, Mintz, Mishal, & Samban, 2005; Keohane & Zeckhauser,
2003) to thinking about terror control. Before September 11th, analyzing terror issues was primarily the province of political scientists, regional studies experts, and
military analysts. Now a much broader range of disciplines is involved, including Operations Research, as evidenced by the recent issue of the journal Interfaces that was
devoted to homeland security (vol. 36(6), 2006). Likewise annual conferences that
have been launched to present and promote mathematical analysis of counter-terror,
including the MAPUSE series, which will continue under the new name of INESS,
and the series of conferences held on Mathematical Methods in Counterterrorism,
held most recently at the Rochester Institute of Technology in the US.
The importance of the contribution of mathematical modeling applied to the ﬁeld
of terrorism is not without controversy. It is therefore appropriate to close by noting
some would disagree with the familiar perception of mathematics as a neutral tool
– a view summarized by statistician Jerzy Neyman’s statement (see Høyrup, 1994):
“I prove theorems, they are published, and after that I don’t know what happens
to them.” In particular, we refer the reader to Booß-Bavnbek and Høyrup (2003);
Forman and Sánchez-Rón (1996); Høyrup (1994) for discussion of mathematical
methods applied to warfare from diﬀerent and often controversial perspectives.
Brito (1999) characterized the local dynamics of a three-state control model.

7
Numerical Methods for Discounted Systems
of Inﬁnite Horizon

In the previous chapters we presented both the theoretical background of
optimal control theory and some interesting examples from the application
ﬁelds of drugs, corruption, and terror. What remains is the question of how
to actually compute the optimal solutions. How should we apply the theoretical results to retrieve algorithms for numerical calculations? A broad range
of numerical algorithms can be used to solve optimal control problems, and
presenting the underlying theory is far beyond the scope of this book. We
therefore restrict our considerations to the special class of autonomous, discounted inﬁnite time horizon problems. We concentrate on this restricted class
of optimal control models because they are the most commonly investigated
problems in an economic context. Furthermore, we provide a collection of
MATLAB ﬁles (OCMat toolbox)1 enabling the numerical calculations of such
optimal control problems.
Several approaches can be chosen to solve optimal control problems. The
method presented here uses Pontryagin’s Maximum Principle to establish the
corresponding canonical system. In its essence, solving an optimal control
problem is translated to the problem of analyzing the canonical system (see
Deﬁnition 3.6). Before we go into further detail we have to introduce some notational speciﬁcs and general techniques that are used throughout this chapter.

7.1 General Remarks
This section addresses the problem formulation under consideration in this
book and the notational conventions used speciﬁcally for this chapter. In particular we present a general multi-point boundary value problem (BVP) in
the framework of optimal control theory and its transformation to a two-point
BVP as well as the important technique of continuing an already established
1

OCMat is available via http://www.eos.tuwien.ac.at/OR/OCMat.
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solution. The section helps us to avoid having to explain the same procedures
in several places.
7.1.1 Problem Formulation and Assumptions
For this section on numerical methods we establish that the problems of concern are of the following type (OCN ):
∞

V ∗ (x0 ) := max
u(·)

s.t.

e−rt g(x(t), u(t), μ) dt

(7.1a)

0

ẋ(t) = f (x(t), u(t), μ),
x(0) = x0
c(x(t), u(t), μ) ≥ 0,
h(x(t), μ) ≥ 0,

t ∈ [0, ∞)

for all t ∈ [0, ∞)

for all t ∈ [0, ∞),

(7.1b)
(7.1c)
(7.1d)
(7.1e)

where μ ∈ Rp and the discount rate r ≥ 0 are exogenous parameters of the
model, and the functions g, f, c, and h are two times continuously diﬀerentiable with respect to their arguments. The integral (7.1a) is ﬁnite for any
admissible pair (x(·), u(·)).
To simplify notation we omit μ wherever we do not explicitly refer to this
dependence. If we are analyzing the change in only one parameter, we also
use the variable μ, tacitly assuming that the other variables are kept ﬁxed.
For the necessary optimality conditions for inﬁnite time horizon problems of
type (7.1) we refer the reader to Sect. 3.8.
In addition, the following assumptions hold for all parameter values μ:2
Assumption 7.1. The problem OCN (7.1) is normal, i.e., λ0 = 1.
Assumption 7.2. For any x ∈ Rn and λ ∈ Rn there exists a unique û satisfying
Hu (x, û, λ, μ) = 0,

and Huu (x, û, λ, μ)

negative deﬁnite.

Assumption 7.3. For any x satisfying (7.1e) and λ ∈ Rn
argmax H (x, u, λ, μ) = ∅
u∈Ω(x)

with Ω(x) = {u : c(x, u, μ) ≥ 0}.
Assumption 7.4. The pure state constraint (7.1e) is of order one in each of its
coordinate functions, and not more than one constraint is active at any time t
(see Deﬁnition 3.56).

2

Most of the assumptions are stated to simplify the presentation, and are no principle restrictions for the application of the here presented methods.
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Assumption 7.5. For the mixed path constraints (7.1d) and the pure state
constraints (7.1e) the constraint qualiﬁcations (3.48) and (3.57) are satisﬁed
for all t (see Sect. 3.6).
Assumption 7.6. For any x0 ∈ Rn satisfying (7.1e) there exists an optimal
solution of OCN (7.1).
Assumption 7.7. If not otherwise stated, the equilibria and limit cycles we
consider are hyperbolic (see Sect. 2.6.2). For notational reasons, we assume
that the eigenvectors are ordered so that the ﬁrst n− eigenvectors correspond
to the stable directions.
We do not tackle the questions of existence and asymptotic behavior of the
optimal solution but instead refer the reader to Carlson et al. (1991), where
those topics are considered. We also have to admit that for many problems
we only identify an extremal and owe the exact proof for its optimality.
7.1.2 Notation
In this chapter we use superscripts for the coordinates. This allows us to refer
to speciﬁc coordinates of a point already characterized by a subscript, e.g., xI0
or xjs . It is often necessary to denote speciﬁc coordinates I = {i1 , . . . , ik } ⊂
{1, . . . , n} of a variable x = (x1 , . . . , xn ). Thus throughout this chapter we
shall write in shorthand
xI := (xi1 , . . . , xik ),
with the speciﬁc deﬁnition

x∅ := ∅.

Another notational problem arises when we have to consider BVPs for diﬀerent systems of ODEs, e.g., when we have to distinguish between interior and
boundary arcs. In that case we denote the corresponding states and functions
by left-side superscripts, e.g.,
1

ẋ = 1f ( 1x ),

1 I

2

2 J

ẋ = 2f ( 2x ),

x (0) = 1x0I
x (0) = 2x0J .

This notation may seem disconcerting at ﬁrst, but it will allow us to keep
the formulation compact. So as not to overload this compact notation, we
restrict the presentation to the case in which at most two diﬀerent dynamics
are considered.
In most of the cases we do not refer to the following speciﬁc form of the
canonical system
ẋ(t) = Hλ (x(t), u∗ (t), λ(t))
λ̇(t) = rλ(t) − Hx (x(t), u∗ (t), λ(t)).
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Therefore we often summarize the state and costate vector as one vector of
dimension 2n, denoted, if there is no ambiguity, by the variable x. For the
corresponding dynamics we mostly use the letter f . In any case, the reader
should not be confused since the meaning becomes clear from the context.
7.1.3 Numerical Methods for Solving Optimal Control Problems
There exists a huge literature on and various approaches to the topic of numerical methods for solving optimal control problems. For a short survey see,
e.g., the Notes p. 382. In this classiﬁcation schema the method presented here
is referred to as an indirect method, in which the necessary conditions are
derived from Pontryagin’s Maximum Principle. In contrast to the indirect
approach the direct methods transform, by time discretization, the optimal
control problem into a ﬁnite-dimensional nonlinear program, which can then
be solved by standard SQP methods. These methods are highly eﬃcient and
can be used for real-time implementations (see, e.g., Büskens & Maurer, 2000)
and for large-scale systems such as those used in engineering and aeronautics.
Compared with applications originating from engineering models, economic problems are characterized by only a small number of states and controls and the consideration of an inﬁnite time horizon. Thus we are mostly
interested in the long-run optimal behavior of the given systems. Moreover,
the autonomous structure of the models OCN (7.1) under consideration already suggests the application of the theory of dynamical systems to optimal
control problems not least because the costate exhibits a special economic
interpretation as shadow price. This gives strong evidence for analyzing the
canonical system derived from Pontryagin’s Maximum Principle and yielding
a two-point BVP.
But the most convincing argument supporting our approach is the occurrence of limit sets (equilibria, limit cycles) of the canonical system as long-run
optimal solutions. These limit sets serve as ﬁrst “trivial” solutions of the optimal control problem, which can then be continued in order to derive the optimal solutions for arbitrary initial states. A further advantage of this approach
is the application of bifurcation theory to explain changes in the optimal strategy, when one is varying the parameter values of the model. This approach
becomes especially important in the case of multiple optimal solutions (see
Chap. 5). Thus the models presented here suggest in a “natural way” the
formulation as a BVP problem, which can then be analyzed by continuation
methods, which we introduce in the subsequent Sect. 7.2.
7.1.4 Boundary Value Problems from Optimal Control
At this point we remind the reader that Pontryagin’s Maximum Principle
deﬁnes a BVP given by the canonical system (see Deﬁnition 3.6), together
with the condition for the initial state and some transversality condition. For
the inﬁnite time horizon problems and under the assumption that the optimal
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solution converges to a limit set (equilibrium or limit cycle) the transversality
condition can be replaced by a so-called asymptotic boundary condition. In
what follows we refer to these asymptotic boundary conditions at the terminal
point T by
Σ (x(T ), ω, μ) = 0,
where ω is the limit set of the canonical system. For examples see the previous
Chap. 6.
So in general we are confronted with a BVP of the following form, where
some of the conditions can be empty:


1
ẋ = 1f 1x , μ , t ∈ [0, T1 ], 1x ∈ Rn1
(7.2a)
2

2
2
2
n2
ẋ = f x , μ , t ∈ [T2 , T3 ], x ∈ R
(7.2b)
x (0) = 1x0 ∈ Rq1

1 I1

(7.2c)

x (T2 ) = 2x0 ∈ Rq2


Ψ 1x (T1 ), 2x (T2 ), μ = 0


1
Σ 1x (T1 ), 1ω , μ = 0


2
Σ 2x (T3 ), 2ω , μ = 0.

(7.2d)

2 I2

(7.2e)
(7.2f)
(7.2g)

Here (7.2a–7.2b) denote the underlying dynamics given by maybe diﬀerent
representations of the canonical system (see Sect. 7.6). In addition (7.2c–
7.2d) provide the initial conditions and (7.2e) summarizes all the conditions
the system has to satisfy connecting both dynamics (corner conditions). Finally, (7.2f–7.2g) denote the asymptotic boundary conditions for inﬁnite time
horizon problems, speciﬁed for an equilibrium in Proposition 7.20 and for
a limit cycle in Proposition 7.27. All these equations may depend on some
exogenously given parameter values summarized in μ.
As an example consider, e.g., the problem of p. 290, where n1 = n2 =
4, T1 = T3 = 1, T2 = 0, q1 = 2, (7.2e) is given by X4I (1) = 0, the asymptotic
boundary condition (7.2f) is given by F (X I (1)− Ê) = 0, and (7.2d) and (7.2g)
are empty.
The reader should be aware that this is a multi-point BVP. Using the
procedure presented in Sect. 2.12.2, we can rewrite this problem as a standardtype two-point BVP. This is precisely what we aim at doing (and describing)
now with problem (7.2). We therefore normalize the time intervals to [0, 1],
yielding the dynamics in the form


1
ẋ = T1 1f 1x , μ , t ∈ [0, 1]


2
ẋ = (T3 − T2 ) 2f 2x , μ , t ∈ [0, 1].
Setting
1 
x
x := 2
,
x


f :=

T1 1f
(T3 − T2 ) 2f


,

1 
x
x0 := 2 0 ,
x0

1 
ω
and ω := 2
ω
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with



Ψ̃ (x(0), x(1), μ) := Ψ 1x (T1 ), 2x (T2 ), μ

1 1
Σ x (T1 ), 1ω , μ
Σ̃ (x(1), ω, μ) := 2  2
,
Σ x (T3 ), 2ω , μ

we have reduced the problem (7.2) to the form:
ẋ = f (x, μ),

t ∈ [0, 1], x ∈ Rn , n = n1 + n2

x (0) = x0 ∈ R ,
I

I = I1 ∪ I2 ,

q

q = q1 + q2

(7.3a)
(7.3b)

Ψ̃ (x(0), x(1), μ) = 0

(7.3c)

Σ̃ (x(1), ω, μ) = 0,

(7.3d)

where we subsequently omit the tilde-sign. The practical use of these transformations will become clear in the following sections.
Next, we introduce continuation as a strong numerical tool for ﬁnding
solutions to a problem with varying parameter values.

7.2 Numerical Continuation
For the numerical analysis of dynamical systems, especially when one is studying the behavioral changes for varying parameters, continuation methods
are the tool of choice (see, e.g., Krauskopf, Osinga, & Galán-Vioque, 2007;
Kuznetsov, 1998). Continuation means continuing an already detected solution while varying a model-speciﬁc parameter value. In the context of BVPs
this method has applications in many ﬁelds, not least in optimal control theory. To introduce the reader to this topic we present a simple example, that
already exhibits the main ideas.
Let us consider the problem:
F (x, μ) = 0
with the x ∈ Rn and μ ∈ R and a speciﬁc solution xs for μs being known;
then the problem of continuation is to ﬁnd a continuous solution curve x(γ)
satisfying
F (x(μ), μ) = 0
for μ ∈ [μs , μe ].
The numerical task of a continuation process is to provide an algorithm
allowing the successive computation of points x(μi ), i = 1, . . . , N, approximating the solution curve x(μ) with μN = μe .
Remark 7.1. The continuation problem can be stated not only for the ﬁnitedimensional case Rn but also more generally for the inﬁnite-dimensional case
of normed vector spaces (see, e.g., Krauskopf et al., 2007, Chap. 1).
We introduce a simple continuation algorithm, actually used for the OCMat
toolbox, illustrated by a simple example.
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7.2.1 Continuation Algorithms
Let us consider the problem
F (x, μ) = 0

(7.4)

with the state variable x ∈ R and the parameter variable μ ∈ R . The
function F : Rn × Rp → Rn is continuously diﬀerentiable. Suppose a solution
xs is established for the speciﬁc parameter values μs , satisfying
n

p

rk Fx (xs , μs ) = n.
Then the problem is to ﬁnd a solution to (7.4) for arbitrarily given parameter
values μe = μs .
A possible solution procedure is as follows:
Reparameterization : We reparameterize the problem by introducing a scalar
continuation variable γ ∈ [0, 1] setting
μ(γ) := μs + γ(μe − μs )
= μs (1 − γ) + γμe ,

γ ∈ [0, 1],

(7.5)

with μ(0) = μs and μ(1) = μe .
Substituting (7.5) into (7.4) yields the reparameterized problem:
F̃ (x, γ) = 0

(7.6)

with
F̃ (x, γ) := F (x, μ(γ))
satisfying the rank condition
rk F̃x (xs , 0) = rk Fx (xs , μs ) = n,

(7.7)

at the speciﬁc solution F (xs , 0) = 0.
Initialization 0 ≤ i ≤ j : We deﬁne some j ∈ N and positive constant 0 <
1
, to repeat the following steps j times. Thus we determine at
σ0 ≤ j+1
step i + 1 ≤ j the solution of (7.4) for
γi+1 = γi + σ0 ,

(7.8)

with x0 = xs and γ0 = 0. Since the rank condition (7.7) is satisﬁed,
there exist j solutions (x0 , . . . , xj ) at the distinct parameter values 0 ≤
γ1 , . . . , γj ≤ 1 for σ0 small enough.
Continuation Step i > j : The existence of a solution relies on the assumption
that the rank condition is satisﬁed. But even in simple cases (see, e.g.,
the example (7.13), in which the solution curve exhibits turning points)
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this condition is violated. To tackle this kind of problem we augment
problem (7.6) by adding
Φ(x, γ, xi , . . . , xi−j+1 , γi , . . . , γi−j+1 , σ) = 0,

j ≥ 0, i ≥ j,

(7.9)

where Φ is a scalar function relying on the solutions (xk , γk )ik=i−j+1 detected at the previous steps i−j +1, . . . , i and σ is some positive constant,
satisfying the following conditions:
Φ(xi , γ, xi , . . . , xi−j+1 , γi , . . . , γi−j+1 , 0) = 0
rk Φ(x,γ) (xi , γi , xi , . . . , xi−j+1 , γi , . . . , γi−j+1 , 0) =

n+1 j >0
1
j = 0.

Then the implicit function theorem assures the existence of a solution (xi+1 (σ), γi+1 (σ)) for σ small enough, independently of the rank of
F̃x (x, γ). Subsequently we present diﬀerent functional forms of (7.9).
This step can be repeated until γ ≥ 1 or some stopping condition is
reached. To ﬁnd the actual solution xi+1 , a prediction step can be applied,
which we present next.
Prediction Step : In general the numerical detection of a solution requires
that an approximation (x̃i+1 , γ̃i+1 ) for the correct (unknown) solution
(xi+1 , γi+1 ) be provided. Therefore the approximated solution is linearly
extrapolated from the two previous solutions, (xi−1 , γi−1 ) and (xi , γi ),
yielding
x̃i+1 = xi + α (xi − xi−1 ) = xi (α + 1) − αxi−1
γ̃i+1 = γi + α (γi − γi−1 ) = γi (α + 1) − αγi−1 .

(7.10a)
(7.10b)

The constant α is determined, depending on the current and previous step
size given by the ratio
σi+1
α=
.
σi
Remark 7.2. The actual zero-ﬁnding process of the initialization and continuation step is either done by an algorithm solving nonlinear equations in
the ﬁnite-dimensional case or used to continue the solution of a BVP by a
BV-Solver. There exist numerous algorithms and software packages on this
topic; for an overview the reader is referred to Kuznetsov (1998, App. 3) and
Krauskopf et al. (2007). For our calculations we used the MATLAB implementations fsolve (Optimization Toolbox) to solve nonlinear equations and
the BV-Solver bvp4c for solving BVPs, (see Kierzenka & Shampine, 2001).
Remark 7.3. In an actual application it may be convenient to consider the
continuation not only along [0, 1] but also for an arbitrary interval [a, b], with
a, b ∈ R.
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Remark 7.4. The constant σ of the continuation step can be made dependent
on information about the numerical quality of the solution process and can
therefore be considered as a sequence (σi )i≥j .
Remark 7.5. The properties of the added function (7.9) assures the existence of
a solution (xi+1 (σ), γi+1 (σ)) for σ small enough. Denoting the corresponding
value of the variable σ at step i by σi , we can distinguish diﬀerent scenarios
for the sequence of corresponding continuation parameter values (γi )i≥j . Here
we present three important cases from an applied point of view:
1. There exists some N ∈ N with γ(σN ) ≥ 1.
2. limi→∞ γ(σi ) = γcrit < 1.
3. There exists some γcrit < 1 and N ∈ N such that γ(σi ) ≤ γcrit for all i
and γ(σi ) > γ(σi+1 ) for i ≥ N .
In the ﬁrst case we can solve the problem (see, e.g., Fig. 7.1a,b or the example
of p. 337). In the second case the solution curve has a limit point at γ =
γcrit < 1 (see, e.g., Fig. 7.1c). And in the last case the solution curve exhibits
a turning point (see, e.g., Fig. 7.1d).

Exogenous Continuation j = 0
In the case of exogenous continuation j = 0, the solution at step i + 1 does
not depend on the previous state(s) and the simplest functional form of (7.9)
is given by
Φ(γ, γi , σ) = γ − γi − σ.
(7.11)
This simply represents (7.8) of the initialization step, which is well adapted
as long as the rank condition is satisﬁed.
For this speciﬁcation of Φ the continuation variable γ is exogenously given
at each step i by (7.11). Therefore this continuation algorithm is also called
the exogenous continuation.
Another algorithm, which does not exhibit the drawback of an exogenously
given step width, is presented next.
Endogenous Continuation
For the endogenous approach the function Φ explicitly depends on the unknown variable x. Therefore (7.6) denotes a coupled system of equations, in
which the continuation variable is not exogenously given. Hence this algorithm
is called the endogenous continuation.
We use the following two speciﬁcations for the function Φ with j = 1 and
j = 2, respectively,
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Fig. 7.1. In panel (a) the continuation process is depicted for x(x2 + 1) − μ = 0,
starting at the solution for μs = −1. In (b) the solution curve of x3 − μ = 0 is
shown, for which the rank condition is violated at μs = 0. Contrary to the previous
case the critical parameter value μcrit = 0 for the problem x2 − μ = 0 in (c) denotes
a turning point. And in (d) the continuation process converges to μcrit = 0 for the
equation x−1 − μ = 0

Φ(x, γ, xi , γi , σ) := x − xi 2 + (γ − γi )2 − σ 2 ,
3
 

3

3 Δxi 32
x − xi
Δxi
3
−σ3
Φ(x, γ, xi , xi−1 , γi , γi−1 , σ) :=
3 Δγi 3 ,
Δγi
γ − γi

(7.12a)
(7.12b)

Δxi = xi − xi−1 , Δγi = γi − γi−1 ,
where xk = x(γk ), k = i − 1, i are previously detected solutions and σ > 0
is a given constant, assuring that the new solution diﬀers from the previous
solution. Geometrically (7.12a) describes a circle of radius σ around the solution at step i (see Fig. 7.2a), whereas (7.12b) ascribes a line perpendicular
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to the direction of the linear extrapolation of the last two detected solutions
(see Fig. 7.2b).
Remark 7.6. For both cases the new solution is given by the intersection of the
circle or line, respectively, with the (searched for) solution curve. Therefore it
is evident that in the ﬁrst case there exist two intersection points, which can
yield numerical inconveniences and therefore the second approach is preferred.

γ

a)
1
Zi+1

γ

b)

Zi−1

+

+

σ
Zi

Zi

+

+

σΔZi

+Z̃i+1

2
+ Zi+1

+Zi+1

Φ(Z, Zi , σ)
Φ(Z, Zi−1 , Zi , σ)

x

x

Fig. 7.2. Panel (a) depicts the geometric representation of (7.12a), and panel (b)
that of (7.12b), where Z = (x, γ)

A Simple Example
As a simple example of (7.4) we consider the cubic function
F (x, μ) := x(x2 − 1) + μ.

(7.13)

Then we want to ﬁnd a continuous curve x(μ) with μ ∈ [μs , μe ] satisfying
F (x(μ), μ) = 0,
with a speciﬁc solution x(μs ) = xs given for μs = −1 and xs = 1.3247. The
problem (7.13) satisﬁes the rank condition
Fx (xs , μ) = 3x2s − 1 = 0.

(7.14)

Thus for the given xs the implicit function theorem assures the existence of
a unique
solution curve x(μ) of (7.13), with 0 < |μ + 1| < ε. Note that for
√
xs ± 33 the rank condition of (7.14) is violated. These points correspond to
the turning points of the solution curve (see Fig. 7.3).
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x

x̂1
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1.0

μ

x̂2

Fig. 7.3. The solution
curve of (7.13) is depicted for μ ∈ [−1, 1]. At the critical
√
points x̂1,2 = ± 33 the rank condition (7.14) is not satisﬁed

Next we normalize the interval [−1, 1] to [0, 1] which yields
F̃ (x, γ) = x(x2 − 1) + μs + γ(μe − μs ) = 0,
where for
μ = μ(γ) := μs + γ(μe − μs )
we ﬁnd x(μ(0)) = x(μs ) = xs .
Next, we apply the exogenous and endogenous approaches for the numerical computation of the solution curve x(μ(γ)), γ ∈ [0, 1].
Applying the exogenous continuation to our√problem (7.13), we ﬁnd that
the continuation process will fail if μ exceeds 2 3/9 (see Fig. 7.4a), since for
this parameter value the solution curve exhibits a turning point and cannot
be continuously extended by increasing the parameter value.
In Fig. 7.4b the result of the endogenous continuation process for the example (7.13) is depicted, showing that the solution curve was followed beyond
its turning points.
7.2.2 Continuing the Solution of a BVP
In this subsection we apply the continuation technique to the problem of continuing solutions of BVPs. In the context of a BVP we are interested not only
in continuing a solution for varying model parameters but also in continuing
a solution along varying initial conditions x(0) = x0 . From a theoretical point
of view this does not make any diﬀerence. To verify that, we add the following
artiﬁcial dynamics and initial conditions to the system (7.3)
μ̇ = 0, t ∈ [0, 1]
μ(0) = μ0 ∈ Rp .
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Fig. 7.4. Panel (a) depicts the continuation process (+) for an exogenously given
step width σ aborting at a turning point of the (gray) solution curve x(μ). In panel
(b) the continuation problem is augmented by the continuation variable γ allowing
one to follow the solution curve beyond its turning points

Introducing the extended state variable x̃ and dynamics f˜
 
 
 
x
f
x0
˜
,
x̃ :=
, f :=
, x̃0 :=
μ
0
μ0
together with
Ψ̃ (x̃(0), x̃(1)) := Ψ (x(0), x(1), μ)
Σ̃ (x̃(1), ω) := Σ (x(1), ω, μ)
I˜ := I ∪ {q + 1, . . . , q + p},
we ﬁnd that the augmented problem is a usual BVP without exogenous parameter values, i.e.,
x̃˙ = f˜(x̃),
I˜

t ∈ [0, 1], x̃ ∈ Rñ , ñ = n + p

x̃ (0) = x̃0 ∈ R ,
q̃

q̃ = q + p

(7.15a)
(7.15b)

Ψ̃ (x̃(0), x̃(1)) = 0

(7.15c)

Σ̃ (x̃(1), ω) = 0,

(7.15d)

where we subsequently omit the tilde-sign to simplify the notation. Thus the
new problem (7.15) does not exhibit explicit parameter values.
In this context we are often confronted with the question of how to ﬁnd a
solution satisfying
xI (0) = xe = xs
if we already established a solution of (7.15) that meets the initial condition
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xI (0) = xs .
This question can be seen as a continuation problem, wherein we have to
continue a solution from xs to xe .
Using the method of the previous subsection, we can try to ﬁnd the solution
along the line connecting xs and xe , i.e., the solution trajectory x(·) satisfying
xI (0) = xs (1 − γ) + γxe ,

0 ≤ γ ≤ 1,

where γ is the continuation parameter.
Repeating the arguments above, we see that γ can be considered as an
additional state variable with the dynamics
γ̇ = 0
added to system (7.15a).
Since this increases the number of states by one, we also need an additional
boundary condition to get a well-deﬁned BVP. The results of the previous
section suggest a (scalar) boundary condition of the form
Φ (x(0), γ, xi (0), . . . , xi−j+1 (0), γi , . . . , γi−j+1 , σi+1 ) = 0,

j ≥ 0, i ≥ j,

where xk (·) and γk , k = i − j + 1, . . . , i, are solutions of j previous steps. Thus
several functional forms for Φ can be speciﬁed:
Φ (x(0), γ, γi , σ) := γ − γi − σ

(7.16a)

Φ (x(0), γ, xi (0), γi , σ) := x(0) − xi (0) + (γ − γi ) + σ ,
2

2

2

(7.16b)

or
Φ (x(0), γ, xi (0), xi−1 (0), γi , γi−1 , σ) :=
3
 

3

3 Δxi (0) 32 (7.16c)
x(0) − xi (0)
Δxi (0)
3
3 ,
−σ3
3
Δγi
γ − γi
Δγi
with Δxi (0) = xi (0) − xi−1 (0), Δγi = γi − γi−1 ,
where σ > 0 denotes some step width. For notational simplicity we omit most
of the arguments of Φ and simply write
Φ(x(0), γ).
The BVP for the continuation process can therefore be written as
ẋ = f (x),
γ̇ = 0

t ∈ [0, 1], x̃ ∈ Rn

xI (0) = γxe + (1 − γ)xs ∈ Rq
Φ(x(0), γ) = 0
Ψ (x(0), x(1)) = 0

(7.17a)

Σ (x(1), ω) = 0,

(7.17b)

where (7.17a) exhibits one of the functional forms ascribed in (7.16).
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Continuing the Solution of a Simple BVP
In this section we illustrate the usage of the continuation method for BVPs
by means of the following simple example. Given the linear ODE
⎛
⎞⎛
⎞
cos π4 0 − sin π4
− 1 −1 0
0 ⎠ ⎝ 1 −1 0⎠ x =: Jx
ẋ = ⎝ 0 1
(7.18a)
sin π4 0 cos π4
0 0 1
we want to ﬁnd the solution x(·) lying on the stable manifold of the origin for
(7.18a) and satisfying
(7.18b)
x{1,2} (0) = x0 ∈ R2 ,
where x0 = 0 is some ﬁxed point.
Since J exhibits two eigenvalues with negative real parts and one positive
eigenvalue, the stable manifold Ws (0) of the origin is a plane spanned by the
corresponding “stable” eigenvectors. Using Proposition A.51, we ﬁnd that this
plane is given by
Ws (0) = {x ∈ R3 : bu , x = 0},
where bu is the unstable eigenvector of the transposed matrix J  .
Considering the ODE (7.18a) on a ﬁnite time interval [0, T ], we add the
boundary condition
bu , x(T ) = 0
(7.18c)
to the system (7.18), which assures that the solution lies on the stable manifold
of the equilibrium at the origin.
Thus the equations (7.18) determine a BVP to ﬁnd a solution converging
to the origin and withe initial condition (7.18b).
Owing to the linearity of the ODE (7.18a), the stable manifold is analytically given and the application of a continuation algorithm is superﬂuous. But
its illustration for this simple case may help the reader to adapt it to more
involved cases. Thus in Fig. 7.5 the problem is depicted for the case in which
the ﬁrst two coordinates of a point A are given and the third coordinate has to
be computed, so that the corresponding solution converges to the origin. Since
the equilibrium solution x(·) ≡ 0, trivially satisﬁes the BVP (7.18), we start a
continuation process in which the solution is continued for initial points lying
on the (gray) line connecting the origin and A{1,2} (see Fig. 7.5a). At each
step the trajectory satisfying the BVP (7.18) for the initial state x0 = γA{1,2}
is detected (see Fig. 7.5b) until A{1,2} is reached for γ = 1.
Remark 7.7. Although this example may be considered trivial, it presents the
main ideas used throughout this chapter, namely to truncate the integration
interval to [0, T ], to formulate a so-called asymptotic boundary condition
(7.18c), and to start the continuation of the BVP at a trivial solution, as it is
given by an equilibrium or limit cycle.
This ends our general introduction. We shall now address the speciﬁc problems
and questions that occur when we solve optimal control problems.
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x2

a)
A{1,2}
+γ2 =
+ γ1 =

b)

x3

2
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Wu (0)

1
3
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B

x1
+

x1

x2

+

B {1,2}
Fig. 7.5. To ﬁnd the solution of (7.18a) lying in the stable manifold of the origin,
where the ﬁrst two initial states are given by A{1,2} or B {1,2} , a continuation process
is used. The intermediate results of the continuation process for the steps γi , i = 1, 2
are depicted, projected into the (x1 , x2 )-space in (a), whereas in (b) the orbits are
shown in R3

7.3 The Canonical System Without Active Constraints
We start by considering the canonical system for solutions, where no constraint
becomes active. Then Assumptions 7.2 and 7.3 implies that the uniquely given
optimal control value u∗ satisﬁes
Hu (x, u∗ , λ) = 0,

and Huu (x, u∗ , λ)

negative deﬁnite.

(7.19)

Thus by the implicit function theorem we ﬁnd that the optimal control variable
can be considered as a function of x and λ with u∗ (x, λ), which is continuously
diﬀerentiable with respect to x and λ. Then the canonical system is given by
ẋ = f (x, u∗ (x, λ)) = Hλ (x, u∗ (x, λ), λ)
∗

λ̇ = rλ − Hx (x, u (x, λ), λ).

(7.20a)
(7.20b)

Using the implicit diﬀerentiability of u∗ (x, λ), we may consider the total time
derivative
u̇∗ (t) = u∗x (x(t), λ(t)) ẋ(t) + u∗λ (x(t), λ(t)) λ̇ (t).
(7.21)
In our applications it is often possible to ﬁnd an analytic expression for
u∗ (x, λ). But what can be done if no such analytic expression exists, as, e.g.,
in the drug model of Sect. 6.1? Assume that there exist l ≤ n control coordinates3 u∗i (x, λ), i = 1, . . . , l, for which no closed-form representation exists. If
(fui )li=1 has full rank4 l, then
3
4

For simplicity these are assumed to be the ﬁrst l coordinates.
For notational clarity we assume the ﬁrst l row vectors of (fui )li=1 to be linearly
independent.
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Hui (x, u, λ) = gui (x, u) + λfui (x, u) = 0,
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i = 1, . . . , l

can be solved explicitly for the ﬁrst l costates λi , i = 1, . . . , l. Thus the ﬁrst l
costate variables can be expressed as functions
λi (x, u1 , . . . , ul , λl+1 , . . . , λn ) ,

i = 1, . . . , l .

(7.22)

(The reader should write these equations down for the special cases of n = 3
and l = 2.)
Setting v = (u1 , . . . , ul ) and using (7.21), we ﬁnd
0=

d
Hv (x, u, λ) = v̇  Hvv + ẋ Hvx + λ̇Hvλ
dt
= v̇  Hvv + f  Hvx + (rλ − Hx ) fv .

Since Hvv is a negative deﬁnite matrix and therefore invertible, the last equation yields
−1
.
(7.23)
v̇ = − (Hxv f + fv (rλ − Hx )) Hvv
Replacing the ﬁrst l costate variables by (7.22) and the n − l control variables
by their analytic expressions, we can ﬁnally replace the ﬁrst l adjoint equations with (7.23), yielding together with the state equations a system of 2n
diﬀerential equations in the variables (x, u1 , . . . , ul , λl+1 , . . . , λn ).
Remark 7.8. This transformation is also of general interest, since from an
applied point of view the representation in the state–control space has an
immediate economic interpretation. Attention has also to be drawn to the
derivative fv , which has to be invertible; otherwise singularities in the transformed dynamics may occur, which are only a spurious result of an improper
transformation.
Remark 7.9. In the case that Assumption 7.2 is not satisﬁed, there may exist
multiple control values u1 , . . . , uk satisfying (7.19), where in general the number k depends on the actual state x and costate λ. Then we have to consider
each of the corresponding functions u1 (x, λ), . . . , uk (x, λ) separately, and the
actual control value has to be determined by the Hamiltonian maximizing
condition.
Next, we analyze the canonical system with respect to long-run optimal solutions.

7.4 Calculating Long-Run Optimal Solutions
Since we are considering problems with inﬁnite time horizons, we are interested in the long-run behavior of the canonical system, where the most
common phenomena characterizing the (long-run) behavior are equilibria and
limit cycles of the canonical system (see Chap. 2). In the following subsections
we therefore analyze equilibria and limit cycles in more detail.
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7.4.1 Equilibria
The most straightforward elements characterizing the behavior of a dynamical
system are equilibria (x̂, λ̂) of the canonical system where (7.20) becomes zero,
i.e.,
Hλ (x̂, u∗ (x̂, λ̂), λ̂, μ) = 0
∗

rλ − Hx (x̂, u (x̂, λ̂), λ̂, μ) = 0.

(7.24a)
(7.24b)

Locating Equilibria
In general the algebraic equations (7.24) are nonlinear and cannot be solved
analytically. Thus one often has to resort to numerical calculations to ﬁnd
roots of (7.24). There exist powerful algorithms, implemented in mathematical software packages such as MATLAB, for ﬁnding the roots of nonlinear
functions. So it is not the place here to go into details about these algorithms;
and the reader is referred to Kuznetsov (1998, Sect. 10.8) for a more thorough
discussion of this topic.
Given that an equilibrium has been located for a speciﬁc set of parameter
values, μ, continuation (see Sect. 7.2) can be used to ﬁnd an equilibrium for
a diﬀerent set of parameter values.
In Sect. 2.6.2 we have seen that the local stability properties of an equilibrium are given by the properties of the corresponding Jacobian Jˆ evaluated
at the equilibrium. Owing to the speciﬁc structure of the dynamics (7.20), a
general result can be derived for the number of stable eigenvectors. This is
subsequently shown.
Stability of Equilibria
Let (x̂, λ̂) be an equilibrium of (7.20); then the corresponding Jacobian becomes
 ∗

∗
Hλx
Hλλ
ˆ λ̂) =
J(x̂,
,
(7.25)
∗
∗
− Hxx
rI(n) − Hxλ
where H∗ := H(x̂, u∗ (x̂, λ̂), λ̂) is the maximized Hamiltonian.
To ﬁgure out the stability of the equilibrium we have to compute the
eigenvalues of (7.25), which is done by ﬁnding the roots ξi , i = 1, . . . , 2n of
the characteristic polynomial, given by
 (n)

∗
∗
ξI − Hλx
−Hλλ
det
= 0.
(7.26)
∗
∗
Hxx
(ξ − r)I(n) + Hxλ
Note that the determinant (7.26) can be written in symmetrical form as



∗
∗
ξ − 2r I(n) − Hλx
+ r2 I(n) 
−Hλλ

det
= 0.
(7.27)
∗
∗
ξ − r2 I(n) + Hxλ
Hxx
− 2r I(n)
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Using the symmetries of (7.27) yields the following theorem (a proof can be
found in Appendix B.8):
Theorem 7.10. Let Jˆ be the Jacobian evaluated at an equilibrium (x̂, λ̂) of the
canonical system (7.20). Then the corresponding eigenvalues ξi , i = 1, . . . , 2n,
are symmetric around r/2 and the dimension of the (local) stable manifold is
at most n.
Remark 7.11. Theorem 7.10 implies that for one- and two-state models, the
generic asymptotically stable optimal solutions converging toward an equilibrium are a one-dimensional curve or lie in a two-dimensional surface, respectively. The numerical computation of the paths lying in the stable manifold
is the subject of Sect. 7.5.
Remark 7.12. As a consequence from Theorem 7.10 it follows that for r > 0 no
stable equilibria exist. This can also be seen by considering that tr Jˆ = nr > 0,
which proves that the occurring equilibria cannot be stable, since for a stable
equilibrium tr Jˆ < 0 has to hold.
Equilibrium Properties of Two-State Control Models
For the special case of two-state optimal control models the long-run (equilibrium) behavior has been fully characterized by Dockner (1985) and Dockner
and Feichtinger (1991). Solving (7.27), we can explicitly calculate the eigenvalues of the Jacobian matrix J as
'
K
1 2
r
r2
1,2
−
±
ξ3,4 = ±
K − 4 det J,
(7.28a)
2
4
2
2
where the coeﬃcient K can be expressed as the sum of determinants of the
following submatrices of the Jacobian J


 


 ∂ ẋ1 ∂ ẋ1 
 ∂ ẋ1 ∂ ẋ1   ∂ ẋ2 ∂ ẋ2 


 


 ∂x2 ∂λ2 
 ∂x1 ∂λ1   ∂x2 ∂λ2 






(7.28b)
K =
+
 + 2  ∂ λ̇ ∂ λ̇  .
 1
 ∂ λ̇1 ∂ λ̇1   ∂ λ̇2 ∂ λ̇2 
1


 


∂x1 ∂λ1
∂x2 ∂λ2
∂x2 ∂λ2
Remark 7.13. Equations (7.28) are sometimes referred to as Dockner’s formula.
Note that the term K is composed of the determinants of the hypothetical
one-state models (x1 , λ1 ), and (x2 , λ2 ), as well as some mixed interaction term.
Using the results of Sect. 2.6.2, we are able to characterize the local stability
ˆ depicted in Fig. 7.6 and
properties of the equilibrium in terms of K and det J,
presented in Table 7.1.
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Table 7.1. Classiﬁcation of the equilibria according to K and det J, where the
regions are depicted in Fig. 7.6
Type

dim Ws (x̂, λ̂)

Local behavior

Saddle-node
Saddle-focus
Focus
Focus/node
Saddle
PAH-bifurcation

2
2
0
0
1
?

Monotonic
Transient oscillation
Unstable
Unstable
Diverging except stable path
?

Region/curve
I
II
III
IV
V
α

det J
α

II

III
IV

I

K
V
Fig. 7.6. The diﬀerent regions characterizing the stability properties at an equilibrium for a two-state
model are depicted in terms
of det J and K. The black curve
 2

K 2
is given by K
and
the
gray
curve
α
by
+
r2 K
for r = 1
2
2
2

7.4.2 Limit Cycles
In Proposition 3.83 it has been stated that, for discounted autonomous models
with r > 0, cyclic behavior can be excluded. Hence limit cycles may occur only
for models with at least two states; for an example see Sect. 6.2. In general the
numerical eﬀort to ﬁnd limit cycles is much greater than that of calculating
equilibria, especially if they are neither attracting nor repelling.
Locating a Limit Cycle
Let us consider the following autonomous system:
ẋ = f (x, μ),

x ∈ Rn , n ≥ 2.

From the Deﬁnition 2.20 of a limit cycle Γ with period Θ we ﬁnd the characterizing property
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x(t + Θ) = x(t),
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for all t.

By a time scaling t → t/Θ the problem becomes a BVP:

s.t.

ẋ = Θf (x, μ)
x(0) = x(1),

(7.29a)
(7.29b)

where the trajectory x(·) and the period Θ have to be determined. Since
(7.29b) only provides n boundary conditions, we have to specify an additional
condition for identifying Θ.
This can also be seen as a problem of identifying a speciﬁc trajectory
among all phase-shifted periodic solutions, representing the limit cycle Γ ,
since every solution with x(0) = xΓ ∈ Γ satisﬁes the BVP (7.29). Therefore
a scalar functional ψ (x(·)) = 0 is introduced, which ﬁxes the phase-shift,
and is therefore called a phase condition. Diﬀerent functional forms for ψ are
conceivable and may be more or less well adapted to the speciﬁc situation. A
simple and easy-to-implement condition is presented here.
To ﬁnd a limit cycle we assume that we already know the approximate
position of the limit cycle. Then we ﬁx some point p ∈ Γ and have to ﬁnd
xΓ ∈ Γ satisfying
f (p)(xΓ − p) = 0.
Thus we ﬁx the solution crossing the hyperplane lying orthogonally to the
direction f (p). If p is near enough to the limit cycle, such a solution exists.
Therefore the phase condition becomes
ψ (x(·)) := f (p) (x(0) − p) ,

(7.29c)

delivering together with (7.29a) and (7.29b) a well-deﬁned BVP.
Remark 7.14. Having located a limit cycle, a continuation process can be used
to follow the limit cycle for varying parameters. A natural choice for the point
p in the phase condition (7.29c) is a point xi ∈ Γi from the previous limit cycle
calculation, and f (p) can be replaced by ẋi , the velocity at xi from the previous
step. We refer the reader to MatCont, which provides an eﬃcient algorithm
for the continuation and detection of limit cycles (see also Kuznetsov, 1998,
p. 472).
Initializing a Limit Cycle
The simplest and also often the only way to locate a periodic solution is
via the PAH-bifurcation, where the Poincaré–Andronov–Hopf theorem allows
computing an approximation of the cycle at the bifurcation value μ0 . For
this parameter value the Jacobian Jˆ evaluated at the associated equilibrium
exhibits two purely imaginary eigenvalues ±iω0 with ω0 > 0 and two corresponding eigenvectors, ν and its complex conjugate ν̄. Then the limit cycle
can be approximated by (see Kuznetsov, 1998, p. 489)
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Γε (t) = 2ε (νR cos ω0 t − νI sin ω0 t) ,
where ε > 0 is some arbitrary constant, νR = Re ν, and νI = Im ν, where ν
has to satisfy
ν, ν = 1, νR , νI  = 0
or, separated into the real and imaginary parts, these conditions become:
νR , νR  + νI , νI  = 1, νR , νI  = 0.

(7.30)

Remark 7.15. The conditions (7.30) are necessary to determine the eigenvector
ν uniquely. Since for any complex number c = c1 + ic2 ∈ C, cν is also an
eigenvector of Jˆ for iω0 . Thus for an arbitrary eigenvector ν̃ we have to specify
two conditions for c1 and c2 , such that ν = cν̃ satisﬁes (7.30).
Stability of Limit Cycles
In Sect. 2.12.1 we have shown that the stability of a limit cycle Γ is determined by the monodromy matrix M = Y (Θ), where Y is the solution of the
corresponding variational equation
Ẏ (t) = fx (Γ (t))Y (t),
with Y (0) = I(n) and Γ (·) is a periodic solution representing the limit cycle.
Note that this is a non-autonomous ODE.
For the calculation of the monodromy matrix M of a limit cycle Γ at a
point xΓ ∈ Γ , the following BVP has to be solved:

s.t.

ẋ = Θf (x)

(7.31a)

Ẏ = Θfx (x)Y

(7.31b)

x(0) = x(1)
ψ (x(·)) = 0

(7.31c)
(7.31d)

Y (0) = I(n) ,

(7.31e)

where M = Y (1) is the sought solution and ψ(x) is the phase condition.
Remark 7.16. Alternatively, if a limit cycle has already been detected, the
monodromy matrix M at a point xΓ ∈ Γ can be computed by an IVP approach. Therefore, we have to solve the ODE (7.31a) and (7.31b) for the
initial conditions x(0) = xΓ and (7.31e). The quality of this IVP approach
relies heavily on the approximation of the limit cycle by the trajectory when
starting at xΓ . In the case of a saddle-type limit cycle one often has to do the
calculations with a high degree of accuracy.
for a numerical example see Sect. 6.2.
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Limit Cycles of the Canonical System
To determine the stability of a limit cycle occurring as an optimal solution of
the problem OCN (7.1) we use (7.20), for which the corresponding variational
equation becomes

 ∗
∗
Hλλ
(Γ (t))
Hλx (Γ (t))
Y (t),
(7.32)
Ẏ (t) =
∗
∗
(Γ (t)) rI(n) − Hxλ
(Γ (t))
− Hxx
with Y (0) = I(n) and Γ (·) is a periodic solution representing the limit cycle.
Now Liouville’s formula (see Proposition 2.76)
"

W (t) = W (0)e

t
0

ˆ
tr J(s)
ds

,

where W (t) = det Y (t) and

 ∗
∗
Hλλ
(Γ (·))
Hλx (Γ (·))
ˆ
J(·) =
∗
∗
(Γ (·)) rI(n) − Hxλ
(Γ (·))
− Hxx
is the Jacobian evaluated along the trajectory Γ (·), allows one to exclude the
existence of stable limit cycles:
Theorem 7.17. Let Γ be a limit cycle of (7.20) with r > 0; then Γ is unstable.
ˆ = nr > 0 for all t. Applying the formula of
Proof. From (7.32) we ﬁnd tr J(t)
Liouville, together with det W (0) = 1, yields
W (Θ) = det M = enrΘ > 1.
By Cor. 2.87 this proves the instability of the limit cycle and concludes the
proof.


Thus the occurring limit cycles are repelling or of saddle-type; in the latter
case the trajectories lying in the stable manifold are candidates for optimal
solutions.

7.5 Continuing the Optimal Solution: Calculating
the Stable Manifold
In the last section we identiﬁed equilibria and limit cycles as important candidates for the long-run optimal solutions of optimal control problems. In
Sect. 2.6.2 we have seen that in the case of equilibria/limit cycles of saddletype a stable manifold exists, which consists of the points from which the
solution converges to these limit sets. For inﬁnite horizon problems stable
paths are candidates for optimal solutions.
In general it is not possible to calculate the stable manifolds explicitly;
therefore eﬃcient algorithms have to be provided to do the computations
numerically. The following subsections address this topic.
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7.5.1 Stable Manifold of an Equilibrium
Given a hyperbolic equilibrium x̂ of saddle-type, the Hartman–Grobman theorem assures that the system is equivalent to its linear approximation in a
(small) neighborhood of x̂. We know from the manifold theorem for ﬂows that
the local stable manifold is tangential to the eigenspace Es (x̂) and exhibits the
same dimension n− , which is the number of eigenvalues ξ satisfying Re ξ < 0.
In other words the linear space Es (x̂) approximates the stable manifold in a
neighborhood of x̂.
From these considerations two numerical approaches can be derived. Both
make use of the property that every trajectory starting at the stable manifold
ﬁnally ends up at the local stable manifold, which is approximately given by
the stable eigenspace; i.e., there exists a local representation of the stable
manifold of the form
Wsloc (x̂) = {x : x = x̂ +

n−


ci νi + o(νi ), Re ξi < 0, ci ∈ R}.

(7.33)

i=1

Es (x̂)
x̂ + εν

x̂

Ws (x̂)

x̂
Es (x̂)

x̂ − εν
Ws (x̂)

Fig. 7.7. In panel (a) the stable eigenspace Es (x̂) and the global stable manifold
Ws (x̂) are depicted, where the IVP approach for the calculation of the stable manifold has been used. Panel (b) shows the initial points for the calculation of the
global stable manifold, approximated by x̂ ± εν

IVP Approach
In the IVP approach (see Fig. 7.7b) the linear approximation of (7.33) is
used to calculate points xs lying on the linearized stable manifold near the
equilibrium x̂ given by
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(7.34)

i=1

.n−
ci νi  ≤ ε and ε is “small.” If we assume that ε is small enough
with  i=1
that the quadratic terms of the approximation can be omitted, the trajectory
x(t) = ϕ−t xs ,

0 ≤ t ≤ T < ∞,

with T > 0, lies in the neighborhood of the stable manifold. Thus, to calculate
points of the (approximated) stable manifold, one has to specify some initial
point xs satisfying (7.34) and solve the IVP in reversed time, i.e., for [0, −T ].
Remark 7.18. Note that the actual values of ε for the neighborhood of x̂ and
T for the integration time depend on the problem.
For the case of a one-dimensional stable manifold, i.e., n− = 1, this simply
reduces to the problem of solving the IVP for
= x̂ ± εν,
x(1,2)
s
where ν is the eigenvector corresponding to the eigenvalue ξ satisfying Re ξ <
0. If ε is small enough, the orbit of the solution gives a good approximation
of the stable manifold.
Remark 7.19. The IVP approach is easy to implement and well adapted for
the computation of one-dimensional manifolds. For higher-dimensional manifolds the numerical eﬀort increases considerably if, e.g., one of the eigenvalues
dominates the others signiﬁcantly in size. In that case one has to calculate
with high accuracy to attain qualitatively good results. In principle it would
also be possible to reduce the initial approximation error by using a quadratic
or higher local approximation of the stable manifold (see, e.g., Ushiki, 1980;
Xue, Teo, Lu, & Mei, 2006), which is not followed here.
However, the IVP approach exhibits another drawback for higher-dimensional
problems. From the setup of an optimal control problem we are interested
in the optimal solution, starting at some initial state x0 . (Note that here
x0 denotes an initial value for the state in the state–costate space of the
optimal control problem.) Thus the problem becomes ﬁnding a point (xs , λs ) ∈
Es (x̂, λ̂) such that
x0 = P ϕ−T (xs , λs ),
where P denotes the projection into the state space; i.e.,
P(x, λ) = x,
which describes a BVP. Therefore the IVP approach can be seen as part of
some shooting method for solving the corresponding BVP.
Summing up, it can be said that the IVP algorithm is well-suited to
the case of ﬁnding a one-dimensional stable manifold. But for the higherdimensional case a BVP approach is often better adapted to the problem
described above.
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BVP Approach
To introduce the BVP approach, let us start with the reformulation of an
optimal control problem, where it is assumed that the stable manifold of the
equilibrium (x̂, λ̂) is of dimension n and is the long-run optimal solution.
Then, given an initial state x(0) = x0 ∈ Rn , we have to ﬁnd a trajectory
(x(·), λ(·)) that satisﬁes the ODEs of the canonical system and converges to
the equilibrium (x̂, λ̂). Using the deﬁnition of the local stable manifold the
last statement can be reformulated so that for some T
(x(T ), λ(T )) ∈ Wsloc (x̂, λ̂),
or approximating Wsloc (x̂, λ̂) by its linearization Es (x̂, λ̂),
(x(T ), λ(T )) ∈ Es (x̂, λ̂).

(7.35)

Thus the problem is reduced to a BVP, where initial condition x(0) = x0 and
terminal condition (7.35) are given.
General Problem
We now return to the general problem of solving a BVP of the form:
ẋ = f (x, μ)
s.t. x (0) = x0 ∈ R
x(T ) ∈ Es x̂(μ),
N−

(7.36a)
n−

(7.36b)
(7.36c)

where N− = {1, . . . , n− } and T > 0 is some ﬁxed (problem-speciﬁc) number
and x̂(μ) is the equilibrium in dependence of the parameter value μ. To solve
this problem we have to ﬁnd an equation describing (7.36c), which is given
by the following proposition (where for notational simplicity we omit the
dependence on the parameter values μ):
Proposition 7.20 (Asymptotic Boundary Condition at an Equilibrium). Let x̂ be a hyperbolic equilibrium of (7.36a), with an n− -dimensional
stable manifold (n− > 0). Then (x − x̂) ∈ Es (x̂) iﬀ x − x̂ is orthogonal to
every eigenvector b of the adjoint problem
ẋ = −fx (x̂) x,
where b corresponds to an eigenvalue ξ of the Jacobian at x̂ with Re ξ > 0.
Then
Es (x̂) = {x : F  (x − x̂) = 0} ,
(7.36d)
with F an n+ × n matrix constituted of all eigenvectors bj corresponding to
Re ξj > 0, and normalized such that bj νj = 1, j = n− +1, . . . , n. The condition
(7.36d) is called an asymptotic boundary condition.
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Remark 7.21. Note that F has full-rank n+ ; therefore the number of independent boundary conditions from (7.36b) and (7.36d) sum to n.
Remark 7.22. In a more general setting it is proved in Pampel (2000) that for
T → ∞ the solution of (7.36) converges to the corresponding stable path.
Remark 7.23. To calculate paths of the unstable manifold the reversed dynamics
ẋ = −f (x, μ)
has to be considered.
If we replace the condition (7.36c) with (7.36d), we have to solve the following
BVP:
ẋ = f (x, μ)
N−

s.t. x

(0) = x0 ∈ R

(7.37a)
n−

Σ(x(T ), x̂(μ), μ) = 0,

(7.37b)
(7.37c)

with Σ(x(T ), x̂(μ), μ) = F (μ) (x − x̂(μ)).
Remark 7.24. If a continuation process, as described in Sect. 7.2, is used to
calculate the solution for a varying parameter μ, the equilibrium x̂(μ) and the
matrix F (μ) have to be recalculated during the continuation process. This may
increase the numerical eﬀort considerably (for details the reader is referred to
Beyn, Pampel, and Semmler 2001).
When analyzing an optimal control problem one often has to solve a BVP of
the form (7.37) for diﬀerent initial states x0 . Given that we already established
N
a solution x1 (·) of (7.37) with initial value x1 − (0) = xs and that we want to
N−
ﬁnd the solution x2 (·) with x2 (0) = xe , we can use one of the continuation
algorithms presented in Sect. 7.2.2. Therefore we continue the solution along
a line connecting xs and xe by varying the continuation parameter γ. During
this process we ﬁnd trajectories x(·, γ):
Deﬁnition 7.25 (Slice Manifold). Let x(·, γ) be a solution of the BVP
(7.37) satisfying
xN− (0, γ) = (1 − γ)xs + γxe ,

L1 ≤ γ ≤ L2 ;

then the function
η(γ) := (x(0, γ))
is called the slice manifold.
In the one-dimensional case the slice manifold coincides with the stable manifold, whereas in the higher-dimensional case it yields the cut through the
stable manifold along the line from the starting point x(0, L1 ) to the endpoint x(0, L2 ).
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Remark 7.26. The slice manifold plays an important role for optimal control
problems. For these problems the state variable x contains the state as well
as the costate variable of the optimal control problem. Then Proposition 3.75
states that the objective value V ∗ (x0 ) of an extremal solution with initial
condition x(0) = x0 only depends on the initial state and costate by
V ∗ (x0 ) =

1 ∗ ∗
H (x (0), λ(0)) .
r

Thus

1 ∗
H (η(γ)) , L1 ≤ γ ≤ L2 ,
r
is the value function for an optimal control problem with initial state x0 (γ) =
(1 − γ)xs + γxe .
How, then, to start the numerical computation of the BVP (7.37)?
Initialization
To initialize a BV-Solver we have to provide an initial solution for the BVP.
A trivial solution for (7.37) with xN− (0) = x̂N− is the equilibrium x̂ itself.
Thus a continuation algorithm of Sect. 7.2 can be used to continue this trivial
solution to an arbitrarily given point xe .
Another possibility is to use the IVP approach p. 350 for calculating a ﬁrst
solution and starting the continuation process for this initial solution.
In the next subsection we consider the computation of the stable manifold
of a limit cycle.
7.5.2 Stable Manifold of Limit Cycles
In Sect. 2.12.1 we have seen that the stable manifold at a point xΓ of the limit
cycle Γ is tangential to the stable eigenspace of the associated monodromy
matrix at xΓ . Thus an analogous approach to the case of an equilibrium can
be used for calculating the stable manifold of a limit cycle. Again an IVP
approach or a BVP procedure can be used for the numerical calculations. But
the BVP approach is more tricky in the case of a limit cycle, as the sought
solution converges to a set (the orbit of the limit cycle) and not just to a single
point.
In the hyperbolic case in which the number n− of eigenvalues ξ corresponds
to stable directions, these are the eigenvalues satisfying |Re ξ| < 1, and the
number n+ of unstable directions satisfying |Re ξ| > 1 sum to n = n− + n+ + 1
(see Sect. 2.12.1). Thus the dimension of the stable manifold is given by n− +1.
IVP Approach
To start the IVP approach we have to choose a point xΓ ∈ Γ of the limit cycle
and calculate the corresponding monodromy matrix M by solving problem
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(7.31). Then the n− eigenvectors νi corresponding to eigenvalues with |Re ξi | <
1 have to be determined.
some arbitrary time T and ε > 0, ci , i = 1, . . . , n− with
.Specifying
n−
 i=1
ci νi  < ε, one can determine a point xs lying on the linear approximation of the stable manifold by
xs = xΓ +

n−


ci νi .

(7.38)

i=1

Solving the ODE (7.31a) with x(0) = xs backward in time [0, −T ] yields a
solution, approximating a path lying on the stable manifold.
This approach suﬀers from the same deﬁciency as its equilibrium counterpart, which is mainly the problem of calculating a solution starting from a
speciﬁc initial point. This becomes more striking in the case of constraints,
as we shall see in Sect. 7.6, since the IVP approach does not make use of
the intrinsically underlying BVP. Nonetheless, it is an easy-to-implement algorithm, and the solution of the IVP problem can, e.g., be used as an initial
solution for the BVP approach.
BVP Approach
Let us now state the underlying problem in full detail. We consider the ODE
ẋ(t) = f (x(t), μ),
exhibiting a limit cycle Γ (μ) (depending on μ) of period Θ. Recall that the
limit cycle Γ (μ) can be represented by any phase-shifted periodic solution
Γ (·, ϕ, μ) (see p. 346).
Hence the problem to ﬁnd a path converging to the limit cycle becomes:
Γ̇ (t, ϕ, μ) = Θ(μ)f (Γ (t, ϕ, μ), μ)

(7.39a)

Γ (0, ϕ, μ) = Γ (1, ϕ, μ)
ẋ = Θ(μ)f (x, μ)
x(T ) ∈ Wsloc (Γ (μ), μ) .

(7.39b)

Next we state an asymptotic boundary condition replacing (7.39b). In the
following proposition we omit the dependence on the parameter μ:
Proposition 7.27 (Asymptotic Boundary Condition at a Limit Cycle). Let Γ (·, ϕ0 ) be a periodic solution of (7.39a) for a ﬁxed phase-shift ϕ0
and xΓ = Γ (0, ϕ). The corresponding limit cycle Γ is hyperbolic with n− > 0
stable eigenvectors. Then (x − xΓ ) ∈ Es (Γ ) at xΓ iﬀ
X(0) (x − xΓ ) = 0,

(7.40)

where X(0) ∈ R(n+ +1)×n is a solution of the adjoint variational matrix equation
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Ẋ(t) = −X(t)Θfx (Γ (t, ϕ)) ,
s.t.

(7.41)

X(1) = ΛX(0),

where Λ is a matrix with eigenvalues ξ satisfying |Re ξ| > 1.
For the proof see Appendix B.9.2.
Remark 7.28. Speciﬁcally the matrix X(0) can be chosen as the adjoint eigenvectors of the monodromy matrix M at xΓ corresponding to eigenvalues ξ with
|Re ξ| > 1 (see Appendix B.9.2).
Remark 7.29. Note that

F = X(0) ,

the matrix describing the asymptotic boundary condition, explicitly depends
on the phase shift ϕ. Hence, in the following we indicate this by writing F (ϕ).
Since we have now solved the problem of describing the asymptotic boundary
condition (7.40), we can replace the condition (7.39b) with
F (ϕ, μ) (Γ (T, ϕ, μ) − x(T )) ,
where for reasons of simplicity we assume T ∈ N yielding
F (ϕ, μ) (Γ (0, ϕ, μ) − x(T )) ,
since by the time-scaling the limit cycle is of period one.
Summing up, we have to consider the following BVP for T ∈ N:
Γ̇ (t, ϕ, μ) = Θ(μ)f (Γ (t, ϕ, μ), μ)

(7.42a)

ẋ = Θ(μ)f (x, μ)

(7.42b)

s.t. x (0) = xs ∈ R
Γ (0, ϕ, μ) = Γ (1, ϕ, μ)

(7.42c)
(7.42d)

ψ (Γ (·, ϕ, μ), ϕ) = 0
Σ (x(T ), Γ (μ), μ) = 0,

(7.42e)
(7.42f)

N−

n−

where
Σ (x(T ), Γ (μ), μ) = F (ϕ, μ) (Γ (0, ϕ, μ) − x(T ))
and F (ϕ) is derived from (7.41).
Examples for the phase-ﬁxing functional ψ (Γ (·, ϕ, μ)) are given below.
Remark 7.30. To admit a general T ≥ 0 we have to change the dynamics of
(7.41) to
Ẋ(t) = −X(t)Θ(μ)fx (ϕ, t + T mod 1)
(which coincides with (7.41) if T ∈ N).
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Assuming that we have already established a solution that satisﬁes the BVP
(7.42), we can use one of the continuation algorithms to continue the solution
along a line analogous to the equilibrium case. But solving the BVP (7.42)
for a new initial value xs or changed parameter value μ is numerically expensive, since the phase-shift may change and therefore needs a recalculation
of F (ϕ). Thus to reduce the computational costs the so-called boundary corrector method can be used; Pampel (2000) proved that this method provides
the same numerical results as the original problem. The boundary corrector
method includes the following steps:
1. The matrix F (ϕi ) is known from a preceding solution step.
2. The BVP (7.42) is solved for the ﬁxed F (ϕi ).
3. F (ϕi+1 ) is recalculated from (7.41) using the solution z(t) from the preceding BVP.
4. Return to point 1.
In the case that the parameter values μ are ﬁxed and only the initial condition
xs changes, the problem can be further simpliﬁed, as we subsequently show.
But ﬁrst we consider the problem of a speciﬁc phase-ﬁxing functional.
Phase-Fixing Functional ψ
Note that (7.42f) explicitly refers to a free phase-shift. This is necessary because the reference point xΓ on the limit cycle for the stable manifold may
vary during the solution process. We therefore have to specify a phase-ﬁxing
functional ψ(z, ϕ). As presented in Beyn et al. (2001), diﬀerent functional
forms are possible, such as
ψ(z, ϕ) := Γ̇0 (0, 0) (z(0) − Γ0 (0, ϕ))
or


ψ(z, ϕ) := f (Γ0 (0, 0)) (z(0) − ϕf (Γ0 (0, 0))) ,
where Γ0 (·, ϕ) is an already known periodic solution of the limit cycle. But
these speciﬁcally chosen functions are only applicable for the case of varying
model-speciﬁc parameters. In the case that the stable manifold is continued for
ﬁxed model parameters, Beyn et al. (2001) propose another functional ψ(z, ϕ).
It is assumed that a two-dimensional stable manifold in a four-dimensional
space is analyzed. Then an arbitrary point x̄ = (x̄1 , x̄2 ) is chosen lying in the
interior of the projected limit cycle. Now we can deﬁne
ψ(z, ϕ) := sin (2π(ϕ + ϕ0 )) (x̄1 − z1 (0)) − cos (2π(ϕ + ϕ0 )) (x̄2 − z2 (0)) ,
(7.43)
where ψ(z, ϕ) denotes the angular change (see Fig. 7.8) relative to some initially given point xΓ , satisfying
ψ(xΓ , 0) = 0.
Next, we present a method that allows avoiding the problem of a changing
phase-shift.
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z(0)

P (ϕ0 )

Γ

xΓ

ϕ0 + ϕ

P (ϕ0 + ϕ)

ϕ0
x̄
Fig. 7.8. The phase-ﬁxing function ψ(z, ϕ) deﬁned in (7.43) is an orthogonality
relation, between the vector x̄ − z(0) and P (ϕ0 + ϕ) = (sin(ϕ0 + ϕ), − cos(ϕ0 + ϕ))

Simpliﬁcation for Fixed Parameter Values μ
Let us consider the problem of solving the BVP (7.42) for diﬀerent initial
states xN− (0). In that case we can reduce the computational costs considerably
if we can assure that we always end up near the same reference point xΓ .
Therefore we free the integration time T and add the new constraint
f (xΓ )(xΓ − x(T )) = 0.
Then the general problem (7.42) can be speciﬁed as a BVP on the time interval
[0, 1]
ẋ = T f (x)
s.t.

(7.44a)

x (0) = xs ∈ R
f (xΓ )(x(T ) − xΓ ) = 0

(7.44b)
(7.44c)

Σ (x(1), Γ ) = 0,

(7.44d)

N−

n−

with
Σ (x(1), Γ ) = F (xΓ − x(1)) ,
where F is derived from the monodromy matrix at xΓ (see Remark 7.28).
This approach has the advantage that the matrix F has to be calculated
only once and does not change during a continuation process. Moreover, the
problem of recalculating the limit cycle is avoided. Thus, instead of solving
the general problem (7.42), it is easier to solve (7.44) as long as the parameter
values do not change.
Initialization
The question to be resolved is how to ﬁnd an initial solution. We therefore
compute a trajectory of the limit cycle on the time interval [0, T ] with T =
nΘ, n ∈ N. Thus we solve the BVP (7.29) with the boundary condition
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Γ (0) = Γ (T ),
and use this trajectory as a ﬁrst trivial solution.
Remark 7.31. In the case of a general time T ≥ 0 we use the boundary condition
Γ (T mod 1) = Γ (T ).
As a further possibility we can solve the IVP for a point given by (7.38) and
use the corresponding trajectory as an initial solution for the BVP.

7.6 Optimal Control Problems with Active Constraints
In Sect. 7.3 we considered solutions of OCN (7.1), where no constraint becomes active. Here we analyze the case in which constraints in the form of
mixed path constraints (7.1d) or pure state constraints (7.1e) become active.
Therefore we restate the necessary conditions for a maximizer provided by
Pontryagin’s Maximum Principle Theorem 3.60:
H(x∗ , u∗ , λ) = max H(x∗ , u, λ)
u

∗

∗

(7.45a)

Lu (x , u , λ) = 0

(7.45b)

λ̇ = −Lx (x∗ , u∗ , λ)

(7.45c)

together with the complementary slackness conditions
μ(t) ≥ 0, μc(x∗ , u∗ ) = 0

(7.45d)

ν(t) ≥ 0, νh(x∗ ) = 0.

(7.45e)

Furthermore, at a junction time t̃ the following corner conditions have to hold:
λ(t̃+ ) = λ(t̃− ) + η(t̃)hx (t̃),

(7.45f)

−

H(t̃ ) = H(t̃ ) − η(t̃)ht (t̃),
+

with η(t) ≥ 0 and η(t)h(t) = 0. The Lagrangian L is given by
L(x, u, λ, μ, ν) = H(x, u, λ) + μ(t)c(x, u) + ν(t)h(x).
By Assumption 7.5, the constraint qualiﬁcation is satisﬁed (see Sect. 3.6).
To completely analyze a system that includes constraints, one has to consider the possible combinations of constraints and the corresponding forms of
the representations of the canonical system. Then each of these systems has to
be analyzed separately by locating the equilibria and limit cycles, respectively,
and computing the corresponding stable paths. During these calculations the
continued solutions might reach points, for which some necessary condition is
violated. These points are so-called junction points (see Sect. 3.6). At these
junction points the system has to be switched. From an applied point of view
this leads to a multi-point BVP. The implementation of these steps in the
concrete case is the subject of the following subsections. To simplify the presentation we consider mixed path and pure state constraints separately.
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7.6.1 The Form of the Canonical System for Mixed Path
Constraints
In the case that mixed path constraints are given, only (7.45a)–(7.45d) have
to be considered. We assume that the constraint c(x, u) = 0 holds,5 then the
following conditions have to be satisﬁed:
c(x, u) = 0
Lu (x, u, λ, μ) = 0
μ(·) ≥ 0, μc(x, u) = 0

(7.46a)

cu (x, u) is invertible.

(7.46b)

For a boundary arc the control value is given by a continuously diﬀerentiable
function u∗ (x). This follows from the constraint qualiﬁcation (7.46b) together
with the implicit function theorem. Equations (7.46a) and (7.46b) yield for
the Lagrange multiplier μ(t)
Lu = 0

iﬀ μ = −Hu∗ c−1
u .

Thus the corresponding canonical system is given by
ẋ = f (x, u∗ (x, λ))

(7.47a)

λ̇ = rλ − Hx∗ + Hu∗ c−1
u cx .

(7.47b)

Remark 7.32. The Jacobian of (7.47),

 ∗
L∗λλ
Lλx
ˆ
,
J(x̂, λ̂) =
− L∗xx rI(n) − L∗xλ
exhibits the same structure as in the unconstrained case. Thus the restriction
for the dimension of the stable manifold, Theorem 7.10, and the instability of
limit cycles, Theorem 7.17, also holds true for the system (7.47).
7.6.2 The Form of the Canonical System for Pure State
Constraints
In the case that only the pure state constraint h(x) = 0 is active,6 the following
conditions are satisﬁed:
h(x) = 0

(7.48)

Lu (x, u, λ, ν) = 0
ν(·) ≥ 0, νh(x) = 0
du (x, u) = 0
5

6

If only some of the mixed path constraints are active, we agree in denoting these
active constraints by the same variable c.
If only some of the pure state constraints are active, we agree in denoting those
active constraints by the same variable h.
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where du (x, u) is the total time derivative of h(x) (see Deﬁnition 3.56).
Since the pure state constraint (7.1e) do not explicitly depend on the
control variable u, the equation
0 = Lu = Hu
does not contain the Lagrange multiplier ν. Thus, to derive an explicit expression for the multiplier ν(·), we consider the total time derivative of Lu ,
yielding
d
d
Lu (x, u, λ) = Hu (x, u, λ) = 0.
dt
dt
This can explicitly be written as
d
d
d
Hu = gu + λ fu + λ̇fu
dt
dt
dt
d
d
= gu + λ fu + (rλ − Hx − νhx ) fu
dt
dt
d
d
= gu + λ fu + (rλ − Hx ) fu − νhx fu
dt
dt
d
d
= gu + λ fu + (rλ − Hx ) fu − νdu .
dt
dt

0=

(7.49)

By Assumption 7.4 the state constraint is of order one and satisﬁes the constraint qualiﬁcation
du (x, u) = 0,

for all t ∈ [t, t̄].

Using (7.49), we can therefore express the Lagrange multiplier by


d
d
gu + λ fu + fu (rλ − Hx ) d−1
ν=
u .
dt
dt
By the implicit function theorem, and Assumptions 7.4 and 7.5, it is assured
that at the time interval (t, t̄) the kth coordinate of the optimal control value
u∗ can be written as a function of x and is diﬀerentiable with respect to x.
Using the chain rule, this proves that u̇ exists on the interval (t, t̄), yielding
d
gu = guu u̇ + gux ẋ
dt
d
fu = fuu u̇ + fux ẋ.
dt
Hence we have ﬁnally found an explicit representation of the canonical system
ẋ = f (x, u∗ (x, λ))
λ̇ = rλ − Hx∗ − νhx .
Now we turn to the important question of joining interior and boundary arcs
at junction points.
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7.6.3 Solutions Exhibiting Junction Points
In the numerical analysis of a system exhibiting an interior as well as a boundary arc, the focus lies on the junction point, where the switching between the
boundary and the interior arc takes place or vice versa. Pontryagin’s Maximum Principle Theorem 3.60 for problems with constraints provides further
conditions, which have to be satisﬁed at these points, resulting in a multipoint BVP. Thus we have to analyze a system of the following structure,
where we assume an entry point x for reasons of notational simplicity. The
following arguments also hold true for an exit point; only the order of interior and boundary arc changes. Let 0 < t < ∞ be the entry time; then the
following system has to be considered (note that the ﬁrst n coordinates of
i
x , i = 1, 2 denote the states and the last n coordinates the costates of the
optimal control problem):
 
1
(7.50a)
ẋ = 1f 1x , t ∈ [0, t], 1x ∈ R2n
2 
2
2
2
2n
ẋ = f x , t ∈ (t, ∞), x ∈ R
(7.50b)
x (0) = x0 ∈ Rn , N = {1, . . . , n}


Ψ 1x (t), 2x (t) = 0


Σ 2x (T ), ω = 0,
1 N

(7.50c)
(7.50d)
(7.50e)

where (7.50a) is the canonical system for the interior arc, (7.50b) is the dynamics at the boundary arc, (7.50c) denotes the initial condition, (7.50d) characterizes the corner conditions (see Sect. 3.6.2) at the entry point, which are
subsequently speciﬁed in more detail, and ﬁnally (7.50e) is the usual asymptotic boundary condition.
Corner Conditions and the Two-Point BVP
Under the Assumptions 7.1–7.6, system (7.50) yields the following multi-point
BVP:
 
1
ẋ = 1f 1x , t ∈ [0, t]
 
2
ẋ = 2f 2x , t ∈ [t, T ]
s.t.

x (0) = x0 ∈ Rn


Ψ 1x (t), 2x (t) = 0


Σ 2x (T ), ω = 0,
1 N

where T is the truncation time and Σ the usual asymptotic boundary condition. For specifying the corner conditions Ψ at an entry (junction) point we
distinguish between the mixed path and pure state constraints.
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Corner Conditions for Mixed Path Constraints
In the case of mixed path constraints the corner conditions simply reduce to
the postulation of continuity for both the state and the costate at the entry
time t as well as the continuity of the Hamiltonian (see Sect. 4.4), yielding
1 N

x (t) = 2xN (t)

1 Nc

c

(t) = 2xN (t), N c = {n + 1, . . . , 2n}




H∗ 1x (t) = H∗ 2x (t) .
x

Thus the corner condition Ψ becomes
⎛
⎞
2 N
x (t) − 1xN (t)
1

c
c
Ψ x (t), 2x (t) := ⎝ 2xN (t)
− 1xN (t)  ⎠ .

H∗ 1x (t) − H∗ 2x (t)

(7.51)

(7.52)

The equation for the continuity of the Hamiltonian at an entry (junction)
point allows us to determine the entry time t, which is a free variable of the
corresponding BVP.
Corner Conditions for Pure State Constraints
In the case of pure state constraints the costates as well as the Hamiltonian may exhibit a discontinuity at the entry time t of the form (7.45f) (see
Sect. 4.4), yielding
1 Nc

c

(t) = 2xN (t) + ηhx (t), N c = {n + 1, . . . , 2n}




H∗ 1x (t) = H∗ 2x (t) − ηht (t),
x

with η ≥ 0. But in our case the possible discontinuity of the Hamiltonian
reduces to continuity since, by assumption, the state constraint does not explicitly depend on time (see (7.48)).
Contrary to the problem with mixed path constraints, we have to consider
an additional variable η. Thus to state a well-deﬁned BVP, an additional
condition has to be provided. Therefore we recall that the states have to be
continuous, i.e.,
1 N
x (t) = 2xN (t)
yielding
h

1 N 
x (t) = 0.

(7.53)

This last condition states that at the entry time t the state constraint has to
hold also for the interior arc.
Summarizing these equations, we ﬁnd the following corner conditions
⎞
⎛
2 N
x (t) − 1xN (t)
c
c
⎜ 2xN (t) − 1xN (t) + ηhx (t)⎟





 ⎟
Ψ 1x (t), 2x (t) := ⎜
(7.54)
⎝ H∗ 1x (t) − H∗ 2x (t) ⎠ .
1 N 
h x (t) .
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Stating the Two-Point BVP of (7.50)
For the speciﬁed corner conditions in the form (7.52) or (7.54) the BVP (7.50)
becomes a well-deﬁned multi-point BVP. This can be transformed into a twopoint BVP as shown in Sect. 7.1.4, ﬁnally yielding:
 
1
ẋ = t̄ 1f 1x , t ∈ [0, 1]
 
2
ẋ = (T − t̄) 2f 2x , t ∈ [0, 1]
x (0) = x0 ∈ Rn


Ψ 1x (1), 2x (0) = 0


Σ 2x (1), ω = 0
1 N

s.t.

where Ψ denotes the corner conditions and Σ denotes the asymptotic conditions for converging to the limit set ω.
Remark 7.33. In our presentation of the corner conditions we considered the
special case of an entry point. But the results also hold true for an exit point,
where only the succession of interior and boundary arcs interchange. Thus the
condition (7.53) has to be replaced by


h 2xN (t̄) = 0.
Remark 7.34. The case of only one junction point, presented here, can immediately be generalized to the case of i ∈ N junction points. Therefore only the
additional dynamics
 
j
ẋ = jf j x , j = 1, . . . , i + 1
with the corresponding corner conditions have to be considered.
Remark 7.35. If Assumption 7.2 is strengthened so that the Hamiltonian satisﬁes Huu < 0 for all u, and the constraint qualiﬁcation Assumption 7.5 is
satisﬁed, then the corner condition (7.51) for mixed path constraints reduces
to


c 1xN (t) = 0, entry time t
or
μ

1 N 
x (t̄) = 0,

exit time t̄.

In the case of pure state constraints the costates are continuous, yielding η = 0
and therefore the continuity condition of the Hamiltonian is superﬂuous and
the conditions on the costates can be replaced by
2 Nc

x

c

(t) = 1xN (t),

entry time t

or
ν

1 N 
x (t̄) = 0,

exit time t̄.
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Locating a Junction Point
For reasons of simplicity we now consider the case of an exit point and assume
that the Hamiltonian is negative deﬁnite for all u. Then the corner conditions
can be replaced by those stated in Remark 7.35.
The usual way of encountering an exit point is during a continuation process, in which we continue a solution until a constraint is violated.
Let us therefore suppose that at step i > 1 of a continuation process we
have found the solution xi (·), with xi (0) = xi,0 ∈ Rn , satisfying the constraints
Υ (xi+1 (0)) ≥ 0. But at the next step one of these conditions is violated, i.e.,
Υ (xi+1 (0)) < 0, where Υ is a mixed path or pure state constraint. By a
continuity argument we can assume that in the neighborhood of xi+1 (0) there
exists a solution x(·) satisfying
Υ (x(0)) = 0.

(7.55)

Therefore a straightforward way to ﬁnd this solution is to free one of the
variables of xN , say xj , and search along the jth coordinate for a solution
(j)
satisfying (7.55) and xN{j} (0) = x0 , where N{j} = N \ {j}.
Remark 7.36. For the more general case Assumption 7.2 it may occur that
the maximum of the Hamiltonian is achieved for an interior control value
u∗int as well as for a boundary value u∗bound , satisfying c(u∗bound , x) = 0. Thus
also the maximum condition on the Hamiltonian has to be veriﬁed at each
continuation step.
Finding a Curve of Junction Points
The previous method for locating a junction point can easily be adapted to
ﬁnd a curve of junction points, i.e., to calculate an entire curve l(γ) ∈ Rn and
γ ∈ [L1 , L2 ] satisfying Υ (l(γ)) = 0 for all γ. Therefore one only has to use
one of the continuation algorithms in which, e.g., one coordinate serves as the
continuation parameter.
Continuing a Solution from a Junction Point
Let us assume that during a continuation process we have computed a solution
x(·) satisfying the (interior) dynamics
ẋ = finter (x, u∗ (x)), [0, ∞)
at time zero exhibiting a point, where a constraint becomes active. The canonical system representing the system for this active constraint is denoted as
fbound . Deﬁning 2x (t̄ + ·) = x(·) then 2x (t̄) = x(0) denotes the values of the
interior arc at exit time t̄. Setting 1x ≡ x̄, we have constructed a solution for
the BVP (7.50) with t̄ = 0. This solution can then be continued by one of the
continuation processes described in Sect. 7.2.
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7.7 Retrieving DNSS Sets
In Chap. 5 we scrutinized the phenomenon of multiple or history-dependent
solutions. In general a point exhibiting multiple optimal solutions points exhibiting multiple optimal solutions can only be computed numerically. The
underlying algorithms are presented in the following sections.
7.7.1 Locating a DNSS Point
A DNSS point xI was characterized (see Deﬁnition 5.9) by the property that
there exist two diﬀerent trajectories (xi (·), λi (·)), i = 1, 2, with x1,2 (0) = xI
converging to diﬀerent limit sets ω1 = ω2 and satisfying
V ∗ (x1 (0)) = V ∗ (x2 (0)) .
Using Proposition 3.75, we can rewrite the last condition as
H (x1 (0), λ1 (0)) = H (x2 (0), λ2 (0)) .

(7.56)

Remark 7.37. Note that if ω1 = ω2 the corresponding point xI is an indiﬀerence but not a DNSS point. Anyhow, the following argumentation also holds
true, and from a computational point of view we shall not distinguish between
these cases.
Formulating the BVP
Setting
i

x (·) := (xi (·), λi (·))

i

ω := ωi , i = 1, 2


Ψ 1x (0), 2x (0) := H (x1 (0), λ1 (0)) − H (x2 (0), λ2 (0))
N := {1, . . . , n}, N{i} := N \ {i}, 1 ≤ i ≤ n
and denoting the corresponding canonical system as f , we can formulate the
problem as a BVP of the following form:
 
1
(7.57a)
ẋ = f 1x , t ∈ [0, T1 ]
2 
2
ẋ = f x , t ∈ [0, T2 ]
(7.57b)
s.t.

1 N{i}

x

N

(0) = 2xN{i} (0) = x0 {i} ∈ Rn−1

x (0) − x (0) = 0


Ψ 1x (0), 2x (0) = 0


Σ1 1x (T1 ), 1ω = 0


Σ2 2x (T2 ), 2ω = 0.
1 i

2 i

(7.57c)
(7.57d)
(7.57e)
(7.57f)
(7.57g)
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The ﬁrst two equations (7.57a–7.57b) deﬁne the dynamics of the corresponding paths where T1 and T2 , respectively, are the truncated time intervals. The
third equation (7.57c) ﬁxes n − 1 of the initial state variables for both 1xi (0)
N
and 2xi (0) at x0 {i} , whereas (7.57d) frees the ith coordinate of the initial
state variables but assures that both paths start from the same initial state.
The next equation (7.57e) provides the usual DNSS point condition, i.e., that
both solutions exhibit the same objective value. The last equations (7.57f)
and (7.57g) denote the asymptotic boundary conditions.
In the vein of Sect. 7.1.4 the multi-point BVP (7.57) can be transformed
into a two-point BVP:
 
1
ẋ = T1 f 1x , t ∈ [0, 1]
(7.58a)
2 
2
ẋ = T2 f x , t ∈ [0, 1]
(7.58b)
s.t.

1 N{i}

x

N

(0) = 2xN{i} (0) = x0 {i} ∈ Rn−1

x (0) − x (0) = 0


Ψ 1x (0), 2x (0) = 0


Σ1 1x (1), 1ω = 0


Σ2 2x (1), 2ω = 0.
1 i

2 i

(7.58c)
(7.58d)
(7.58e)
(7.58f)
(7.58g)

Remark 7.38. The BVP (7.58) can easily be adapted to problems in which
constraints have to be considered. Therefore only the corresponding system
dynamics and corner conditions have to be added.
Initializing the BVP
After the problem formulation an important step is to provide an initial solution for the BV-Solver. We present the case of a one- and higher-dimensional
model separately, although we do this only for the sake of convenience and
not because of theoretical need.
One-Dimensional Models
For one-state models the existence of at least two saddles is a necessary condition for the existence of a DNSS point. For simplicity we assume two saddles.
Thus to locate a DNSS point we ﬁrst have to compute the stable manifolds
for these saddles using the IVP or BVP approach. If there exists a region in
the state space where the stable manifolds of both equilibria exist, we have
to compare the corresponding Hamiltonians evaluated along the stable manifolds. If these curves intersect, the intersection point satisﬁes (7.56) and (if we
assume there is no other superior solution) is therefore a DNSS point. The intersection of the Hamiltonian of the stable manifolds can be realized by some
interpolation algorithm, or the solutions near such an intersection point can
be used as an initial solution for the BVP (7.58), which is then solved.
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Two-Dimensional Models
For two-dimensional models the optimal solution may not only converge to
an equilibrium but also to a limit cycle. Assuming that there exist two limit
sets ωi , i = 1, 2, of saddle-type with a two-dimensional stable manifold, we
can use a similar strategy as for the one-dimensional case.
Therefore we consider two states x̂i ∈ ωi from each of the limit sets and
continue the stable manifold of ω1 with reference point x̂1 to the point x̂2
and vice versa. If there exists a region at the connecting line from x̂1 to
x̂2 where the stable manifold exists for both limit sets, we can compare the
Hamiltonians evaluated along the corresponding slice manifolds (see Deﬁnition
7.25). If the corresponding curves intersect, the intersection point xI satisfying
(7.56) yields a DNSS point (assuming there is no other superior solution). The
solutions starting at the intersection point xI provide an initial solution for a
continuation problem considered in the next subsection.
Remark 7.39. Assuming that for a model of dimension n > 2 only equilibria
and limit cycles appear as long-run optimal solutions, the method presented
here can also be applied to this higher-dimensional case.
7.7.2 Continuing a DNSS Point
If there exists a DNSS point xI in a two-dimensional model, generically there
exists a DNSS curve in some neighborhood of xI (see, e.g., Beyn et al., 2001).
Using the solutions starting at xI , which are calculated during the DNSS
point search, one can use a continuation algorithm to calculate a DNSS curve
from BVP (7.58). For higher-dimensional models (n > 2) this algorithm can
be used to compute curves lying in the DNSS hyper-surface.

7.8 Retrieving Heteroclinic Connections
Let us consider the system
ẋ(t) = f (x(t), μ0 ),

x ∈ R2n , μ ∈ R,

(7.59)

where it is assumed that (7.59) exhibits two equilibria x̂1 and x̂2 , that both
are saddles having n-dimensional stable and unstable manifolds, respectively,
and that both exhibit a heteroclinic connection of the equilibria. Subsequently
we shall formulate the corresponding BVP, which will allow us to compute
the heteroclinic connection and continue it in the parameter space.
7.8.1 Locating a Heteroclinic Connection
Let us assume that we do not know the exact parameter value μ0 , for which
the heteroclinic connection exists. Then we have to ﬁnd μ0 such that there
exists some x0 ∈ R2n satisfying
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(7.60a)

t→∞

lim ϕt x0 = x̂2

(7.60b)

t→−∞

(see Deﬁnition 2.53).
To solve this problem we augment to the ODE (7.59) the μ as a new
variable with the dynamics
μ̇ = 0.
Then we consider the following BVP:
 
1
ẋ = f 1x
 
2
ẋ = −f 2x
μ̇ = 0
s.t.

1 N{i}

x

1 i

(7.61a)
(7.61b)
(7.61c)

(0) = 2xN{i} (0)
2 i

x (0) = x (0) =

xi0

∈ R,

(7.61d)
(7.61e)

where the solutions 1x (·) and 2x (·) satisfy the conditions (7.60) and xi0 is
some ﬁxed value.
Applying the usual truncation method, we can transform the problem
(7.61) into a multi-point BVP, which can ﬁnally be restated as the following
two-point BVP:
 
1
ẋ = T1 f 1x , t ∈ [0, 1]
 
2
ẋ = −T2 f 2x , t ∈ [0, 1]
μ̇ = 0
s.t.

1 N{i}

x

(0) = 2xN{i} (0)

x (0) = 2xi (0) = xi0 ∈ R

1 i

Σ1 ( 1x (1), 1ω , μ)
Σ2 ( 2x (1), 2ω , μ)
where Σi , i = 1, 2 are the asymptotic boundary conditions for (7.60).
7.8.2 Continuing a Heteroclinic Connection in Parameter Space
To continue an already detected heteroclinic connection, it is necessary that
the number of parameters p be greater than one. In that case we can ﬁx p − 2
parameter values and keep the two others μi1 and μi2 free. Then we can apply
one of the continuation algorithms described in Sect. 7.2 to ﬁnd the curve in
the (μi1 , μi2 )-plane where a heteroclinic connection exists.
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7.9 Numerical Example from Drug Control
The following model has already been introduced as an exercise in Chap. 6.
For an interpretation of this model we therefore refer the reader to Exercise
6.6 or Caulkins et al. (2006). In this section we use the model as an example
of some of the algorithms presented in this chapter. The model is given by:
∞

max
U (·)



e−rt −αN U − β(N U )2 − ρN − νP N (b − f P ) (1 − U ) dt

0

s.t. Ṅ = θ − δN − aU N

(7.62a)

Ṗ = P ((1 − U ) (b − f P ) − θ/N )
0≤U ≤1

(7.62b)
(7.62c)

P (0) = P0 > 0,

(7.62d)

N (0) = N0 > 0,

and the base-case parameters are summarized in Table 7.2.
Table 7.2. Set of base-case parameters for model (7.62)
r

a

α

b

β

δ

f

ν

ρ

θ

0.03

0.09125

4014

2.08

1

0.09125

6.93

2000

6000

183

7.9.1 Stating the Necessary Conditions
We only consider the normal case, λ0 = 1, as is done in Caulkins et al. (2006),
and therefore derive the Hamiltonian
H (N, P, U, λ1 , λ2 ) = −αN U − β(N U )2 − ρN − νP N (b − f P ) (1 − U )
+λ1 (θ − δN − aU N )
+λ2 (P ((1 − U ) (b − f P ) − θ/N )) ,

(7.63)

and the Lagrangian
L (N, P, U, λ1 , λ2 , μ1 , μ2 ) = H (N, P, U, λ1 , λ2 ) + μ1 U + μ2 (1 − U ) .
From (7.63) we ﬁnd
HUU = −2βN > 0,
as long as N > 0, which is guaranteed by the state dynamics (7.62a) and the
initial condition (7.62d). Thus the optimal control value in the interior of the
control region [0, 1] is uniquely given by HU = 0, yielding
U ∗ (N, P, λ1 , λ2 ) =
−

αN + aλ1 N + bλ2 P − bN νP − f λ2 P 2 + f N νP 2
. (7.64)
2βN 2
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From the derivative of the control constraints with respect to the control U
we see that the matrix


1
u
0
−1 0 1−u
has full rank, validating the constraint qualiﬁcation. Thus the Lagrange multipliers μ1 and μ2 can be derived from LU = 0, yielding
μ1 = αN − νP N (b − f P ) + λ1 aN − λ2 P (−b + f P )
μ2 = −αN − 2βN 2 + νP N (b − f P ) − λ1 aN + λ2 P (−b + f P ) .
Next, we consider the representations of the canonical system for every possible combination of active constraints. Since both control constraints cannot
become active at the same time, we ﬁnd the three cases U = 0, U ∈ (0, 1),
and U = 1, which are analyzed subsequently.
For an interior arc the canonical system is written as
Ṅ = θ − δN − aU ∗ N


θ
∗
Ṗ = P (1 − U ) (b − f P ) −
N


θ
λ̇1 = rλ1 + ρ − λ2 P 2 + ν bP − f P 2 (1 − U ∗ ) + αU ∗
N
2
+ 2βN (U ∗ ) − λ1 (−δ − aU ∗ )


θ
∗
∗
λ̇2 = rλ2 − λ2 − − f P (1 − U ) + (b − f P ) (1 − U )
N
+ ν (bN − 2f N P ) (1 − U ∗ ) ,

(7.65a)
(7.65b)

(7.65c)

(7.65d)

with U ∗ given by (7.64).
For the boundary arc with U = 0 the canonical system becomes
Ṅ = θ − δN


θ
Ṗ = P b − f P −
N


θ
λ̇1 = rλ1 + ρ − λ2 P 2 + ν bP − f P 2 + δλ1
N


θ
λ̇2 = rλ2 − λ2 − − f P + (b − f P ) + ν (bN − 2f N P ) ,
N

(7.66a)
(7.66b)
(7.66c)
(7.66d)

and for the canonical system for U = 1 we ﬁnd
Ṅ = θ − δN − aN


θ
Ṗ = P −
N
θ
λ˙1 = rλ1 + ρ − λ2 P 2 + α + 2βN − λ1 (−δ − a)
N
θ
λ˙2 = rλ2 + λ2 .
N

(7.67a)
(7.67b)
(7.67c)
(7.67d)
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Remark 7.40. From a theoretical point of view writing (7.66) and (7.67) seems
to duplicate work, since these equations are already contained within (7.65).
But this notation helps one to keep track when one is stating the BVP moreover, this schema is better adapted to the situation when the Hamiltonian is
not strictly concave with respect to U .
7.9.2 Equilibria of the Canonical System
Next, we calculate the equilibria for the three representations of the canonical
system.
Setting the dynamics (7.65) to zero, we get from (7.65c) and (7.65a) explicit formulas for the variables λ1 and λ2 with respect to the states N and
P ; i.e.,
λ̂1 = λ1 (N, P ), and λ̂2 = λ2 (N, P ).
Substituting these expressions into (7.65b), we can ﬁnd the following values
for P̂
P̂ 1 = 0
P̂ (N ) =

abN + bδN − aθ − bθ
.
f (aN + δN − θ)

(7.68)

For P̂ 1 the corresponding stationary state N̂ 1 and costates λ̂11,2 can explicitly
be calculated, a task that is left as an exercise for the reader (see Exercise
7.7).
Substituting P for (7.68) in the functional forms of λ1,2 (N, P ) and inserting these expressions into (7.65d) yields an equation for the state N , (in
Exercise 7.7 this equation is denoted as Ω(N )). This equation cannot be
solved analytically; therefore the corresponding roots have to be calculated
numerically.
For the equilibria at the boundary of the control region the reader is invited
to ﬁnd their explicit expressions (see Exercise 7.7).
After this preparatory work we can start analyzing the model numerically.
But ﬁrst we refer the reader to our implicit assumption, which is, in accordance
with Caulkins et al. (2006), that an optimal solution of the model converges
to an equilibrium, which will not be proved here. Thus strictly speaking, any
conclusion about the models optimal solution is stated under the premise that
the assumption is valid.
7.9.3 Numerical Analysis
We consider two diﬀerent cases by changing the parameter value ν. Thus we
start with the base-case (ν = 2, 000) and compare it with ν = 12, 000. The
canonical systems for both of these two parameters are locally topological
orbital equivalent (see Sect. 2.4.3), i.e., they exhibit the same number and
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type of equilibria for each representation. From Tables 7.3 and 7.4 we infer
that the equilibria at the boundary of the control region drop can be excluded
since the corresponding Lagrange multipliers are negative. The equilibrium at
the interior region ÊI1 also drops out, since the corresponding optimal control
is larger than one. Thus only ÊIi , i = 2, . . . , 5, remain as possible candidates.
From these remaining four equilibria ÊI3 exhibits only a one-dimensional
stable manifold whereas the others exhibit a two-dimensional stable manifold.
ÊI5 can only be reached if we already start at some P (0) = 0 (see Exercise
7.7). Thus the main candidates for long-run optimal solutions are ÊI2 and ÊI4 .

Table 7.3. Equilibria and their properties for ν = 2, 000. The values, which
are crossed out, denote the violation of either the nonnegativity condition of the
Lagrange multipliers or the control constraint
Descr.

ÊI1

ÊI2

ÊI3

ÊI4

ÊI5

Ê01

Ê01

Ê11

N̂ × 103 0.9240 1.0503 1.0801 1.7450 1.7547 2.0055 2.0055 1.0027
P̂
0.4677 0.0226 0.1296 0.2824 0.0000 0.0000 0.2870 0.0000
λ̂1 × 104 −5.7304 −5.6114 −5.5834 −4.9576 −4.9485 −4.9485 −4.9536 −5.6562
0
λ̂2 × 107 0.5308 −1.5213 −0.1108 0.6425 0.7591 0.8519 0.7540
Û
//
1.1705
/////// 0.9094 0.8567 0.1492 0.1429 0.0000 0.0000 1.0000
Re ξˆ1 −1.3264 −0.1217 −0.1710 1.6856 −1.6485 −1.9588 0.1213 0.2125
1.3564 −0.1217 0.0150 −1.6556 −0.0912 −0.0912 2.0187 −0.1825
Re ξˆ2
Re ξˆ3 −0.1862 0.1517 0.0150 −0.0905 0.1212 0.1213 −1.9888 −0.1825
0.2162 0.1517 0.2010 0.1205 1.6785 1.9888 −0.0912 0.2125
Re ξˆ4
/////////// −1.0278
/////////// 0.0000
μ̂1 × 106 0.0000 0.0000 0.0010 0.0000 0.0000 −1.0057
μ̂2 × 105 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 −0.8605
///////////

In the following subsections we analyze the optimal vector ﬁeld for the two
cases. Every step in the solution process accomplished for the ﬁrst time will
be written down in full detail with reference to the corresponding sections,
where the reader can ﬁnd the theoretical background.
7.9.4 Optimal Vector Field for ν = 4,000
First, we try to continue the stable paths converging to ÊI2 along the line
connecting ÊI2 and ÊI4 , and vice versa, using the BVP approach presented in
Sect. 7.5.1. Thus we ﬁx the truncation time, T = 1, 000, and ﬁnally we want
to solve the BVP with interior dynamics:
ẋ = 1, 000f (x),

x = (N, P, λ1 , λ2 )

(7.69a)
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Table 7.4. Equilibria and their properties for ν = 12, 000. The values, which
are crossed out, denote the violation of either the nonnegativity condition of the
Lagrange multipliers or the control constraint
Descr.

ÊI1

N̂ × 103
P̂
λ̂1 × 104
λ̂2 × 107
Û
Re ξˆ1
Re ξˆ2
Re ξˆ3
Re ξˆ4
μ̂1 × 106
μ̂2 × 105

0.8721
0.4012
−5.7792
1.3591
/1.2996
////////
−1.6532
1.6832
−0.1844
0.2144
0.0000
0.0000

ÊI2

ÊI3

ÊI4

ÊI5

Ê01

Ê01

Ê11

1.0475
1.1558
1.7240 1.7547 2.0055 2.0055 1.0027
0.0053
0.2139
0.2818 0.0000 0.0000 0.2870 0.0000
−5.6141 −5.5121 −4.9774 −4.9485 −4.9485 −4.9640 −5.6562
−6.5026
0.7691
1.8995 2.2772 2.5555 2.2620 0.0000
0.9145
0.7351
0.1633 0.1429 0.0000 0.0000 1.0000
−0.1293
0.0150
1.6352 −1.6485 −1.9588 0.1213 0.2125
−0.1293
0.0150 −1.6052 −0.0912 −0.0912 2.0187 −0.1825
0.1593 −0.2078 −0.0887 0.1212 0.1213 −1.9888 −0.1825
0.1593
0.2378
0.1187 1.6785 1.9888 −0.0912 0.2125
0.0000 0.00100 0.0000 0.0000 −1.0057
/////////// −1.0720
/////////// 0.0000
0.0000
0.0000
0.0000 0.0000 0.0000 0.0000 −0.8605
///////////

given by (7.65) satisfying the initial condition
x1 (0) = N̂I4 ,

x2 (0) = P̂I4

(7.69b)

⎞ ⎛ 2 ⎞⎞
N̂I
x1 (1)
2 ⎟⎟
⎜
⎜
⎟
⎜
⎜x2 (1)⎟ ⎜ P̂I ⎟⎟
F ⎜
⎝⎝x3 (1)⎠ − ⎝λ̂2 ⎠⎠ .
1I
x4 (1)
λ̂22I

(7.69c)

and the asymptotic boundary condition
⎛⎛

To ﬁnd the matrix F we take the eigenvectors of the transposed Jacobian matrix at ÊI2 corresponding to the positive eigenvalues (see Sect. 7.5.1) yielding


− 0.0000176788 −0.9999999654 0.0002624966 0.0000000034

.
F =
0.0019074544
0.9999981807 0.0000142733 −0.0000005043
Even though this matrix lacks mathematical beauty, it does the job. Next, the
BVP (7.69) has to be solved. But until now we only have information about
the equilibria. Thus we set
 4
 2
N̂I
N̂I
x0 (γ) = (1 − γ)
+γ
P̂I2
P̂I4
and add
γ̇ = 0

(7.70)

7.9 Numerical Example from Drug Control

375

to the dynamics (7.69a) and solve the augmented system for the initial conditions
γ(0) = γi ,
1,2

x

i≥0

(0) = x0 (γ),

where γi = γi−1 + σ, i > 0, with a ﬁxed σ and the initial value γ0 = 0 (see the
exogenous continuation algorithm Sect. 7.2). But for this new BVP x ≡ ÊI2
is a trivial solution and a BV-Solver can start the continuation process. The
result of this computation is depicted in Fig. 7.9a, where the solid line x1,2 (·, 1)
is the state path converging to ÊI2 . We have therefore numerically proved
that there exists an extremal state trajectory x(·) converging to ÊI2 when
starting at a point, which coincides with the state values of ÊI4 . Comparing
the Hamiltonians of the equilibrium ÊI4 and x(0), we ﬁnd the latter to be
larger. Thus we have numerically proved that the trajectory converging to ÊI2
is superior to the equilibrium solution ÊI4 . Therefore ÊI4 can be excluded as a
long-run optimal solution.

Fig. 7.9. In panel (a) the paths (solid curves) projected into the state space and
lying in the stable manifold of the corresponding equilibria are depicted. These paths
are solutions of a continuation process along the dashed lines. Panel (b) shows the
solution trajectory starting at x2γs , where the gray curve denotes the boundary
arc and the black curve the interior arc of the solution. This curve is the result
of a continuation process along the dashed line, where at x2γs the BVP for the
continuation has to be augmented for including an exit point

The same procedure depicted in Fig. 7.9a for the connecting line from ÊI2
to ÊI3 excludes the third equilibrium as an optimal solution. This shows that
the second equilibrium is the only long-run optimal solution, provided that
every optimal solution converges to an equilibrium.
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Next, we analyze the optimal solution for some other initial point. For this
we choose the arbitrary point of the state space Ne = 100 and Pe = 0.05 and
continue the solution along the connecting line by the same approach as before
(see Fig. 7.9b). The algorithm yields admissible results until the continuation
parameter γs = 0.74273 is reached. At this step control of the corresponding
solutions trajectory x(·, γs ) becomes U = 1.00001, violating the control constraint. Thus we expect that the solution for γ > γs starts with maximum
control until an exit point is reached, where the optimal control switches to
the interior control region. Using the approach presented in Sect. 7.6.3, we
formulate a new BVP by doubling the number of variables. In this BVP the
ﬁrst four variables stand for the boundary arc and the other four variables for
the interior arc. This can explicitly be written as
 
1
(7.71a)
ẋ = t̄ 1f 1x , t ∈ [0, 1]


2
ẋ = (T − t̄) 2f 2x , t ∈ [0, 1]
(7.71b)
γ̇ = 0
s.t.

(7.71c)
x1,2
0 (γ)

(7.71d)

γ(0) = γi , i > 0
⎛⎛ 2
⎞ ⎛ 2 ⎞⎞
N̂I
x1 (1)
2 ⎟⎟
2
⎜
⎜
⎟
⎜
⎜ x2 (1)⎟ ⎜ P̂I ⎟⎟
F ⎜
⎝⎝ 2x3 (1)⎠ − ⎝λ̂2 ⎠⎠ ,
1I
2
x4 (1)
λ̂22I

(7.71e)

1 1,2

x

(0) =

(7.71f)

where 1f is given by (7.65) and 2f is given by (7.67), T is ﬁxed at 1, 000, F is
the matrix from before, 1,2x denote the states and costates for the boundary
and interior system, and γ is the continuation parameter.
In this formulation we have to ﬁnd a solution of an eight-dimensional
system on the time interval [0, 1] satisfying the initial conditions, (7.71d) and
(7.71e), i.e., lying on the given connecting line, and the asymptotic boundary
conditions (7.71f), assuring that we lie on the stable manifold of the fourth
equilibrium. So far these two state–costate vectors are disjointed from each
other. But from theory (see Sect. 7.6.3) we know that the two arcs have to
satisfy corner conditions at the exit points 1x (1) and 2x (0).
For our model these corner conditions read as continuity of the states and
costates at the exit time, i.e.,
1

x (1) = 2x (0),

(7.71g)

and continuity of the control, yielding
αN + aλ1 N + bλ2 P − bN νP − f λ2 P 2 + f N νP 2 + 1 = 0
by using the equation for the optimal control value (7.64), where


(N, P, λ1 , λ2 ) = 2x1 (0), 2x2 (0), 2x3 (0), 2x4 (0) .

(7.71h)
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For γ = γs and t̄ = 0 the trajectory
1

x (·) = x(1, γs )

2

x (·) = x(·, γs )

from the last continuation step is trivially a solution of the BVP (7.71). Thus
for this augmented system the continuation process can be continued, ﬁnally
reaching Ne = 100 and Pe = 0.05, as is depicted in Fig. 7.9b.

7.9.5 Optimal Vector Field for ν = 12,000
From Table 7.4 we see that the initial situation, as compared to the previous
case with ν = 4, 000, is the same. Again the equilibria ÊI2 and ÊI4 are the
main candidates for the long-run optimal solutions. Therefore we continue the
stable paths from the second to the fourth equilibrium and vice versa along
the connecting line. In Fig. 7.10a the result of this continuation is depicted,
and reveals that we have to consider an exit point for the path converging to
ÊI4 .
All the necessary computational steps have already been described in the
previous section. But, unlike before, the paths cannot be continued to the
opposite equilibrium and thus none of the long-run solutions is always superior
to the other. Therefore we can expect a DNSS point to exist on the connecting
line. To prove that, we evaluate the Hamiltonians along the slice manifolds (see
Deﬁnition 7.25) for both continuation processes, where the result is shown in
Fig. 7.10b. This reveals the existence of a DNSS point (NI , PI ) at the crossing
of the Hamiltonians. Next, the solutions for both equilibria are continued to
this DNSS point, shown in Fig. 7.10c. From the existence of the DNSS point
we can expect a DNSS curve at least in a neighborhood of (NI , PI ).
To compute this DNSS curve we use the approach of Sect. 7.7. Therefore
we set the truncation times T = T1 = T2 = 1000 and have to compute the
matrices F1,2 for the asymptotic boundary conditions at the corresponding
equilibria, yielding

− 0.0000075574 1.0000000000 −0.0000000508 −0.0000000001
=
0.0000030801 0.0000000000 0.0000010213
0.0000000000


0.0000197999 0.9999999960 −0.0000871293 −0.0000000012

F2 =
.
0.0018115151 0.9999983591 0.0000143135 −0.0000001593

F1



For the dynamics we have to consider that one solution trajectory exhibits an
exit point. Thus the boundary conditions for the solution converging to ÊI4
become
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Fig. 7.10. Panel (a) depicts the solutions of two continuation processes resulting
in the solution curves converging to ÊI2 and ÊI4 . The dotted line shows the curve
of exit points for solutions converging to the fourth equilibrium. Panel (b) reveals
that there exists a DNSS point on the connecting line for the two equilibria and in
panel (c) the corresponding solutions are drawn. In panel (d) regions of diﬀerent
optimal behaviors are depicted. The curve I is a DNSS curve and the gray dotted
lines denote entry points for solutions moving to ÊI4 . For each region a characteristic
solution path is shown

1 
x ,

t ∈ [0, 1]
2 
ẋ = (T − t̄) f x , t ∈ [0, 1]

1

ẋ = t̄ 1f

2

s.t.

1

(7.72a)

2

(7.72b)

2

x (1) = x (0)

(7.72c)

αN + aλ1 N + bλ2 P − bN νP − f λ2 P + f N νP + 1 = 0
⎛⎛ 2
⎞ ⎛ 4 ⎞⎞
N̂I
x1 (1)
4 ⎟⎟
2
⎜
⎜
⎜
⎟
x
(1)
⎜ 2 2 ⎟ − ⎜ P̂I ⎟⎟ ,
F1 ⎜
⎝⎝ x3 (1)⎠ ⎝λ̂4 ⎠⎠
1I
2
x4 (1)
λ̂42I
2

2

(7.72d)

(7.72e)
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2

x1 (0), 2x2 (0), 2x3 (0), 2x4 (0) ,

1

f the boundary dynamics (7.67) and 2f the interior dynamics (7.65).
The BVP for the solution converging to ÊI2 is of the simpler form:
 
3
ẋ = T 3f 3x , t ∈ [0, 1]
(7.72f)
⎛⎛ 3
⎞ ⎛ 2 ⎞⎞
N̂I
x1 (1)
2 ⎟⎟
3
⎜
⎜
⎟
⎜
⎜ x2 (1)⎟ ⎜ P̂I ⎟⎟
(7.72g)
s.t. F2 ⎜
⎝⎝ 3x3 (1)⎠ − ⎝λ̂2 ⎠⎠ ,
1I
3
x4 (1)
λ̂22I

where 3f denotes the interior dynamics (7.65). Next, we have to provide the
conditions assuring that both trajectories start at a DNSS point. Therefore
the states have to be equal; i.e.,
 3

1
x1 (0)
x1 (0)
=
,
1
3
x2 (0)
x2 (0)
and the Hamiltonians for both initial points have to be equal, yielding





(7.72h)
H 1x (0), U ∗ 1x (0) − H 3x (0), 1 = 0.
To continue the already detected DNSS point we introduce some continuation
parameter γ to keep the ﬁrst state coordinate ﬁxed for a value speciﬁed by
γ and search for the DNSS point along the second state coordinate. Thus we
ﬁnally ﬁnd the conditions
1

x1 (0) = NI + γi ,

3

x1 (0) = NI + γi ,

1

3

x2 (0) = x2 (0),

i≥0

(7.72i)

i≥0

(7.72j)
(7.72k)

where γi = γi−1 + σ, i > 0 for some ﬁxed σ and γ0 = 0. Since we have already
computed the solutions starting at (NI , PI ), this can be taken as an initial
solution for the BVP (7.72) and γ0 = 0, which can then be continued for
positive and negative σ. The result of this process is depicted in Fig. 7.10d.
In fact the here described continuation process only returns the DNSS
curve I to between the gray dotted curves. These dotted lines denote entry
points, where control constraints become active. Therefore the BVP has to
be adapted to this situation. This does not add any new strategy to the
solution process. One only has to consider a fourth dynamics for (7.72) and the
corresponding corner conditions for an entry point. The explicit calculations
are therefore left as an exercise for the interested reader. With this last
example we conclude the chapter and encourage the reader to use the here
presented methods for many diﬀerent models, thereby becoming acquainted
with the strengths and weaknesses of this method.
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Exercises
7.1 (Model of Bridge Building). Consider the following model developed by
Caulkins, Feichtinger, Grass, and Tragler (2007a):
∞

min
u(·)

s.t.

e−rt



2
x2 − 1 + cu2

dt

0
3

ẋ = x − x + u,

with r, c ≥ 0.
This very simple model reﬂects the challenges and beneﬁts of building bridges
by standing at the edge of one’s home organization and reaching out to the external
world. It describes how various strategies are preferred as a function of one’s level
of patience (discount rate) and the cost of adjusting one’s social position:
1.
2.
3.
4.

Establish the canonical system
Determine the equilibria and their stability properties
Find the bifurcation curves
Choose parameters for every region with diﬀerent stability properties of the
equilibria and:
a) Calculate the stable and unstable manifolds, using the IVP and BVP approach
b) In case of multiple saddles determine whether a DNSS point exists
c) Find the heteroclinic bifurcation curve

7.2 (Fire-and-Water). Consider the one-dimensional terror model with constant
controls u, v of Sect. 2.5 as a dynamic optimization problem, where the total costs
caused by a terror organization as well as the counter-terror operations have to be
minimized; i.e.,
∞


e−rt S + u2 + v 2 dt
min
u(·),v(·)

0

given the state dynamics
Ṡ = τ + (1 + ρv)kS α − μ S − β ln(1 + u) S θ − γ ln(1 + v) S,
and the control constraints
u(t) ≥ 0,

v(t) ≥ 0.

Then:
1. Establish the canonical system and the functional forms of the Lagrange multipliers
2. Using the parameter values given in Table 7.5:
a) Find the equilibrium/equilibria of the canonical system
b) Compute the stable manifolds
c) Find the entry and exit points and compute the corresponding extremal
solutions
d) If multiple saddles exist, prove or refute the existence of a DNSS point
3. Analyze the system when the parameter values change
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Table 7.5. The speciﬁed parameter values for the base case
r

α

β

c

k

μ

γ ρ θ

τ

0.05 0.75 0.01 1 0.05 0.05 0.1 1 0.1 10−5

7.3 (One-Dimensional Corruption). Consider the corruption-model of Sect. 2.3
with constant control u as a dynamic optimization model with the objective function
to be minimized, i.e.,


∞
1
e−rt x + u2 dt,
min
u(·) 0
2
and the state dynamics
ẋ = k (wx − u) ,

k, w ≥ 0,

together with the state constraints
0 ≤ x ≤ 1.
Then:
1. Establish the canonical system together with the functional form of the Lagrange
multiplier for the state constraints
2. Choose diﬀerent parameter values for r, w, and k and compute the optimal
solution
7.4 (LH -model). Consider the drug model (6.6) of Sect. 6.1. Reproduce the canonical system for the interior and boundary control regions; then:
•
•

Find the corresponding equilibria
Find the curves of entry and exit points in the state space for the optimal
solutions
Increase and decrease the discount parameter r and compare the results. How
do the boundary curves change? Interpret the result

•

7.5 (Corrupt Government and Popularity).
corruption model of Sect. 6.2.

Reproduce the results for the

7.6. Calculate the DNSS curve for the terror model of Sect. 6.3.
7.7 (Drug Substitution Program). Consider the model (7.62); then:
1.
2.
3.
4.

Find the expression for Ω(N )
Find the equilibrium at P̂ 1 = 0
Find the equilibria at the boundaries of the control region
Prove that an equilibrium exhibiting P̂ = 0 can only be reached from an initial
state P (0) = 0
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Notes and Further Reading
Roughly speaking, one can distinguish between three diﬀerent approaches to the
computational methods for solving optimal control problems. The ﬁrst method relies
on the principle of dynamic programming (Bellman, 1957, 1961) and uses the HJB
equation. A recent presentation of this approach can be found in Bertsekas (2005)
or, speciﬁcally for economic applications, in Luenberger (1997). For the special case
of inﬁnite time horizon problems we refer the reader to Dolcetta (1983); Falcone
(1987), and Grüne (1997). The two other approaches are referred to as the direct and
indirect methods (see, e.g., Kraft, 1994; Pytlak, 1999; von Stryk & Bulirsch, 1992).
For the direct method the objective function, state dynamics, and given constraints
are ﬁrst discretized in time and then solved as a nonlinear programming problem.
This method is especially useful when one is considering large-scale problems, i.e.,
problems with a huge number of states, which often appear in the ﬁeld of engineering
(see, e.g., Barclay, Gill, & Rosen, 1997), or when considering second-order conditions
(Maurer, Büskens, Kim, & Kaya, 2005; Maurer & Oberle, 2002). For inﬁnite time
horizon problems, direct methods are provided by Alemdar, Sirakaya, and Hüsseinov
(2006); Mercenier and Philippe (2001).
These direct methods have the advantage that one does not have to provide an
approximation of the adjoint equation, which is in general hard to provide.
The indirect approach uses Pontryagin’s Maximum Principle and the canonical
system thereby derived to formulate a BVP, as has been presented in this chapter.
Depending on the underlying algorithm, one distinguishes between shooting methods
(Fraser-Andrews, 1999; Oberle, 1986) and collocation methods (Goﬀe, 1993), with
the special application of inﬁnite time horizon problems discussed in Beyn et al.
(2001) and Kunkel and von dem Hagen (2000).
As we have already stated, one of the most critical points concerning the indirect
approach is the provision of some initial solution. But for inﬁnite time horizon
problems and under the assumption that the optimal solution converges to some
limit set, this limitation is of only minor importance, since the long-run optimal
solution already determines a solution, which can be continued by some continuation
process (see, e.g., Kuznetsov, 1998). To circumvent the problem of solving a BVP
for an inﬁnite time interval, one can choose either two distinct strategies. Most of
the existing algorithms approximate the solution by truncating the problem to a
ﬁnite time interval (de Hoog & Weiss, 1980). Another strategy is to transform the
inﬁnite time interval into the unit interval.
An important disadvantage of this continuation technique is that the number
of ODEs in the optimality system is increased by 2n with each entry or exit point.
For the case when optimal control is bang-bang, Kaya and Noakes (1996, 2003),
and Kaya, Lucas, and Simakov (2004) propose computational techniques that do
not augment the optimality system.These techniques are used by Kaya et al. (2004)
for ﬁnding optimal bang-bang constrained controls for the LH-model. One of these
techniques was implemented by Maurer et al. (2005) in the veriﬁcation of secondorder suﬃcient conditions for bang-bang controls.
In any direct method for optimal control problems, it is essential to know at
least roughly the structure of the switching and the places of the entry and exit
points. It is therefore often useful to solve a less accurate discretized version of the
problem by employing some ﬁnite-dimensional optimization technique, to get an
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idea about the structure of the optimal trajectories and control. Doing so provides
no guarantee that the structure will be a correct one, but can it be mentioned as
a possible starting point before one applies an indirect method (see, e.g., Maurer
et al., 2005; Weiser & Deuﬂhard, 2007).
The method presented here relies on methods presented in Beyn et al. (2001).
In Pampel (2000) the convergence of the solution for the truncated problem to the
solution of the inﬁnite time problem has been proved. We have, moreover, extended
the formulation of the corresponding BVP to include path constraints. For these
constrained problems it is not necessary to know a priori the structure of the interior
and boundary arcs. This structure becomes apparent along the continuation process.
Within the same framework it is also possible to consider multi-stage optimal control
problems as described in Chap. 8.
Furthermore, we provide a collection of MATLAB ﬁles (OCMat), which allows
the numerical analysis of discounted inﬁnite time horizon problems. This OCMat is
an implementation of the indirect method and takes advantage of the inherently
given BVP structure of the problem. Using this toolbox, it is possible to compute
the optimal solutions compounded of interior and boundary arcs for mixed- or purepath constraints exhibiting an arbitrary number of exit (entry) points. It is also
possible to calculate the boundaries of the regions separating interior and boundary
regions. Moreover, this toolbox allows the detection of DNSS points and computation
of DNSS curves, and, in the parameter space, heteroclinic bifurcation lines can be
computed.

8
Extensions of the Maximum Principle

In the preceding seven chapters we explored the basic principles of optimal
control theory applied to problems typically arising in economics and management science. In particular we illustrated how the interplay of analytical
and numerical methods can be used to obtain insight when ﬁghting drugs,
corruption, and terror. Before concluding our tour we should brieﬂy sketch
several important extensions of “standard-type” optimal control theory.
Usually, in optimal control theory, systems evolve continuously in time, but
in reality sudden discontinuous changes may happen at certain time points.
Those changes may pertain not only to the model’s parameter values but also
to sudden modiﬁcations of the model’s functional forms. In Sect. 8.1 we give a
short introduction into the important and growing ﬁeld of multi-stage models.
Section 8.2 provides a brief introduction to the fundamentals of diﬀerential
games. The Nash and the Stackelberg concepts are introduced. Examples from
the ﬁelds of corruption and terrorism are provided to illustrate the ﬂavor of
diﬀerential games.
The homogeneity of economic agents is admittedly a ﬁction. There are
several avenues to introduce heterogeneity. One of them has been discussed
in Chap. 6, namely multi-compartment models. Partial diﬀerential equations
(PDEs) are another powerful tool for distinguishing individuals according to
various characteristics evolving over time.1 In Sect. 8.3 we present some basic
facts about distributed parameter control.
Finally, in Sect. 8.4 we mention a number of other important topics in optimal control modeling, including stochastic models, impulse control, delayed
systems, and nonsmooth systems.

1

Overlapping generations models can be seen as a connecting link between compartment models and PDE models.
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8.1 Multi-Stage Optimal Control Problems
The previous chapters illustrated that optimal control methods have been
successfully applied to systems that evolve continuously over time. In many
decision situations arising in economics and Operations Research, however,
abrupt changes occur. For example, all of a sudden new drugs emerge on the
market (or disappear from it), or terror organizations may conduct a massive
attack that triggers a qualitatively diﬀerent phase of counter-terror operations.
The discontinuity is modeled as a switch between alternative and consecutive
regimes, where in this context we understand a regime as the speciﬁcation of a
system dynamics and an objective functional prevailing during a certain time
interval. The timing of such a switch may either be determined exogenously
or depend on how the process develops (over time). In what follows we consider multi-stage optimal control problems, in which the moment of switching
between the regimes is optimally determined.
In Sect. 8.1.1 we present conditions to manage n-stage optimal control processes with n = 2. To cope with the switching instants between two consecutive regimes, particular “matching” conditions both of the adjoint variable(s)
and the Hamiltonian have to be included in the analysis. In the following two
subsections we present two simple examples of two-stage processes. Whereas
the ﬁrst one deals with an illicit drug market disruption generated by an
exogenous shock and the optimal switching from use reduction to harm reduction goals, respectively, the second one refers to two consecutive phases of
counter-terror interventions, where the switching time is after an event like
September 11th, 2001 (compare Exercise 8.6).
8.1.1 Necessary Optimality Conditions for Two-Stage Control
Problems
We present a set of necessary optimality conditions for a speciﬁc family of twostage models, in which we can switch at time ts between two diﬀerent regimes.
The switching time ts is either given exogenously or can be determined to
maximize the objective function value. Then, the objective function may be
written as
ts

max
u(·)

e−rt g1 (x, u, t) dt + e−rts S (x(ts )) +

∞

e−rt g2 (x, u, ts , t) dt ,

ts

0

where S(x(ts )) denotes the switching costs
The system state equation is given by
ẋ =
with x(0) = x0 .

f1 (x, u, t)
for 0 ≤ t < ts
f2 (x, u, ts , t) for ts < t
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Using the current-value Hamiltonians
H1 = g1 (x, u, t) + λ1 f1 (x, u, t)
H2 = g2 (x, u, ts , t) + λ2 f2 (x, u, ts , t),
we ﬁnd that the necessary optimality conditions are the usual conditions
Hi (x∗ , u∗ , λi , t) = maxHi (x∗ , u, λi , t),
u

λ̇i = rλi − Hix ,

i = 1, 2

i = 1, 2,

and the matching conditions are read as
λ1 (ts ) + Sx (x(ts )) = λ2 (ts ),
H1 (ts ) +

∞
ts

e−r(t−ts )

∂H2
dt − rS (x(ts )) = H2 (ts ).
∂ts

(8.1)
(8.2)

The matching condition (8.2) is an extension of the result of Tomiyama and
Rossana (1989) to the inﬁnite time horizon problems, which can be proved by
variational principles analogously to Makris (2001) (see also Sect. 4.4.1). The
above optimality conditions have nice economic interpretations; they apply to
0 < ts < ∞ (compare Tomiyama & Rossana, 1989).
Note that corner solutions may occur, e.g., immediate switching, ts = 0,
or sclerosis, ts = ∞ (see, e.g., Boucekkine, Saglam, & Vallée, 2004).
Remark 8.1. Numerically multi-stage problems can be considered analogous
to the switching between interior and boundary arcs as described in Sect. 7.6.
Where the corner conditions (7.45d) and (7.45e), have to be replaced by the
switching conditions (8.1) and (8.2). Note that the latter condition can be
formulated as a corresponding diﬀerential equation.
8.1.2 Two-Stage Models of Drug Control
In earlier sections of the book we studied the question of how eﬃcient drug
policies should evolve over the course of a drug epidemic (see, e.g., Sect. 6.1).
Now we ask questions like the following:
1. Given that a certain program is cost-eﬀective during “normal” times, what
should be done if a drug is temporarily in short supply?
2. At what time over the course of a drug epidemic should the policy objective switch from use reduction to harm reduction?
Both situations are characterized by continuous changes and abrupt discontinuities. Whereas in case (1) the market disruption is exogenously given, in
case (2) the decision-maker has to choose the switching time in an optimal
manner. Nonetheless, both problems ﬁt into the framework of two-stage (or
multi-stage) processes. Let us brieﬂy describe these situations.
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ad(i) Markets for illicit drugs are frustratingly resilient, but over the last three
decades every important illicit drug has experienced at least one signiﬁcant
supply shock, such as recently observed during the Australian “heroin
drought.” It seems plausible that there will be more such disruptions in the
future, and therefore it is worth asking how, if at all, policy should adapt to
take advantage of a forthcoming market disruption. For instance, we have
to answer the question whether a market disruption, as discussed above,
is a good time to expand treatment programs, because the disruption
produces an extra incentive to quit drug use. In other words, does the
moment of market weakness create opportunities for controlling supply to
aﬀect changes that it cannot aﬀect when the market is more robust?
For market disruptions, long-run equilibrium models are not appropriate,
but multi-stage optimal control models provide a powerful tool for analyzing such disequilibrium cases. For instance, there are some promising
ﬁrst results from a two-stage optimal control problem in which drug prices
are abnormally high in the ﬁrst stage and the policy planner is allowed to
adjust the level of drug control funding over time (see Bultmann et al.,
2007, and Bultmann, Caulkins, Feichtinger, & Tragler, 2008).
ad(ii) There is a heated debate in drug policy over the relative merits of “harm
reduction” (reducing, e.g., drug-related disease transmission) vs. “use reduction” (controlling drug use per se). In the past, harm reduction has
been embraced by some countries (e.g., Australia) and shunned by others
(e.g., the US). Reducing harmfulness of drug use may have an ambiguous impact on total harm, since making an activity safer may encourage
greater use (compare Caulkins, Feichtinger, Tragler, & Wallner, 2007). To
build a two-stage model, we consider use reduction in stage 1 with conventional controls such as prevention, demand-side enforcement, etc.; stage 2
would be a harm reduction regime with special forms of treatment. Note
that the number of users has a higher penalty in stage 1 but a lower rate
of initiation, whereas after the switch the situation is just the opposite.
In contrast with case (i), the transition time, in which one switches from
use reduction to harm reduction, is now a choice variable. The situation
is described in more detail in Exercise 8.3; compare also Exercise 6.3.
8.1.3 Counter-Terror Measures in a Multi-Stage Scenario
Another two-stage system that may be of interest is the planning of counterterror measures. September 11th changed the conﬂict between international
terrorism and possible target countries from a low-intensity “police investigation” to essentially a war. There are two phases of that conﬂict. From the
perspective of an international terror organization the timing of the phase
change was a decision variable. The terrorists chose to launch the attacks
that elicited a response that turned the conﬂict into open warfare. From the
likely target country’s perspective, the timing of the change was a random
variable. In the second (current) phase, the likely target countries drastically
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changed the set of instruments employed, and the terrorists’ visibility greatly
increased, as did their ability to inspire recruits. The Israeli–Palestinian conﬂicts, for instance, also exhibit phase changes between active phases (Intifada
in Palestine) and less violent phases. Even the active phase can be divided
into constituent phases.
To be precise, consider the following extension of our Fire-and-Water
model (see Sect. 2.5). Assume that at time t = 0 a terror attack takes place
that initiates active hostilities (e.g., September 11th). Then the government
can choose an optimal time t = ts after which it implements aggressive, antiterror measures (“ﬁre tactics”), which have the side eﬀect of increasing the
inﬂow of recruits to the terrorists while combating terrorism more eﬃciently.
In the phase before the switching time ts the government reacts to terror with
only targeted anti-terror measures (“water tactics”). One interesting question
this model can address is under what circumstances (if any) it is optimal to
respond to a terrorist attack very aggressively from the outset (ts = 0) and
when it is advantageous to pursue some preparatory phase in which such aggressive tactics are disavowed. Thus, we consider a two-stage process, in which
the transition between these two stages can be optimally determined by the
government.
Let us denote by x(t) the number of terrorists at time t, u(t) the “water
strategy,” and v(t) the “ﬁre strategy” at time t. The model reads as follows:
Stage 1: After a terrorist attack, counter measures are modest. Only water
operations u are applied, but information for more eﬃcient use of ﬁre
strategies is gathered.
ts

e−rt (cx + u2 ) dt

0

s.t. ẋ = τ + kxα − μx − βuxθ ,

x(0) = x0 .

Stage 2: At time ts an additional counter-terror measure v (ﬁre strategy) is
used. The eﬃciency of the ﬁre strategy depends on the switching time ts :
the later v is applied, the more eﬃcient it is.
∞

e−rt (cx + u2 + v 2 ) dt

ts

s.t.



γ0 − ε
vx,
ẋ = τ + k(1 + ρv)x − μx − βux − γ0 −
1 + ts
α

θ

where γ0 > ε.
Parameter values are given in Table 8.1. For brevity we omit here the analysis
of the model.
The optimal path in the state–costate space and the optimal controls for
x0 = 0.2 are shown in Fig. 8.1a,b, respectively. The optimal switching time is
ts = 8.3135.

390

8 Extensions of the Maximum Principle
Table 8.1. Parameters for the two-stage ﬁre-and-water model
Variables

Description

Value

r
c
τ
ρ
k
α
μ
β
θ
γ0
ε

Discount rate
Costs per unit of terrorists
Constant inﬂow
Contribution of ﬁre control to recruitment
Normalization factor
Inﬂuence of actual state on recruitment
“Natural” per capita outﬂow
Eﬃciency of water operations
Diminishing returns from water operations
Maximum eﬃciency of ﬁre operations
Minimal eﬃciency

0.05
10
0
0.2
0.05
0.5
0.05
0.01
0.5
0.1
0

During the ﬁrst stage the terrorist organization is allowed to grow, but
water operations are used to slow its growth. From time t = ts onward ﬁre
strategies are applied aggressively and the number of terrorists is driven down
toward its equilibrium value x̂. However, a moderate level of water strategies
is still used (see Fig. 8.1a, b).
λ

a)

b)

u, v

99
0.228
98
0.226
97
0.22

96
(x̂, λ̂)
95
0.2

0.2025

0.205

0.2075

0.216
x

0

ts

15

t

Fig. 8.1. Panel (a) depicts the optimal path in the state–costate space for x0 = 0.2.
The number of terrorists grows during the ﬁrst stage peaks at the switching time
ts = 8.3135 and converges to (x̂, λ̂). In panel (b) the corresponding optimal controls
u(·) (solid curve) and v(·) (dashed curve) are shown

A so-called anticipation eﬀect , known from capital accumulation models,
may be relevant; in this case one expects the investment in the control to
be reduced before the optimal time for switching. This would mean that the
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special tactics are reduced before the government begins ﬁghting back with
aggressive measures.
In a nutshell, in Sect. 8.1 we expanded the range of formulations that
could be addressed to deal with changes at abrupt point in time in the “environment” in which the drug users, corrupt politicians, terrorists, etc., live.
The next section expands the range of formulations further by adding another
important ingredient of the decision-making processes that are focus of this
book.

8.2 Diﬀerential Games
So far we have presented intertemporal optimization models dealing with illicit drug problems, corruption, and terrorism in which a decision-making
authority is confronted with the behavior of oﬀenders. Yet, real-world processes usually involve more than one decision-maker. Therefore, sometimes
accurately modeling processes that aim to control deviant behavior requires
including strategic considerations and interactions among the decision-makers
involved. This can be the case when drug users and drug dealers, bribers and
those taking bribes, terrorists and non-terrorists not only react to (the optimally designed) control measures of an authority, but also actively decide
how to act. Game theory has proved to be a useful tool for conceptualizing
situations in which there are many (rational) decision-makers and for predicting the outcome of their competition or cooperation. Our discussion focuses,
however, on a particular type of game.
We consider here diﬀerential games. So what is a diﬀerential game? Imagine that a conﬂict situation is such that an arbitrary number of decisionmakers (e.g., the government, police authorities, drug dealers, drug users)
interact in an environment (such as a drug market, a particular country, or a
society) that evolves over time in a way that is aﬀected by the decision-makers’
choices. If this environment is then modeled as a continuous-time dynamical
system, we speak of a diﬀerential game.2 Therefore, one could envisage a
diﬀerential game formulation of a problem to be something like an optimal
control formulation with additional decision-makers – keeping in mind that
the theory of diﬀerential games is not just a further development of control
theory, but rather comes from a diﬀerent ﬁeld of research.
Therefore it should not be such a surprise that diﬀerential game solution techniques are not as nicely or as comprehensively developed as optimal
control techniques (given the richness of possible types of interaction and
information available). They provide solutions for only speciﬁc classes of differential games. In other words, while we “are exploring an ocean of possible
applications for optimal control theory in economics and management science,

2

If time is discrete, we speak of a diﬀerence game.
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with diﬀerential games we are still sailing along its shores.”3 What has been
established so far is, however, very useful (see, e.g., Fudenberg & Tirole, 1991).
Drawing on the work of, e.g., Başar and Olsder (1999), Dockner, Jørgensen,
Long, and Sorger (2000), Engwerda (2005), and Jørgensen and Zaccour (2004),
in what follows we give a very brief introduction to the fundamentals of diﬀerential games, complementing the theory with two examples from the control
of deviant behavior.
8.2.1 Terminology
Depending on how decision-makers (from now on called players) interact
(whether they collaborate or compete, whether they behave rationally or
boundedly rational, etc.), diﬀerent types of (diﬀerential) games are appropriate for modeling the resulting situation. Note that it is the richness of possible
types of interaction and information available to the players at the moment
of choice that accounts for the fact that diﬀerential games are harder to solve
than optimal control problems. Therefore, we focus discussion on behavior
that is most likely to occur in explaining and controlling deviant behavior.
Since players in the ﬁelds of illicit drug use, corruption, and terrorism do
not have recourse to civil courts to enforce contracts or resolve disputes they
may most accurately be modeled as so-called noncooperative (diﬀerential)
games. As the name indicates, in this type of game the players are unable or
unwilling to cooperate, i.e., to make binding agreements among each other,
but aim at independently optimizing their own performance indices. Thus if
we have N decision-makers, we also have N diﬀerent objectives. A classical
example is the model of a military conﬂict. An entire class of game theoretic
models assumes that, for N = 2, the gain of one player exactly equals the
loss of the other player. This assumption may be appropriate for a model of
war (even though students often remark that war can be negative sum in the
sense that no one wins), but this assumption does not apply to models of deviant behavior, since the sum of objective function values is not (necessarily)
equal to zero. Society, for instance, does not win exactly what a drug dealer
loses when picked up by the police. In this case society may proﬁt much more
from getting rid of all the adverse consequences of persistent drug-traﬃcking.
Therefore, in what follows we focus on noncooperative, non-zero-sum diﬀerential games, starting with their formal deﬁnition.
Let N players interact in a way that can be modeled by a ﬁnite-time
noncooperative (non-zero-sum) diﬀerential game. In such a game all N players
seek to maximize their individual objective functions over a ﬁnite planning
horizon [0, T ], where the time variable is denoted by t. Let player i then
decide about his/her action at time t, represented by the control variable
i
ui (t) ∈ Ω i ⊂ Rm , where i = 1, . . . , N, Ω i represents the set of player i’s
3

Such a statement was made by the French Operations Researcher Jacques
Lesourne.
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admissible control variables,4 and mi ≥ 1 is the dimension of the column
vector ui (t).
As in optimal control models, it is assumed that all relevant inﬂuences of
past decisions are adequately summarized in a state variable x(t) ∈ X ⊂ Rn .
Over time this state variable evolves according to the diﬀerential equation
ẋ = f (x, u1 , . . . , uN , t),

x(0) = x0 ,

where the initial state, x0 , is known by all players.
When at time t each player i chooses his/her control variable, ui , he/she
receives a payoﬀ rate g i (x, u1 , . . . , uN , t), where i = 1, . . . , N . This yields a
total discounted payoﬀ (i.e., a total objective function value) given by
T

V i (u1 , . . . , uN ) =

i

i

e−r t g i (x, u1 , . . . , uN , t) dt + e−r T S i (x(T )),

(8.3)

0

where ri is the ith player’s rate of time preference and S i (x(T )) is his/her
salvage value.5 By choosing an optimal control path for t ∈ [0, T ], every
player i seeks to maximize his/her individual payoﬀ functional (8.3). Note
that the strategic interdependence among all players’ choices is indicated by
the dependence of the ith player’s payoﬀ on the control variables (=choices)
of the N − 1 opponents.
Remark 8.2. The number of players, their payoﬀs, and the sets of strategies
available to them are called the rules of the game. An essential assumption
of game theory is that all players know the rules of the game and each player
knows that his/her opponents know the rules as well. Moreover each player
knows that each player knows that the opponents knows . . . .
When solving a diﬀerential game, it is essential to specify what kind of information is available to the players when at time t their decisions have to
be made. Suppose each player chooses his/her control variable according to a
strategy, ϕi , that is a decision rule determining an action as a function of some
set of available information. The choice of the decision rule is made at time
t = 0 and the player commits to follow the strategy for the entire duration of
the game. This sounds like a very limiting concept, but whether it is or not
depends on the information structure underlying the design of the decision
rule. Here we present the two most common types of information pattern.
Other concepts can be found in, e.g., Başar and Olsder (1999, p. 221).
4

5

More generally, the set of admissible control values Ω i may depend on time t, the
state variable x(t), and the other players’ control variables uj (t) for j = i.
Note that player i’s (i = 1, . . . , N ) present-value payoﬀ for an inﬁnite horizon
problem is given by
∞

V i (u1 , . . . , uN ) =
0

i

e−r t g i (x, u1 , . . . , uN , t) dt.

(8.4)
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Markovian or Feedback Information Pattern
Using a Markovian strategy, (also known as a feedback or closed-loop strategy)
each player i, i = 1, . . . , N, observes the system’s position as embodied in
(x, t), and chooses his/her action according to
ui (t) = ϕi (x(t), t).
The players then behave in a way that the current state (but no memory of
past states) serves as the informational basis of their decisions. However, when
the rate of change in the state of the environment, f , and the payoﬀ rates, g i ,
do not explicitly depend on time, and the game is played over an inﬁnite time
horizon, it is usual to conﬁne the interest to stationary Markovian strategies,
ui (t) = ϕi (x(t)).
Open-Loop Information Pattern
An open-loop strategy is a decision rule in which the controls depend only on
time:6
ui (t) = ϕi (t).
An open-loop strategy is most appropriately applied if the players disregard
the information embodied in the state variable when taking their actions,
perhaps because they cannot observe the state vector. Using an open-loop
strategy means that at time t = 0 a player commits to a ﬁxed time path
for his/her actions for the entire duration of the game. Engwerda (2005), for
instance, related the open-loop pattern to a situation in which at time t = 0
all players submit their strategies to some authority that is then obliged to
carry them out (until t = T ).
Remark 8.3. For T = ∞, one has to be precise when using the term “optimality” (see Sect. 3.7.1).
8.2.2 Nash Equilibria
A fundamental game theoretic solution concept is the Nash equilibrium. Here
none of the simultaneously acting players has an incentive to deviate from
his/her own Nash equilibrium strategy as long as no other players does. This
leads to the following deﬁnition:
Deﬁnition 8.4 (Nash Equilibrium). Any N -tuple (ϕ1 , . . . , ϕN ) of strategies constitutes a Nash equilibrium if
V i (ϕ1 , . . . , ϕN ) ≥ V i (ϕ1 , . . . , ϕi−1 , ui , ϕi+1 , . . . , ϕN )
for all ui ∈ Ω i , i = 1, . . . , N .
6

Since open-loop strategies depend also on the initial state x0 , sometimes they are
written as ui (t) = ϕi (t, x0 ). Note that in the open-loop case there is no need to
distinguish between ui and ϕi .
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This is a very general equilibrium concept; only in exceptional cases does a
game exhibit a unique Nash equilibrium.
How can one compute such a Nash equilibrium? If all N − 1 opponents of
player i use Markovian strategies, uj (t) = ϕj (x, t), j = i, then player i faces
an optimal control problem of the form discussed in Chap. 3. In this case
player i’s decision problem can be rewritten as
T

max

ui (·)∈Ω i

s.t.

i

i

e−r t g i (x, ui , ϕ−i (x, t), t) dt + e−r T S i (x(T ))

(8.5a)

0

ẋ = f (x, ui , ϕ−i (x, t), t),

x(0) = x0 ,

(8.5b)

where
ϕ−i (x, t) = (ϕ1 (x, t), . . . , ϕi−1 (x, t), ϕi+1 (x, t), . . . , ϕN (x, t)).
So far Deﬁnition 8.4 embodies information only about the timing of the players’ choices. Nothing is said about the information that is available for the
players when making their decision. Let us assume that only the current state
is available as the informational basis for the players’ choices. This leads us
to the deﬁnition of a Markovian Nash equilibrium:
Deﬁnition 8.5 (Markovian Nash Equilibria (MNE)).
(ϕ1 , . . . , ϕN ) of functions
i

ϕi : X × [0, T ) → Rm ,

Any N -tuple

i = 1, . . . , N

is a Markovian Nash equilibrium (MNE) if for every player i there exists an
optimal control path of the problem (8.5) that is generated by the Markovian
strategy ui (t) = ϕi (x, t).
Finding an MNE amounts to solving N optimal control problems. If we replace ϕi (x, t) by ϕi (t) = ui (t), Deﬁnition 8.5 becomes the characterization
of an open-loop Nash equilibrium solution (OLNE) because an OLNE is a
degenerate MNE, but clearly not vice versa.
The following result solves the optimal control problem (8.5) by using
Pontryagin’s Maximum Principle:7
Theorem 8.6. Let (ϕ1 , . . . , ϕN ) be a given N -tuple of functions
i

ϕi : X × [0, T ] → Rm ,

i = 1, . . . , N,

T < ∞,

and assume that there is a unique, continuous solution x(·) ∈ X of the initial
value problem
ẋ = f (x, ϕ1 (x, t), . . . , ϕN (x, t), t),
7

x(0) = x0 .

The theorem speciﬁes suﬃcient conditions for an MNE. Omitting the concavity
assumptions made, provides necessary optimality conditions.
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Moreover, assume that the state space, X, is convex and the functions representing the salvage values S i , i = 1, . . . , N, are concave. Let the Hamiltonians
be then deﬁned by
Hi (x, ui , λi , t) = g i (x, ui , ϕ−i (x, t), t) + λi f (x, ui , ϕ−i (x, t), t)
and the maximized Hamiltonian by
∗

Hi (x, λi , t) = imax i Hi (x, ui , λi , t).
u (·)∈Ω

Suppose that for i = 1, . . . , N there exist N continuous functions λi (·) :
[0, T ] → Rn such that
1. The Hamiltonian maximizing condition,
∗

Hi (x, ϕi (x, t), λi , t) = Hi (x, λi , t)
holds,
2. The n adjoint equations
∗

λ̇i = ri λi − Hi x (x, λi , t)

(8.6)

are satisﬁed for almost all t ∈ [0, T ], and
3. The N transversality conditions for T < ∞,
λi (T ) = Sxi (x(T ))
hold for all i = 1, . . . , N ,
3 . Or the limiting transversality conditions for T = ∞
i

lim e−r t λi (t)x̃(t) = 0

t→∞

(8.7)

hold for all admissible (i.e., for all admissible but not necessarily optimal)
state trajectories x̃(t) and i = 1, . . . , N .
∗

Moreover, the functions Hi , i = 1, . . . , N, are continuously diﬀerentiable in
x and concave in x for all t ∈ [0, T ].
Then (ϕ1 , . . . , ϕN ) is an MNE.
Remark 8.7. The adjoint equation (8.6) reveals that generally it is much
more diﬃcult to determine an MNE than an OLNE. (One exception is
for state-separable games.) Since each nondegenerate Markovian strategy
ϕj , j = 1, . . . , i − 1, i + 1, . . . , N depends on x, the maximized Hamiltonian
∗
Hi , i = j depends – via any ϕj , i = j – also on x. An inﬁnitesimal change of x
causes the opponents to change their strategies ϕj , j = 1, . . . , i−1, i+1, . . . , N
∗
by ∂ϕj /∂x, j = i. Since ∂Hi /∂ϕj = 0 for j = i, those opponents’ reactions
inﬂuence player i’s payoﬀ, and hence also his/her shadow price, λi . The terms
∗
∂Hi /∂ϕj and ∂ϕj /∂x show player i how the competitors react to a change of
the state variable. Note that for open-loop strategies the derivatives ∂ϕj /∂x,
vanish making the solution of the adjoint equation much simpler.
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8.2.3 Tractable Game Structures
Analytical solutions of diﬀerential games are scarce (numerical solutions being
the rule), but they allow an understanding of the true “nature” of the players’
optimal strategies. Therefore, before we discuss another fundamental game
theoretic (equilibrium) solution concept useful for modeling conﬂicts involving
deviant behavior, we shall summarize important facts about two classes of
diﬀerential games for which we are able to derive analytical characterizations
of open-loop Markovian Nash equilibria.
The ﬁrst class of tractable diﬀerential games consists of linear–quadratic
games. They are characterized by the property that the state dynamics is a
ﬁrst-order polynomial and the objective functions are second-order polynomial functions with respect to the state and the control variables. If the state
dynamics includes an additional constant, the game is called aﬃne quadratic.
The corresponding solutions are given by, e.g., Başar and Olsder (1999), Dockner et al. (2000), Engwerda (2005), and Jørgensen and Zaccour (2004).
The second class of tractable diﬀerential games is the class of state-separable
games. They were introduced by Dockner, Feichtinger, and Jørgensen (1985),
and Dockner et al. (2000, Sect. 7.2) also denote them as linear state games.
This class consists of games for which the state equation and the objective
function are linear in the state variables and which have no (multiplicative)
interaction between control variables and state variables, i.e.,
i
Hxx
= 0,

and Hui i x = 0

for Hui i = 0.

State-separability is important for at least two reasons. First, these games
have the property that their open-loop Nash equilibria qualify as a Markovian
solution.8 Second, state-separable games are “tractable” also in the case of
hierarchical moves.9 (One such diﬀerential game in the context of international
terrorism is presented in Sect. 8.2.6.)
The following section aims at improving understanding of Nash equilibria
by presenting the analysis of a diﬀerential game on corruption. Drawing heavily on Wirl, Novak, Feichtinger, and Dawid (1997), the game describes the
strategic interactions between a corrupt politician, his/her hidden corruption,
and the revealing eﬀorts of investigative journalism.
8.2.4 A Corrupt Politician vs. the Tabloid Press
Whereas in Sect. 6.2 we examined a politician’s decision whether or not to
engage in corrupt behavior (yielding an optimal control model), the model
presented here focuses on the strategic interaction between the corrupt oﬃcial
8

9

Note that this property is stated for Nash games. The coincidence of open-loop
and Markovian strategies for any other solution concept may or may not occur.
Note that, in the case of optimal control models, state-separability implies that
the saddle point paths are horizontal in the phase portraits.
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(player 1) and the press (player 2).10 A magazine with market power attracts
customers and thus increases its proﬁt by uncovering the corrupt practices of
the “ﬁlthy” politician. The more popular the politician is, the more readers an
expose of his/her corruption is likely to attract. Revealing corruption lowers
the politician’s popularity. Uncovering a less popular oﬃcial attracts fewer
additional readers than revealing the hidden corruption of a more popular
person.
The Model
To keep the analysis as simple as possible, we restrict ourselves to a one-state
diﬀerential game, with the politician’s level of popularity being the state variable, denoted by x. Popularity, which is continuously assessed by public polls,
increases, but at a decreasing rate. This is embodied in a concave (popularity)
growth function g(x). The impact of disclosed corruption depends on both the
politician’s intensity of corruption, v, and the newspaper editor’s intensity of
pursuing investigative journalism, u. Thus the dynamics of popularity growth
can be written as
ẋ = g(x) − δ(u, v)x,
(8.8)
with x(0) = x0 as the initial popularity level (which is known by both players). On the politician’s side, increased corruption, u, harms popularity: a
greater corruption increases the likelihood of exposure by the journalists, and
it also implies a disproportionally greater loss of popularity. Thus, δu > 0 and
δuu > 0. If the newspaper increases its expenses for investigative eﬀorts, v, the
discovery rate of the corrupt practices tends to increase, everything else being
equal, and this harms the politician’s public support, δv > 0. By assumption,
these expenses satisfy the law of diminishing returns, δvv < 0. Finally, the
loss of (or gain in) popularity itself depends on the politicians current level of
popularity, x, because exposing evidence of corruption is much more harmful
to popular politicians (who are perceived to be honest) than to non-popular
politicians (who are suspected of engaging in various nefarious activities). This
dependence of the change in the politicians popularity on x yields a strategic
10

Note that analyzing the corrupt politician’s optimal control problem presented
in Sect. 2.3 helps us to understand an oﬀender’s motivation for misconduct and,
consequently, helps authorities to remove incentives for acting so. Analyzing a
diﬀerential game between a politician and a superior authority would go beyond
this analysis and explicitly ask for the appropriate counter-corruption measures
at a time t to remove these incentives. Thus the control problem itself can shed
valuable insight into an oﬀender’s motivation for a particular kind of behavior,
while the corresponding game is capable of delivering an intertemporal strategy
for eliminating the incentives for a rational oﬀender to act in a corrupt manner.
Note, however, that the game presented here describes a rather diﬀerent situation.
The press does not really aim to wipe out corruption, but rather to expose it.
Therefore, this game is more similar to a “farmer–cow relationship” than to an
“exterminator–vermin relationship.”
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element for the press, which may feel tempted to selﬁshly exploit this dynamic
dependence. That is because the newspaper’s gain from demolishing popular
public ﬁgures is greater than from exposing already unpopular politicians.
The politician’s beneﬁt from being popular is assumed to be proportional
to his/her current level of popularity, σx. But, the politician also derives a
beneﬁt from engaging in corrupt activities. This type of beneﬁt is embodied in
the concave utility function U (u). Taking the present value, using the discount
rate r1 , leads to player 1’s objective,
∞

V 1 (u, v) =

1

e−r t (σx + U (u)) dt.

(8.9)

0

The newspaper editor’s beneﬁt is assumed to be proportional to the loss of the
politicians popularity, which translates into readers and proﬁts, δ(u, v)x. The
cost of the investigation is assumed to increase linearly in the investigative
eﬀort. This leads to player 2’s objective,
∞

V 2 (u, v) =

2

e−r t (δ(u, v)x − av) dt.

(8.10)

0

For simplicity and since it would not be easy to specify salvage values for both
players we consider a game of inﬁnite duration.
The reader may enjoy thinking about how the formulation could be modiﬁed to capture the dynamics at play when the tabloids expose embarrassing
personal information about movie stars and other celebrities.
Stability Analysis
Our analysis focuses on the OLNE of the game because the politician’s degree
of popularity cannot be suﬃciently known at any time t to admit a Markovian
solution. To facilitate the analytical calculations and to simplify the numerical
computations, we specify the forms of the functions g, δ, and U in (8.8), (8.9),
and (8.10) as follows
g(x) = ρx,
δ(u, v) = uε v π ,

bη η−1
u
,
1−η
η, π ∈ (0, 1), ε > 1.

U (u) = C −

ρ, b, C > 0,

For simplicity we assume that the politicians degree of popularity grows exponentially. The revelation rate δ is speciﬁed as a power function, where the
parameters ε and π are chosen in a way that all assumptions stated above are
satisﬁed. This yields the following diﬀerential game:


∞
1
bη η−1
u
dt
e−r t σx + C −
max
u(·) 0
1−η
∞

max
v(·)

2

e−r t (uε v π x − av) dt

0

s.t. ẋ = (ρ − uε v π )x,

x(0) = x0 .
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The OLNE is then characterized by the property that each player’s strategy, as a function of time (u, v, t ≥ 0), is a best response to the opponent’s
exogenously given strategy, and in an equilibrium both strategies are simultaneously best-response strategies. This means that we are solving two optimal
control problems, in which the respective control variable of the opponent
j = i is arbitrary but ﬁxed. Then, the current-value Hamiltonians of the
players, i = 1, 2, are deﬁned as
bη η−1
u
+ λ (ρ − uε v π ) x
1−η
H2 = uε v π x − av + μ (ρ − uε v π ) x,
H1 = σx + C −

where λ and μ denote the current values of the adjoint variables (or shadow
prices) of x for player 1 and player 2, respectively.11 Since popularity is an
asset for the politician, clearly λ > 0. The sign of μ, however, is ambiguous.
H1 is concave in u since λ > 0, and H2 is concave in v whenever μ < 1.
Under these conditions the optimal strategies can be calculated in explicit
form
1
 ε−η+1

bη
∗
u =
(8.11a)
xλεv π
1
 π−1

a
∗
.
(8.11b)
v =
πuε x(1 − μ)
The adjoint variables must satisfy the following diﬀerential equations
λ̇ = λr1 − Hx1 ,

μ̇ = μr2 − Hx2 .

After substitution of the optimal controls, given by (8.11), into the equations
for the adjoint variables, the following canonical system (a three-dimensional
system of ﬁrst-order diﬀerential equations) in the variables (x, λ, μ) results
ẋ = (ρ − uε v π ) x
λ̇ = λ(r1 − ρ + uε v π ) − σ


μ̇ = μ r2 − ρ + uε v π − uε v π .

(8.12)

The equilibrium of the dynamical system, (8.12), is unique and can be explicitly computed as
*

11


(1−η)(1−π)+ε

x̂ =

ρ

λ̂ =

σ
,
r1

μ̂ =

ρ
,
r2

a
π(1 −

π(1−η) 
ρ
r2 )

bηr1
εσ

1
−ε + π(1−η)−ε

ûε v̂ π = ρ.

Note that both players act simultaneously. Thus the numbering of the players
does not indicate any hierarchy in decision-making.
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For a comprehensive stability analysis of the canonical equations (8.12) we refer to Wirl et al. (1997). There we ﬁnd that calculating the Jacobian evaluated
at the equilibrium, together with applying the Poincaré–Bendixson theorem
with ρ as the bifurcation parameter, yields the model’s main result:12
There exists a positive value ρcrit such that either for all ρ near ρcrit with
ρ < ρcrit or for all ρ near ρcrit with ρ > ρcrit there exists a pair of periodic
functions, u ≥ 0 and v ≥ 0, that satisfy the necessary conditions of an OLNE.
If the cycle appears for ρ < ρcrit , it is stable and the long-run behavior of any
Nash equilibrium solution starting in the neighborhood of the (limit) cycle
exhibits recurrent behavior.
Denoting the pair of complex eigenvalues of the Jacobian by ξ2,3 (ρ) =
α(ρ) ± iβ(ρ), we can easily see that ξ2,3 (ρcrit ) = ±iβ(ρcrit ), and that
∂α(ρ)/∂ρ < 0 holds. By Theorem 2.71 this implies that cycles will appear
either for ρ < ρcrit or for ρ > ρcrit and that a cyclical solution of the canonical equations (8.12) appearing for ρ < ρcrit will be stable (corresponding to
a supercritical PAH-bifurcation, see Sect. 2.10).
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Fig. 8.2. Time paths of state and control variables along one period of the periodic
solution. Note that the journalists’ eﬀorts “follow” essentially the politician’s degree
of popularity, whereas the politician behaves “anti-cyclically”

Using a numerical simulation, one can illustrate that the emerging cycle
may truly be attracting for the set of parameter values collected in Table 8.2.

12

The real parts of the roots of the characteristic polynomial, which is cubic, determine the stability properties of the canonical system (8.12).
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Table 8.2. Set of base-case parameter values for the corruption game
r1

r2

0.008

0.100

a
0.018

b
0.700

C
5.000

σ
0.150

π
0.450

ε
1.200

η
0.700

ρ
0.09263

A detailed analysis shows that for the occurrence of stable limit cycles,
the discount rate of the press, r2 , has to be larger than that of the politicians,
r1 . Thus the politicians would have to be more farsighted than the press
to generate persistent oscillations. The (corresponding) periodic time paths
of the state and the control variable are depicted in Fig. 8.2. Why such a
situation may lead to the occurrence of a limit cycle has been explained by
Wirl et al. (1997, p. 131), who describes the following pattern:
In a situation where the corruption rate of the politicians is high
but their popularity is very low, a farsighted politician knows that
he has to build up a stock of popularity to gain a secure income.
He will therefore give up some of his income from corruption until
he has attained some popularity. The press gains only little income
from its eﬀort in such a situation and will therefore curb its eﬀorts
at exposure. As the politician becomes more popular, he will become
more and more interesting to the press and the journalists will increase
their eﬀorts to expose him. After some time the press discovers the
continuing corruption of the politician. A farsighted way for the press
to react would be to reveal some of the corruption, but not too much,
so that the politician remains popular. We assume, however, that the
press reacts myopically and immediately reveals all of the politician’s
corruption – which yields a high instant income for the newspaper
but lowers its future income, as the politician loses all his popularity.
The press, however, is not interested in revealing the corruption of
little-known ﬁgures, and that implies that the politician may increase
his corrupt activities again with little risk, thereby closing the cycle.
Multiple Open-Loop Nash Equilibria
In addition to the occurrence of recurrent optimal strategies, the corruption
game has another remarkable property: there exists a pair of eigenvalues with
negative real parts implying multiple OLNE. If two eigenvalues of the Jacobian
have negative real parts, then the corresponding two-dimensional manifold Φ
in the R3 allows convergence toward the equilibrium (see Fig. 8.3). Now,
intersecting this manifold Φ with the plane Π corresponding to the initial
condition x = x0 results in a one-dimensional manifold of initial conditions
(λ0 , μ0 ) in this plane, i.e., it results in a curve in the three-dimensional space
such that all paths starting at this curve, denoted as Γ , reach the equilibrium.
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Since all these solutions satisfy the canonical equations (8.12) and obviously a
transversality condition, these curves constitute a Nash equilibrium, at least,
if the suﬃcient optimality conditions are met.

x
ξ2

Φ

C

ξ3

*

1


Π

λ

×

2


×

μ

Fig. 8.3. Limit cycle in the politician–press game; indeterminacy of open-loop equi1 and ;
2 Π denotes the plane corresponding
librium. Two OLNE are shown as 
to the initial condition x(0) = x0 , while Φ is the two-dimensional manifold for the
stationary point (x̂, λ̂, μ̂)

The intersection of Φ and Π deﬁnes generally a curve Γ of inﬁnitely many
initial conditions (x0 , λ0 , μ0 ) that allow for convergence toward a Nash equilibrium solution. The PAH-bifurcation, i.e., the crossing of the pair of complex
conjugate eigenvalues ξ2 and ξ3 of the imaginary axis in the complex plane C,
is also depicted in the upper-left corner of Fig. 8.3.
Let us summarize the main results of this game. First, an OLNE may
exist. An entire one-dimensional manifold (in the three-dimensional space of
state and costates) describes the initial conditions allowing for convergence.
Second, within this domain of multiple equilibria, a stable limit cycle may
describe the long-run behavior. The existence of (stable) limit cycles means
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that the (corrupt) politician has to be signiﬁcantly more farsighted in his/her
decision planning than the newspaper editor has to be.
Remark 8.8. A variant of the corrupt politician vs. tabloid press model in
which the stock of popularity grows exponentially, and the term δ(u, v)x occurring in (8.8) and (8.10) is replaced by δ(u, v) alone, i.e., without the factor
x, serves as a nice example of a state-separable game; see also Exercise 8.10
and Feichtinger and Novak (2008).
The following section deals with diﬀerential games with hierarchical play.
8.2.5 Leader–Follower Games
The Nash solution concept, as illustrated in the last section, assumes that
all players decide about their actions simultaneously. We now turn to a class
of two-player games in which one player, the leader, has the opportunity to
move ﬁrst, i.e., before the opponent, the follower, makes his/her decision. This
hierarchical or sequential situation is called a leader–follower or Stackelberg
game. For simplicity we restrict our analysis to open-loop Stackelberg equilibria (OLSE).
To describe the stepwise procedure to derive such an equilibrium solution
we assume without loss of generality that the ﬁrst player is the leader and
the second the follower. To simplify the notation we denote the control and
the adjoint variable of player 1 by u and λ, respectively, and for player 2 by
v and μ:
Deﬁnition 8.9 (Open-loop Stackelberg Equilibrium).
Step 1: The leader, i.e., player 1, announces his/her strategy u(·).
Step 2: Taking this path as given, the follower selects v(·) so as to maximize
his/her objective function V 2 (compare (8.3) or (8.4)). Thus the follower
solves a standard-type optimal control problem. The resulting strategy v(·)
is denoted as his/her reaction function
v = R2 (x, u, μ, t),

(8.13)

where μ(·) denotes the adjoint variable of the follower’s optimal control
problem, i.e., his/her shadow price of an inﬁnitesimal change in the state
variable x.
Step 3: The leader uses the follower’s reaction function (8.13) to maximize
his/her own objective function V 1 . It is important to note that in the
leader’s optimization problem not only x appears as a state variable, but
also μ resulting from the follower’s optimization problem.
The control paths of the leader and the follower in open-loop form are
ϕ1 = u,

and ϕ2 = v,
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respectively. Next, we describe the formal derivation of an open-loop Stackelberg equilibrium.
1
2
Assume x ∈ Rn , u ∈ Rm , v ∈ Rm and the state dynamics
ẋ = f (x, u, v, t),

x(0) = x0 .

(8.14)

At time t = 0 the leader (player 1) announces his/her control path u(·) for the
entire duration of the game, i.e., for the ﬁnite planning horizon [0, T ].13 Taking
this path as given, the follower (player 2) selects his/her control trajectory
v(·) so as to maximize the stream of discounted proﬁts,
T

V2 =

2

e−r t g 2 (x, u, v, t) dt + e−r

2

T

S 2 (x(T )),

0

where r2 > 0 is the follower’s discount rate, g 2 denotes his/her instantaneous
proﬁt function, and S 2 the salvage value function. Given the trajectory u(·),
the follower faces a standard-type optimal control problem. To solve this,
denote by μ(·) the vector of adjoint variables. Then the follower’s currentvalue Hamiltonian is given by
H2 (x, u, v, μ, t) = g 2 (x, u, v, t) + μf (x, u, v, t).
Given the time path u(·), the optimality conditions of the follower’s problem
may be written in well-known form
Hv2 (x, u, v, μ, t) = gv2 (x, u, v, t) + μfv (x, u, v, t) = 0,
μ̇ = r μ −
2

μ(T ) =

Hx2 (x, u, v, μ, t),

Sx2 (x(T )).

(8.15a)
(8.15b)
(8.15c)

If the Hamiltonian of the follower is jointly concave in x and v, the conditions
(8.14), (8.15a)–(8.15c) are suﬃcient for the optimality of v(·). If H2 is strictly
concave in v(·), then (8.15a) determines v as a function of x, u, μ, and t,
v = R2 (x, u, μ, t).

(8.16)

The function R2 is the follower’s best response to the announced time path
u(·) of the leader. Substituting (8.16) for (8.14) and (8.15b), the follower has
to solve a two-point boundary value problem to get v ∗ (·) as his/her best reply
to u(·).
Let us turn now to the leader’s optimization problem. Player 1 knows the
follower’s best response R2 , determined by (8.16), to each control trajectory
13

Note that the open-loop Stackelberg equilibrium solution may be imagined to be
valid if the leader makes binding commitments about future policy actions where
the opponents rational reactions are anticipated. This implies that both players
base their actions only on the initial state, x0 . Hence, the open-loop Stackelberg
equilibrium solution is derived in analogy to open-loop Nash – with the additional
assumption of an asymmetric information structure.
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u(·) that the leader may announce. Thus the leader chooses u(·), maximizing
his/her discounted proﬁt stream
T

V1 =

1

e−r t g 1 (x, u, R2 (x, u, μ, t), t) dt + e−r

1

T

S 1 (x(T ))

0

subject to
ẋ = f (x, u, R2 (x, u, μ, t), t),

x(0) = x0 ,

as well as (8.15b) and (8.15c). Note that in the leader’s optimization problem,
not only x appears as a state variable but also the adjoint variable μ from
the follower’s optimization problem.14 The current-value Hamiltonian of the
leader is given by
H1 (x, u, μ, λ, ψ, t) = g 1 (x, u, R2 , t) + λf (x, u, R2 , t) + ψk 2 (x, u, μ, t),
where λ and ψ denote the adjoint variables of x and μ, respectively, and k 2
denotes the right-hand side of (8.15b). Then, the Maximum Principle delivers
Hu1 (x, u, μ, λ, ψ, t) = 0,

(8.17a)

λ̇ = r1 λ − Hx1 (x, u, μ, λ, ψ, t),

(8.17b)

Hμ1 (x, u, μ, λ, ψ, t),

(8.17c)

ψ̇ = r ψ −
1

λ(T ) =

Sx2 (x(T )),

ψ(0) = 0.

(8.17d)
(8.17e)

Note that to simplify the derivation of the transversality condition (8.17d), we
have assumed a zero salvage value for the follower; i.e., S 2 = 0. Note also that
(8.17e) refers to a free initial state μ(0) of F (see also Chap. 5.2 in Dockner
et al., 2000 about time inconsistency).
If H1 is jointly concave in the states x, μ, and the control u, then the
conditions (8.14), (8.15b), and (8.17a)–(8.17e) are suﬃcient for the optimality
of u.
Remark 8.10. Note that in state-separable games the costate of the follower
has no inﬂuence on the optimization problem of the leader. The corresponding second costate of the leader neither appears in the dynamics of the other
costates and state variables nor in the optimal control variables. Under the
assumption of no control–state interaction in the state dynamics and in the
objective functional of the follower, the leader’s control does not depend on
his/her second costate variable ψ. If additionally the Hamiltonian of the follower is linear in the state, then the second costate variable ψ also does not
enter the dynamics of the ﬁrst costate λ.
14

Note that the leader faces a nonclassical optimal control problem taking into
account the dynamics of the optimal decisions of the followers which are expressed
by an additional costate equation.
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Remark 8.11. An important feature in noncooperative game theory is time
consistency. Omitting details (see, e.g., Dockner et al., 2000), a subgame of
a diﬀerential game played in [0, T ] is its restriction to a time interval [t, T ]
having the initial condition x(t) = x, where x is ﬁxed, but arbitrary in X. An
equilibrium solution of a diﬀerential game is time consistent if it is an equilibrium solution of any subgame that starts out of the equilibrium trajectory.
It is well known that every Markovian Nash equilibrium is time consistent
(for a proof see, e.g., Dockner et al., 2000, Sect. 4.3). A stronger property
than time consistency is subgame perfectness meaning that the strategy ϕi
represents optimal behavior not only along the equilibrium state trajectory
but also oﬀ this path (see, e.g., Dockner et al., 2000, Sect. 4.4, for details).
A Markovian Nash equilibrium that is subgame perfect is called a Markov
perfect equilibrium. An important fact is that OLSE are in general time inconsistent (compare, e.g., Dockner et al., 2000, Example 5.1, for an illustrative
justiﬁcation).
Nondegenerate Markovian Stackelberg equilibria can be deﬁned, but their
analysis may lead to considerable technical diﬃculties (see Dockner et al.,
2000, Sect. 5.3).
Our example from the ﬁeld of international terrorism will show that, in
terms of payoﬀ, the player who makes the ﬁrst move in a leader–follower
game is better oﬀ when playing a Stackelberg game. Thus both players prefer
to play a Stackelberg rather than Nash game, a property that is denoted as
Stackelberg dominance.
8.2.6 A Post September 11th Game on Terrorism
The model presented here is based upon the description of the evolution of a
stock of terrorists over time discussed in Sect. 2.5. Thus all arguments given
there carry over to the model presented here. There is, however, one signiﬁcant
diﬀerence. Whereas the terrorism model in Sect. 2.5 has only one decisionmaker, here we consider the strategic interaction of two decision-makers with
opposing objectives.
We shall refer to the decision-maker on the terrorist side as ITO, an abbreviation for some I nternational T error Organization. The ITO’s opponent
is assumed to be the government of a country that is at high risk of being a
target of a future terror attack; for ease of exposition referred to as “the target
country.” Both the ITO and the target country have access to (at least) one
instrument for altering the status quo. The ITO can choose the rate at which
it commits terror attacks; the target country can choose the rate at which it
counterattacks. In times of “war,” attacks by both sides reduce the stock of
terrorists in contrast to “peacetime,” when neither side is making attacks.
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The Model
In a post September 11th scenario, it seems plausible that the mere existence of terrorists is perceived as being a perpetual threat to any likely target
country. Thus, at any instant of time, both the ITO and the target country
have to decide whether or not to launch an attack in the “terror war.” The
state variable of the resulting (modeled) conﬂict corresponds to the number
of terrorists (denoted by x).
We suppose that new terrorists are recruited by existing terrorists, and
that the ITO grows exponentially in the absence of controls. Translating this
into an equation, we suppose that the number of terrorists at time t, x(t),
evolves according to
ẋ = ρx, x(0) > 0,
(8.18)
where ρ denotes the endogenous growth rate of the ITO.
The ITO’s attacks (denoted by v) reduce the number of ITO members. It
is obvious that suicide attacks reduce the stock but even non-suicide attacks
will tend to reduce the size of the ITO because every attack exposes the organization to law enforcement risks and its operatives to an increased likelihood
of imprisonment or death. We recognize this fact by adding an outﬂow term
to (8.18) that is proportional to the number of attacks, i.e., νv.
Terror-control activities pursued with intensity u (=control variable of the
target country) kill, capture, or incapacitate terrorists; that is their purpose.
The greater the intensity of terror-control interventions, the more resources
there are that can be devoted to investigating the aftermath of an attack.
These interventions may in turn provide information about other ITO operatives, so that subsequent attackers can be eﬀectively stopped. Therefore, the
greater the target country’s intensity of terror-control measures, the higher is
the probability of ﬁnding and arresting ITO operatives. This is approximated
by f (u) = βu, where the parameter β denotes the ratio of ITO operatives
lost per successful attack when the target country is on full counter-oﬀensive,
(u = 1) vs. none at all.15 As the number of ITO attacks declines with an increasing probability of arresting ITO operatives who knew somebody involved
in an attack, we add a second outﬂow term to (8.18) that weighs the number
of attacks v with βu.
The target country is not limited to counterattacking when the terrorists
strike. The ITO’s opponent is also capable of attacking terrorists at its own
initiative, a condition modeled by adding an outﬂow term to (8.18) that is
proportional to the intensity of terror-control attacks (ϕu). Such “direct” terror control, however, may be seen as “disproportionate,” especially if persons
and property not belonging to the ITO are killed or destroyed during the target country’s attacks, and may generate resentment among the populations
15

Note that even though we normalize u = 1 to stand for the maximum long-run
sustainable intensity of terror-control activities, brief periods of “extra intensity”
(u > 1) are possible owing to the nature and speed of modern armed conﬂict.
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from which the ITO seeks recruits. This resentment in turn may increase the
number of new terrorists, modeled by adding an inﬂow term that is more than
proportional in u. For convenience, we designate the inﬂow to the ITO caused
by such collateral damage as being proportional to the square of the intensity
of terror-control measures.16
These considerations yield the following equation describing the evolution
of the number of terrorists over time:
ẋ = ρx − ϕu +

α 2
u − νv − βuv,
2

x(0) > 0,

(8.19)

with
x ≥ 0 number of terrorists (state variable)
u ≥ 0 intensity of the target country’s terror-control activities, relative to its maximum sustainable level (control variable of the
“target country”)
v ≥ 0 number of ITO attacks (control variable of ITO)
ρ ≥ 0 endogenous growth rate of the ITO
ϕ ≥ 0 rate at which terror-control operations would deplete the ITO
if the target country were on a full counter-oﬀensive
α
≥
0
growth
rate of the ITO due to collateral damage induced by
2
the target country’s terror-control attacks u
β ≥ 0 ratio of ITO operatives lost per successful attack when the
target country is on full counter-oﬀensive, (u = 1) vs. none at
all
ν ≥ 0 average number of terrorists killed or captured per attack
We assume that the target country may have up to three policy goals and
thus up to three components of its objective function. The target country
certainly wants to minimize the number of terrorist attacks, v, but it may
also independently seek to minimize the number of terrorists (by minimizing
x). The principal reason the target country may wish to minimize the number
of terrorists is their potential to commit attacks in the future, which would
be captured in a v-term in the objective. However, merely living under the
threat of attack can be costly even if there are no attacks, because of costs
16

It is important to realize that (in contrast to the terror model in Sect. 2.5) here we
do not distinguish between ﬁre-type interventions and water-type interventions.
That is, the target country’s control variable u consists of both types of interventions. Thus the terror-control attacks by the target country may have the direct
beneﬁt of eliminating current terrorists, but also the undesirable indirect eﬀect
of increasing the ITO’s recruitment rate (cf. Keohane & Zeckhauser, 2003). We
imagine here that the undesirable indirect eﬀects of what is perceived as excessive
and inappropriate terror-control attacks increase more than proportionally with
the intensity of those attacks. That is, we imagine that in the eyes of a potential
terrorist recruit, some degree of counterattacking is to be expected, but excessive
levels warrant sympathy for the ITO. The terms −(ϕu + βuv) and +(α/2)u2
account for the two-edged eﬀect of terror-control activities induced by combining
water- and ﬁre-type strategies in a single control.
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associated with psychological stress, maintaining homeland security capacity,
and activities (e.g., business investments) avoided because of the uncertainty
created by an imminent threat.
The target country also has an interest in minimizing the number of terrorcontrol strikes (by minimizing u). One obvious reason is that terror-control
eﬀorts cost money, just like the exercise of almost any control policy. Decisionmakers in optimal control formulations (with or without a game theoretic
component) are routinely described as trying to minimize a weighted sum of
various quantitative objectives (x and v in our case) and the costs of eﬀorts
intended to reduce that problem (u in our case). Hence, for an inﬁnite time
horizon and a positive discount rate r1 , the target country’s objective can be
written as
∞
1

e−r t (c1 x + c2 v + c3 u) dt.

min
u(·)

(8.20)

0

The ITO, on the other side, is interested in becoming powerful (by increasing
x). It may value deaths of the target country’s citizens that are a consequence
of its own successful attacks (by increasing v). But carrying out terror attacks
is expensive. This fact is modeled by including a quadratic cost function,
(c4 /2)v 2 , in the ITO’s objective function. Additionally (or alternatively), the
ITO may have political objectives aimed at inducing “excessive” counterattacks by the target country (eliciting high values of u) as an indirect way of
stirring up sentiments against the target country. This could, for instance,
smooth the way for changes in local regimes. These considerations lead to the
following objective function of ITO for an inﬁnite time horizon and a positive
discount rate r2 :
∞

2
c4
(8.21)
e−r t b1 x + b2 v + b3 u − v 2 dt.
max
v(·) 0
2
For
ri > ρ,

i = 1, 2,

(8.22)

the target country and the ITO aim at optimizing (8.20) and (8.21), respectively, subject to (8.19) and the path constraints
x, u, v ≥ 0.
The ﬁnal component of the model speciﬁcation is the choice of the solution
concept, which governs how the “game” will be played. But before we discuss
the implications of this choice we describe the calculation of both the Nash
and the Stackelberg equilibrium solutions.
Nash Equilibrium
In what follows we compute the stationary Nash solution. Remarkably, since
the game is state-separable (see Sect. 8.2.3), any open-loop Nash solution
qualiﬁes as a Markov perfect equilibrium.
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In computing the Nash equilibria we have to assume that both players
act simultaneously. Both the target country and the ITO then determine the
optimal controls u∗ and v ∗ , respectively, by solving an optimal control problem with the opponent’s activity as given. Denoting by λ and μ the shadow
prices of x for the target country and the ITO, respectively, the mathematical
analysis of the war on terror starts with the formulation of both current-value
Hamiltonians,


α
H1 = −c1 x − c2 v − c3 u + λ ρx − ϕ − u u − νv − βuv
(8.23)
2


c4
α
H2 = b1 x + b2 − v v + b3 u + μ ρx − ϕ − u u − νv − βuv .
2
2
(8.24)
The target country’s shadow price λ in (8.23) is always negative along the
optimal path since adding one more terrorist is harmful to the target country. The ITO’s shadow price μ in (8.24) is always positive along the optimal
path since one more ITO operative is beneﬁcial to the terrorists. Pontryagin’s
Maximum Principle determines the evolution of the target country’s shadow
price of an additional terrorist by
λ̇ = (r1 − ρ)λ + c1

(8.25)

c1
< 0.
r1 − ρ

(8.26)

with the equilibrium
λ̂ = −

Analogously, we ﬁnd that the ITO’s shadow price μ evolves according to
μ̇ = (r2 − ρ)μ − b1
with the equilibrium
μ̂ =

b1
> 0.
r2 − ρ

(8.27)

According to (8.26) the long-run damage to the target country implied by
having one more terrorist (λ̂) increases as a result of an increasing per capita
cost associated with the mere existence of an ITO operative (c1 ).
Note that according to Theorem 8.6 the transversality conditions (8.7)
hold for all admissible state trajectories.
The analysis presented here is conﬁned to interior solutions, u, v > 0.
Then, the Hamiltonian maximizing condition for the intensity of the target
country’s terror-control interventions is given by
1  c3
Hu1 = 0
+ ϕ + βv .
(8.28)
implies
u∗ =
α λ
Thus the optimal intensity of counter-terror attacks u∗ increases with a rising
number of ITO attacks, an increasing ratio of ITO operatives lost per successful attack if the target country is on a full counter-oﬀensive (β), and a growing
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rate at which terror-control operations deplete the ITO (ϕ). The growth rate
of the ITO induced by the target country’s “low-speciﬁcity” terror-control
attacks (α/2) has a diminishing impact on the target country’s intensity of
conducting counter-terror measures. Note that if the cost of control is large
(c3 ) relative to the target country’s perception of damage caused by an additional ITO operative (λ < 0), the optimal intensity u∗ is low and may hit
the boundary of the set of admissible controls at u∗ = 0. In that case it is
optimal for the target country to abstain from counter-terror measures. If, on
the other hand, the cost of control does not matter (because its ﬁght against
terrorism has an unlimited budget), the target country’s shadow price disappears from (8.28) and u∗ is determined by a (strictly positive) aﬃne response
function in the number of terror attacks v.
The maximizing condition for the number of ITO attacks is determined
by
b2
μ
Hv2 = 0
implies
v∗ =
− (ν + βu).
(8.29)
c4
c4
The optimal number of ITO attacks v ∗ decreases with an increasing average
number of terrorists killed or captured per attack (ν), an increasing probability
of ﬁnding and arresting ITO operatives who knew somebody involved in an
attack (βu), and with an increasing shadow price μ of the ITO. Thus, if the
value of an additional ITO operative increases, the number of attacks declines.
On the other hand, if the beneﬁt of an attack (b2 ) increases relative to its cost
(c4 ), it is optimal for the ITO to increase the number of its terror attacks.
Equations (8.28) and (8.29) may be interpreted as follows: The optimally
chosen intensity of terror-control measures increases with an increasing number of terror attacks, while the optimal number of attacks decreases with an
increasing intensity of counterattacks.
The stationary Nash equilibrium is given by
ûN =

β(b2 − μ̂ν) + c4 (ϕ + c3 /λ̂)
c4 α + μ̂β 2
(8.30)

v̂N =

α(b2 − μ̂ν) − μ̂β(ϕ + c3 /λ̂)
,
c4 α + μ̂β 2

with λ̂ given in (8.26), μ̂ given in (8.27), and where the subscript N denotes
the Nash solution. Thus the equilibrium value of the stock of terrorists is given
by
α
1 
x̂N =
ϕ − ûN ûN + (ν + β ûN ) v̂N ,
(8.31)
ρ
2
where the optimal controls are given by (8.30).17
17

Note that x̂N is an unstable equilibrium, i.e., for x0 = x̂N the state trajectory
diverges.
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Note that (8.30) is a unique Markovian Nash equilibrium, which is quite
unusual (as multiple Nash equilibria are the rule in diﬀerential games).
The explicit representation (8.30) of the stationary Nash equilibrium opens
the possibility for a sensitivity analysis with respect to the model parameters.
Table 8.3 summarizes the results of such a comparative static analysis for
(8.22) and c3 = 0. This can be argued since relative to the costs imposed by
terror attacks, direct budgetary outlays on terror-control attacks (as distinct
from homeland security and the invasion of a country, such as Iraq) are fairly
modest. If the target country thought the only cost of employing u was budgetary, or the cost of intervention “did not matter” because the war on terror
had to be fought regardless of the eﬀorts it took, u would be a negligible part
of the target country’s objective (i.e., the third unit cost would be equal to
zero, i.e., c3 = 0). Moreover, we assume that the stationary equilibria (û, v̂)
are interior solutions.
Table 8.3. Comparative static analysis of the interior stationary Nash equilibrium
(ûN , v̂N ) of the terror game (8.19)–(8.21) with respect to the model parameters for
c3 = 0. + means that ∂(·)/∂parameter > 0, − the opposite case, 0 means that the
parameter has no inﬂuence on the control, and ? denotes ambiguity
Parameter/
Nash equilibrium

ρ

ϕ

α

β

ν

c1

c2

b1

b2

b3

c4

r1

r2

ûN
v̂N
x̂N

−
−
?

+
−
?

−
+
?

?
?
?

−
−
?

0
0
0

0
0
0

−
−
−

+
+
+

0
0
0

?
?
?

0
0
0

+
+
+

The results of Table 8.3 make economic sense. Note, e.g., that according to
(8.27) the stationary shadow price μ̂ decreases with r2 , but increases with b1
and ρ. Thus, according to (8.30), the stationary Nash control of the terrorists
decreases with increasing ρ (provided that c3 = 0). In addition, in that case
ûN decreases too.
The Nash equilibrium computed above reﬂects a scenario in which the
target country and the ITO make their decisions at the same time. If, however,
the ITO announced further terror attacks via the Internet or other media, a
Stackelberg game with the ITO as leader would be an appropriate model of
the corresponding scenario.18 Clearly, altering the solution concept changes
the results. But what in particular is the diﬀerence between the outcomes of
a Nash game and a Stackelberg game? What changes if the opponent makes
the ﬁrst move?

18

For the Stackelberg game with the target country as the game’s leader we refer
to Exercise 8.9.
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The Stackelberg Equilibrium with the ITO as Leader
Let us now consider the open-loop Stackelberg game with the ITO (player 2)
as leader and the target country (player 1) as follower. We assume furthermore
that the cost of terror control is perceived to be negligible, i.e., c3 = 0. The
Stackelberg solution of the game requires the following three steps:
Step 1: The ITO announces its strategy v.
Step 2: The target country solves, for this given v, the same control problem
as in the Nash case. Thus, analogously to (8.25), the target country’s
optimal response to v (for c3 = 0) is given by
u∗ = u∗ (v) =

1
(ϕ + βv) .
α

(8.32)

As before, the adjoint variable has to follow the linear diﬀerential equation
(8.25).
Step 3: Using the follower’s reaction function (8.32), the leader solves the
following optimal control problem:
∞


2
c4
max
e−r t b1 x + b2 − v v + b3 u∗ (v) dt
v(·) 0
2
s.t. the following two-state equations

α
ẋ = ρx − ϕ − u∗ (v) u∗ (v) − νv − βu∗ (v)v
2
λ̇ = (r1 − ρ)λ + c1

(8.33)
(8.34)

with u∗ (v) given by (8.32). Then the Hamiltonian of player 2 in this
Stackelberg case becomes equal to

c4
H2 = b1 x + b2 − v v + b3 u∗ (v) + μẋ + ψ λ̇,
2
with the adjoint variables μ and ψ belonging to (8.33) and (8.34), respectively, and u∗ given by (8.32).19 Solving the ﬁrst-order condition, Hv2 = 0,
with respect to v yields v ∗ .
Substituting player 2’s optimal control in (8.32) allows for calculating the
stationary Stackelberg equilibrium (with the ITO as the leader) determined
by
ûS =

β(b2 − μ̂ν) + c4 ϕ + b3 (β 2 /α)
c4 α + μ̂β 2
(8.35)

v̂S =
19

α(b2 − μ̂ν) − β(μ̂ϕ − b3 )
c4 α + μ̂β 2

Note that ψ plays no role in the optimization procedure. This is due to the stateseparability of the model (see Remark 8.10).
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with λ̂ given in (8.26), and where the subscript S refers to the Stackelberg
solution. Thus the equilibrium value of the stock of terrorists is
α
1 
ϕ − ûS ûS + (ν + β ûS ) v̂S ,
(8.36)
x̂S =
ρ
2
where the optimal controls are given by (8.35). The qualitative properties of
the stationary Stackelberg solution are essentially the same as the ones of the
stationary Nash solutions. But not entirely. The next section summarizes the
two solutions’ similarities and diﬀerences.
Comparison of the Nash and Stackelberg Equilibrium Solutions
The stationary Stackelberg solution (given by (8.35)) can be expressed in
terms of the stationary Nash solution (see (8.30)):
ûS = ûN +
with
Δ :=

β
Δ,
α

v̂S = v̂N + Δ

b3 β
> 0.
c4 α + β 2 μ̂

(8.37)

The diﬀerence between the optimal stationary Nash and Stackelberg equilibrium is driven by the term Δ given by (8.37). The fewer ITO operatives lost
per successful attack (β), the smaller is Δ. If β = 0 the Nash and Stackelberg
equilibrium solutions coincide. Note that this is also the case, if we investigate
a Stackelberg game in which the target country is the leader that announces
its terror-control policy to the ITO(see Exercise 8.9). Moreover, if the ITO
has no political objective at all (b3 = 0), then the Nash and Stackelberg equilibrium solutions also coincide. If b3 is positive, however, the ITO announces
a number of attacks, vS , such that the target country responds with a high
intensity of control, uS . This in turn fuels recruitment and increases x, which
allows the ITO to carry out more terror attacks.
Since it follows from a comparison of (8.35) and (8.30) that
ûS > ûN ,

and

v̂S > v̂N

the war on terror will be more intense if the ITO has a ﬁrst mover advantage (and a political objective) and announces the number of terror attacks
to be carried out to the target country (compared to the case where both
players act at the same time). Thus the ITO being the Stackelberg-leader,
leads to a higher number of terror attacks and more intensive counter-terror
interventions, and, thus, a more intensive conﬂict.
Since both the Stackelberg leader and follower increase their eﬀorts in
contrast with the players in the Nash equilibrium, it is interesting to analyze
the eﬀect of ûS > ûN and v̂S > v̂N on the equilibrium.The diﬀerence between
the equilibrium values (8.31) and (8.36),
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x̂S − x̂N > 0,
is positive, and therefore we can conclude that the ITO being the leader yields
an increase in the size of the ITO, x̂S > x̂N .
We conclude the comparison of the results of the two solution concepts
with a comparison of their objective function values. Since the state equation
is linear, x(t) can explicitly be solved, yielding
xN (t) = xN 0 eρt + x̂N (1 − eρt )
xS (t) = xS0 eρt + x̂S (1 − eρt ).
Then the objective function values of the leader (ITO) for both solution concepts (using stationary controls) can be calculated as

c4
b1 x + (b2 − v̂N )v̂N + b3 ûN dt
2
0
2
2b2 v̂N − c4 v̂N
r2 xN 0 − ρx̂N
+ 2b3 ûN
+
,
= b1 2 2
2
r (r − ρ)
2r

VN2 =

∞

e−r

2

t

and
∞



c4
v̂S )v̂S + b3 ûS dt
2
0
2b2 v̂S − c4 v̂S2 + 2b3 ûS
r2 xS0 − ρx̂S
+
.
= b1 2 2
r (r − ρ)
2r2

VS2 =

e−r

2

t

b1 x + (b2 −

Since the diﬀerence between the objective function values,
VS2 − VN2 =

b3 βΔ
> 0,
2r2 α

is positive, the ITO is better oﬀ leading when playing the Stackelberg strategy
than when playing the Nash strategy.
Inasmuch as being a Stackelberg leader involves committing up front to a
course of action, whereas the Nash concept involves simultaneous and hence
more interactive decision-making, we have uncovered a logical reason why an
ITO might want to cultivate a reputation for being fanatically devoted to a
course of action. Simply put, the ITO achieves a better outcome (objective
function value) if it can convince the target country to play a Stackelberg
game in which the ITO’s fanatical (superﬁcially “irrational”) favor gives it
the ﬁrst-mover advantage.
Together with Exercise 8.9, the above results provide an informative picture of three possible “war on terror” scenarios and the impact of the many
possible types of interaction on the results. This is remarkable because the
model is stunningly simple (while allowing for analytical calculations). With
these pieces of information decision-makers can gain an understanding of the
interaction between terrorists and likely target countries (both striking back
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and attacking) and insight into the consequences of policy-making. Betterinformed policy-makers can then make better policy.
Diﬀerential games “extend” standard-type optimal control problems with
respect to the number of decision-makers. The next subsection returns to the
one-decision-maker assumption, but allows for an explicit dependence of the
fundamentals on age.

8.3 Age-Structured Models
A drawback of the models presented so far is the assumption of homogeneous
agents. In Chap. 6 we considered multi-compartment models, e.g., the LHmodel in Sect. 6.1, to cope with heterogeneities. The present section considers
age and duration as a source of heterogeneous behavior.
A usual framework for including those variables in economic problems is
provided by overlapping generations models. In the present context, however,
partial diﬀerential equations (PDEs) are introduced to deal with age-speciﬁc
processes.
According to (Keyﬁtz, 1977, Sect. 5.7), there are four ways of modeling the
evolution in time of an age-structured population: the classical Lotka integral
equation, the Leslie matrix, the renewal diﬀerence equation approach, and the
McKendrick PDE. More than eighty years ago, McKendrick (1926) used the
latter for his studies on mathematical epidemiology (compare also Hadeler,
1984, Dietz, 1997). Mathematicians working on nonlinear population models
have rediscovered McKendrick’s formulation and used it to cope with timedependent and interacting populations (compare, e.g., Webb, 1985). In the
simplest case the PDE reduces to a well-known renewal integral equation.
Denoting by x = x(t, a) the density of a population of age a at time t,
McKendrick’s PDE may be written as
∂x ∂x
+
= −μ(t, a)x(t, a),
∂t
∂a

(8.38)

where μ(t, a) is the force of mortality or instantaneous death rate of an individual of age a at t. Equation (8.38) represents the dynamics in the interior of
the so-called Lexis diagram (see Fig. 8.4), named after W. Lexis (1837–1914).
This diagram summarizes the basic logic of population dynamics:20 from any
age an individual can go to the next age or die, and at certain ages a ∈ (α, β)
a woman can give birth to a child aged zero. For a more detailed description,
compare Keyﬁtz and Keyﬁtz (1997), and Keyﬁtz (1977, pp. 139–140).
The behavior along the coordinate axes is described by the initial and
boundary conditions

20

We restrict our analysis to closed one-sex populations.
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a
β
(t + Δt, a + Δa)

x(0, a)

a
(t, a)

α

t−a

t

t

x(t, 0)
Fig. 8.4. Lexis diagram

x(0, a) = x0 (a),

at t = 0, a ≥ 0

(8.39)

β

m(t, a)x(t, a) da,

x(t, 0) =

(8.40)

α

where m(t, a) denotes the age-speciﬁc fertility rate at time t, and [α, β] the
reproductive interval, [α, β] ⊂ [0, ω], ω representing the maximal possible age
(possibly inﬁnite).
A substantial diﬀerence between the boundary condition (8.40) and the
boundary conditions usually arising in mathematical physics (e.g., for the
classical transport equation, which has the same form as (8.38)) is that the
right-hand side of (8.40) depends on the density x(t, ·). In epidemiological
models similar non-local terms as in (8.40) also appear in the right-hand side
of (8.38).
Recently optimal control problems for age-structured systems have generated increasing interest. There are many applications in various ﬁelds of
population dynamics, including birth control, harvesting, and epidemiology.
For a non-exhaustive list see Feichtinger, Tragler, and Veliov (2003). Many
of those studies present optimality conditions for particular models, usually
in the form of Pontryagin’s Maximum Principle. A Maximum Principle for
McKendrick’s systems has been derived by Brokate (1985). In what follows
we sketch a Maximum Principle derived in Feichtinger et al. (2003) for a fairly
general model of an age-structured control system with nonlocal dynamics and
nonlocal boundary conditions.
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8.3.1 A Maximum Principle for Distributed Parameter Systems
Let us consider the following optimal control problem:
T

s.t.

ω

max
g(x(t, a), q(t), u(t, a)) da dt
u(t,a)∈Ω 0
0


∂
∂
+
x(t, a) = f (x(t, a), u(t, a))
∂t ∂a

(8.41a)
(8.41b)

ω

q(t) =

h(x(t, a), u(t, a)) da,

(8.41c)

0

the initial condition (8.39) and the boundary condition
x(t, 0) = ϕ(t, q(t)).

(8.42)

Here t is the time, running in a given interval [0, T ], where T can also be
inﬁnite, a ∈ [0, ω] denotes age, x(t, a) ∈ Rn , and q(t) ∈ Rr are the states of
the system, u(t, a) ∈ Ω ⊂ Rm are distributed controls.
Remark 8.12. To simplify our considerations, we omit the possibility of initial and boundary controls. Moreover, we assume the existence of optimal
solutions and omit the technical properties of the model functions.
The following theorem refers to necessary optimality. By using the classical
Weierstrass method in the calculus of variations, Feichtinger et al. (2003)
derive a global Maximum Principle.
For the solution of the optimal control with distributed parameter a we
deﬁne the (distributed) Hamiltonian
H(x, u, λ, η) = g(x, u) + λf (x, u) + ηh(x, u).
The adjoint system for the adjoint variables (λ, η) is given by


∂
∂
+
λ(t, a) = −Hx (x, u, λ, η)
∂t ∂a
λ(T, a) = 0,
λ(t, ω) = 0

a ∈ [0, ω]

(8.43a)
(8.43b)
(8.43c)

ω

η(t) = λ(t, 0)∇q ϕ +

λ(t, a)∇q f da.

(8.43d)

0

Provided with these deﬁnitions, we can formulate the following necessary
optimality conditions for distributed parameter control models of the type
(8.39), (8.41a)–(8.42):
Theorem 8.13 (Maximum Principle for Distributed Parameter Models). Assume that there exists an optimal solution and that certain regularity
conditions are satisﬁed. Then the adjoint system (8.43) has unique solutions
(λ, η), and for almost every t ∈ [0, T ], a ∈ [0, ω] it holds that
Hu (x, u, λ, η) = 0.
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8.3.2 Age-Structured Drug Initiation
The following model for drug initiation extends the traditional models, see,
e.g., Sects. 2.9 and 3.9, by considering explicitly the age distribution of the
users. Drug use is contagious, i.e., most users are introduced by members of a
reference group. The experience of others can be instrumental in shaping perceptions of the risk of using drugs, and those perceptions inﬂuence initiation.
Let us assume the existence of only two types of individuals, nonusers
and users. To simplify, mortality and migration are neglected, and a constant
birth rate and an upper age limit are assumed. The user population consists of
current users and individuals who have ever used drugs (former users). Here,
we consider the nonuser population, focusing on the transition of nonusers
denoted as x(t, a) to ever users (current or former users). Denoting by μ(t, a)
the initiation rate, the McKendrick dynamics


∂
∂
+
x(t, a) = −μ(t, a)x(t, a)
(8.44)
∂t ∂a
states that the rate of change of nonusers of any age a at time t equals the negative per capita initiation rate times x(t, a). The initial population of nonusers
is given by (8.39), while the boundary condition at age a = 0 is assumed to
be constant. By choosing this constant k, we can interpret x(t, a) as the proportion of nonusers:
x(t, 0) = k.
(8.45)
The initiation rate incorporates three factors:
μ(t, a) = μ̄(t, a)Θ(x(t, a))Ψ (w(t, a)),

(8.46)

where μ̄(t, a) denotes the basic age-speciﬁc initiation intensity of a nonuser
who starts consuming drugs. The term Θ(x(t, a)) represents the inﬂuence of
the reputation of the drug on the initiation of nonusers of age a.21 Finally,
the prevention factor Ψ (w(t, a)) refers to the eﬀect of age-speciﬁc prevention
programs w(t, a), especially school-based programs that are targeted at certain
age groups. For a prevention eﬃciency function, recall the function introduced
in (6.1) for the LH-model given by
Ψ (w) = (1 − c)e−εw + c,

(8.47)

where (1 − c) ∈ (0, 1) measures the maximal proportional reduction in initiation and ε reﬂects the eﬃciency of prevention spending. (8.47) states that
initiation decreases with increasing prevention expenditures w, but with diminishing eﬃciency and up to a maximal amount of less than 100%.
21

Here, for simplicity, it is assumed that nonusers are inﬂuenced only by users of
the same age group. In reality, the interaction of individuals is distributed among
the ages. This eﬀect is discussed in detail in Almeder, Caulkins, Feichtinger, and
Tragler (2004).
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The objective is to minimize the stream of discounted social costs of drug
consumption and also to minimize the expenditures on prevention
T

V =
0

ω

e−rt

(ρ(a)(k − x(t, a)) + w(t, a)) da dt,

(8.48)

0

where ρ(a) denotes the age-speciﬁc social costs of a person who has ever
consumed drugs.22 For a speciﬁcation of the model functions and parameters,
see Almeder et al. (2004).
The following result follows from Theorem 8.13 and states the necessary
optimality conditions. To simplify notation, we mostly omit the arguments:
Theorem 8.14. Assume that w(t, a) is the optimal control for the model
(8.39), (8.44)–(8.48). Then there exists an adjoint variable λ(t, a) and a state
trajectory x(t, 0) such that


∂
∂
+
λ = −ρ + rλ + μ̄Ψ (w) (xΘ (x) + Θ(x)) λ
(8.49)
∂t ∂a
together with
λ(t, ω) = 0 for 0 ≤ t ≤ T
λ(T, a) = 0 for 0 ≤ a ≤ ω.
For the optimal control w(t, a), (t, a) ∈ [0, T ] × [0, ω] we have
w=

0
1
ε

ln ((1 − c)εμ̄λxΘ(x))

for (1 − c)εμ̄λxΘ(x) ≤ 1
otherwise.

(8.50)

Proof. The proof uses a Maximum Principle that is simpler than the one
stated in Theorem 8.13, which can be found in Derzko, Sethi, and Thompson
(1980) or Muzicant (1980).
The present-value Hamiltonian function is given by
H̃ = −e−rt ρ(k − x) − e−rt w + λ̃ (−xa − μ̄Θ(x)Ψ (w)x) .
The adjoint equation obeys


∂
∂
+
λ̃ = −e−rt ρ + λ̃μ̄Ψ (w) (xΘ (x) + Θ(x)) .
∂t ∂a
For the current-value adjoint variable λ = ert λ̃, this yields (8.49).
To maximize the Hamiltonian, we consider only those terms that depend
on w, i.e.,
F (w) := −w − μ̄λxΘ(x)Ψ (w).
22

Another performance measure might include costs of initiation.
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According to (8.47) we have
F  (w) = −1 + (1 − c)εμ̄λxΘ(x)e−εw
F  (w) = −(1 − c)ε2 μ̄λxΘ(x)e−εw .
Solving F  (w) = 0 gives the optimal control (8.50). To verify that it is indeed
a maximum, we have to determine the sign of λ and distinguish between the
cases λ > 0 and λ ≤ 0 as follows:
λ > 0 : F  < 0, w is an interior maximum
λ ≤ 0 : F  < 0, w = 0.




Finally, note that the change of the marginal value of a nonuser given by,
λt + λa in (8.49), equals the sum of the following three terms, which makes
economic sense:
• −ρ + rλ, i.e., the eﬀects of social costs and the discount rate
• μ̄Ψ (w)Θ(x)λ, i.e., the eﬀect of the additional initiation μ̄Ψ (w)Θ(x) valued
with λ, because an additional nonuser is also a potential new user
• μ̄Ψ (w)Θ (x)xλ, i.e., the eﬀect of the change of the initiation rate due to
the additional nonuser weighted with λ

8.4 Further Optimal Control Issues
The purpose of this brief concluding section is to mention a few additional
methodological avenues of optimal control theory. Although they play an
increasing role in economics and management science, they have not been
presented and applied in this book mainly owing to the lack of space. Nevertheless, we do not want to ﬁnish without at least referring to them and to
where they can be studied further.
8.4.1 Delayed Systems
In all models dealt with in this book it is assumed that the system’s reaction
to a control is immediate. In many systems, however, there is a delay with
respect to the impact of the control; i.e., the present state of the system
changes at time t in a manner aﬀected by the value of some variable at a time
t − τ . In many biological, engineering, and economic examples, besides such
discrete delays with a ﬁxed τ , so-called distributed delays occur. This means
that the present state of the system changes at time t in a manner aﬀected by
an integral over all the past values of some variable. MacDonald (1989) and
Kolmanovskii and Shaikhet (1996) give a readable introduction to such delay
systems.

8.4 Further Optimal Control Issues

423

Consider, e.g., the Nerlove–Arrow model sketched in Exercise 3.4. A basic
assumption of this marketing model is that any advertising message immediately has an impact on the goodwill stock. However, advertising a product at
time s may instead cause an increase in sales in period t = s + τ , for some
τ > 0. Even more realistically, advertising a product may aﬀect sales at a
continuum of future times, not just at a speciﬁc instant. If we assume that
the lags are distributed over an interval, we get the following (distributed lag)
control model:
T

g(x, u, t) dt + S(x(T ), T )

max
u(·)

0
t

s.t. ẋ = f (x, u, t) +

h(x(τ ), u(τ ), τ, t) dt

(8.51)

t ∈ (−∞, 0].

(8.52)

−∞

x(t) = x̃(t),

u(t) = ũ(t),

The state dynamics (8.51) is now a so-called integro-diﬀerential equation. It
states that the rate of change at time t depends not only on the state and
control at that time but also on the past control path and state trajectory.
According to (8.52) both the state and the control path have to be known in
the interval (−∞, 0], not just for a single initial condition at time zero.
It makes sense to deﬁne the Hamiltonian as follows
T

H(x, u, λ(·), t) = g(x, u, t) + λ(t)f (x, u, t) +

λ(τ )h(x, u, t, τ ) dτ,

(8.53)

t

where λ(·) denotes the adjoint variable and H depends not only on x, u, and
t, but also on the function λ(τ ), τ ∈ [t, T ]. Note that via the integral term
in (8.53) future considerations inﬂuence the present. It measures the value
of all future marginal change densities h in x(τ ), i.e., for τ ≥ t. Thus the
Hamiltonian represents the total proﬁt rate.
By using (8.53), it is possible to write necessary optimality conditions similar to those in the Maximum Principle. Sethi (1974) showed that suﬃciency
holds if the maximized Hamiltonian is concave in x. Hartl and Sethi (1984)
provided a nice interpretation of the adjoint variable of the Hamiltonian in
the style of Sect. 3.3.4. For an illustrative analysis of an advertising capital
model see Hartl (1984) and also Feichtinger and Hartl (1986, Example A.4.1).
There, one can ﬁnd further references.
An example from the ﬁeld of illicit drugs is the delayed impact of drug
prevention on initiation. Although initiation of marijuana consumption in the
US peaks sharply around age 16 or 17, and the average age of cocaine initiation
is about 21 years, school-based prevention programs are typically run in the
7th and 8th grades (for children of ages 12 and 13) and sometimes even as
early as elementary school. Thus, whether a prevention eﬀort pays or not in
the sense of being cost eﬀective is not observed until an average of three to
eight years after the ﬁnancial resources are invested in the program.
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Recall that in Sect. 6.1 we addressed the question of how and when a
public policy-maker should, over the course of a cocaine epidemic, devote
ﬁnancial resources to demand-side drug interventions. In the optimal control
model (6.6) spending money on either treatment or prevention aﬀects drug use
immediately; but, at least for cocaine, there is about an eight year lag between
when prevention funds are spent and when they aﬀect cocaine initiation. That
delay is not a problem if there is no constraint on the drug control budget;
in that case if the model suggests spending a given amount on prevention in
year t, that should be construed as implying that the amount should actually
be spent on prevention programs in year t − τ , for τ ≈ 8. However, when
the control budget is assumed to be proportional to the size of the problem,
denoted as Q(t) and reﬂecting a weighted average of light and heavy users,
then the control is related both to the current state (via the budget constraint)
and the future state (via prevention’s lagged eﬀect). In that case we confront a
true delayed system with a budget constraint written as follows, where w(t+τ )
reﬂects the eﬀect of prevention at shifted time t + τ that stems from spending
at time t
u(t) + w(t + τ ) = γQ(t).
The corresponding lagged diﬀerential optimal control problem is more challenging to solve. Contrasting this formulation with that in Sect. 6.1 oﬀers an
interesting case study in modeling. Budgets are almost always constrained
to at least some extent, so that, all other things being equal, the budgetconstrained formulation is more appealing. All other things are not equal,
however. When there was no budget constraint we could solve a standard
optimal control problem without lags, just by remembering that the optimal
w(t) should be interpreted as indicating how much should have been spent on
prevention that had an eﬀect at time t, which means how much should have
been spent on prevention eight years before time t. Adding the budget constraint makes that approach invalid and forces one to grapple with a problem
that is considerably harder to solve. The art of modeling involves developing
good skill judgment as to when the beneﬁts of a more realistic model (e.g.,
one with a budget constraint) justify its greater complexity, which makes the
more realistic problem harder to solve.
8.4.2 Stochastic Optimal Control
In the previous chapters it was assumed that the state variables of the system
were known with certainty. In many applications, however, the development
of the system is represented by a controlled stochastic process rather than by
deterministic modeling. Uncertainties may arise for various reasons, e.g., by
exogenous random inﬂuences as in the demand or price development of drugs
or other commodities, notably including stock prices in ﬁnance problems.
Moreover, measurements are usually noisy in physical, medical, or engineering
systems. Quite often the interaction of the model variables is only partially
known or observable.
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To take into consideration these stochastic inﬂuences, the system dynamics
may be described by a stochastic diﬀerential equation of a type known as the
Itô equation,23
dx = f (x, u, t) + σ(x, u, t) dz,

x(0) = x0 ,

(8.54)

where x denotes the state u the control, and f denotes the expected change
of the state x. The term σdz includes the “stochastic perturbation,” whereas
dz denotes “white noise” which formally is the derivative of a Wiener process
(Brownian motion). Note that the stochastic diﬀerential equation (8.54) is a
short notation of Itô’s integral equation,
t

x(t) =

t

f (x(s), u(s), s) ds +
0

σ(x(s), u(s)ds) dz(s) + x0 .
0

For the mathematical calculus see, e.g., Fleming and Rishel (1975).
The decision-maker’s problem is to maximize the expected utility stream
#
T

max E
u(·)

g(x, u, t) dt + S(x(T ), T ) ,

(8.55)

0

subject to (8.54). The appropriate solution procedure uses the stochastic version of the Hamilton–Jacobi–Bellman equation.
Deﬁning the value function V (x, T ) as in (8.55), one obtains, after some
manipulations (see, e.g., Arnold, 1974 or Karatzas & Shreve, 1998):
1
− Vt (x, t) = max{g(x, u, t) + Vx (x, t)f (x, u, t) + Vxx (x, t)σ 2 (x, u, t)},
u∈Ω
2
(8.56)
and V (x, T ) = S(x, T ).
Note that the distinctive term between the stochastic HJB equation (8.56)
and the deterministic version given as (3.29a) is the addition of 12 Vxx σ 2 .
8.4.3 Impulse Control and Jumps in the State Variables
In the systems analyzed until now the control aﬀects only the time derivatives
of the state variable. Thus the state variable can only change continuously.
However, in many situations in management science and economics it
makes sense to allow for ﬁnite jumps in the state variables at some instants of
time. Examples are orders or deliveries at discrete time points, maintenance of
machinery or investments (buying a machine) at certain times, or vaccinations
23

For more, see one of the good introductions such as Dixit and Pindyck (1994) or
Huisman (2001); see also Sethi and Thompson (2000, Chap. 13), Sethi and Zhang
(1994) and Sethi (1983, 1997).
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in epidemiological models. In all these cases ﬁnite changes in the value of a
state variable occur. To be more concrete, we consider the following extension
of the standard optimal control problem (3.3):
⎫
⎧
N (T )
⎬
⎨ T

g(x, u, t) dt +
h(x(τi− ), v(τi ), τi ) + S(x(T ))
(8.57a)
max
⎭
u(·) ⎩ 0
i=1



N (T )

s.t.

ẋ = f (x(t), u(t), t) +

k(x(τi ), v(τi ), τi )δ(τi ),

x(0) = x0 .

i=1

(8.57b)
Here u denotes the ordinary control, v is an impulse control variable, which is
applied at time points τi , and δ(τi ) Dirac’s delta function. The solution of the
problem involves the determination of the jumping times τi , the magnitudes
of the pulses v(τi ), as well as the number N (T ) of impulse points. At the times
τi when impulse control is applied, we have
x(τi+ ) = x(τi− ) + k(x(τi− ), v(τi ), τi ).
Blaquière (1985) has derived a Maximum Principle to solve problem (8.57).
Sethi and Thompson (2000, Chap. 12) and Miller and Rubinovich (2003)
present some nice applications of impulse control. Bensoussan and Lions
(1984) wrote an interesting book on impulse control and quasi-variational
inequalities.
8.4.4 Nonsmooth Systems
In many economic problems there occur functions that are non-diﬀerentiable
or even discontinuous. Well-known examples are kinks in the cost functions in
production/inventory problems such as those coming from unit cost reductions
when volume reaches some quantity discount thresholds. A typical example
from the economics of crime (and thus relevant to drugs, corruption, and
terror) is sentencing guidelines that are well modeled by a piece-wise linear
function of some measure of criminal involvement, such as the quantity of
drugs possessed at the time of arrest.
There is a huge literature on optimal control of nonsmooth systems. For
an introduction see Clarke (1983), Clarke et al. (1998) and Loewen (1993).

Exercises
8.1 (Optimal Timing of “Cold Turkey”).
In the economic modeling of addiction “cold turkey” means an immediate and
total abstinence from consumption of a drug. (The symptoms have been portrayed
strikingly in Otto Preminger’s movie “The Man with the Golden Arm,” in which
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Frank Sinatra shows stereotypical cold turkey symptoms of a person dependent on
heroin.)
Consider a simpliﬁed variant of the Becker–Murphy addiction model described
in Exercise 6.2. Denoting by u the consumption rate of a drug, and by x the accumulated consumption (habit), the state dynamics is
ẋ = u − δx,

x(0) = x0 ,

(8.58)

with δ > 0 being the constant depreciation rate. Typically, the consumption utility
also depends on the state. While the positive interaction of u and x (in Exercise 6.2)
characterizes addiction, we simplify this to
T

max
u(·)

s.t.

e−rt (U (u) − cu − D(x)) dt − e−rT S(x(T )),

(8.59)

0

u(t) ≥ 0,

for all

t ∈ [0, T ],

(8.60)

where U (u) is a concave utility function, c represents the cost of the drug, and D(x)
measures the disutility of accumulated consumption, assumed to be convex.
For simplicity we assume
U (u) = au −

b 2
u , D(x) = 0, S(x(T )) = Sx(T ),
2

where a, b, S > 0. Now let us assume that cold turkey takes place at time ts ∈ [0, T ].
This means that after ts nothing is consumed.
Formulate this as a two-stage optimal control problem where the switching time
ts has to be determined optimally.
Find an explicit formula for the optimal timing of cold turkey, t∗s , by using
the matching conditions (8.1) and (8.2) (continuity and optimality). Show that t∗s
decreases both with the salvage value S, as well as with costs c, but increases with
r, δ, and the marginal utility U  (0) = a. Discuss the possibility of corner solutions,
i.e., immediate switching and permanent consumption.
√
Prove that for a square-root consumption utility function U (u) = u it holds
∗
that ts = T .
Remark 8.15. Note that this model may also be solved as a one-stage standard
optimal control problem.
There are at least three other interpretations of the sketched scenario:
Optimal drinking behavior at a party: Gustav and Peter both attend a party to consume beer. G’s drinking program is modeled by a standard one-stage control
problem (8.58)–(8.59), while P intends to stop optimally at time ts to avoid
a hangover, measured by the salvage value S(x(T )) (as well as by the current
disutility D(x(·)). Show that both men follow the same optimal behavior. Why
is it always optimal in that case to “drink until the end of the party?” (Compare
also Exercise 3.16.)
Environmental pollution: If we interpret x as a stock of pollution generated by consumption u, we get a simple environmental model (in which c may be interpreted
as production costs).
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“De Statu Corruptionis” (Lehner, Meran, & Möller, 1980): Optimal switch from a
“Saulinic” phase in which the decision-maker sins to a “Paulinic” stage, in
which the person regrets sinning (or at least does not sin). The salvage value
refers to the last judgment (compare also Feichtinger & Mehlmann, 1986).
8.2 (Escalation of Terror). Consider the following extension of the ﬁre-and-water
model analyzed in Sect. 2.5 dealing with the reactions of a government faced with a
dramatic terrorist attack (such as that on September 11th). The situation described
in Sect. 8.1.3 may be captured by the following two-stage model:
∞

min

u(·),v(·),ts

s.t.

e−rt (x2 + u + v) dt

0

τ + kxα − μx − β ln(1 + u)xθ
τ + (k + ρv)xα − μx − β ln(1 + u)xθ − γ ln(1 + v)x

ẋ =

u(t) ≥ 0,

v(t) ≥ 0,

for all

t ≤ ts
t > ts

t.

The parameter γ measures the eﬃciency of ﬁre measures. It would make sense to
assume that γ = γ(ts ) depends on the switching time ts .
8.3 (Switching to Harm Reduction). Denote by A the number of current users,
and by u the treatment rate. While in the ﬁrst stage of this two-stage problem treatment is the only control instrument, in the second stage another control variable, v,
is introduced. It measures the percentage reduction in the harmfulness of drug use
(compare Exercise 6.3). At any given time, social costs are the product of A and
(1 − v), with the social cost per user per unit of time, when there is no harm reduction, normalized to 1. Drug use spreads via social interaction. The probability of
initiation per interaction depends on the prevalence of the epidemic. The hallmark of
the epidemiological approach to drug use is a concave function, f (A), governing the
initiation rate. While the beneﬁt of control reduces the instantaneous social cost, it
is plausible that it may increase initiation. Although there exist no empirical data on
the extent of this eﬀect, Caulkins et al. (2007) assumed a convex increasing function
h(v) with h(0) = 1 and h (v) > 0 that multiplies the initiation term. Denoting by r
the discount rate and by ts the switching time, we consider the following two-stage
optimal control model:
ts

min

u(·),v(·),ts

s.t.

Ȧ =

∞

e−rt (A + u) dt +

ts

0

f (A) 4
− g(u, A)



−γ(t−ts )

f (A) 1 + (h(v) − 1) 1 − e

u(t) ≥ 0,

0 ≤ v(t) ≤ v̄,

for all

e−rt (A(1 − v) + u) dt

t.

5

t ≤ ts
− g(u, A)

t > ts

(8.61)
(8.62)
(8.63)

As in Sect. 3.9 the function g(u, A) models how treatment u reduces drug use. The
objective value (8.61) measures the discounted social and instrumental costs, while
the system dynamics describes the change of the state variable A depending at stage
1 only on u, but at stage 2 also on the newly introduced harm reduction control
v. Usually, v̄ < 1; i.e., full harm reduction is not possible. The exponential term in
(8.62) refers to a learning eﬀect, γ being the learning rate. Learning eﬀects provide
an example in which ts occurs explicitly in the system dynamics or in the utility
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function. Formally, it is taken into consideration in the matching condition (8.2).
An example in which it makes economic sense is given by Boucekkine et al. (2004).
It means that harm reduction does not have an immediate impact on initiation. The
objective of drug policy-making is to choose the time paths u∗ and v ∗ so that the
cost functional in (8.61) is minimized. In addition to that, the switching time, t∗s ,
between the two regimes has to be determined in an optimal way.
8.4. Solve the two-stage counter-terror model presented in Sect. 8.1.3.
8.5 (Capital Accumulation and Embodied Technological Progress). Grass,
Hartl, and Kort (2007) considered the following two-stage optimal control problem:
ts

max

I(·),ts

s.t. K̇ =

e−rt (R(K) − C(I)) dt − e−rts S(ts ) +

0

I − δK
q(ts )I − δK

∞
ts

e−rt (R(K) − C(I)) dt

t ≤ ts
t > ts ,

where ts denotes the switching time, K(t) the capital stock at time t, I(t) the
investment rate, R(K) the return, and C(I) the investment cost. The coeﬃcient q(·)
measures the productivity, where q(0) = 1, q  (·) > 0.
K 2 , q(t) = 1 + bt, b > 0, C(I) = I + 2c I 2 .
Solve the problem for R(K) = p0 K − m
2

S(ts ) are switching costs (S(0) = 0, S > 0).
Three cases are possible in this scenario, a given switching time ts , stochastic
ts (use the Kamien Schwartz “trick”; compare Sect. 8.4), and ts as determined
optimally. Here we consider the third case.
Try to characterize the optimal switching time t∗s . Check whether boundary
solutions ts = 0, ts → ∞ can occur or not. Apply the optimality conditions stated
in Sect. 8.1 to calculate the optimal investment program. Show that there is a
jump in the investment rate at ts . Carry out a phase portrait analysis and discuss
the negative anticipation eﬀect implied by the technological progress. This means
that investment drops before the switching time. Show that the steady-state capital
stocks in stage 1 are always below the equilibrium in the second stage.
8.6. Carry out the stability analysis of the three-dimensional canonical system (8.12)
of the diﬀerential game presented in Sect. 8.2.4.
8.7. Solve the terror game analyzed in Sect. 8.2.6 by using the HJB equation.
Hint. Apply the technique presented in Sect. 3.4.1 to diﬀerential games; see, e.g.,
Dockner et al. (2000).
8.8. Carry out the calculations leading to the comparative static analysis collected
in Table 8.3. Then, discuss the plausibility of the various signs.
8.9 (ITO as Follower). Consider the terror game presented in Sect. 8.2.6 in a
Stackelberg framework reversed to the one analyzed there, i.e., with the target country as leader and the ITO as follower. Carry out an analysis and show that for the
stationary Stackelberg equilibrium (with c3 = 0) the following controls are optimal
ûS =

β(b2 − μ̂ν) + c4 ϕ − β μ̂( c2 + ν)
c4 α + 2β 2 μ̂

λ̂

,

v̂S =

b2 α − μ̂(αν + βϕ) + b3 β +
c4 α + 2β 2 μ

β 2 μ̂2 b2
( μ̂
c4

+

c2
)
λ̂

.
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Try to compare this Stackelberg solution with the stationary Nash equilibrium.
Carry out a comparative static analysis for the reverse Stackelberg solution. Do the
results make economic sense?
Discuss parameter constellations in which the stationary Stackelberg controls are
“less aggressive” than the corresponding Nash equilibria. Show that the Stackelberg
leader is always better oﬀ than as a Nash player. Is the follower better or worse oﬀ
than the corresponding Nash player?
8.10 (Government vs. Terrorists). The following diﬀerential game between a
government and a terroristic organization is simple enough that both its Nash and
its Stackelberg equilibria can be analytically determined and compared. Since the
game is state-separable, any open-loop Nash solution is a Markovian open (closedloop) Nash solution.
The ﬁrst player, i.e., the government, chooses the intensity of its counterterroristic measures, u, while the second player, i.e., the terroristic organization,
controls (the number of) its attacks, v.
The stock of terrorists, x is exploited by a “harvest” function h(u, v) with
huu ≤ 0;

hu > 0,

hv > 0,

hvv ≥ 0;

huv ≥ 0.

Hence, simply assuming exponential growth, the system dynamics is given as
ẋ = ρx − h(u, v),

x(0) = x0 > 0.

The ﬁrst player draws utility from the terrorists being arrested or killed, but incurs
disutility both from the stock of terrorists as well as from their attacks, and bears
costs related to its counter-terror measures.
The second player seeks to maximize its terrorist attacks, v, and its power, x.
Thus we have
∞

V1 =
0

V2 =

∞

e−r

1

t

e−r

2

t

(ωh(u, v) − c1 x − c2 v − c3 u) dt
(b1 x + b2 v) dt,

0

where for simplicity we assume linear utilities and cost functions.
Remark 8.16. Note that the present game also admits an interpretation as a corruption game. In such a scenario player 1 is a revealing authority or the public media,
while player 2 is a corrupt agent, x being his/her reputation (see Sect. 8.2.4 for a
similar game).
To calculate the Nash equilibrium, ﬁrst solve the adjoint equations. Note that the
assumption
r i > ρ,
i = 1, 2
makes sense to assure for the steady costates λ̂ < 0, and μ̂ > 0. Check whether the
limiting transversality conditions stated in Theorem 8.6 are satisﬁed.
To proceed we specify the functions as follows
h(u, v) = uπ v ε ,

with

π ∈ (0, 1),

ε > 1.

Determine the Nash equilibrium û, v̂ and x̂, and carry out a comparative static
analysis.
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Calculate Stackelberg equilibria, ﬁrst by considering the government as leader
and the terrorist as follower, and second for the opposite case, i.e., with the terrorist
organization as leader.
Restricting the analysis to the equilibrium, both Stackelberg solutions can be
ascertained explicitly and compared with the Nash solution. Show that in the case
in which the terrorists are acting as Stackelberg leader, both the leader and the
follower reduce their eﬀort as compared with the Nash equilibrium. Does this result
change when the government is the leader?
Note that the adjoint equation of the follower plays no role as second state
variable in the leader’s optimization procedure. Why is this the case?
Finally, is the open-loop Stackelberg also closed-loop?
8.11 (Optimal Pilfering by a Thief ). Sethi (1979b) considered a thief who
chooses a continuous pilfering rate to maximize the present value of total expected
gain. For this, denote by F (·) the probability of getting caught by time t. The hazard
rate h(u, t), i.e., the conditional probability of getting caught at time t provided that
the thief has not yet been caught, is given by
h(u, t) = Ḟ (t)/(1 − F (t)).
The hazard rate is not only a measure of the law enforcement activity, but also
depends on the thief’s pilfering activities u. Let us assume for simplicity that
h(u, t) = hu(t), where h > 0 is a constant.
Thus we get the state equation
Ḟ = hu(1 − F ),

F (0) = 0,

(8.64)

where the pilfering rate u acts as the thief’s control variable.
The gain function incorporates the amount of pilfering, the one-shot penalty at
the time of arrest, and the continuous punishment subsequent to arrest. Denoting
by R(u) the instantaneous return on pilfering, by K the penalty at the time of
arrest, and by p the rate of punishment of an arrested thief, we ﬁnd that the thief
maximizes expected gain as follows:

∞
e−rt R(u)(1 − F ) − K Ḟ − pF dt
max
u(·)

s.t.

0

0 ≤ u(t) ≤ ū,

and (8.64).

Solve the thief’s optimal control problem for a proﬁt-maximizer (R = 0), a riskaverter (R < 0), and a kleptomaniac (R > 0).
Feichtinger (1983) supplemented Sethi’s model by including a law enforcement
agency as a second player. The objective function of the police incorporates convex
costs of law enforcement, a one-shot utility at the time of an oﬀender’s arrest, and a
cost or utility rate per time unit after the oﬀender is arrested. The probability that
the thief is caught by time t is inﬂuenced not only by the pilfering rate but also,
and now explicitly, by the law enforcement rate.
Formulate a non-zero-sum diﬀerential game focusing on a noncooperative Nash
solution. Show that given the special structure of the Hamiltonians, a system of
two nonlinear diﬀerential equations for the control variables of both players can be
derived. The reason for that simpliﬁcation is the so-called state-separability of the
model; see Sect. 8.2.2.
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Try to solve this system, assuming power functions both for the utility of pilfering
and for the law enforcement costs. What kind of qualitative insights for the Nashoptimal pilfering rate and law enforcement intensity can be derived?
8.12 (Corrupt Politician vs. Newspaper Editor). Look at the game presented
in Sect. 8.2.4, where a corrupt politician and the editor of a major newspaper “play”
against each other:
(1) Calculate the open-loop Stackelberg solution of the game with the newspaper’s
editor as the leader
(2) Calculate the OLNE
Now assume that several (competitive) newspapers exist. The function
δ(u, v1 , . . . , vl )
measuring the impact of disclosed corruption on the level of the politician’s popularity depends on all players’ eﬀorts then. To keep things “simple,” restrict the
analysis to three players.
8.13 (Transboundary Pollution). Dockner et al. (2000, Examples 5.1 and 5.2)
analyzed the following environmental pollution game. Let x denote the stock of
pollution aﬀecting the welfare of two countries. The control variables u and v are
the countries’ consumption rates, which are assumed to be proportional to their
emission rates.
The state equation is
ẋ = u + v − αx,
where α is the natural cleaning rate. Assuming zero discounting on a ﬁxed given
planning horizon T , the ﬁrst player’s objective functional is
T

max
u(·)

(u − u2 /2 − x2 /2) dt,

0

while the second country intends to maximize its intertemporal welfare, i.e.,
T

max
u(·)

(v − v 2 /2 − x2 /2) dt.

0

The model is simple enough to enable you to calculate explicitly both the Nash and
the Stackelberg equilibria. Consider also the state-separable case by replacing the
quadratic disutility of the pollution by a linear function.
Hint. Use the Maximum Principle as well as the HJB equation.
8.14 (Intertemporal Sharecropping: A Principal–Agent Problem). A landlord/landlady owns land that is divided into a cultivated area and wilderness. The
landlord/landlady oﬀers a farmer a portion of the agricultural acreage for tillage and
uses the rest. In return for the rights of usufruct the farmer cultivates new acreage.
The landlord/landlady may also make the soil arable. Cultivated land degrades to
desert at a constant rate.
Denote by A(t) the agricultural acreage at time t and by δ the natural decay
rate of the land. Let u1 (t) be the rate of cultivation of the farmer (player 1) and
u2 (t) be the cultivation rate of the landlord/landlady (player 2) at time t.
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Then the system dynamics is given by
Ȧ = u1 + u2 − δA.

(8.65)

Player 2 allocates at each time the cultivated area. The corresponding portions are
denoted by 1 − v2 and v2 , respectively. It is reasonable to assume that the yield
is proportional to the acreage. The cultivation incurs costs that, for simplicity, are
assumed to be quadratic. Moreover, a constant duration of the game, T , is assumed.
With r being a nonnegative discount rate, the objective functionals for the two
players can be written as:
T

V1 =
0
T

V2 =
0


c1
e−rt (1 − v2 )A − u21
2

c
2
e−rt v2 A − u22 dt.
2

dt

Although nonnegative salvage values would make sense, for simplicity we set them
equal to zero.
The problem is summarized as follows:
maxV1 ,
u1 (·)

s.t.

max V2

u2 (·),v2 (·)

(8.65)
u1 (t) ≥ 0,

u2 (t) ≥ 0;

0 ≤ v2 (t) ≤ 1,

t ∈ [0, T ].

Calculate the open-loop Nash equilibrium solution. Show that the farmer’s Nash
proﬁt is zero, whereas the landlord/landlady always earns a positive amount.
Calculate the open-loop Stackelberg with the landlord/landlady as leader and
the farmer as follower. Show that for c1 < c2 the farmer cultivates land in an
initial interval at an increasing rate u1 . Moreover, the activity u2 of the landlord/landlady decreases monotonically. After an egoistic period in which v2 = 1,
the landlord/landlady switches to a singular solution v̂ < 1. Since the farmer knows
that his share 1 − v2 will not increase after the switching point, the farmer’s activity
u1 decreases thereafter.
Show that the following relation between Nash and Stackelberg cultivation rates
holds:
S
0 < uN
1 (t) < u1 (t)
S
uN
2 (t) > u2 (t)

for
for

t ∈ [0, T )

t ∈ [0, T ).

Prove that both players prefer to play Stackelberg rather than Nash. Show further
that in a Stackelberg game with the farmer as leader and the landlord/landlady as
follower the solution coincides with the Nash equilibrium.
Remark 8.17. The sharecropping game admits another, more academic interpretation concerning the well-known relationship between a professor and graduate assistant. The variable A may denote the value of a research project. The professor has
the power to transfer a portion of the remuneration obtained for the project to the
assistant. How should the principal act and the agent react?
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8.15 (Cattle-Ranching Problem). Derzko et al. (1980) considered a model for
the optimal management of an age-structured renewable resource, i.e., a cattle herd
(see also Sethi & Thompson, 2000). Let x(t, a) denote the number of cattle of age a
at time t. Let u(t, a) be the rate at which a-aged cattle are bought at time t, where
a negative value of u denotes a sale.
The system dynamics is
∂x
∂x
+
= u(t, a).
∂t
∂a
The boundary conditions are (8.39) and
x(t, 0) = v(t),

x(0, 0) = x0 (0) = v(0),

where v(t) is a given inﬂow rate. Note that here v(t) is exogenously speciﬁed. It
could, however, be endogenously modeled as in (8.40) by allowing the breeding rate
v(t) to be a control variable; see also Feichtinger and Hartl (1986, pp. 524–526).
The objective functional is given as
T

ω

0

(
)
− c(a)x(t, a) + p(t, a)u(t, a) + q (u(t, a) − ũ(t, a))2 da dt

0
T

+

ω

R(t)x(t, ω) +
0

S(a)x(T, a) da,
0

where ω is the age at maturity at which the cattle are slaughtered, c(a) denotes
the age-dependent feeding costs, p(t, a) denotes the purchase or selling price of an
a-aged animal at time t, for u > 0 or u < 0, respectively, and ũ(t, a) is a goallevel purchase/selling rate, whereby any deviation from this goal is quadratically
penalized (q being a positive constant). Finally, R and S represent the returns of
the cattle-ranching business.
Solve the problem by using the Maximum Principle for distributed control problems. Show that the adjoint equations can be solved explicitly. Find an expression
for the optimal state trajectory and give economic interpretations for both the state
and the costate paths.
Hint. Use an appropriate partition of the admissible domain [0, T ] × [0, ω].
8.16 (Health, Survival, and Consumption). In recent years most industrialized
countries have allocated increasing shares of their GDP to health care. At the same
time life expectancy has continued to increase. The following model investigates the
socially optimal problem of consumption and health investments. The dynamics of
the population is described by the McKendrick equation (see Keyﬁtz & Keyﬁtz,
1997):
xt + xa = −μ(a, h(t, a))x(t, a)

x(t, 0) = B(t), x(0, a) = x0 (a),

(8.66)

where x0 (a) describes the initial age distribution of the population and B(t) equals
the number of newborns assumed, for simplicity, to be exogenously given.
The state variable x(t, a) represents the number of a-year-old individuals at time
t. The age-speciﬁc mortality rate μ(a, h(t, a)) depends on age a and can be reduced
instantaneously by providing to the individual an age-speciﬁc amount h(t, a) of
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health care (or other health-enhancing goods and services). For details see Kuhn,
Prskawetz, Wrzaczek, and Feichtinger (2007).
The second control variable is consumption c(t, a). The objective of the social
planner is to maximize the social welfare, which is deﬁned as the sum of the instantaneous utilities of all individuals (total utilitarianism).
T
0

ω

e−rt u(c(t, a))x(t, a) da dt,

(8.67)

0

where ω is the maximal age that an individual can reach and r denotes the discount
rate.
We also assume that the budget constraint is balanced for each birth cohort.
This is expressed by the introduction of total wealth A(t, a) held by age group a at
time t and the following dynamics
At + Aa = ρA(t, a) + (p(a) − c(t, a) − h(t, a))x(t, a)
A(t, 0) = A(t, ω) = 0,

for all

t

A(0, a) = A0 (a), A(a, T ) = AT (a),

for all

a,

(8.68)

where ρ denotes the interest rate, assumed to be exogenous to the economy and p(a)
denotes the income/output accruing to an a-year-old individual.
The formal problem of the social planner is to choose the age-speciﬁc schedule of consumption and health expenditure (health care) to maximize the sum of
instantaneous utility of all individuals; i.e., (8.67), subject to (8.66) and (8.68).
Formulate the necessary optimality conditions by applying the maximum principle stated in Theorem 8.13.
The following adjoint variables play a role in the analysis:
λx (t, a)
A

λ (t, a)

of the population stock
of the cohort assets

x(t, a),

A(t, a).

Show that the following relations hold true and try to give economic interpretations:
uc (c)x = −λx μh (a, h)x
ct + ca =

uc (c)
(r − ρ).
ucc (c)

According to Rosen (1988) the social value of life can be deﬁned as
Ψ A (t, a) = −

∂V /∂μ
,
∂V /∂A

where V denotes the value function, i.e., optimal social value. This formula expresses
the marginal rate of substitution (MRS) between mortality and social wealth, which
describes the slope of the indiﬀerence curve including all combinations of μ(a, h(t, a))
and A(t, a) with the same social welfare. The denominator equals the shadow price
of cohort assets λA . For the numerator one obtains
∂V ∂x
∂V
=
= −λx (a)x(a).
∂μ
∂x ∂μ
Putting these two expressions together, we obtain
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Ψ A (t, a) =

λx (t, a)x(t, a)
λx (t, a)x(t, a)
=
.
A
λ (t, a)
uc (c)

The value λx of one more a-year-old individual at time t is multiplied by the number
of such individuals N , as only such individuals will beneﬁt from a reduction of the
mortality rate in this speciﬁc age group at that time. This value is divided by the
marginal utility, so that the SVOL is expressed in monetary values.
In this model an exogenous number of births B(t) has been assumed. If the
number of newborns is considered endogenous, then the SVOL and the shadow price
for population can be decomposed into two eﬀects, where one eﬀect is analogous to
the reproductive value introduced by Fisher (1930) and well-known in demography
(see, e.g., Keyﬁtz, 1977). For details see Wrzaczek, Kuhn, and Oeppen (2007).
Hint. The Maximum Principle does not allow for initial and end conditions for the
states. Thus the terminal constraints have to be included by a penalty function.

Notes and Further Reading
Multi-stage processes were considered in the 1980s (Tomiyama, 1985; Tomiyama &
Rossana, 1989). Astonishingly, there have been few applications of the multi-stage
paradigm, although sudden changes in model assumptions seem to be ubiquitous.
Recently there has been a revived interest in multi-stage modeling, (see Makris,
2001; Saglam, 2002).
Boucekkine et al. (2004) analyzed a two-stage optimal control problem to solve
a technology adoption problem under conditions of technological progress. Grass
et al. (2007) study a similar problem, but then within the framework of a capital
accumulation problem of a ﬁrm (see Exercise 8.5).
Whereas Exercise 8.3 provides an example of a two-stage harm reduction model
with one state, Caulkins et al. (2007) analyzed a two-state model in which v acts in
a continual way over the whole planning horizon.
Diﬀerential games are a creation of Isaacs in the early ﬁfties (see Breitner, 2005,
for a historical development). In those days the interest focused on zero-sum games
with military applications (pursuer–evader games). The monograph of Isaacs (1965)
showed the relation of diﬀerential games and optimal control (see also Ho, 1970).
By far the best book on diﬀerential games is Dockner et al. (2000). Note that
Chap. 3 of their monograph contains a very useful, short introduction to optimal
control of economic processes. Other valuable references are Başar and Olsder (1999),
Mehlmann (1988), and Jørgensen and Zaccour (2004, 2007).
Games can be divided into cooperative and noncooperative games. In the latter
case all players act in their own best interest, paying no attention to their rivals. In
a cooperative game the players can coordinate their actions for their mutual gains.
Dockner et al. (2000) is restricted to noncooperative games; references for cooperative games are El Ouardighi (2002); Yeung and Petrosyan (2006) and Haurie (2001).
An early reference on diﬀerential games is Leitmann (1974). The problem studied
there is how to ﬁnd a Pareto optimal solution. The approach is the standard one,
to consider an optimal control problem with an objective being a weighted sum of
the individual player’s objectives. This has been used in, e.g., natural resources (see
Dockner et al., 2000) and marketing (see Jørgensen & Zaccour, 2004). The idea
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explored in this literature is how the players can design an intertemporal allocation
of the total, cooperative payoﬀ such that individual rationality is satisﬁed for any
player at any instant of time.
Although the dynamic game sketched in Exercise 8.11 is rather simple, it provides a crude picture of the competitive situation between oﬀenders and a law enforcement authority in an intertemporal setting. Feichtinger (1983) showed that the
optimal enforcement rate increases monotonically, whereas the thief’s Nash-optimal
behavior depends on the parameter constellation. The thief–police game provides
an example of a so-called state-separable diﬀerential game (compare also Dockner
et al., 1985). In such a game, the candidates for open-loop Nash optimality qualify
also as closed-loop Nash solutions. Furthermore, the ansatz (8.64) has been used in
several other situations such as maintenance/replacement, market-entrance games,
and R&D competition; compare Feichtinger (1982a,b); Kamien and Schwartz (1971).
An important family of diﬀerential games focuses on capital accumulation (see
Dockner et al., 2000, Chap. 9). In them, a ﬁrm invests in a private physical or
ﬁnancial capital stock. Thus each ﬁrm has its own capital accumulation equation.
However, if we consider knowledge accumulation, where knowledge is modeled as
a pure public good, every player has access to all knowledge in the economy. This
implies that there is only a single stock of capital, in which two or more players invest.
Assuming convex (quadratic) costs of investment and concave (negative quadratic)
beneﬁts from the capital stock, one gets a model formally equivalent to those dealt
with in Exercise 8.13.
Dawid, Feichtinger, and Novak (2002) studied the dynamic strategic interaction
between a criminal gang extorting money from shop owners and the police force.
A gang asks a shopkeeper for an amount of money and threatens to destroy the
shop if the sum is not paid. The decision variables of such an extortion game are
the eﬀort of the gang to keep up the threat and the eﬀort of the police to protect
the shopkeeper. One purpose is to characterize the factors that are important in
determining whether the capital stock of local shop owners continues to grow in
spite of extortion or whether criminal activity leads to economic stagnation.
Dawid and Feichtinger (1996) analyzed a diﬀerential game between a drug dealer
and an authority. Although the game has no special form such as linear–quadratic,
stationary feedback Nash equilibria can be calculated. The obtained solution admits
nice economic interpretations.
Fent, Feichtinger, and Zalesak (1999) studied the impact of an oﬀender’s prior
criminal record on the punishment of a given crime. Fent, Feichtinger, and Tragler
(2002) analyzed a dynamic game that models the interactions between an oﬀender
and a law enforcement authority.
In diﬀerential games, multiple-feedback Nash equilibrium equilibria can arise
even in the case of a linear-quadratic game with one state variable. This results
from the fact that the diﬀerential equation implied by the HJB equation lacks a
boundary condition. The multiplicity of equilibria was ﬁrst noted in Tsutsui and
Mino (1990). In an early application, Dockner and Long (1993) argued that a proper
choice of nonlinear strategies could resolve in a noncooperative way the tragedy of
the commons.
The terror game studied in Sect. 8.2.6 traces back to Behrens, Caulkins, Feichtinger, and Tragler (2007). The authors tried to solve it by using a sort of incentive
Stackelberg solution concept. Incentive equilibrium solutions have been considered
by Ehtamo for cooperative games; compare Ehtamo and Hämäläinen (1986, 1993).
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By assuming a state-separable structure of the terror game, we are able to ﬁnd
analytical expressions of the stationary Nash equilibrium. Our understanding of
these issues has beneﬁted from discussions with Engelbert Dockner, Andreas Novak, and Gerhard Sorger.
For another diﬀerential game on terrorism see Feichtinger and Novak (2008);
compare Exercise 8.10.
Hager, Neck, and Behrens (2001) presented an algorithm for solving dynamic
games; see also Behrens and Neck (2007).
Optimal control problems for age-structured systems play an increasing role
in many areas of application, including harvesting, epidemiology, population economics, and vintage capital models; see, e.g., Feichtinger et al. (2003). A Maximum
Principle for linear McKendrick-type PDEs has been derived by Brokate (1985); Feichtinger et al. (2003) has delivered a fairly general extension that includes nonlocal
dynamics and boundary conditions. Among the various applications are vintage capital models Feichtinger, Hartl, Kort, and Veliov (2006a,b), environmental planning
(Feichtinger, Hartl, Kort, & Veliov, 2005), and demographic dynamics. Vintage models have played an important role since the work of Solow (1956); compare Barucci
and Gozzi (1998, 2001). To study the eﬀects of technological progress, it is natural to distinguish between diﬀerent generations of capital goods (“vintages”). An
important question in that context is how decisions to adopt new technologies are
aﬀected by the prospect that superior technologies will arrive in the future (or are
already available).
Early applications of distributed optimal control are in inventory control of perishable goods, such as wine or blood; see Bensoussan, Nissen, and Tapiero (1975)
and Haurie, Sethi, and Hartl (1984), who provided applications in social service systems and gave nice economic interpretations of the optimality conditions. Personnel
planning is another important ﬁeld of application. Gaimon and Thompson (1984)
analyzed a duration-dependent organization structure.
Feichtinger, Prskawetz, and Veliov (2004) considered a social planner maximizing
an aggregate intertemporal utility function that depended on per capita consumption. They included age-dependent features of both the population and the capital
stock. In using the Maximum Principle (8.43a)–(8.43d), one can derive interesting
results for optimal migration and saving rates (both age-dependent) in an aging
population.
A more recent application is the optimal recruitment and promotion policy in
university systems or learned societies. Feichtinger and Veliov (2007) considered a
constant-sized organization in which the intake was determined by the number of
deaths and a statutory retirement age. It turns out that two conﬂicting goals, to
keep the age structure young and guaranteeing a higher recruitment, are reached by
means of a bipolar recruitment distribution.
Age and duration also plays an important role in epidemic disease control and
optimal vaccination; see Müller (1999). Almeder, Feichtinger, Sanderson, and Veliov
(2007) compare to prevention medication as approaches to ﬁghting the HIV/AIDS
epidemic; see also Feichtinger, Tsachev, and Veliov (2004).
While duration-speciﬁc models use the same formalism as age-structured models,
the cross-classiﬁcation age and duration is more diﬃcult to handle.
Yaari (1965) was the ﬁrst to consider life insurance in a theoretical framework.
Optimal health investment was ﬁrst dealt with in Grossman’s seminal paper 1972.
This idea was developed further in the macro model of Hall and Jones (2007) and
in the life-cycle model of Ehrlich (2000).
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A model similar to the ones described in Exercise 8.16 can be formulated for
one individual over the life cycle. The objective function is the sum over the utility from consumption over the entire (possible) lifespan ω weighted by the survival
probability. The corresponding dynamics is similar to the McKendrick equation with
initial condition (8.66). The crucial diﬀerence from the social welfare model is due
to the formulation of the savings (assets) dynamics, in which three cases can be
distinguished. First a dynamics equal to the social welfare model with an additional
nonnegativity restriction (savings must not be negative); second, an insurance that
pays additional interest with a rate equal to the average mortality rate (after optimization it is equal to that of the individual), which cannot be inﬂuenced by the
individual; and, third, a “perfect” insurance that is able to observe the real mortality risk of each individual, implying that the individual can inﬂuence this part of
the interest rate. One might show that only the ﬁrst two cases lead to diﬀerences
in the social welfare model and then interpret the result. However, a diﬀerence between the social and individual models can always be obtained by including external
eﬀects (see Kuhn et al., 2007).
An interesting future-oriented research issue would be the combination of distributed parameter control with the multi-stage framework. The natural distributed
parameter setup would be an age-speciﬁc feedback on drug initiation (as in Almeder
et al., 2004), coupled with temporary disruptions to the market (as in Bultmann
et al., 2007). Thus, for example, one could be stuck at a high-use equilibrium, but
if there were then a market disruption that reduced initiation overall, perhaps one
could jump on that to depress initiation long enough to create a “hole” in the
age-distribution of users. If that absence of young users undercut future initiation
(because older users are not relevant role models), then the use could extinguish
itself over time, even if the proximate reduction in use following the market disruption were rather modest. Distributed parameter control has been applied in spatial
optimal control modeling, see, e.g., Goetz and Zilberman (2000, 2007).
Yong and Zhou (1999) provided interesting remarks on the history of stochastic (as well as deterministic) optimal control theory. Bensoussan and Lions (1982)
applied variational inequalities to stochastic control.
Filar and Vrieze (1997) provided a readable introduction to stochastic games.
Essential for the nonsmooth optimization are the concepts of generalized gradients, supergradients, and diﬀerential inclusions (see, e.g., Aubin and Frankowska,
1990). Optimality conditions have been derived using the above concepts (e.g.,
Clarke, 1976; Kaskosz & Lojasiewicz, 1985). For the numerical aspects see, e.g.,
Lempio and Veliov (1998).

A
Mathematical Background

We aim at keeping the theory presented in this textbook strictly targetoriented and therefore conﬁne ourselves to spaces, terms, and concepts necessary to understand nonlinear dynamics and optimal control theory. For the
reader searching for more information about the mathematics behind our
straightforward approach we refer to additional literature on areas of expertise that go beyond the scope of this textbook. Thus this section is a concise
survey of the basics, serving as a minimum standard.

A.1 General Notation and Functions
Here we review some basic material and notation used throughout the book.
The notions of sets and functions are fundamental, as sets allow us to collect elements exhibiting some joint property, and functions describe relations
between diﬀerent sets.
We largely avoid the use of abbreviations and write logical operators in
full length. The only logical abbreviation we use throughout the book is that
of the term “if and only if” denoted as iﬀ.
Sets and functions are used in a naive sense, where sets are denoted by
capital letters A, B, . . . and are formed by means of braces {}, so that
{x : proposition about x}
is the set of all elements x such that the properties about x are satisﬁed. A
set {x} containing exactly one element x is called a singleton. A singleton is
often identiﬁed with the element itself.
If B is a subset of A we write B ⊂ A. To indicate that B is a proper subset
of A, i.e., B ⊂ A and B = A, we write B  A. If B is not a subset of A we
write B ⊂ A. The set
A \ B := {x : x ∈ A,
denotes the relative complement of B in A.

and x ∈
/ B}
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Deﬁnition A.1. The set
∅ := {x : x = x}
is called the empty set and is denoted by ∅. If A = ∅, then A is called a
non-empty set.
For two sets A, B the set
A × B := {(a, b) : a ∈ A,

and

b ∈ B}

is called the Cartesian product of A, B. For A = B the Cartesian product
A × A is shortly written as A2 or inductively deﬁned for n ∈ N
An = A × · · · × A .



n−times

The usual sets we consider are those of the natural numbers N, integers Z,
real numbers R, nonnegative real numbers R+ , extended real numbers R̄ =
R ∪ {±∞} and complex numbers C.
Deﬁnition A.2 (Maximum, Upper Bound and Supremum). Let A ⊂
R; an element m ∈ A is called a maximal element of A or shortly maximum
of A, denoted as m = max A if x ∈ A and x ≥ m implies x = m.
An element b ∈ R is called an upper bound for A if x ≤ b for all x ∈ A.
An upper bound b for A is called a supremum of A, denoted as b = sup A
if b is the least upper bound for A. If no upper bound for A exists sup A := ∞.
If the inequalities are reversed the corresponding terms are minimum, lower
bound and inﬁmum.
A function (mapping, transformation) f describing a relation between the sets
X and Y is denoted as
f : X → Y,
and is speciﬁed by an explicit assignment
y = f (x),

or x → f (x),

where x is called the argument of the function f . If there is no ambiguity,
the argument of f is often omitted or the function is written as f (·). If f (x)
exhibits more than one element f is called a multivalued function. A “usual”
function f is sometimes also referred to as a single-valued function.
Deﬁnition A.3. Let f be a function from X into Y ; then the set X is called
the domain of f and the set Y is called the codomain of f . The range of f is
deﬁned as
range f = f (X) := {f (x) : x ∈ X}.
For B ⊂ Y the set

f −1 (B) = {x ∈ X : f (x) ∈ B}

is called the preimage of B.
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If A ⊂ X, then the function
f |A : A → Y,

with

f |A (x) = f (x), for all x ∈ A

is called the restriction of f to A.
The function f (x) = x for x ∈ X is called the identity function and is
denoted as IdX .
If the domain X of f is itself a set of functions then f is called a functional.
The function f is called injective if for any x1 , x2 ∈ X
x1 = x2

implies

f (x1 ) = f (x2 ).

The function f is called surjective if for any y ∈ Y there exists an x ∈ X
satisfying y = f (x). If the function f is injective and surjective, it is called
bijective.
If f : X → Y and g : V → W are two functions, satisfying f (X) ⊂ V ,
then the function h : X → W deﬁned by
h(x) := g(f (x))
is called the composition function of f and g, and is denoted as
g ◦ f.
The constant function f : X → Y with
f (x) = y0 ,

y0 ∈ Y,

for all x ∈ X is denoted as f ≡ y0 .
From the deﬁnition of a bijective function we ﬁnd the following proposition:
Proposition A.4. Let f : X → Y be a bijective function; then there exists a
unique bijective function g : Y → X satisfying
f ◦ g = g ◦ f = IdX .
This unique function g is called the inverse function of f and is denoted as
f −1 .
We are mostly concerned with functions f : Rn → Rm , n, m ∈ N. For m = 1,
the function f is also called a scalar or real-valued function, as opposed to a
vector-valued function if m > 1. In the latter case f will also be written as
the m-tuple
⎛
⎛ ⎞
⎞
f1 (x)
f1
⎜
⎜ ⎟
⎟
f = ⎝ ... ⎠ with f (x) = ⎝ ... ⎠ .
fm

fm (x)

For R equipped with the usual norm (see Appendix A.2.7),

x = x21 + · · · x2n , x ∈ Rn ,
n

we can give the following deﬁnition:
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Deﬁnition A.5 (Boundedness). A function f : Rn → Rm is bounded if
there exists M > 0 such that
f (x) < M,

for all

x ∈ Rn .

Deﬁnition A.6 (Monotone Function). Let f : R → R, then f is called
increasing or non-decreasing if for all x ≤ y one has f (x) ≤ f (y). If for all x ≤
y one has f (x) ≥ f (y) the function f is called decreasing or non-increasing. If
the strict inequality holds f is called strictly increasing or strictly decreasing,
respectively.
A function, which is either increasing or decreasing is called a monotone
function.
Deﬁnition A.7 (Level Set, Contour Line). Let f : Rn → R and c ∈ R;
then the set
Nf (c) := {x : f (x) = c}
is called the level set of f for value c. For n = 2 a level set is also called a
contour line.
Deﬁnition A.8 (Epigraph). Let f : D ⊂ Rn → R; then the set
epi(f ) := {(x, r) ∈ Rn+1 : x ∈ D, and r ≥ f (x)}
is called epigraph of f .
We often make use of the following function:
Deﬁnition A.9 (Absolute Value Function). The function f : R → R
deﬁned by
x
x≥0
f (x) =
−x x < 0,
is called the absolute value function and is denoted by |·|.
A helpful notation for specifying the degree of approximation or convergence
is the big-O and little-o notation, also known as the Landau symbols:
Deﬁnition A.10 (Landau Symbols). Let f : Rn → Rm and α ∈ R; then
f is called a big-O of xα , denoted as f = O(xα ) if there exists some
M > 0 such that
lim f (x)/xα ≤ M,
x →0

and f is called a little-o of xα , denoted as f = o(xα ) if
lim f (x)/xα = 0.

x →0

Deﬁnition A.11 (Commutative Group). Let G be a non-empty set and
a function + : G × G → G deﬁned on G satisfying:
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Associative Law: (x + y) + z = x + (y + z) for all x, y, z ∈ G.
Neutral Element: there exists an element e ∈ G such that e + x = x + e = x
for all x ∈ G.
Inverse Element: for every x ∈ G, there exists an element −x ∈ G such that
x + (−x) = (−x) + x = e.
Commutative Law: x + y = y + x for all x, y ∈ G.
Then the pair (G, +) is called a commutative group.

A.2 Finite-Dimensional Vector Spaces
In our discussion of vector space theory we focus on the real ﬁnite-dimensional
case.
A.2.1 Vector Spaces, Linear Dependence, and Basis
We start by introducing the concept of a real vector space V :
Deﬁnition A.12 (Real Vector Space). Let V be a set on which two operations are deﬁned:
Vector addition: + : V × V → V deﬁned by
x + y ∈ V,

for all

x, y ∈ V.

(A.1a)

Scalar multiplication: · : R × V → V (the symbol · is mostly omitted)
α · x (= αx) ∈ V,

for all

α ∈ R, x ∈ V.

(A.1b)

Then the set V, together with the operations A.1a and A.1b, is called a real
vector space if:
1. V is a commutative group with respect to vector addition.
2. For all α, β ∈ R and x, y ∈ V we have
a) (α + β)x = αx + βx,
b) α(x + y) = αx + βy,
c) (αβ)x = α(βx),
d) 1x = x.
The elements of V are called vectors. The neutral element of vector addition
is called the zero or null vector and is denoted as 0.
Let xi ∈ V, i = 1, . . . , m; then
x=

m


αi xi , αi ∈ R

i=1

is called a linear combination of the vectors xi .
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Remark A.13. The adjective real refers to the fact that we consider only real
numbers, α, as scalars. In a more general deﬁnition the scalars in Deﬁnition
A.1b can be taken from the ﬁeld of complex numbers or even any other ﬁeld.
Since we restrict our considerations to the real case, we omit the denotation
real and simply speak about a vector space, instead of a real vector space.
Examples of vector spaces are:
Standard Space Rn : The set Rn equipped with the following operations:
Vector addition: + : Rn × Rn → Rn deﬁned by
⎞
⎛
x1 + y1
⎟
⎜
..
n
(A.2a)
x + y := ⎝
⎠ , for all x, y ∈ R .
.
xn + yn
Scalar Multiplication: R × Rn → Rn deﬁned by
⎞
⎛
αx1
⎟
⎜
αx := ⎝ ... ⎠ , for all α ∈ R, x ∈ Rn .

(A.2b)

αxn
Continuous functions: The set of real-valued continuous functions on [0, T ]
C 0 ([0, T ]) := {f : f : [0, T ] → R

continuous},

together with the pointwise operations
(f + g)(x) := f (x) + g(x),
(αf )(x) := αf (x),

f, g ∈ C 0 ([0, T ]),

f ∈ C 0 ([0, T ]), α ∈ R.

Deﬁnition A.14 (Subspace and Span). Let V be a vector space. A nonempty subset S ⊂ V is called a subspace of V if the following properties hold:
x1 + x2 ∈ S,
αx ∈ S,

for all

for all

x1 , x2 ∈ S

x ∈ S, α ∈ R.

Let A ⊂ V then
span A := {x : x =

m


αi xi , αi ∈ R, xi ∈ A, m ∈ N}

i=1

is a subspace of V and is called the span of A.
Given some subspace S ⊂ V, one can ask: what is the minimum number of
elements xi ∈ S, i ∈ I such that S = span{xi , i ∈ I}? This question gives rise
to the central concept of linear dependence and independence in vector space
theory:
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Deﬁnition A.15. A ﬁnite number of vectors xi , i = 1, . . . , m are called linearly independent if
m

αi xi = 0
i=1

implies α1 = · · · = αm = 0. Otherwise the vectors are called linearly dependent.
A subset A ⊂ V of V is called linear independent if any ﬁnite collection
of vectors of A is linearly independent.
We can now introduce the important concept of a basis for a vector space V:
Deﬁnition A.16 (Basis of a Vector Space). Let B be a subset of the
vector space V; then B is called a basis of the vector space V if the following
properties are satisﬁed:
V = span B
B

is a linearly independent set.

If the set B consists of a ﬁnite number n of elements, then the vector space V
is called a ﬁnite vector space of dimension n, written in shorthand as
dim V = n.
Deﬁnition A.17 (Hyperplane). Let V be an n-dimensional vector space;
then an n − 1-dimensional subspace is called a (linear) hyperplane in V.
Remark A.18. For two basis B and B  of a vector space V there exists a
bijective transformation between B and B  . Thus in the ﬁnite-dimensional
case the number of elements of B and B  , respectively is unique.
Remark A.19. This deﬁnition justiﬁes considering Rn together with vector
addition (A.2a) and scalar multiplication (A.2b) as an n-dimensional vector
space, since the n vectors
ei = (eji )nj=1 =

1 j=i
,
0 j=i

i = 1, . . . , n, build a basis for Rn . Indeed they form a particularly simple basis
which is called the canonical basis of Rn .
The importance of Deﬁnition A.16 stems from the property that any element
x ∈ V can uniquely be written as a ﬁnite linear combination of elements of B.
Remark A.20. Whereas the number of vectors building a basis of a vector
space is unique, the set of vectors is not. In fact, any linearly independent set
of n vectors of V with dim V = n can span the vector space.
Next, we consider the class of linear transformations L : V → W.
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A.2.2 Linear Transformations and Matrices
A linear transformation L : V → W is characterized by the following properties:
Deﬁnition A.21. Let V and W be two vector spaces and L : V → W be a
mapping; then L is called a linear transformation if the following properties
are satisﬁed:
L(x1 + x2 ) = L(x1 ) + L(x2 ), for all x1 , x2 ∈ V
L(αx) = αL(x), for all x ∈ V, α ∈ R.

(A.3a)
(A.3b)

Remark A.22. The properties (A.3a) and (A.3b) assure that linear combinations in the vector space V are transformed by L into linear combinations in
W. Thus linear transformations preserve the vector-space structure of the sets
V and W and are therefore the “natural” mappings to be considered in vector
space theory.
For a linear transformation L one can show:
.m
.m
1. L( i=1 αi xi ) = i=1 αi L(xi ) for all αi ∈ R, xi ∈ Rn , i = 1, . . . , m.
2. L(0) = 0 where 0 is the zero vector of the corresponding vector spaces.
3. If the transformation L is bijective, its inverse L−1 : W → V is also a
linear transformation.
4. If V is ﬁnite-dimensional, then two linear transformations L1 , L2 : V → W
coinciding on a basis of V are identical.
Two important characteristics of a linear transformation L : V → W are its
kernel and its rank , deﬁned as
kern L := {x ∈ V : L(x) = 0}
rk L := dim range L.
The kernel is the set of all vectors mapped into the zero vector. The rank is
the dimension of the range of L.
Deﬁnition A.23. Let L : V → W be a bijective linear transformation; then
L is called an isomorphism and V and W are called isomorphic, which can be
written in shorthand as
V∼
= W.
Remark A.24. Isomorphic vector spaces are indistinguishable from the viewpoint of vector space theory.
Remark A.25. Every ﬁnite-dimensional vector space V with dim V = n is isomorphic to the vector space Rn , which justiﬁes calling Rn the standard space.
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Next we introduce matrices, which denote a “rectangular schema” of the form
⎛
⎞
a11 a12 · · · a1n
⎜ a21 a22 · · · a2n ⎟
⎜
⎟
A = (aij ) = ⎜ .
. ⎟.
.. . .
⎝ ..
. .. ⎠
.
am1 am2 · · · amn
This is called an m × n matrix , with m, n ∈ N, or a matrix of m rows and n
columns. The set of all m × n matrices is denoted as Rm×n . The elements
⎛
⎞
a1j
⎜ a2j ⎟
⎜
⎟
aj = ⎜ . ⎟ , j = 1, . . . , n
⎝ .. ⎠
amj
and
bi = (ai1 , ai2 , · · · , ain ) ,

i = 1, . . . , m

are called the column vectors and row vectors respectively. They are elements
of Rm×1 and R1×n . The m × n matrix exhibiting only zeros is called the null
matrix and denoted by 0. If m = n, then A is called a square matrix of size
n; aii , i = 1, . . . , n are called its diagonal elements, and
tr A =

n


aii ,

i=1

is called the trace of A.
A square matrix A of the form
⎛
⎞
d1 0 · · · 0
⎜ 0 d2 · · · 0 ⎟
⎜
⎟
A=⎜. . .
.. ⎟ ,
.
.
.
⎝. .
. .⎠

di ∈ R, i = 1, . . . , n

0 0 · · · dn
is called a diagonal matrix.
The set Rm×n together with the operations
A + B = (aij ) + (bij ) := (aij + bij ),
αA = α(aij ) := (αaij ),

for all A, B ∈ Rm×n

for all A ∈ Rm×n , α ∈ R

is a real vector space of dimension mn.
Remark A.26. Note that we identify vector space Rn with Rn×1 and a vector
x ∈ Rn is therefore a column vector.
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Additionally to the additive structure of matrices we can deﬁne a matrix
product · : Rm×n × Rn×p → Rm×p , where for matrices A ∈ Rm×n and B ∈
Rn×p the matrix product A · B, which can be written more compactly as AB,
is deﬁned by the matrix C with the components
+
* n

(cij ) :=
aik bkj .
k=1

For square matrices of size n the matrix product exhibits further properties.
There exists an identity or unit matrix
⎛
⎞
1 0 ··· 0
⎜0 1 · · · 0⎟
⎜
⎟
I(n) := ⎜ . . . . ⎟ ,
⎝ .. .. . . .. ⎠
0 0 ··· 1
satisfying AI(n) = I(n) A = A for all A ∈ Rn×n . If for a matrix A ∈ Rn×n
there exists a matrix B ∈ Rn×n satisfying AB = BA = I(n) , then A is called
invertible or nonsingular and B its inverse matrix. If A is not invertible it is
called a singular matrix.
The following proposition states the important correspondence between
matrices and linear transformations:
Proposition A.27. Let L : Rn → Rm be a linear transformation; then there
exists an m × n matrix A satisfying L = LA , with
LA (x) = Ax,

for all

x ∈ Rn .

If B is an n × p matrix then
LA ◦ LB = LAB .
Given this unique correspondence between linear transformations and matrices, we can deﬁne the kernel and rank of a matrix A : Rn → Rm as
kern A = {x ∈ Rn : Ax = 0}
rk A = dim range LA .
Moreover, it can be proved that:
rk A = dim span{aj , j = 1, . . . , n} = dim span{bi , i = 1, . . . , m},
where aj are the column vectors and bi are the row vectors of A. Then we
deﬁne:
Deﬁnition A.28 (Full Rank). A matrix A ∈ Rm×n is said to have full
rank if
rk A = min{m, n}.

A.2 Finite-Dimensional Vector Spaces

453

Remark A.29. For an invertible matrix A with inverse B the corresponding
linear transformations LA and LB satisfy LA ◦ LB = Id.
An important operation on Rm×n is transposition along the main diagonal of
A, which is deﬁned as follows:
Deﬁnition A.30 (Transposition). Let A = (aij ) be an m × n matrix. Then
the mapping (·) : Rm×n → Rn×m deﬁned by
⎛
⎞
a11 a21 · · · am1
⎜ a12 a22 · · · am2 ⎟
⎜
⎟
A := (aji ) = ⎜ . . .
. ⎟,
⎝ .. .. . . .. ⎠
a1n a2n · · · amn
is called transposition and A is called the transposed matrix of A.
The transposition satisﬁes the following properties:
1. (αA + βB) = αA + βB  for all A, B ∈ Rm×n , α, β ∈ R.

2. (A ) = A for all A ∈ Rm×n .

3. (·) : Rm×n → Rn×m is an isomorphism.
Deﬁnition A.31 (Deﬁniteness, Symmetric and Skew-Symmetric). Let
A be an n × n matrix satisfying
x Ax ≤ 0,

for all

x ∈ Rn ,

then A is called negative semideﬁnite. If strict inequality holds, it is called
negative deﬁnite. For the opposite inequality > (≥) the matrix is called positive (semi)deﬁnite.
If A satisﬁes A = A ; then A is called a symmetric matrix. If A satisﬁes
A = −A ; then A is called a skew-symmetric matrix.
A.2.3 Inverse Matrices and Linear Equations
We have seen that invertible matrices can be deﬁned for n × n-matrices. We
denote the set of invertible matrices as the general linear group
GLn := {A ∈ Rn×n : A invertible}.
The set GLn exhibits the following properties:
1.
2.
3.
4.

For A ∈ GLn there exists a unique inverse matrix V , denoted as A−1 := V .
If A, B ∈ GLn , then also AB ∈ GLn with (AB)−1 = B −1 A−1 .
If A ∈ GLn , then also A−1 ∈ GLn with (A−1 )−1 = A.
If A ∈ GLn , then also A ∈ GLn with (A )−1 = (A−1 ) .

To decide whether a square matrix A is invertible, the following criteria can
be applied:
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Theorem A.32 (Equivalence Theorem for Inverse Matrices). For a
matrix A ∈ Rn×n the following properties are equivalent:
1.
2.
3.
4.
5.
6.

A ∈ GLn .
The mapping x → Ax is bijective.
The mapping x → Ax is injective.
The rows of A form a basis of Rn .
The columns of A form a basis of Rn .
A has full rank, i.e., rk A = n.

Matrices were ﬁrst introduced as a short notation for linear equations, i.e.,
⎧
a11 x1 + a12 x2 + · · · + a1n xn = b1
⎪
⎪
⎨
a21 x1 + a22 x2 + · · · + a2n xn = b2
.....................................
⎪
⎪
⎩
am1 x1 + am2 x2 + · · · + amn xn = bm
which in matrix notation can be written very concisely as
⎛
⎞
⎛ ⎞
⎛ ⎞
a11 · · · a1n
x1
b1
⎜
⎟
⎜ ⎟
⎜ ⎟
Ax = b, with A = ⎝ ... . . . ... ⎠ , x = ⎝ ... ⎠ , b = ⎝ ... ⎠ ,
am1 · · · amn

xn

(A.4)

bm

where A and b are given and x is unknown:
Deﬁnition A.33 (Solvability). Let A ∈ Rm×n and b ∈ Rm . If there exists
a vector y ∈ Rn satisfying
Ay = b;
then (A.4) is called solvable and y is called a solution of (A.4).
An important question when solving linear equations is whether there is a
unique solution. The answer depends on the properties of matrix A:
Theorem A.34. Let A ∈ Rn×n ; then the following propositions are equivalent:
1. For every b ∈ Rn there exists an x ∈ Rn satisfying Ax = b.
2. Ax = 0 has the unique solution x = 0.
3. A ∈ GLn .
For A ∈ GLn the solution of Ax = b is uniquely given by x = A−1 b.
An important theorem that has many extensions to more general cases, known
as the Fredholm Alternative, can be stated as:
Theorem A.35 (Finite-Dimensional Fredholm Alternative). Let A ∈
Rm×n and b ∈ Rm . Then the equation Ax = b has a solution iﬀ y  b = 0 for
every y ∈ Rm satisfying y  A = 0.
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Here we also state the Farkas lemma (Farkas, 1902), which is an extension of
the previous theorem to the case in which inequalities have to be considered.
First we introduce the notational convention that for an m × n matrix
A = (aij )
A ≥ 0 iﬀ

aij ≥ 0,

for all i = 1, . . . , m, j = 1, . . . , n.

Theorem A.36 (Farkas Lemma). Let A ∈ Rm×n and b ∈ Rm . Then the
following propositions are equivalent:
1. The system of linear equations Ax = b has a solution x ∈ Rn with x ≥ 0.
2. If y ∈ Rm satisﬁes y  A ≥ 0, then y  b ≥ 0.
For a proof see Appendix B.1 and for a geometric interpretation see Fig. A.1.

b)

a)

b = Ax



by≥0
yA ≥ 0
a1

yA ≥ 0
a2

a1

a2
b = Ax

b y ≥ 0

Fig. A.1. This ﬁgure depicts the geometric argument for the Farkas lemma for
n = m = 2. Let C (gray area) be the positive cone {y : y  A ≥ 0}, with A = (a1 , a2 ).
In case (a) it is shown that if the vector b lies in the positive cone spanned by a1
and a2 then C is contained in the positive half-plane given by b z ≥ 0. In case (b)
there exist directions y with y  A ≥ 0 which do not satisfy b y ≥ 0

A.2.4 Determinants
To motivate the introduction of the important concept of a determinant, let
us consider a parallelogram in R2 given by the vectors a, b (Fig. A.2). If we
let A(a, b) be the area of the parallelogram a little thought shows that the
function A(a, b) satisﬁed the following properties:
1. A(a + b, b) = A(a, b) and A(a, b + a) = A(a, b).
2. A(λa, b) = λA(a, b) and A(a, λb) = λA(a, b) for λ ≥ 0.
3. A(a, b) = 0 if a, b are linearly dependent.
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a + b

a



a + 2b



b
Fig. A.2. Using the geometric properties of a parallelogram we see that the areas
of both parallelograms spanned by a, b and by a + b, b are equal. Denoting the areas
as A(a, b) and A(a + b, b) this yields the identity A(a, b) = A(a + b, b), which can
be used as a deﬁning property for the determinant. It reveals that the determinant
can be interpreted as a “signed” area

4. A(e1 , e2 ) = 1.
This idea is captured in the following deﬁnition:
Deﬁnition A.37 (Determinant Function). Let A = (a1 , . . . , an ) ∈ Rn×n ,
and B = (b1 , . . . , bn ) ∈ Rn×n . The function Δ : Rn×n → R satisfying:
1. Δ(B) = Δ(A) if bi = ai , i = j and bj = aj +αak with 1 ≤ j, k ≤ n, α ∈ R.
2. Δ(B) = βΔ(A) if bi = ai , i = j and bj = βaj with 1 ≤ j ≤ n, β ∈ R.
then Δ is called a determinant function.
Now it can be proved:
Proposition A.38. For all n ∈ N there exists a unique determinant function
det : Rn×n → R
satisfying
det I(n) = 1.
Then det(A) also written as det A is called the determinant of matrix A.
For all A, B, C, D ∈ Rn×n , α, β ∈ R and x, y ∈ Rn the following properties
hold:
1. det : Rn×n → R is multilinear, i.e.,
det ((. . . , αx + βy, . . .)) = α det ((. . . , x, . . .)) + β det ((. . . , y, . . .)) .
2. det AB = det A det B.
3. det αA = αn det A.
4. det A = det A.

A.2 Finite-Dimensional Vector Spaces

5.
det





A 0
AB
= det A det D = det
CD
0 D
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(block structure).

6. Setting
eA :=

∞

Ai
i=0

i!

we ﬁnd
det eA = etr A .

(A.5)

7. If A is invertible the identity
eA

−1

BA

= A−1 eB A

holds.
We can now provide a further criterion characterizing invertible matrices A:
Theorem A.39. Let A ∈ Rn×n ; then the following properties are equivalent:
1. A ∈ GLn .
2. det A = 0.
In this case we also ﬁnd that


−1
det A−1 = (det A) .
A.2.5 Linear Form and Dual Space
Next we consider linear mappings from a vector space into the set, considered
as the vector space, of real numbers R:
Deﬁnition A.40. Let V be a vector space and L : V → R be a linear transformation; then L is called a linear form of V. The vector space of the linear
forms of V is called the dual space of V, denoted by V∗ .
For the vector space Rn the following proposition can be proved:
Proposition A.41 (Basis of Linear Forms). Let a1 , . . . , an be a basis of
Rn ; then there exist linear forms λ1 , . . . , λn of Rn satisfying
λi (aj ) =
that build a basis of (Rn )∗ .

1
0

i=j
i = j,

(A.6)
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Deﬁnition A.42 (Dual Basis of Rn ). The basis deﬁned by (A.6) is called
the dual basis of (Rn )∗ associated with a1 , . . . , an .
From the foregoing identiﬁcation of matrices and linear transformations we
know that a linear form λ of Rn can be identiﬁed as an element of R1×n , i.e.,
a row vector. Thus a corollary of Proposition A.41 is:
∗

Corollary A.43. Let λ be a linear form of Rn , i.e., λ ∈ (Rn ) , then there
exists a unique row vector a ∈ R1×n satisfying
λ(x) = ax =

n


ai xi .

(A.7)

i=1

Identifying the linear form with its vector representation we ﬁnd:
∗

Corollary A.44. The vector space Rn is isomorphic to its dual space (Rn ) ,
i.e.,
∗
Rn ∼
= (Rn ) .
Since the expression (A.7) proves important, we give it the following deﬁnition:
Deﬁnition A.45 (Scalar Product). Let x, y ∈ Rn . Then the expression
x, y := x y =

n


xi yi = x1 y1 + x2 y2 + . . . + xn yn ,

i=1

is called the scalar product of x and y.
The scalar product satisﬁes the following properties:
Bilinearity: x, y is linear in both x and y.
Symmetry: x, y = y, x for all x, y ∈ Rn .
Nondegeneracy: x, y = 0 for all y ∈ Rn implies that x = 0.
Positivity: x, x > 0 for all x ∈ Rn and x = 0.
Cauchy-Schwarz inequality: x, y2 ≤ x, x y, y for all x, y ∈ Rn , where the
equality holds iﬀ x and y are linearly dependent.
For A ∈ Rm×n and x ∈ Rn , y ∈ Rm we have
Ax, y = x, A y .
Deﬁnition A.46 (Half-Space). Let a ∈ Rn with a = 0 and α ∈ R, then the
set
{x : a, x ≥ α}
is called a half-space. If n = 2 the set is called a half-plane and for n = 1 it
is called a half-line.
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A.2.6 Eigenvalues and Eigenvectors
A central concept for the application of vector space theory is that of an
eigenvalue and eigenvector, deﬁned by:
Deﬁnition A.47 (Eigenvalue and Eigenvector). Let A be an n×n matrix
and ν ∈ Rn with ν = 0. If there exists an ξ ∈ R such that
Aν = ξν,

(A.8)

then ξ is called an eigenvalue of A, and every vector ν satisfying (A.8) is
called an eigenvector of ξ.
The vector space
Eξ = span{ν : Aν = ξν}
is called the eigenspace of the eigenvalue ξ.
From (A.8) the following characterization of an eigenvalue and eigenvector
immediately follows:
Lemma A.48. Let A ∈ Rn×n and ξ ∈ R, then the following propositions are
equivalent:
1. ξ isan eigenvalue
of A.

2. det ξI(n) − A = 0.
Deﬁnition A.49. The polynomial

χA (x) := det xI(n) − A
is called the characteristic polynomial of A.
Remark A.50. In general the characteristic polynomial of A ∈ Rn×n exhibits
also complex roots. Thus eigenvalues with ξ = ξR + iξI ∈ C have to be
considered. In that case its complex conjugate ξ¯ = ξR − iξI is an eigenvalue
and Eν̄ ⊂ Cn .
Proposition A.51. Let A be a real n× n matrix; then A has the same eigenvalues as A.
It is often important to ﬁnd for a given matrix A another matrix B whose
representation is as simple as possible while still exhibiting the same characteristic properties. We therefore deﬁne:
Deﬁnition A.52 (Similar and Diagonalizable Matrices). Two matrices
A, B ∈ Rn×n are called similar if there exists a matrix W ∈ GLn such that
W −1 AW = B.
If B is a diagonal matrix then A is called diagonalizable.
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The following proposition shows that if the eigenvectors of a matrix form a
basis for Rn then that matrix can be transformed into a simple form:
Proposition A.53. Let A be an n × n matrix exhibiting n distinct real eigenvalues ξ1 , . . . , ξn ; then A is diagonalizable, satisfying
⎛
⎞
ξ1 0 · · · 0
⎜ 0 ξ2 · · · 0 ⎟
⎜
⎟
UAU −1 = ⎜ . . .
. ⎟,
⎝ .. .. . . .. ⎠
0 0 · · · ξn
where the rows of the matrix U are given by the transposed eigenvectors νi .
Definition A.54 (Upper Triangular Matrix). A matrix A ∈ Rn×n of the
form
⎞
⎛
a11 a12 · · · a1n
⎜ 0 a22 · · · a2n ⎟
⎟
⎜
A=⎜ . . .
. ⎟
⎝ .. .. . . .. ⎠
0

0 · · · ann

is called an upper triangular matrix. If the diagonal elements are also zero
then A is called a strictly upper triangular matrix.
Proposition A.53 assumes that the zeros of the characteristic polynomial are
distinct and real. In general this does not hold, therefore we deﬁne:
Deﬁnition A.55 (Reducible Matrix). A matrix A ∈ Rn×n is called reducible if its characteristic polynomial is of the form
χA (x) = (x − ξ1 )n1 · . . . · (x − ξm )nm ,

m ≤ n, n1 + · · · nm = n,

(A.9)

with distinct ξi ∈ R, i = 1, . . . , m.
The so-called Jordan normal form exploits this fact to generalize Proposition A.53:
Theorem A.56 (Jordan Normal Form). Let A ∈ Rn×n be a reducible
matrix with a characteristic polynomial of the form (A.9). Then A is similar
to a matrix J of the following type:
⎛
⎞
B1 0 · · · 0
⎜ 0 B2 · · · 0 ⎟
⎜
⎟
J =⎜ . . .
. ⎟,
⎝ .. .. . . .. ⎠
0

0 · · · Bm

where Bj is a quadratic nj × nj matrix for j = 1, . . . , m exhibiting the following form:
Bj = ξj I(nj ) + N
and N is a strictly upper triangular matrix.
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Remark A.57. Note that if we consider the vector space Rn over the ﬁeld of
complex numbers then the characteristic polynomial is always reducible to
linear factors. For this vector space the Jordan normal form exists for every
matrix A ∈ Rn×n .
There exist powerful numerical algorithms to compute the eigenvalues and
corresponding eigenvectors (see, e.g., Golub & van Loan, 1996), whereas the
following recursive formula proves sometimes useful for deriving theoretical
results (see Appendix B.8):
Theorem A.58 (Characteristic Polynomial). Let A be an n × n matrix
and σk = tr(Ak ) denote the trace of Ak . Then the characteristic polynomial
χA (x) can be written as
χA (x) =

n


(−1)j ωj (A)xn−j ,

(A.10)

j=0

where ω0 (A) = 1 and for any 1 ≤ j ≤ n, ωj (A) can iteratively be calculated
by
j

(−1)k+1 σk ωj−k (A).
jωj (A) =
k=1

The following proposition allows a simple characterization of a subspace
spanned by eigenvectors:
Proposition A.59. Let ξi , i = 1, . . . , m ≤ n be the eigenvalues of the matrix
A ∈ Rn×n . Assume that ξ1 ∈ R has a one-dimensional eigenspace. Then
y ∈ span{Eξi : i ≥ 2}

iﬀ

b1 y = 0,

where b1 is the eigenvector of the transposed matrix A corresponding to the
eigenvalue ξ1 .
A.2.7 Euclidean Vector Space Rn
If we want to “measure” distances between vectors, we need a well-deﬁned
concept of “length.” We start developing such a “device to measure length”
by introducing the concept of a norm:
Deﬁnition A.60. Let · : V → R be a function satisfying the following
conditions:
x = 0 iﬀ x = 0
αx = |α|x, for all
x + y ≤ x + y,

α ∈ R, x ∈ V

for all

x, y ∈ V.

Then · is called a norm of the vector space V and the pair (V, ·) is called
a normed vector space.
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Reconsidering the properties of the scalar product for V = Rn , one can prove
that the function,

(A.11)
xs := x, x,
satisﬁes the axioms of a norm. Therefore we can deﬁne:
Deﬁnition A.61. Let ·s be given by (A.11); then (Rn , ·s ) is called the
Euclidean vector space. Moreover, xs is called the length of x and
d(x, y) := x − ys
is called the distance between x and y. If
x, y = 0,
then x and y are called orthogonal (normal, perpendicular), also denoted by
x ⊥ y.
For S ⊂ Rn the set
S ⊥ := {x : x ⊥ s,

for all s ∈ S}

is called the orthogonal complement of S.
In Euclidean spaces it is possible to construct a basis exhibiting the speciﬁc
property of orthonormality. We therefore deﬁne as follows:
Deﬁnition A.62. Let (Rn , ·s ) be the Euclidean vector space; then the vectors b1 , . . . , bn , satisfying property
bi , bj  =

1
0

i=j
i=j

are called an orthonormal basis of (Rn , ·s ).
Using this deﬁnition the following classical result can be proved:
Theorem A.63 (Gram-Schmidt Process). For the Euclidean vector space
(Rn , ·s ) there exists an orthonormal basis. For a given basis b1 , . . . , bn an
orthonormal basis b̃1 , . . . , b̃n can be constructed as follows:
d1 = b1 ,

b̃1 =

dj+1 = bj+1 −

b1
b1 

j

di , bj+1 
i=1

di , di 

di ,

b̃j+1 =

dj+1
, j = 1, . . . , n − 1.
dj+1 

Remark A.64. For an orthonormal basis b1 , . . . , bn , an arbitrary vector x ∈ Rn
is represented by
n

x=
bi , x bi .
i=1
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A.3 Topology and Calculus
A.3.1 Open Set, Neighborhood, and Convergence
Next we introduce the concept of an open set for the speciﬁc case of the
Euclidean vector space (Rn , ·s ). Subsequently we use · instead of ·s :
Deﬁnition A.65 (Open Set and Neighborhood). Let (Rn , ·) be the
Euclidean vector space and O be a subset of Rn . If for any x ∈ O there exists
an ε > 0 with
N (x, ε) = Nε (x) := {y : y − x < ε}
satisfying
N (x, ε) ⊂ O;
then U is called an open set of Rn and N (x, ε) is called an open ball or
ε-neighborhood. The set
τ = {O : O open}
is called the norm topology of Rn and the pair (Rn , τ ) is called the corresponding topological space.
A set U with x ∈ U ⊂ Rn for which there exists an open set O with x ∈ O
and O ⊂ U is called a neighborhood of x.
From the deﬁnition of an open set the following properties of the topology τ
can be derived:
Finite Intersection: If O1 , O2 ∈ τ then also O1∩ O2 ∈ τ.
Arbitrary Union: If for all i ∈ I, Oi ∈ τ , then i∈I Oi ∈ τ.
In a general approach these properties are used to deﬁne a topology τ. It is
possible to use a complementary approach:
Deﬁnition A.66 (Closed Set). Let O be an open set; then the set C =
Rn \ O is called a closed set.
The set
N (x, ε) := {y : y − x ≤ ε}
is called the closed ball of x.
One can immediately prove the following properties:
1. If C1 , C2 are closed, then C1 ∪ C26is also closed.
2. If for all i ∈ I, Ci is closed, then i∈I Ci is closed.
3. The set
N (x, ε) := {y : y − x ≤ ε}
is closed for the norm topology.
We now deﬁne the terms interior, closure, and boundary for an arbitrary set
S:
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Deﬁnition A.67. Let S be a subset of the topological space (Rn , τ ); then the
set

O, O open
S ◦ :=
O⊂S

is called the interior of S, the set
7
S :=
C,

C closed

S⊂C

is called the closure of S, and the set
∂S = S \ S ◦
is called the boundary of S.
Another important concept is that of compactness:
n
Deﬁnition A.68 (Compactness). Let K ⊂ R
; then K is called compact
if for any open cover (Oi )i∈I of K, i.e., K ⊂ i∈I Oi , there exists a ﬁnite
subset F ⊂ I such that K ⊂ i∈F Oi is satisﬁed.

Theorem A.69 (Heine–Borel). The set K ⊂ Rn is compact iﬀ K is closed
and bounded, i.e., K = K and there exists x ∈ K and r > 0 with K ⊂ N (x, r).
We can now provide a precise deﬁnition of convergence in Rn :
Deﬁnition A.70 (Convergence in Rn ). A sequence (xi )i∈N with xi ∈ Rn is
said to converge to x̂ ∈ Rn (abbreviated by limi→∞ xi = x̂) if for every ε > 0
there exists an M ∈ N, in general depending on ε, such that for all i ≥ M
xi ∈ N (x̂, ε).
Then x̂ is called the limit of the sequence (xi )i∈N .
Theorem A.71 (Bolzano–Weierstrass Theorem). Let (xi )i∈N ⊂ Rn be
a bounded sequence; then there exists a convergent subsequence, i.e., x̂ ∈ Rn
and ij ∈ N with ij+1 > ij for j ∈ N such that
lim xij = x̂.

j→∞

Given this introduction to some topological concepts, we now introduce the
basic concepts of calculus.
A.3.2 Continuity and Diﬀerentiability
The topological structure of Rn allows one to tackle the important questions
of continuity and diﬀerentiability:
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Deﬁnition A.72 (Continuity). A function f : D ⊂ Rn → Rm , with D
open, is continuous at x̂ ∈ D if for every ε > 0 there exists a δ > 0 such that
x − x̂ < δ
implies
f (x) − f (x̂) < ε.
The function f is called continuous in D ⊂ Rn if it is continuous for all
x ∈ D ⊂ Rn .
The set of all continuous functions of f : D ⊂ Rn → Rm is denoted as
C 0 (D, Rm )

or

C 0 (D),

or even

C0,

if there is no ambiguity concerning the codomain Rm or the domain D.
In terms of limits it can easily be proved that this deﬁnition is equivalent to
a formulation with sequences:
Proposition A.73. Let f : D ⊂ Rn → Rm , with D open; then f is continuous at x̂ iﬀ for every sequence (xi )i∈N satisfying
lim xi = 0

i→∞

such that x̂ + xi ∈ D
lim f (x̂ + xi ) = f (x̂)

i→∞

holds.
Remark A.74. The reader may also verify that Deﬁnition A.72 is equivalent
to the requirement that
N (x̂, δ) ⊂ f −1 (N (f (x̂), ε)) .
Since only the concept of neighborhood is used, continuity can be deﬁned for
arbitrary topological spaces and not only for normed spaces.
Proposition A.75 (C 0 (R, Rn ) as a Normed Vector Space). The following pair (C 0 (R, Rn ), ·∞ ) with
f ∞ := supf (x),

for

f ∈ C 0 (R, Rn )

x∈R

is a normed vector space and f ∞ is called the supremum norm of f .
The following type of continuity proves important for existence and uniqueness
results for ODEs:
Deﬁnition A.76 (Lipschitz Continuity). A function f : D ⊂ Rn → Rm ,
with D open, is Lipschitz continuous if there exists a constant K ≥ 0 such all
x, y ∈ D satisfy
f (x) − f (y) ≤ Kx − y.
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Deﬁnition A.77 (Uniform Continuity). A function f : D ⊂ Rn → Rm ,
with D open, is uniformly continuous in D if for every ε > 0 there exists a
δ > 0 such that for all x, y ∈ D with
x − y < δ
also
f (x) − f (y) < ε
holds.
Remark A.78. In the deﬁnition of continuity δ may depend on ε as well as on
x̂. In the case of uniform continuity δ only depends on ε.
For functions with a scalar argument we introduce the concept of right- and
left-hand continuity:
Deﬁnition A.79 (Right- and Left-Hand Continuity). Let f : (a, b) ⊂
R → Rm ; we say that the right-hand limit of f at a is f (a+ ) (or left-hand
limit of f at b is f (b− )), and we write,


+
−
lim+ f (x) = f (a )
or
lim− f (x) = f (b ) ,
x→a

x→b

if there exists y ∈ R such that for every ε > 0 there exists a δ > 0 such that
f (x) − y < ε
whenever x ∈ (a, b) and x − a < δ (or b − x < δ). We then set f (a+ ) := y (or
f (b− ) := y).
Suppose that f is deﬁned on [a, b]. Then f is called right continuous at a
(or left continuous at b) if


or
lim− f (x) = f (b) .
lim+ f (x) = f (a)
x→a

x→b

An immediate consequence of this deﬁnition is the following corollary:
Corollary A.80. Let f : (a, b) ⊂ R → Rm , x̂ ∈ (a, b); then f is continuous
at x̂ iﬀ it is left and right continuous at x̂.
Deﬁnition A.81 (Piecewise Continuity). Let f : D → Rm with D =
[a, b] ⊂ R. Then f is called piecewise continuous on D if there exist a ﬁnite
number of points x0 = a < x1 < · · · < xn = b, where f is continuous on every
interval (xi−1 , xi ), i = 1, . . . , n. At a point of discontinuity the right- and lefthand side limits exist and the function exhibits a so-called jump discontinuity.
The set of piecewise continuous functions on D is denoted as Cp0 (D, Rm ).
A stronger property is that of absolute continuity:
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Deﬁnition A.82 (Absolute Continuity). Let f : D ⊂ R → Rm ; then f is
called absolutely continuous if for every ε > 0 there exists a δ > 0 such that
if for every ﬁnite sequence of points (xi )2k
i=1 ⊂ D, k ≥ 1 satisfying
k


|x2j − x2j−1 | < δ

j=1

then

k

f (x2j ) − f (x2j−1 ) < ε
j=1

holds.
Diﬀerentiability is another important property of a function f : Rn → Rm :
Deﬁnition A.83 (Diﬀerentiability). Let f : D ⊂ Rn → Rm , with D open
and x̂ ∈ D; then f is called diﬀerentiable at x̂ if there exists a matrix L :
Rn → Rm such that
lim

x→x̂
x=x̂

f (x) − f (x̂) − L(x − x̂)
= 0.
x − x̂

The matrix L is then called the derivative of f at x̂ and is denoted as
df (x̂)
= fx (x̂) = f  (x̂) := L.
dx
Otherwise f is called nondiﬀerentiable at x̂.
If the derivative exists for every x̂ ∈ D, then f is said to be diﬀerentiable
in D with derivative
df
, fx , or f  .
dx
If the derivative
df
: D → Rn×m
dx
is continuous in D, then f is called continuously diﬀerentiable in D and the
set of continuously diﬀerentiable functions in D is denoted as C 1 (D, Rm ).
The following properties are satisﬁed:
1. The derivative f  (x̂) is uniquely determined.
2. If the function f is diﬀerentiable at x̂, it is continuous at x̂.
3. If f and g are diﬀerentiable at x̂, then f + g and αf with α ∈ R are also
diﬀerentiable at x̂.
Proposition A.84 (C 1 (R, Rn ) as a Normed Vector Space). The following pair (C 1 (R, Rn ), ·C 1 with
f C 1 := supf (x) + supf  (x),
x∈R

for

f ∈ C 1 (R, Rn )

x∈R

is a normed vector space and f C 1 is called the C 1 norm of f .
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Proposition A.85 (De L’Hospital’s Rule). Let f : R → R and g R → R
be continuously diﬀerentiable at x̂. If limx→x̂ f (x) = limx→x̂ g(x) = 0 and
lim

x→x̂

exists; then

f (x)
,
g(x)

g(x) = 0, x = x̂

f (x)
f  (x)
= lim 
.
x→x̂ g(x)
x→x̂ g (x)
lim

Deﬁnition A.86 (Right and Left Side Derivative). Let f : [a, b] ⊂ R →
Rm ; then f is called diﬀerentiable from the right at a (or diﬀerentiable from
the left at b) if there exists a matrix L : R → Rm such that
⎛
lim

x→a+
x=a

⎞

f (x) − f (a) − L(x − a)
f (x) − f (b) − L(x − b)
⎜
⎟
= 0 ⎝or lim
= 0⎠ .
x−a
x−b
x→b−
x=b

The matrix L is then called the right-hand side derivative of f at a (or lefthand side derivative of f at b) and is denoted as
df (x̂± )
= fx (x̂± ) = f  (x̂± ) := L.
dx
Deﬁnition A.87 (Piecewise Continuous Derivative). Let f : D ⊂ R →
Rk with D = [a, b] ⊂ R. Then f is called piecewise continuously diﬀerentiable
on F if f is continuous on D and there exist points x0 = a < x1 < · · · < xn =
b, where f is continuously diﬀerentiable on every interval (xi−1 , xi ), i =
1, . . . , n. At a point where the derivative is not continuous but the left and
right-hand side derivatives exist, the function f exhibits a so-called kink.
The set of piecewise continuously diﬀerentiable functions on D is denoted
as Cp1 (D, Rk ).
Functions which are continuous and piecewise continuously diﬀerentiable
are denoted as Cp0,1 (D, Rk ).
For the composition of two diﬀerentiable functions we ﬁnd:
Theorem A.88 (Chain Rule). Let f : D ⊂ Rn → Rm be diﬀerentiable
at x̂ and g : V ⊂ Rm → Rk be diﬀerentiable at ŷ = f (x̂) with D, V open,
x̂ ∈ D and f (x̂) ∈ V. Then g ◦ f is deﬁned in an open neighborhood of x̂ and
is diﬀerentiable at x̂, satisfying
dg(ŷ) df (x̂)
d (g ◦ f ) (x̂)
=
.
dx
dy
dx
A further concept is that of partial derivatives:
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Deﬁnition A.89 (Partial Derivative). Let f : D ⊂ Rn → Rm , with D
open, and x̂ = (x̂1 , . . . , x̂n ) ∈ D. Let j = 1, . . . , n then f is said to be partially
diﬀerentiable at the jth coordinate if the function
gj (h) := f (x̂1 , . . . , x̂j−1 , x̂j + h, x̂j+1 , . . . , x̂n )
is diﬀerentiable at h = 0. The corresponding derivative is then called the jth
partial derivative of f at x̂ and is denoted as
∂f (x̂)
,
∂xj

or

fxj (x̂).

Using partial derivatives we ﬁnd:
Proposition A.90 (Jacobian). Let the function f : D ⊂ Rn → Rm , with
D open, be diﬀerentiable at x̂ ∈ D. Then the matrix fx (x̂) is given by
⎛ ∂f1

···
⎜ ..
..
J(x̂) = ⎝ .
.
∂fm
(x̂)
·
·
·
∂x1
∂x1 (x̂)

⎞
∂f1
∂xn (x̂)
..
.

⎟
⎠,

∂fm
∂xn (x̂)

where J(x̂) is called the Jacobian matrix of f at x̂.
For scalar-valued functions the partial derivative can be generalized to:
Deﬁnition A.91 (Directional Derivative). Let f : D ⊂ Rn → R, with D
open, and x̂ ∈ D, v ∈ Rn , v = 1. If the limit
f (x̂ + hv) − f (x̂)
∂f (x̂)
:= lim
h→0
∂v
h
h=0

exists, then it is called the directional derivative of f in direction v at x̂.
Deﬁnition A.92 (Gradient). Let f : D ⊂ Rn → R, with D open, be partially diﬀerentiable at x̂ ∈ Rn . Then the vector
∇f (x̂) := fx (x̂) = (fx1 (x̂), . . . , fxn (x̂))
is called the gradient of f at x̂, and ∇ is called the Nabla operator.
As a row vector the gradient of f can be interpreted as an element of the dual
space of Rn and is therefore a linear form (Fig. A.3). This interpretation is
stressed by the following theorem:
Proposition A.93. Let f : D ⊂ Rn → R, with D open, be diﬀerentiable at
x̂ and v ∈ Rn , v = 1; then
∂f (x̂)
= (∇f (x̂))v.
∂v
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Fig. A.3. Panel (a) shows a plot of the hyperbolic function x3 = f (x1 , x2 ) = x21 −x22 .
And in the right panel (b) some of the gradients ∇f (x1 , x2 ) = (2x1 , −2x2 ) are
depicted in a contour plot

Proposition A.94. Let f : D ⊂ Rn → R, with D open, be diﬀerentiable at x̂
with fx (x̂) = 0. Then the gradient ∇f (x̂) denotes the direction with the largest
directional derivative of f in norm with corresponding value ∇f (x̂).
We now extend the deﬁnition of diﬀerentiability to higher orders:
Deﬁnition A.95. Let f : D ⊂ Rn → Rm , with D open, be diﬀerentiable on
D. If the derivative fx (·) is diﬀerentiable at x̂, then f is said to be twice (or
two times) diﬀerentiable at x̂ and the derivative of fx (·) at x̂ is called the
second derivative and is denoted as
d2 f (x̂)
dfx (x̂)
.
= fxx (x̂) = f  (x̂) :=
2
dx
dx
If fx (·) is diﬀerentiable in D, then f is called twice (two times) diﬀerentiable
in D.
Remark A.96. Higher-order derivatives can inductively be deﬁned, where the
ith derivative at x̂ is denoted as
di f (x̂)
.
dxi
Remark A.97. For functions f : R → Rn , where the argument can
... be interpreted as time, the derivative is often abbreviated by f˙ and f¨, f , . . . for
higher order derivatives.
Analogously to the set of all continuous functions, we denote the set of i-times
continuously diﬀerentiable functions f : D ⊂ Rn → Rm as
C i (D, Rm ) or C i (D),

or even C i
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and the set of functions, which are arbitrarily often diﬀerentiable are denoted
as
∞
7
C i (D, Rm ).
C ∞ (D, Rm ) :=
i=0

Proposition A.98 (Hessian). Let f : D ⊂ Rn → R, with D open, be twice
continuously diﬀerentiable at x̂. Then the second-order derivative at x̂ is given
by the matrix
⎛ ∂ 2 f (x̂)
⎞
∂ 2 f (x̂)
. . . ∂x
∂x21
1 ∂xn
⎜ .
.. ⎟
..
⎟
fxx (x̂) = ⎜
.
. ⎠,
⎝ ..
2
2
∂ f (x̂)
∂ f (x̂)
∂xn ∂x1 . . .
∂x2
n

which is called the Hessian matrix of f at x̂, denoted by H(x̂). Moreover,
H(x̂) is symmetric.
Next we state a lemma considering the continuous dependence of the solutions
of an ODE with respect to its initial conditions
Lemma A.99. Let (x(i) (·)), i ∈ N be a sequence of solutions of the ODE
ẋ(t) = f (x(t)),

(A.12)

(i)

with x(i) (0) = x0 ∈ Rn and f continuously diﬀerentiable in x. If
lim xi0 = x0 ,

i→∞

then the corresponding ﬂows of (A.12) satisfy
lim ϕt xi = ϕt x0 ,

i→∞

for all t ≥ 0.

For a proof see, e.g., Jost (2005, Theorem 5.11).
A.3.3 Maximization of Real-Valued Functions in Rn
Deﬁnition A.100 (Global and Local Maximum). Let f : X ⊂ Rn → R,
and f (X) has a maximal element; then x̂ is called a (global) maximizer of
f if f (x̂) = max f (X). The maximal element of f (X) is called the (global)
maximum of f and the set of maximizers of f is denoted by
argmax f (x).
x∈X

In case that no maximizer exists argmaxx∈X f (x) := ∅. If argmaxx∈X f (x)
is a singleton then x̂ is called a strict (global) maximizer of f and f (x̂) the
strict (global) maximum of f.
If there exists an open neighborhood D ⊂ Rn of x̂ such that
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x̂ ∈ argmax f (x),
x∈D∩X

then x̂ is called a local maximizer of f in D and f (x̂) is called a local maximum of f. If argmaxx∈D f (x) is a singleton then x̂ is called a strict local
maximizer of f and f (x̂) the strict local maximum of f at D. These deﬁnitions can be formulated in a straight forward way for a (local) minimum and
a (local) minimizer. An element x̂ being a (local) maximizer or minimizer is
called a (local) optimizer and the corresponding (local) maximum or minimum
is called the (local) optimum.
Remark A.101. The maximum (minimum) of a function f may not exist,
whereas the supremum (inﬁmum) of f (X) always exists in R̄. Thus in optimization theory it is crucial to guarantee the existence of a maximizer (minimizer):
Theorem A.102 (Existence of an Optimizer). Let f : K ⊂ Rn → R,
with K be compact and f be continuous; then
argmax f (x) = ∅,

and

argmin f (x) = ∅.

x∈K

x∈K

Theorem A.103 (Necessary Conditions for an Optimizer). Let x̂ ∈ D,
with D open, be a local maximizer (or minimizer) of f : D ⊂ Rn → R, and
let f be partially diﬀerentiable at x̂. Then fx (x̂) = 0.
Theorem A.104 (Second Order Necessary Conditions). Let x̂ ∈ D,
with D open, be a local maximizer of f : D ⊂ Rn → R, and let f be twice
continuously diﬀerentiable at x̂. Then fxx (x̂) is negative semideﬁnite.
Theorem A.105 (Suﬃcient Conditions). Let f : D ⊂ Rn → R, with D
open, be twice continuously diﬀerentiable. Assume that for x̂ ∈ D
fx (x̂) = 0.
If the Hessian matrix fxx (x̂) is negative deﬁnite then f has a strict local
maximum at x̂.
In many applications the function f also depends on exogenously given parameter values μ ∈ Γ ⊂ Rp , then we deﬁne:
Deﬁnition A.106 (Value Function). Let f : X × Rp → R, with X ⊂ Rn ;
then the function f ∗ : Γ ⊂ Rp → R̄ given by
f ∗ (μ) :=

f (x∗ (μ) , μ)
∞

x∗ (μ) ∈ argmaxx∈X f (x, μ)
argmaxx∈X f (x, μ) = ∅

is called the value function of the parameterized maximization problem
max f (x, μ),
x∈X

μ ∈ Γ.
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A.3.4 Convex Analysis
Sets in Rn can exhibit a special structure that is especially important for
optimization theory:
Deﬁnition A.107 (Convex Set). C ⊂ Rn is called a convex set, if for all
θ ∈ [0, 1] and for all x, y ∈ C
θx + (1 − θ)y ∈ C.
Remark A.108. Convexity is an important property assuring that whenever x
and y are contained in a set C, the line segment connecting these two points
is contained in C. In other words, convexity excludes holes and indentations
of a set.
For a convex set the following properties hold:
Lemma A.109. Let C ⊂ Rn be a convex set; then the sets C ◦ and C are
convex.
We can now deﬁne concave functions f given on a convex set C:
Deﬁnition A.110 (Concave Function). Let C ⊂ Rn be a convex set; then
the function f : Rn → R is called concave in C if for all θ ∈ [0, 1] it holds
that
θf (x) + (1 − θ)f (y) ≤ f (θx + (1 − θ)y),

for all

x, y ∈ C.

If strict inequality holds for all θ ∈ (0, 1), then the function f is called strictly
concave. If the opposite inequality holds, the function f is called a (strictly)
convex function.
An equivalent characterization can be given in terms of the epigraph:
Proposition A.111. A function f : C ⊂ Rn → R is concave iﬀ the epigraph
epi(−f ) ∈ Rn+1 is a nonempty convex set.
The following proposition is an immediate result of Deﬁnition A.110:
Proposition A.112. Let f : C ⊂ Rn → R, with C a convex set, be continuously diﬀerentiable and concave; then for x1 , x2 ∈ C the following inequality
holds
f (x1 ) − f (x2 ) ≤ fx (x2 )(x1 − x2 ).
Maximizers of a concave function are characterized by:
Theorem A.113 (Suﬃcient and Necessary Maximum Condition). Let
f : C ⊂ Rn → R, with C a convex set, be continuously diﬀerentiable and
concave; then x∗ is maximizer of f on C iﬀ
fx (x∗ )(x∗ − x) ≥ 0,

for all

x ∈ C.
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Deﬁnition A.114 (Supergradient). Let f : C ⊂ Rn → R, with C a
convex set and x̂ ∈ C; then a vector a ∈ Rn is called a supergradient of f at
x̂ if
f (x) − f (x̂) ≤ a, x − x̂ , for all x ∈ C.
Deﬁnition A.115 (Quasiconcave Function). Let C ⊂ Rn be a convex set;
then the function f : Rn → R is called quasiconcave in C if for all θ ∈ [0, 1]
it holds that
min{f (x), f (y)} ≤ f (θx + (1 − θ)y),

for all

x, y ∈ C.

Deﬁnition A.116 (Convex and Positive Cone). A set C ⊂ Rn is called
a convex cone if αx + βy ∈ C for every α ≥ 0, β ≥ 0 and x, y ∈ C. A set
C ⊂ Rn is called a positive cone if x ∈ C implies αx ∈ C for all α ≥ 0.
Deﬁnition A.117 (Convex Hull). Let C ⊂ Rn then the set
con C := {x : x =

k


αi xi , xi ∈ C, αi ≥ 0, i = 1, . . . , n, k ∈ N}

i=1

is a convex cone called the convex hull of C.
Next we formulate diﬀerent separation theorems:
Theorem A.118 (Separation of a Point and Closed Convex Set). Let
/ C; then there exists a vector a ∈ Rn
C ⊂ Rn be a closed convex set, with 0 ∈
with a = 0 such a, x > 0 for all x ∈ C.
Theorem A.119 (Separation of a Point and Convex Set). Let C ⊂ Rn
be a convex set with C ◦ = ∅ and v ∈
/ C ◦ ; then there exists a vector a ∈ Rn
with a = 0 satisfying a, x > a, v for all x ∈ C.
Theorem A.120 (Separation of a Point and Closed Convex Cone).
Let C ⊂ Rn be a closed convex cone and v ∈ Rn with v ∈
/ C; then there exists
a vector a ∈ Rn satisfying a, x ≥ 0 > a, v for all x ∈ C.
A consequence of Theorem A.119 is:
Proposition A.121 (Existence of a Supergradient). Let f : C ⊂ Rn →
R, with C convex, be a concave function and x̂ ∈ C ◦ ; then there exists a
supergradient a of f at x̂.
A classical reference to convex analysis is Rockafellar (1970), for a more recent
presentation the reader is referred to Bertsekas, Nedic, and Ozdaglar (2003).
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A.3.5 Taylor Theorem and Implicit Function Theorem
Since we are now familiar with the basic deﬁnitions of continuity and differentiability, we recapitulate some well-known and important results from
calculus:
Theorem A.122 (Mean Value Theorem). Let f : D ⊂ Rn → R be
diﬀerentiable on D, where D is an open and convex set, and let the points x̂
and x̂ + h be elements of D. Then there exists a real-value θ, with 0 ≤ θ ≤ 1,
such that
f (x̂ + h) − f (x̂) = fx (x̂ + θh)h
holds.
The so-called Taylor theorem, generalizes this to Rm . It allows the approximation of a diﬀerentiable function f by a polynomial whose coeﬃcients are given
by the derivatives of f. This theorem is frequently used (at least implicitly)
and is presented here for the common case of an at least twice continuously
diﬀerentiable vector-valued function f :
Theorem A.123 (Taylor Theorem). Let f ∈ C 2 (D, Rm ) with D ⊂ Rn
open and δ > 0 with N (x̂, δ) ⊂ D. Then for z < δ we have
f (x̂ + z) = f (x̂) + fx (x̂)z + o(z).

(A.13)

Remark A.124. Omitting the o(z) term from the Taylor theorem allows one
to approximate a diﬀerentiable function by a polynomial (A.13), the so-called
(truncated) Taylor polynomial. An example of this is depicted in Fig. A.4a,
where at the origin x = 0, the function f (x) = cos x is approximated by Taylor
polynomials of orders one and two, where the ﬁt improves with the order of
the polynomial. But as is shown in Fig. A.4b for the function f (0) = 1 and
2
f (x) = 1 + e−1/x for x = 0 the Taylor polynomials do not approximate the
function in a neighborhood of zero. In other words, the o(|x|k )-term cannot
2
be omitted for any order k ∈ N because at the origin the function e−1/x is
as ﬂat as the constant function y ≡ 0.
Another important tool from calculus is the so-called implicit function theorem, which assures an explicit representation of an implicitly given function
near a point x̂:
Theorem A.125 (Implicit Function Theorem). Let f : D ⊂ Rn → Rm ,
with D open, with m < n ∈ N be a continuously diﬀerentiable function on
D and ẑ = (x̂, ŷ) with x̂ ∈ Rn−m and ŷ ∈ Rm be a point with f (ẑ) = 0. It
is assumed that the derivative of f at ẑ exists and that fy (ẑ) has rank m.
Then there exist open neighborhoods N (x̂, ε) ⊂ Rn−m of x̂ and N (ŷ, δ) ⊂ Rm
of ŷ, and a continuously diﬀerentiable function g : N (x̂, ε) → N (ŷ, δ), with
ŷ = g(x̂) and
f (x, g(x)) = 0
(A.14)
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b)

k=1
x1
for all k ∈ N
x1

k=2

Fig. A.4. Panel (a) shows the function f (x) = cos(x) together with the Taylor
polynomials up to second order at point x = 0. In panel (b) the case of the function
2
f (x) = 1 + e−1/x for x = 0 and f (0) = 1 is depicted, which, although inﬁnitely
often diﬀerentiable, cannot be approximated by Taylor polynomials around x = 0
as dk f /dxk (0) = 0 for all k ∈ N

for all x ∈ N (x̂, ε). The derivative of g evaluated at x̂ is given by
gx (x̂) = −fy−1 (ẑ)fx (ẑ).
Furthermore, for every x ∈ N (x̂, ε), g(x) is the only solution of (A.14) in
N (ŷ, δ).
A direct consequence of the implicit function theorem is the following:
Theorem A.126 (Inverse Function Theorem). Let f : D ⊂ Rn → Rn ,
with D open, be a continuously diﬀerentiable function on D and x̂ ∈ D. Let
the derivative of f at x̂ be invertible. Then there exists an open neighborhood
U ⊂ D of x̂ and an open neighborhood V ⊂ Rn of ŷ = f (x̂), such that f
maps U bijectively onto V and the inverse function g = f −1 : V → U is
continuously diﬀerentiable, where its derivative at ŷ is given by
gy (ŷ) = (fx (g(ŷ)))−1 = (fx (x̂))−1 .
In connection with invertible functions the following deﬁnitions are useful:
Deﬁnition A.127 (Homeo- and Diﬀeomorphism). Let f : Rn → Rn be
invertible (bijective) on an open set U ⊂ Rn . Then f is called a homeomorphism if f as well as f −1 are continuous on U and f (U ), respectively; in
that case U and f (U ) are called homeomorph. Likewise f is called a diﬀeomorphism if f as well as f −1 are continuously diﬀerentiable on U and f (U ),
respectively; in that case U and f (U ) are called diﬀeomorphic.
The implicit function theorem gives rise to the notion of a diﬀerentiable manifold (see, e.g., Chillingworth, 1976). The here presented deﬁnition is only a
special case of a more general deﬁnition for diﬀerentiable manifolds. Anyhow,
it satisﬁes our needs and we deﬁne:
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Deﬁnition A.128 (Diﬀerentiable Manifold). Let f : Rn+k → Rn , k ≥ 0
be continuously diﬀerentiable, and put M = f −1 (0). If rk fz (z) = k for all
z ∈ M ; then M is called an n-dimensional diﬀerentiable manifold and
Tz M := span{grad f (z)}⊥
is called the tangent space of M at z.
Remark A.129. For every z = (x, y) ∈ M the implicit function theorem
assures the existence of a continuously diﬀerentiable function g : U ⊂
Rn → V ⊂ Rk , such that y = g(x) iﬀ f (x, y) = 0. Thus the function
ϕ : (U × V ∩ M → U given by
ϕ(x, g(x)) := x
is bijective, justifying the denotation of x ∈ U as the coordinates of the ndimensional manifold M .
A.3.6 Integration Theory
Besides the operation of diﬀerentiation, integration is a further fundamental
operation. At this place we only introduce the Riemann–Stieltjes integral and
its properties instead of the more general Lebesgue integral:
Deﬁnition A.130 (Subdivision and Reﬁnement). Let [a, b] be a closed
interval in R. Then any ﬁnite set
Δ = {a = x0 < x1 < · · · < xN = b}
is called a ﬁnite partition of [a, b], denoted by Δ = (xi )N
i=0 , and
|Δ| := max {|xi+1 − xi | : i = 0, . . . , N − 1}
i

is called the norm of Δ.
A ﬁnite partition Δ with Δ  Δ is called a reﬁnement of Δ.
Let f and g be real-valued functions on [a, b] and Δ = (xi )N
i=0 be a ﬁnite partition. Then for an arbitrary sequence yi , i = 0, . . . , N − 1 with
yi ∈ (xi , xi+1 ) the sum
N
−1


f (yi ) (g(xi+1 ) − g(xi ))

i=0

is called a Riemann–Stieltjes sum for the partition Δ.
Deﬁnition A.131 (Riemann–Stieltjes Integral). Let f and g be realvalued functions on [a, b] and Δ = (xi )N
i=1 be a ﬁnite partition of [a, b].
(j) N (j)
If for any sequence of Δ(j) = (xi )i=0 , j ∈ N of reﬁnements of Δ with
limj→∞ |Δ(j) | = 0 the sequence of corresponding Riemann–Stieltjes sums
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N (j)−1


 
(j)
(j)
(j)
f (yi ) g xi+1 − g xi

,

(j)

yi


(j)
(j)
∈ xi , xi+1

i=0

converges to some I ∈ R, then f is called Riemann–Stieltjes integrable (RSintegrable) with respect to g over [a, b], with integral I denoted as
b

I=

f (x) dg(x).
a

If g = IdR then f is called Riemann integrable (R-integrabel) over [a, b] with
integral I denoted as
b

f (x) dx.

I=
a

Remark A.132. It can be shown that the deﬁnition of integral I does not
depend on the initially chosen partition Δ = (xi )N
i=1 .
Remark A.133. If for a vector-valued function f = (f1 , . . . , fn ) : [a, b] → Rn
each function fi , i = 1, . . . , n is RS-integrable with respect to some function
g, then
⎛"
⎞
b
f1 (x) dg(x)
a
b
⎜
⎟
..
⎟
f (x) dg(x) := ⎜
.
⎝
⎠
a
"b
f (x) dg(x)
a n
is the RS-integral of f with respect to g over [a, b].
For Riemann integrals we can formulate:
Theorem A.134 (Fundamental Theorem of Calculus). Let f : [a, b] →
R be a continuous function and let
x

F (x) :=

f (y) dy,
a

then F is diﬀerentiable on (a, b) and the left and right side derivative exist at
a and b satisfying
F  (x) = f (x), x ∈ [a, b].
Theorem A.135. Let the function f : [a, b] → R have a continuous or Rintegrable derivative f  : [a, b] → R then
b

f (b) = f (a) +

f  (x) dx.

a

Remark A.136. These theorem tells us that for a special class of functions,
diﬀerentiation and integration are inverse operations and allows therefore the
computation of the integral without considering limits of the Riemann sums.
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For the Riemann integral the following rules hold:
Proposition A.137 (Integration by Substitution). Let [a, b] ⊂ R and
[c, d] ⊂ R be closed intervals, h : [a, b] → [c, d] be a continuously diﬀerentiable
function, and f : [c, d] → R be continuous; then
b

f (h(x)) h (x) dx =

a

h(b)

f (y) dy.
h(a)

Proposition A.138 (Integration by Parts). Let f and g be continuously
diﬀerentiable functions on [a, b]; then
b

b

f (x)g  (x) dx = f (b)g(b) − f (a)g(a) −

a

f  (x)g(x) dx.

a

Proposition A.139 (Leibniz Integral Rule). Let F (x, t) and Fx (x, t) be
continuous in both x and t. If f (x) and g(x) are continuously diﬀerentiable
on (a, b); then
d
dx

g(x)

F (x, t) dt = F (x, g(x))
f (x)

dg(x)
dx

−F (x, f (x))

df (x)
+
dx

g(x)
f (x)

d
F (x, t) dt.
dx

(A.15)

for x ∈ (a, b).
The following results prove important for the calculus of variations:
Lemma A.140 (Dubois–Reymond Lemma). If f ∈ C 0 ([a, b]) and
b

f (x)h (x) dx = 0

a

for all h ∈ C 1 ([a, b]) with h(a) = h(b) = 0, then it is necessary that for some
constant c,
f (x) = c,
for all x ∈ [a, b].
As a corollary we ﬁnd:
Corollary A.141. If f, g ∈ C 0 ([a, b]) and
b

(f (x)h(x) + g(x)h (x)) dx = 0

a

for all h ∈ C 1 ([a, b]) with h(a) = h(b) = 0; then g is diﬀerentiable with
g  (x) = f (x),

x ∈ [a, b].
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Another important consequence of Dubois–Reymond lemma is the so-called:
Theorem A.142 (Fundamental Theorem of the Calculus of Variations). If f ∈ C 0 ([a, b]) and
b

f (x)h(x) dx = 0
a

for all h ∈ C 1 ([a, b]) with h(a) = h(b) = 0; then
f (x) = 0
for all x ∈ [a, b].
To consider the question of whether a Riemann–Stieltjes integral exists we
deﬁne functions of bounded variation:
Deﬁnition A.143 (Functions of Bounded Variation). Let f : [a, b] →
R; then the function f is said to be of bounded variation if it satisﬁes the
following condition: there exists a real number M ≥ 0 such that for every
ﬁnite partition (xi )N
i=0 of [a, b]
N
−1


|f (xi+1 ) − f (xi )| < M.

i=0

A vector-valued function f : [a, b] → Rn is said to be of bounded variation
if this property holds for every each fi , i = 1, . . . , n. The set of functions of
bounded variations is denoted as BV ([a, b]).
functions of bounded variation exhibit the following property:
Theorem A.144. Let f ∈ BV ([a, b]), then f has ﬁnite right- and left-hand
limits at all points of [a, b], and f is continuous except at a countable set of
points in [a, b].
Now the following theorem can be proved:
Theorem A.145 (Existence of Riemann–Stieltjes Integral). Let f be
a continuous function and g a function of bounded variation on [a, b]; then f
is RS-integrable with respect to g over [a, b].
If f is R-integrable over [a, b] and g is diﬀerentiable on (a, b), where the
derivative g  is R-integrable over [a, b]; then the RS-integral becomes
b

b

f (x) dg(x) =
a

f (x)g  (x) dx.

a

Theorem A.146 (Integration by Parts). Let f ∈ C 0 ([a, b]) and g ∈
BV ([a, b]); then the following formula holds:
b

b

f (x) dg(x) = f (b)g(b) − f (a)g(a) −
a

g(x) df (x).
a
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A.3.7 Distributions
An important concept for the theory of partial diﬀerential equations is that
of distributions introduced by Schwartz (1950). Therefore we deﬁne:
Deﬁnition A.147 (Functions with Compact Support). Let ϕ : Rn →
R; then the set
supp ϕ := {x : ϕ(x) = 0}
is called the support of ϕ. And the elements of the set
D(Rn ) := {ϕ ∈ C ∞ : supp ϕ is compact}
are called C ∞ functions with compact support or test functions.
Without going into any details and referring the reader instead to Friedlander
and Joshi (1998) we note that D(Rn ) can be equipped with a topology τ
making the pair (D(Rn ), τ ) to a topological space and therefore the following
deﬁnition can be given:
Deﬁnition A.148 (Distributions). The elements of the dual space D∗ (Rn )
of (D(Rn ), τ ) are called distributions of Rn .
Remark A.149. For a topological vector space, like D(Rn ), it is also claimed
that the linear forms of the corresponding dual space are continuous, which
extends Deﬁnition A.40.
As a speciﬁc example we consider the case n = 1 and deﬁne the derivative of
a distribution of R as:
Deﬁnition A.150 (Derivative of a Distribution). Let F ∈ D∗ (R); then
F  given by
F  (ϕ) := −F (ϕ ), for all ϕ ∈ D(R)
is called the derivative of the distribution F .
Remark A.151. Note that ϕ ∈ D(R) iﬀ ϕ ∈ D(R).
Remark A.152. Deﬁnition A.150 is motivated by the consideration that for a
function f ∈ C 1 (R) the products f ϕ and f  ϕ with ϕ ∈ D(R) are R-integrable
on (−∞, ∞). Moreover f gives rise to elements Tf ∈ D∗ (R) and Tf  ∈ D∗ (R)
by
∞

Tf (ϕ) :=
Tf  (ϕ) :=

f (x)ϕ(x) dx
−∞
∞

f  (x)ϕ(x) dx.

−∞

Then by partial integration the latter integral can be written as
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Tf  (ϕ) = lim f (x)ϕ(x) − lim f (x)ϕ(x) −
x→∞

=−

∞
−∞

x→−∞



∞

f (x)ϕ (x) dx

−∞



f (x)ϕ (x) dx = −Tf (ϕ ).

Identifying Tf  with the derivative Tf this relation ﬁnally motivates Deﬁnition
A.150.
Deﬁnition A.153 (Heaviside Function). The function H : R → R given
by
0 x<0
H(x) :=
1 x≥0
is called Heaviside function.
Then

∞

FH (ϕ) :=

for all ϕ ∈ D(R)

H(x)ϕ(x) dx,
−∞

(A.16)

is a distribution of R. We now deﬁne:
Deﬁnition A.154 (Dirac Delta Function). Let H : R → R be the Heaviside function and FH the corresponding distribution deﬁned by (A.16); then

the derivative FH
is called the Dirac delta function and is denoted as δ.
The Dirac delta function δ satisﬁes:

(ϕ) = −FH (ϕ )
δ(ϕ) = FH

=−
=−

∞
−∞
∞

H(x)ϕ (x) dx
ϕ (x) dx = − lim ϕ(x) + ϕ(0)
x→∞

0

= ϕ(0).
Remark A.155. The last identity is the property which is often used in a
loosely introduction of the Dirac Delta Function by
δ(x) :=

∞ x=0
0 x = 0,

satisfying the identity
∞

δ(x) dx = 1.
−∞

Such a function does not exist in the usual sense but should satisfy the characteristic equation
∞

δ(x)ϕ(x) dx = ϕ(0),
−∞

in a formal sense, which has rigorously been shown by the concept of distributions.

B
Derivations and Proofs of Technical Results

This appendix summarizes technicalities and proofs which may be of interest
to the reader but would have interrupted the ﬂow of exposition in the main
text.

B.1 Separation Theorems, Farkas Lemma
and Supergradient
First we proof the separation theorem A.118:
Proof. Since C is not empty and closed, there exists an r > 0 such that
K = Nr (0) ∩ C = ∅ is a compact set. Considering the problem of minimizing
the distance between the origin and the convex set C is therefore equivalent
to
minx2 = min x2 > 0.
x∈C

x∈K

This minimizing problem exhibits a minimizer x∗ = 0, since the norm · is
continuous and K is compact (see Theorem A.102).
Let x ∈ C then θx + (1 − θ)x∗ ∈ C for 0 < θ ≤ 1 satisﬁes
θx + (1 − θ)x∗ 2 ≥ x∗ 2
θ2 x − x∗ , x − x∗  + 2θ x − x∗ , x∗  + x∗ , x∗  ≥ x∗ , x∗ 
θ2 x − x∗ , x − x∗  + 2θ x − x∗ , x∗  ≥ 0
lim θ x − x∗ , x − x∗  + 2 x − x∗ , x∗  = 2 x − x∗ , x∗  ≥ 0
θ→0+

yielding
x, x∗  ≥ x∗ , x∗  > 0.
Setting a := x∗ therefore ﬁnishes the proof.
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The separation theorem A.119 follows immediately from separation theorem
A.118:
Proof. First the vector v is shifted to the origin and we note that the shifted
set
C  := {x : x = x − v, x ∈ C}
/ C we ﬁnd 0 ∈
/ C  . Thus either 0 ∈ ∂C  or
is convex and C ⊂ C. Since v ∈

0∈
/ C . In the latter case applying separation theorem A.118 yields a vector
a = 0 satisfying for all x ∈ C  , a, x  > 0. Using the deﬁnition of C  yields
a, x  = a, x − v > 0 iﬀ

a, x > a, v

for all x ∈ C.
In case of 0 ∈ ∂C  we have v ∈ ∂C and using the properties of a boundary
we ﬁnd a sequence (vi )i∈N satisfying
lim vi = v,

i→∞

and vi ∈
/ C.

Then by the previous consideration there exists a sequence (ai )i∈N with
ai , x > ai , vi  ,

i ∈ N, x ∈ C.

Since ai = 0 we can, without loss of generality, assume ai  = 1, i ∈ N. Then
by the Bolzano–Weierstrass theorem (Theorem A.71) we ﬁnd a subsequence
of (ai )i∈N converging to some vector a ∈ Rn with a = 1 satisfying, by the
continuity of the scalar product,
a, x ≥ a, v
for all x ∈ C, which concludes the proof.




Next we prove separation theorem A.120:
Proof. Analogous to the proof of separation theorem A.118 we consider the
problem of minimizing the distance between the vector v and the cone C, i.e.,
minx − v2 .
x∈C

By the same arguments this minimizing problem exhibits a solution x∗ .
Since C is a cone αx∗ ∈ C for all α ≥ 0. Thus the function
g(α) := αx∗ − v2 = αx∗ − v, αx∗ − v ,
achieves its minimum at α = 1. Since g is continuously diﬀerentiable and
α = 1 is in the interior of [0, ∞) it has to satisfy the necessary condition
dg(1)
= 0.
dα
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yielding

x∗ , x∗ − v = 0.
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(B.1)

Repeating the arguments of the proof of separation theorem A.118 we ﬁnd for
θ ∈ (0, 1) and x ∈ C
θ(x − x∗ ) + x∗ − v2 ≥ x∗ − v2
θ2 x − x∗ 2 + 2θ x − x∗ , x∗ − v ≥ 0
lim θx − x∗ 2 + 2 x − x∗ , x∗ − v ≥ 0

θ→0+

x − x∗ , x∗ − v = x, x∗ − v ≥ 0,

(B.2)

where for the last equality we used (B.1).
Setting a := x∗ − v and using (B.1), we ﬁnd
v, a = v − x∗ , a = − a, a < 0.

(B.3)

Since v ∈
/ C and thus a = 0 the inequalities (B.2) and (B.3) conclude the
proof.


We can now prove the Farkas lemma (Theorem A.36):
Proof. Suppose that the ﬁrst assertion of the Farkas lemma holds and the
second assertion is violated. Then there exists a y satisfying
yA ≥ 0

(B.4)

and y  b < 0. But if (B.4) holds we ﬁnd x ≥ 0 satisfying Ax = b; but then
y  Ax ≥ 0
yb ≥ 0
contradicts y  b < 0. Therefore the second assertion has to hold.
To prove the other implication we consider the set
C := {c : c = Ax, x ≥ 0} ,

with

A = (a1 , . . . , an ),

which is a closed convex cone. Assume that the second assertion of the Farkas
lemma (Theorem A.36) holds but the ﬁrst assertion is not satisﬁed, implying
that b ∈
/ C. Then by the separation theorem A.119 there exists a vector y
separating C and b, i.e., y  c ≥ 0 for all c ∈ C and y  b < 0. Since ai ∈ C, i =
1, . . . , n, there is a vector y ∈ Rm , satisfying y  A ≥ 0 and y  b < 0 contradicting
the second assertion and ﬁnishing the proof.


Finally we prove the existence of a supergradient for a concave function Proposition A.121
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Proof. By Proposition A.111 the concavity of f is equivalent to the convexity
of the epigraph of −f
C  := epi(−f ) = {(x, r) ∈ Rn+1 : x ∈ C, and r ≤ f (x)}.
◦

◦

/ C  , where C  ⊂ Rn+1 is convex. Applying
Then for x̂ ∈ C ◦ , (x̂, f (x̂)) ∈
separation theorem A.119 we therefore ﬁnd b = (b1 , . . . , bn , bn+1 ) ∈ Rn+1 and
b = 0, such that for all x ∈ C and r ≥ f (x)
b, (x, r) ≥ b, (x̂, f (x̂))
8 9
b̄, x + bn+1 r ≥ b, x̂ + bn+1 f (x̂)

(B.5)

with b̄ = (b1 , . . . , bn ) ∈ R . Next we show that bn+1 < 0. First assume that
bn+1 = 0, then (B.5) yields for every x ∈ C
n

b, x − x̂ ≥ 0.

(B.6)

Since x̂ ∈ C ◦ we ﬁnd y ∈ Rn with y = 0 such that x̂ + y ∈ C and x̂ − y ∈ C.
But then (B.6) yields
b, y = 0,
and therefore also b̄ = 0 contradicting that b = 0.
Next we assume that bn+1 > 0. Thus for r < f (x̂) we ﬁnd
bn+1 (r − f (x̂)) < 0.
But this contradicts (B.5) which especially holds for (x̂, r) and therefore yielding
bn+1 (r − f (x̂)) ≥ 0.
Thus we ﬁnally showed that
a := −

b̄
bn+1

is a supergradient since from (B.5)
f (x) − f (x̂) ≤ a, x − x̂
follows, which concludes the proof.




B.2 Proof of the Michel Theorem
For the proof of Theorem 3.71 presented in Michel (1982) the existence of the
indeﬁnite integral (3.64a) and the independence of the functions g and f from
the time variable are of crucial importance. This allows a twofold extension of
the usual proof for the inﬁnite time horizon problem in Halkin (1974). First
of all the ﬁnite objective value allows the introduction of a salvage value for
a truncated problem. Whereas secondly a new state z and linear control v,
denoting a strictly increasing time transformation, allow the derivation of a
transversality condition. Since Theorem 3.71 is of great importance for the
models presented in this book we present the proof in full detail.

B.2 Proof of the Michel Theorem
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B.2.1 Augmented and Truncated Problem
Let us consider some ﬁxed and ﬁnite time T . Then we formulate the augmented problem:
z(T )

max

u(·),v(·)

s.t.

e−rτ g (x(τ ), u(τ )) dτ + S (z(T ) − T )

(B.7)

0

ẋ(τ ) = f (x(τ ), u(τ ))

ż(τ ) = v(τ )
x(0) = x0 , x(z(T )) = x∗ (T ), z(0) = 0
1
v(τ ) ≥ , for all τ ∈ [0, z(T )],
2
" ∞ −rs
where S(y) = T +y e g (x∗ (s − y), u∗ (s − y)) ds. Note that v ≡ 1 yields
z(t) = t and therefore the objective value of (B.7) equals that of the original
problem at the optimal solution.
Due to the function z(T ) occurring in (B.7) this problem is not of standard
type, but using integration by substitution we ﬁnd:
T

max
ũ(·),v(·)

s.t.

v(t)e−rz(t) g(x̃(t), ũ(t)) dt + S (z(T ) − T )

(B.8a)

0

˙
x̃(t)
= v(t)f (x̃(t), ũ(t))
ż(t) = v(t)

(B.8b)
(B.8c)

x̃(0) = x0 , x̃(T ) = x∗ (T ), z(0) = 0
1
v(t) ≥ , for all t ∈ [0, T ],
2

(B.8d)
(B.8e)

with x̃(t) = x (z(t)) and ũ(t) = u (z(t)).
B.2.2 Optimal Solution of Problem (B.8)
First we show that
(x̃∗ (t), z ∗ (t), ũ∗ (t), v ∗ (t)) = (x∗ (t), t, u∗ (t), 1),

t ∈ [0, T ]

(B.9)

is an optimal solution of (B.8).
Obviously this solution is admissible, then suppose on the contrary that
it is not optimal. Hence a solution (x̂(·), ẑ(·), û(·), v̂(·)) exists satisfying
T

∞

v̂(t)e−rẑ(t) g(x̂(t), û(t)) dt + S (ẑ(T ) − T ) >

0

e−rt g(x∗ (t), u∗ (t)) dt.

0

Using the deﬁnition of the salvage value therefore yields
T
0

z(T )

v̂(t)e−rẑ(t) g(x̂(t), û(t)) dt >
0

e−rt g(x∗ (t), u∗ (t)) dt.

(B.10)
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Next we note that due to (B.8c) the function z : [0, T ] → [0, T̃ ] is strictly
increasing and thus invertible. Moreover its inverse function is diﬀerentiable
with
1
dz −1 (τ )
=
.
dτ
v(z −1 (τ ))
Applying the substitution rule to the left side of (B.10) for t = z −1 (s) we ﬁnd
z(T )

z(T )

e−rs g(x̂(z −1 (s)), û(z −1 (s))) ds >

0

e−rt g(x∗ (t), u∗ (t)) dt.

0

But then
x∗∗ (t) :=

x̂(z −1 (t))
x∗ (t)

t ∈ [0, z(T )]
,
t > z(T )

u∗∗ (t) :=

û(z −1 (t)) t ∈ [0, z(T )]
u∗ (t)
t > z(T )

is an admissible solution of the inﬁnite time horizon problem yielding
∞

z(T )

e−rt g(x∗∗ (t), u∗∗ (t)) dt =

0

0

∞

+

e−rt g(x̂(z −1 (t)), û(z −1 (t))) dt
e−rt g(x∗ (t), u∗ (t)) dt

z(T )
∞
−rt

e

>

g(x∗ (t), u∗ (t)) dt.

0

Thus we found a solution of the original inﬁnite time problem contradicting
the optimality of (x∗ (·), u∗ (·)). Therefore we proved that (B.9) constitutes an
optimal solution of the ﬁnite time problem.
B.2.3 Necessary Conditions for Problem (B.8)
From Pontryagin’s Maximum Principle we ﬁnd the following necessary conditions for problem (B.8). There exist λT0 and piecewise continuously diﬀerentiable functions λT (t), μT (t), with
 T T

λ0 , λ (t), μT (t) = 0 for all 0 ≤ t ≤ T
(B.11a)
H̃(x∗ , t, u∗ , 1, λT , μT , λT0 ) = max H̃(x̃∗ , z ∗ , ũ, v, λT , μT , λT0 )

(B.11b)

λ̇T = −λT0 e−rt gx (x∗ , u∗ ) − λT fx (x∗ , u∗ )

(B.11c)

(ũ,v)

T

μ̇ =

λT0 re−rt g(x∗ , u∗ )

(B.11d)

T

λ (T ) free
μT (T ) = λT0 Sy (0) = −rλT0
with the Hamiltonian

(B.11e)
∞
T

e−rt g(x∗ , u∗ ) dt,

(B.11f)

B.2 Proof of the Michel Theorem

H̃(x̃, z, ũ, v, λT , μT ) = λT0 ve−rz g(x̃, ũ) + λT vf (x̃, ũ) + μT v.
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(B.12)

Exploiting the fact that we already know the optimal solution (x∗ (t), t) and
(u∗ (t), 1), we can state the necessary conditions (B.11) more precisely.
Since the control v appears linearly in H̃ the maximum of the Hamiltonian
(B.12) with respect to v is achieved at one of the endpoints of the interval
[1/2, ∞), whenever H̃v = 0. But v ∗ ≡ 1, therefore H̃v (t) = 0 has to hold,
yielding
λT0 e−rt g (x∗ (t), u∗ (t)) + λ(t)T f (x∗ (t), u∗ (t)) + μ(t)T = 0.

(B.13)

Since v > 0 we see that the maximum of the Hamiltonian (B.12) with respect
to u is independent of v and also does not depend on the term μT v. Thus




argmax H̃ x∗ (t), z(t), ũ, v(t), λT (t), μT (t) = argmax H x∗ (t), u, λT (t), λT0
u

ũ

with


H x, u, λT , λT0 = λT0 e−rz g (x, u) + λT f (x∗ , u)
yields


u∗ (t) ∈ argmax H x∗ (t), u, λT (t), λT0 .

(B.14)

u

T
T
Finally we show that (B.11a) can be strengthened
 T to T(λ0 , λ (t)) = 0 for all
t ∈ [0, T ]. Otherwise a t0 ∈ [0, T ] exists with λ0 , λ (t0 ) = 0. But owing
to (B.11f) and (B.11d) this also implies μT (t0 ) = 0, and hence contradicts
(B.11a). Note that especially (λT0 , λT (0)) = 0 has to hold, which can be reformulated, without loss of generality, as


(B.15)
 λT0 , λT (0)  = 1.

B.2.4 Limit of Solutions for Increasing Time Sequence
In a ﬁnal step we consider an increasing time sequence (Ti )i∈N satisfying that
limi→∞ Ti = ∞. For each of these times Tk we can apply the results of the
previous subsection. Thus, using (B.15), for every Ti there exists a vector
(i)
(λ0 , λ(i) (t)) satisfying

(i)

 λ0 , λ(i) (0)  = 1.

Then from the Bolzano–Weierstrass theorem (Theorem A.71) we know that
every bounded sequence has a convergent subsequence. For notational simplicity we denote this convergent subsequence by the same indices yielding
the existence of (λ0 , λ(0)) with
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(i)

lim λ(i) (0) = λ(0),

lim λ0 = λ0 ,

i→∞

i→∞

(λ0 , λ(0)) = 1.

Then a general result of linear ODEs, see, e.g., Hartman (1982), assures the
existence of a unique solution λ(·) of (B.11c) where λ(0) is given by the limit
of λ(i) (0). Since this solution continuously depends on the initial value we also
ﬁnd
lim λ(i) (t) = λ(t), for all t ≥ 0.
i→∞

Similar arguments prove the existence of a function μ(·) satisfying
for all t ≥ 0.

lim μ(i) (t) = μ(t),

i→∞

For these functions the necessary conditions become
λ0 ≥ 0,

(λ0 , λ(t)) = 0,
∗

∗

∗

for all t

∗

λ̇ = −H̃x (x , z , u , v , λ, μ, λ0 )
−rt

∗

(B.16a)

∗

μ̇ = λ0 re g(x , u )
lim μ(Ti ) = 0

(B.16b)
(B.16c)

− μ(t) = λ0 e−rt g(x∗ , u∗ ) + λf (x∗ , u∗ ),

(B.16d)

i→∞

where the last identity follows from (B.13) and the others are a direct result
of the necessary conditions (B.11).
Using the deﬁnition of the Hamiltonian of the original problem DAM
(3.64)
H(x, u, λ, λ0 ) = λ0 e−rt g(x, u) + λf (x, u),
together with (B.14) yields the Hamiltonian maximizing condition for the
original problem
H(x∗ (t), u∗ (t)λ(t), λ0 ) = max H(x∗ (t), u, λ(t), λ0 ),
u

for all t ≥ 0.

The identity
H̃x (x∗ , z ∗ , u∗ , v ∗ , λ, μ, λ0 ) = Hx (x∗ , u∗ , λ, λ0 )
together with (B.16a) yields the usual adjoint equation
λ̇ = −Hx (x∗ , u∗ , λ, λ0 ).
Furthermore (B.16d) and (B.16c) yield
−μ(t) = H(x∗ , u∗ , λ, λ0 )
and

lim H(x∗ (t), u∗ (t), λ(t), λ0 ) = 0.

t→∞

B.3 Proof of the Transversality Condition in Proposition 3.74
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Finally (B.16b) veriﬁes
μ(t1 ) − μ(t0 ) = λ0 r

t1

e−rt g(x∗ , u∗ ) dt,

t0

yielding
∞

H(x∗ (t0 ), u∗ (t0 ), λ(t0 ), λ0 ) = λ0 r

e−rt g(x∗ , u∗ ) dt,

t0




which concludes the proof.

B.3 Proof of the Transversality Condition
in Proposition 3.74
We next follow up with the proof of the necessity of the transversality condition stated in Proposition 3.74.
Proof. The proof uses the following inequality
−μ(t) = rλ0
= λ0 e

∞
t
−rt

e−rs g(x∗ , u∗ ) ds

g(x∗ (t), u∗ (t)) + λ(t)f (x∗ (t), u∗ (t))

≥ λ0 e−rt g(x∗ (t), u) + λ(t)f (x∗ (t), u)
≥ λ(t)f (x∗ (t), u),

(B.17)

where for the ﬁrst inequality we use the Hamiltonian maximizing condition
and for the last inequality we use the nonnegativity of the function g.
Equation (B.16c) says that limt→∞ μ(t) = 0, implying by (B.17) that the
product λ(t)f (x∗ (t), u) ≤ 0 for t large enough. Since this inequality holds for
arbitrary u ∈ Rm the somewhat opaque assumption
{f (x∗ , u) : u ∈ Rm } ⊃ (−κ, κ), κ > 0, for all t ≥ T0 ≥ 0
guarantees that the product and moreover the factor λ(t) converges to zero.
The exact proof is done by contradiction. Therefore the bounded variable
λ̂ is deﬁned by
λ(t)
λ̂(t) =
.
max{1, λ(t)}
Thus λ̂ ≤ 1 and hence the following limit exists
l = lim sup{λ̂(s) : s ≥ t}.
t→∞

If l = 0, we are ﬁnished; otherwise we can assume l > 0 and a sequence (ti )∞
i=0
converging to inﬁnity and λ̂(ti ) > l/2. Since κ > 0, an ε can be chosen that
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satisﬁes ε4/l2 < κ. Using (B.16c) we especially ﬁnd an N ∈ N such that for
all j ≥ N, −ε < −μ(tj ) < ε. Moreover for every tj a uj ∈ Rm exists with
f (x∗ (tj ), uj ) =

ε4
l2 λ̂(t

j)

,

yielding
−μ(tj ) ≥ λ(tj )f (x∗ (tj ), uj ) = max{1, λ(t)}
≥

ε4
l2 λ̂(tj )2

ε4/l2
λ̂(tj )2

> ε,

which contradicts −μ(tj ) < ε and proves the proposition.




B.4 The Inﬁnite Horizon Transversality Condition
Revisited
Let us therefore restate the transversality condition for a problem formulated
as a problem of the calculus of variations. Thus we consider
T

max
x(·)

g(t, x(t), ẋ(t)) dt.
0

Using the results of Pontryagin’s Maximum Principle we ﬁnd the corresponding transversality condition
gu (t, x(t), u(t))|t=T = gẋ (t, x(t), ẋ(t))|t=T = 0
and hence for the inﬁnite horizon case
lim gu (t, x(t), u(t)) = 0.

t→∞

(B.18)

We now restate the example from Halkin (1974) presented in Sect. 3.8.1 under
this aspect and note that the problem
∞

max
u(·)

(1 − x) u dt

0

s.t. ẋ = (1 − x) u,
x(0) = 0, u ∈ [0, 1],
can easily be transformed in a problem of the calculus of variations by setting
∞

ẋ(t) dt

max
x(·)

s.t.

0

0 ≤ ẋ ≤ (1 − x) ,
x(0) = 0.

B.4 The Inﬁnite Horizon Transversality Condition Revisited
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With g(t, x, ẋ) = ẋ we immediately see (what we already know) that the
transversality condition (B.18) is violated since gu = 1. But why does this
condition fail in that case? Therefore we directly apply the variational technique and consider a slightly disturbed solution
xε (t) := x∗ (t) + εδx(t),
where x∗ is the optimal solution together with
 t
g(t, x∗ , ẋ∗ ) ds −
δI(ε) = lim
t→∞

0

t


g(t, xε , ẋε ) ds .

0

Assumed that δI(ε) is diﬀerentiable and diﬀerentiation and integration can
be interchanged we ﬁnd by the general necessary conditions of a maximizer
(see Theorem 4.32):
 t

d
∗
∗ ˙
δI(0) = lim
gx δx + gu δx ds ≥ 0.
t→∞
dε
0
In our case this simply reduces to
lim g ∗ δx(t)
t→∞ u

= lim δx(t) ≥ 0.
t→∞

(B.19)

But in this form we immediately see, that to be allowed to deduce the transversality condition (B.18) from (B.19) the set of admissible variations δx(·) has
to be rich enough. One of these conditions is that with δx(·) also −δx(·) is admissible, allowing to replace the inequality by an equality condition. The other
condition has to assure that variations exist satisfying limt→∞ |δx(t)| ≥ c > 0
to be able to deduce
lim gu∗ = 0.
t→∞

But these conditions are easily identiﬁed as the property in Proposition 3.74
requiring that the set of admissible velocities contains a neighborhood of zero.
For our example already the ﬁrst condition fails. To see that we only have
to remind that the optimal solution is given for u ≡ 1 yielding
ẋ = 1 − x.
Since the varied solutions xε (·) have to satisfy
ẋε ≤ 1 − xε ,
we ﬁnd
˙ ≤ 1 − δx
ẋ + εδx
˙ ≤ −δx.
εδx

(B.20)
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Thus if we consider some variation δx(·) satisfying (B.20), which is not the
zero variation, i.e., δx ≡ 0, its negative counterpart −δx(·) cannot satisfy
(B.20). But therefore only the condition in the form (B.19) can be deduced
and not the stronger transversality condition (B.18).
These considerations can be accomplished in a more general setting and
show once more the importance of the set of admissible variations for the
derivation of necessary conditions.
Remark B.1. This part on the transversality condition for inﬁnite time horizon
problems dates back to the ideas of Florian Wagener, to whom we are grateful
for this insight.

B.5 Monotonicity of the Solution Path
The Proposition 3.85 is an immediate consequence of the fact that for an
autonomous model of inﬁnite horizon, the optimal solution does not depend
on the initial time, but only on the initial state x0 , i.e., the optimal dynamics
is an autonomous system. This fact will be proved later in Lemma 5.1 and
is depicted in Fig. B.1. Here, we present a proof by constructing a further
optimal solution contradicting the assumption of uniqueness. Therefore let
us assume that the optimal state trajectory is not monotone and then there
exists a t0 ≥ 0 and τ > 0, such that x(t0 ) = x(t0 + τ ).
Thus we can deﬁne other admissible solutions as
(ũ(t), x̃(t)) :=

(u(t), x(t)) for 0 ≤ t ≤ t0
(u(t + τ ), x(t + τ )) for t > t0

(û(t), x̂(t)) :=

(u(t), x(t)) for 0 ≤ t ≤ t0 + τ
(u(t − τ ), x(t − τ )) for t > t0 + τ

To keep the notation simple we use the abbreviations
g(t) := g (x(t), u(t))
g̃(t) := g (x̃(t), ũ(t))
ĝ(t) := g (x̂(t), û(t)) .
By the optimality of (x(·), u(·)) we have
∞

V (u∗ (·)) =

∞

e−rt g(t) dt >

0

e−rt g̃(t) dt,

0

yielding
∞
t0

e−rt g(t) dt >

∞
t0

= erτ

e−rt g(t + τ ) dt
∞
t0 +τ

e−rt g(t) dt,

.
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x, u

a)
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V (τ )
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τ

0
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−rt

e−rt

e

e−rτ V (τ )

erτ V (τ )
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t

e−rτ ΔV
τ

0

t

Fig. B.1. The main idea for the proof of Proposition 3.85 is graphically depicted
with t0 = 0. Panel (a) shows optimal trajectories x∗ (·) and u∗ (·), with x∗ (0) = x∗ (τ ).
In panel (b) the cost function along the optimal path together with the depreciation
function is illustrated, where ΔV denotes the total costs for the time interval [0, τ ]
and V (τ ) gives the costs for t ≥ τ . Then the composition of the costs are depicted
in panel (c) for the admissible path (ũ(·), x̃(·)) and in (d) for (û(·), x̂(·))

and

t0 +τ
t0

e−rt g(t) dt > (erτ − 1)

∞

e−rt g(t) dt.

(B.21)

t0 +τ

Comparing now the objectives corresponding to (x(·), u(·)) and (x̂(·), û(·)) we
ﬁnd
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∞

ΔV =
0

∞

e−rt g(t) dt −
0

∞

=

e
t0 +τ
∞

=

−rt

g(t) dt −

e−rt ĝ(t) dt

∞
t0 +τ

e

−rt

g(t) dt − e

t0 +τ



= 1 − e−rτ


< 1 − e−rτ

∞
t0 +τ
∞
t0 +τ

−rτ

e−rt g(t − τ ) dt
∞

e−rt g(t) dt

t0

e−rt g(t) dt − e−rτ

t0 +τ

e−rt g(t) dt

t0

e−rt g(t) dt − e−rτ (erτ − 1)

∞

e−rt g(t) dt = 0,

t0 +τ

where we used (B.21) to derive the inequality. Hence the contradiction and
the proof is completed.

B.6 Admissible and Quasi-Admissible Directions
First we proof the inclusion A ⊂ Aq stated in Proposition 4.8, then under the
constraint qualiﬁcation of Lemma 4.9 we show the converse inclusion Aq ⊂ A.
Proof. Note that the equality constraint F = 0 can be replaced by the inequality constraints F ≥ 0 and −F ≥ 0. Thus we only have to consider inequality
constraints. Assume now that Proposition 4.8 does not hold, i.e., there exists
i
(X̂)δS < 0. But the deﬁnition of an admissible direction δS
an i ∈ I with HX
assures the existence of a sequence of admissible points Xj = X̂ + θj δSj with
limj→∞ δSj = δS. By using the Taylor theorem and H i (X̂) = 0, this yields
i
(X̂)δSj + o(θj ).
0 ≤ H i (Xj ) = θj HX

Dividing this equation by θj > 0 and considering the limit, we get the contradiction
i
i
0 ≤ lim HX
(X̂)δSj + o(θj )/θj = HX
(X̂)δS < 0,
j→∞

ﬁnishing the proof.




Proof. First we consider the case of pure equality constraints, and then we
consider the general case with inequality constraints.
Case 1 (H ≡ 0): To keep the notation as simple as possible, let us introduce
the following conventions. Assume that the coordinates are ordered in such
a way that the derivative of F for the last k coordinates has full rank, and
therefore denote X = (X 1 , X 2 ), with X 1 ∈ Rn−k and X 2 ∈ Rk and any
admissible direction δS is written as δS = (δS 1 , δS 2 ). Furthermore, we omit
the arguments of functional terms whenever there is no ambiguity and denote
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the evaluation of function F at X̂ by F̂ . Note furthermore that due to the full
rank of FX (X̂) the inequality k ≤ n has to hold.
We now prove that for δS ∈ Aq also δS ∈ A follows. Therefore we take
some arbitrary δS ∈ Aq . From the deﬁnition of a quasi-admissible direction
we ﬁnd F̂X δS = 0, which can be rewritten as F̂X 1 δS 1 + F̂X 2 δS 2 = 0, and from
the assumed ordering of the coordinates, together with the full-rank condition
of F̂X 2 , we ﬁnd
(B.22)
δS 2 = −(F̂X 2 )−1 F̂X 1 δS 1 .
Furthermore, we know from the implicit function theorem that a continuously
diﬀerentiable function P : N (X 1 , ε) → Rk exists with
F (X 1 , P (X 1 )) = 0,

and X̂ 2 = P (X̂ 1 ).

I.e., for every X 1 ∈ N the point (X 1 , P (X 1 )) is admissible. Furthermore, the
formula of the implicit derivative yields
P̂X 1 = −(F̂X 2 )−1 F̂X 1 ,
and together with (B.22) the identity
δS 2 = P̂X 1 δS 1
is proved.
Now we have to deﬁne a sequence θi > 0 and δSi with i ∈ N, such that
limi→∞ δSi = δS (deﬁnition of admissible sets). Therefore we use the continuous diﬀerentiability of P at X 1 and the property that a κ small enough exists
with X 1 + θδS 1 ∈ N for all θ ≤ κ. Using the Taylor theorem, we ﬁnd
Xi2 = P (X 1 + θδS 1 ) = P̂ + θP̂X 1 δS 1 + o(θ).
We now deﬁne a sequence θi < κ, i ∈ N with limi→∞ θi = 0 and δSi =
(δS 1 , δSi2 ) where
δSi2 := (Xi2 − X̂ 2 )/θi .
From this construction it is evident that X̂ + θi δSi is admissible. Finally, we
have to prove that limi→∞ δSi = δS holds, by:
lim δSi = ( lim δS 1 , lim δSi2 )

i→∞

i→∞

i→∞

= (δS 1 , P̂X 1 δS 1 )
= (δS 1 , δS 2 ) = δS,
which concludes the proof for H ≡ 0.
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j1
Case 2 (H ≥ 0): For δS ∈ Aq we ﬁnd FX
δS = 0 for all j1 = 1, . . . , m,
j2
j3
HX δS = 0 for j2 ∈ I1 ⊆ I and HX δS > 0 for j3 ∈ I2 ⊆ I, where I1 ∩ I2 = ∅.
Applying the construction algorithm of Case 1, we can ﬁnd a sequence θi > 0
and δSi and corresponding points Xi = X̂ + θi δSi satisfying F j1 (Xi ) = 0 for
j1 = 1, . . . , m and H j2 (Xi ) = 0 for j2 ∈ I1 . Since limi→∞ δSi = δS there exists
j3
δSi > 0 for all j3 ∈ I2
an N ∈ N such that for all i ≥ N the inequality HX
holds. But then a possibly larger index M ≥ N exists with
j3
H j3 (Xi ) = H j3 (X̂) + θi HX
δSi + o(θi2 ) > 0

for all i ≥ M and j3 ∈ I2 . Therefore the subsequence θi and δSi with i ≥ M
satisﬁes the conditions of the approximating sequence for δS, the deﬁnition of
an admissible direction, which ﬁnishes the proof.



B.7 Proof of the Envelope Theorem
Next we prove the envelope theorem for constrained maxima.
Proof. To keep notation simple we assume μ ∈ R and H ≡ 0, i.e., only one
external parameter and no inequality constraints.
From the ﬁrst-order necessary condition and the equality constraints we
derive
GX (X ∗ (μ), μ) + ΛFX (X ∗ (μ), μ) = 0

(B.23)

F (X ∗ (μ), μ) = 0,

(B.24)

where X ∗ (μ) denotes the maximizer depending on the parameter μ.
For notational clearness we omit the arguments in the following. If we now
consider the total change in the constraints F this yields
∂F
∂X ∗
dF
=
+ FX
.
dμ
∂μ
∂μ
But as the changed solution X ∗ (μ + dμ) also has to satisfy (B.24), the total
change dF/dμ = 0. Hence we get the equivalence relation at X ∗ (μ)
∂F
∂X ∗
= −FX
.
∂μ
∂μ

(B.25)

From the ﬁrst-order necessary condition (B.23) we derive at X ∗ (μ)
GX = −ΛFX .

(B.26)

Finally, the total change in the objective function G is given by
∂G
dG∗
∂X ∗
=
+ GX
.
dμ
∂μ
∂μ

(B.27)
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This reﬂects the fact that the maximized objective function G∗ also depends
on μ in its argument X.
Substituting now (B.25) and (B.26) in (B.27)
∂G
∂X ∗
dG∗
=
− ΛFX
dμ
∂μ
∂μ
∂F
∂G
+Λ
=
∂μ
∂μ
∂L
,
=
∂μ



proves the theorem.

B.8 The Dimension of the Stable Manifold
In this section we prove Theorem 7.10, where it is stated that the dimension
of the stable manifold of an equilibrium of the canonical system is at most
n. Therefore we consider the corresponding eigenvalue problem which can be
stated in the symmetric form



∗
∗
+ r2 I(n) 
−Hλλ
ξ − 2r I(n) − Hλx

= 0. (B.28)
det
∗
∗
ξ − r2 I(n) + Hxλ
Hxx
− 2r I(n)
Thus the matrix



∗
∗
−Hλx
+ r2 I(n)
−Hλλ
∗
∗
Hxx
Hxλ
− r2 I(n)

exhibits the following structure

A B
,
C −A



(B.29)

where B and C are symmetric. To analyze the characteristic polynomial of a
matrix of this form, we prove the following lemmas:
Lemma B.2. Let M be a matrix of the form (B.29); then for n ∈ N the
matrix


Ān B̄n
2n
,
(B.30)
M =
C̄n Ān
with B̄n and C̄n being skew-symmetric.
Proof. First, we prove the conclusion for n = 1, i.e., M 2 , yielding

2 

A B
AA + BC AB − BA
=
.
C −A
CA − A C A A + CB
Direct inspection veriﬁes
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(A A + CB) = AA + B  C  = AA + BC


(AB − BA ) = −AB  + B  A = − (AB − BA )


(CA − A C) = −C  A + A C  = − (CA − A C) .
In a further step we show that the product of two matrices M1 and M2 , where
both are of the form (B.30), and which are commutative with respect to the
matrix product, exhibit the same structure (B.30). Therefore consider


 


A1 B1
A2 B2
A2 B2
A1 B1
=
C1 A1
C2 A2
C2 A2
C1 A1




A1 A2 + B1 C2 A1 B2 + B1 A2
A2 A1 + B2 C1 A2 B1 + B2 A1
=
.
C1 A2 + A1 C2 C1 B2 + A1 A2
C2 A1 + A2 C1 C2 B1 + A2 A1
Using these identities, we show




(C2 B1 + A2 A1 ) = (B1 C2 + A1 A2 )
= B1 C2 + A1 A2
= A1 A2 + B1 C2 .

The other properties are veriﬁed analogously.
Finally, Lemma B.2 is proved by induction. The case n = 1 has explicitly
been shown. And the identity M 2(1+n) = M 2(n+1) = M 2n M 2 = M 2 M 2n
ﬁnishes the proof.


Lemma B.3. Let M1 be a matrix of the form (B.29) and M2 of the form
(B.30); then tr(M1 M2 ) = 0.
Proof. First consider a symmetric matrix S = S  and a skew symmetric matrix
F = −F  . In that case tr(SF ) = 0 holds. This follows from
tr(F S) =

n 
n

k=1 j=1

=

n k−1



fkj sjk =

n k−1



(fkj sjk + fjk skj ) +

k=2 j=1

n


fkk skk

k=1

(fkj sjk − fkj sjk ) = 0,

k=2 j=1

where we used the fact, that the diagonal elements of a skew symmetric matrix
are zero.
Using the identities tr(AB) = tr(BA) and tr(A ) = tr(A) for all square
matrices A and B we are almost ﬁnished. The block structure of M1 and M2
yields


∗
A1 A2 + B1 C2
tr(M1 M2 ) = tr
∗
C1 B2 − A1 A2
= tr(A1 A2 ) + tr(B1 C2 ) + tr(C1 B2 ) + tr(−A1 A2 ),
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with B1 = B1 , C1 = C1 and B2 = −B2 , C2 = −C2 . Therefore
tr(B1 C2 ) = tr(C1 B2 ) = 0
and

tr(A1 A2 ) + tr(−A1 A2 ) = tr(A1 A2 ) − tr(A2 A1 ) = 0,



concludes the proof.
Thus we can prove Theorem 7.10:

Proof. We mainly refer to the recursive structure of the characteristic polynomial presented in Theorem A.10
χJ (x) =

n


(−1)j ωj (J)xn−j ,

j=0

where ω0 (A) = 1 and for any 1 ≤ j ≤ n
jωj (J) =

j


(−1)k+1 σk ωj−k (J),

σk = tr(J k ).

k=1

From Lemmas B.2 and B.3
σ2i+1 = tr(J 2i+1 ) = 0 for

i≥0

immediately follows. Next we prove by induction that
ω2i+1 (J) = 0.
For i = 0 this is evident using ω1 (J) = σ1 ω0 (J) = 0 since σ1 = 0. Assuming
that ω2i+1 (J) = 0 for i ≤ m, we use the recursive deﬁnition of ωi (J) to verify
the conclusion for i = m + 1. In that case we ﬁnd
(2m + 3)ω2m+3 (J) =
=

2m+3


(−1)k+1 σk ω2m+3−k (J)

k=1
2m+1


(−1)k+1 σk ω2m+1−k (J)

k=1

+ σ2m+2 ω1 (J) + σ2m+3 ω0 (J)
= (2m + 1)ω2m+1 (J) + 0 + 0 = 0.
Thus we proved that the characteristic polynomial for (B.28) is given by
χJ (x) =

n

j=0

(−1)2j ω2j (J)x̃2(n−j)
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or setting y = x2 and using (−1)2j = 1 this identity simpliﬁes to
χJ (y) =

n


ω2j (J)ỹ n−j .

j=0

The last polynomial exhibits n roots ξ˜i , i = 1, . . . , n. Thus the eigenvalues
ξk , k = 1, . . . , 2n are given by


r
r
ξ2i−1 = + ξ˜i , ξ2i = − ξ˜i , i = 1, . . . , n.
2
2
These eigenvalues are symmetric around 2r , verifying that at least n eigenvalues have nonnegative real part, which proves that at most n eigenvalues have
negative real part, which ﬁnishes the proof.



B.9 Asymptotic Boundary Condition
In this section we proof the propositions about the asymptotic boundary conditions for the case of an equilibrium Proposition 7.20 and limit cycle Proposition 7.27.
B.9.1 Equilibrium
The proof for Proposition 7.20:
Proof. Assume that the ﬁrst n− eigenvectors correspond to the stable eigenvalues. Then a point x lying in the linear variety given by the stable eigenspace
at x̂ satisﬁes
n−
n−


ci νi iﬀ x − x̂ =
ci νi .
x = x̂ +
i=1

i=1

From Proposition A.51 we know that n+ = n− n− adjoint eigenvectors bj corresponding to the eigenvalues {ξj : j = n− + 1, . . . , n} exist. And in Proposition A.59 it has been proved that bj is an adjoint eigenvector iﬀ it is orthogonal
to the subspace given by span{νi : i = j} or equivalently written as

ci νi = 0.
bj
i=j

Since
Es x̂ =

n
7

span{νi : i = j},

j=n− +1

this is identical with

bj


i=j

ci νi = 0
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for all j = n− + 1, . . . , n. Setting
b̃j = bj /(bj νj )
proves the lemma with


F = b̃n− +1 , . . . , b̃n .



B.9.2 Limit Cycle
The proof for Proposition 7.27
Proof. From Theorem 2.78 we know that any fundamental solution Y (·) of
(7.39) can be represented by
Y (t) = C(t)eRt ,
where C(·) is periodic with period 1 and R ∈ Rn×n is a constant matrix. Thus
the monodromy matrix M is given by
M = Y (1) = eR ,
since Y (0) = C(0) = C(1) = I(n) . The matrix Q built from a basis of (generalized) eigenvectors of R (and therefore also of M) satisﬁes
Q−1 M Q = eD

iﬀ

M Q = QeD ,

(B.31)

where D is of block form satisfying


D+ 0
,
D=
0 D−
with D+ ∈ R(n+ +1)×(n+ +1) and D− ∈ Rn− ×n− , denoting the matrices corresponding to the nonnegative and negative eigenvalues of R.
Since the adjoint variational equation
Ż = −ZΘfx (Γ (t, ϕ))
s.t. Z(0) = I(n)
satisﬁes Z(1) = Y −1 (1) = M−1 , we derive from (B.31)
Q−1 Z(1) = e−D Q−1 .
(n+ +1)×n
and Q−1
Partitioning the matrices Q−1 into the matrices Q−1
+ ∈R
− ∈
−1
n− ×n
−D
, we deﬁne X(t) = Q+ Z(t). Now owing to the block form of e
we
R
ﬁnd

Ẋ = −XΘfx (Γ (t, ϕ)) ,
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with X(1) = e−D+ X(0) and
X(0)Q− = 0.
The latter identity follows from
−1
X(0)Q− = Q−1
+ Z(0)Q− = Q+ Q− ,

using Z(0) = I(n) and the block matrix identity
 −1 

 −1

Q− 
Q+
Q− Q− Q−1
−
Q− Q+ =
= I(n) .
−1
Q−1
Q−1
+
+ Q− Q+ Q+
In a last step we prove that instead of the speciﬁc matrix e−D+ any matrix Λ
can be chosen if only it satisﬁes |Re ξ| > 1 for all eigenvalues ξ of Λ. Since in
that case an invertible matrix Q̃ exists with
Λ = Q̃e−D+ ,
and therefore
X̃ = Q̃X
suﬃces (7.41) and ﬁnishes the proof.
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von Stryk, O. & Bulirsch, R. (1992). Direct and indirect methods for trajectory
optimization. Annals of Operations Research, 37 (1), 357–373.
Wagener, F. O. O. (2003). Skiba points and heteroclinic bifurcations, with
applications to the shallow lake system. Journal of Economic Dynamics
and Control, 27 (9), 1533–1561.
Wagener, F. O. O. (2006). Skiba points for small discount rates. Journal of
Optimization Theory and Applications, 128 (2), 261–277.
Wallner, D. (2005). Optimal control of the U. S. cocaine epidemic: Traditional approach vs. harm reduction. Master’s thesis, Vienna University of
Technology.
Webb, G. F. (1985). Theory of nonlinear age-dependent population dynamics.
New York: Dekker.
Weiser, M. & Deuﬂhard, P. (2007). Inexact central path following algorithms
for optimal control problems. SIAM Journal on Control and Optimization,
46 (3), 792–815.
Wiggins, S. (1990). Introduction to applied nonlinear dynamical systems and
chaos. New York: Springer.
Willems, J. C. (2007). In control, almost from the beginning until the day
after tomorrow. European Journal of Control, 13 (1), 71–81.
Wirl, F. (1992). Cyclical strategies in two-dimensional optimal control models:
Necessary conditions and existence. Annals of Operations Research, 37 (1),
345–356.

References

529

Wirl, F. (1999). Complex dynamic environmental policies. Resource and Energy Economics, 21 (1), 19–41.
Wirl, F. & Feichtinger, G. (2005). History dependence in concave economies.
Journal of Economic Behavior and Organization, 57 (4), 390–407.
Wirl, F., Novak, A. J., Feichtinger, G., & Dawid, H. (1997). Indeterminacy
of open-loop Nash equilibria: The ruling class versus the tabloid press. In
H. G. Natke & Y. Ben-Haim (Eds.), Uncertainty: Models and Measures (pp.
124–136). Berlin: Akademie.
Wrzaczek, S., Kuhn, M., & Oeppen, J. (2007). Reproductive value as a factor
in the value of life and the shadow price of of a member of the population.
In submission.
Xue, A., Teo, K., Lu, Q., & Mei, S. (2006). Polynomial approximations for
the stable and unstable manifolds of the hyperbolic equilibrium points using semi-tensor product. International Journal of Innovative Computing,
Information and Control, 2 (3), 593–608.
Yaari, M. E. (1965). Uncertain lifetime, life insurance, and the theory of the
consumer. The Review of Economic Studies, 32 (2), 137–150.
Yeung, D. W. K. & Petrosyan, L. A. (2006). Cooperative stochastic diﬀerential
games. New York: Springer.
Yong, J. & Zhou, X. Y. (1999). Stochastic controls: Hamiltonian systems and
HJB equations. New York: Springer.
Zeidan, V. (1984). First and second order suﬃcient conditions for optimal control and the calculus of variations. Applied Mathematics and Optimization,
11 (1), 209–226.
Zeidan, V. & Zezza, P. (1988). Necessary conditions for optimal control problems: Conjugate points. SIAM Journal on Control and Optimization, 26 (3),
592–608.
Zeiler, I. (2004). Prevention, treatment and law enforcement in an optimal
control model of cocaine use in the USA. Master’s thesis, Vienna University
of Technology.
Zeiler, I. (2008). Epidemics with multiple equilibria and DNS Curves: Optimal
control in dynamic models of HIV/AIDS and of illicit drug use. PhD thesis,
Vienna University of Technology.

Glossary

S ∞ (x0 )
Σ
|·|

Asymptotic solution set, 242
Asymptotic boundary condition, 329
Absolute value function, 444

BV ([a, b])
W (ξ, t)
∂S

Functions of bounded variation, 478
Bellman function, 127
Boundary of set S, 462

A×B
C
C 0 (D, Rm ), C 0
C 1 (D, Rm ), C 1
Ω(x(t), t), Ω
χA
S
x̄
f ≡ y0
g◦f
u(·)

Cartesian product of matrices A and B, 442
Complex numbers, 442
Continuous functions, 463
Continuously diﬀerentiable functions, 465
Control region, 105
Characteristic polynomial of matrix A, 457
Closure of set S, 461
Complex conjugate of x, 457
Constant function f , 443
Composition function of f and g, 443
Control (function), 105

df (x̂)/dx, fx (x̂)
det A
dim V
δ
D(Rn )
V∗
df (x̂± )/dx, fx± (x̂)
∂f (x)/∂v

Derivative of function f at x̂, 465
Determinant of matrix A, 454
Dimension of vector space V, 447
Dirac delta function, 480
C ∞ functions with compact support, 479
Dual space of vector space V, 455
Right/left side derivative of function f at x̂, 466
Directional derivative of function f in direction
v, 467
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·s
E
ξ
ν
∅
t
epi(f )
t̄

Euclidean norm, 459
Eigenspace, 457
Variable for eigenvalue, 456
Variable for eigenvector, 457
Empty set, 442
Entry time, 143
Epigraph of function f , 444
Exit time, 143

ϕt (·)

Flow of a dynamical system, 20

GLn

General linear group, 451

H(·)
H
H∗

Heaviside function, 480
Hamiltonian, 109
Maximized Hamiltonian, 110

A−1
f −1 (·)
IdX
inf A
S◦
iﬀ

Inverse matrix of A, 451
Inverse function of f (·), 443
Identity function on set X, 442
Inﬁmum of set A, 442
Interior of set S, 461
If and only if, 441

t̃

Junction time, 143

kern A

Kernel of matrix A, 450

L
L
O(xα ), o(xα )
Nf
limi→∞ xi
limx→a+ f (x)
limx→b− f (x)
Γ
ω(x0 )
α(x0 )

Overall Lagrangian, 210
Lagrangian, 201
Landau symbols, 444
Level set of function f , 444
Limes of xi , 462
Right-hand limit of function f (x), 464
Left-hand limit of function f (x), 464
Limit cycle, 22
Positive limit set for x0 , 23
Negative limit set for x0 , 23

A · B, AB
Rm×n
argmax f
Ws
Wu

Matrix product of A and B, 449
Real m × n-matrices, 448
Set of maximizers of function f , 469
Global stable manifold, 43
Global unstable manifold, 44

Glossary

Wcloc
Wsloc
Wuloc
max A
min A
c(x, u, t) ≥ 0
x → f (x)

Local center manifold, 43
Local stable manifold, 43
Local unstable manifold, 43
Maximum of set A, 442
Minimum of A, 442
Mixed path (inequality) constraint, 142
f maps x to f (x), 442

N (x, ε)
N
·
∇

ε-Neighborhood of x, 461
Natural numbers, 442
Norm, 459
Nabla operator, 467

S⊥
V (u(·))
P(x)
Or(x0 )
⊥

Orthogonal complement of S, 460
Objective functional, 106
Optimal costate rule, 241
Orbit at x0 , 19
Orthogonal, 460

Cp0,1 (D, Rk )
Cp0 (D, Rk )
Cp1 (D, Rk )
f −1 (B)
Γ (·)
∂f (x̂)/∂xj ,
Θ
h(x, t) ≥ 0

Continuous and piecewise continuously diﬀerentiable functions, 466
Piecewise continuous functions, 464
Piecewise continuously diﬀerentiable functions,
466
Preimage of set B for function f , 442
Periodic solution, 22
fxj (x̂) jth partial derivative of f at x̂, 466
Period of a limit cycle, 21
Pure state (inequality) constraint, 142

A\B
R
R+
R̄
range f
rk A

Relative complement of set B in A, 441
Real numbers, 442
Nonnegative real numbers, 442
Extended real numbers, 442
Range of function f , 442
Rank of matrix A, 450

B⊂A
B⊂A
BA
f ∞
f C 1
x, y
sup A

B is not a subset of A, 441
B is a subset of A, 441
B is a proper subset of A, 441
Supremum norm of function f , 463
C 1 norm of function f , 465
Scalar product of vectors x and y, 456
Supremum of set A, 442
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Glossary

supp f
Support of function f , 479
{}
Set braces, 441
d2 f (x̂)/dx2 , fxx (x̂) Second derivative of function f at x̂, 468
s.t.
Subject to, 10
A
d(x, u, t)
tr A

Transposed matrix of A, 451
Total time derivative of the pure state constraint, 147
Trace of set A, 449

I(n)

n × n unit matrix, 450

V ∗ (x0 )
δG

Value function for initial state x0 , 108
First variation of G, 215

Z

Integers, 442

Index

abnormal problem, 112, 163–164, 308
absolute continuity, 465
absolute value function, 444
active constraint, 143
addiction, 270, 322
model, 183, 314
multi-stage, 424
adjoint
equation, see costate, equation
linear ODE, 81, 350
variable, see costate
adjustment dynamics, 93
admissible
control, 106, 391
direction, 196
pair, 105
point, 196
advertising model, 93, 94, 178, 186, 267,
421
age-structured model, 272, 415–420, 436
AIDS, 98, 315, 323, 436
alcohol consumption, 183, 425
anticipation eﬀect, 388, 427
arc, 108
Arrow suﬃciency conditions, 121, 154,
159
assimilation, 269
asymptotic
boundary condition
equilibrium, 286, 350
limit cycle, 353
proof of, 500
solution set, 242, 253

attracting set, 24
attractor, 13, 25
Australian heroin drought, 386
autonomous ODE, 13, 19, 111
linear, 31–42
nonlinear, 42–50
autonomous optimal control problem,
111
inﬁnite time, 159–168, 241–242
bang-bang control, 133
basin of attraction, 24, 235
Bellman function, 127
Beltrami identity, 230
bifurcation, 56
analysis, 68–70, 74–77, 172, 258–264
blue sky, 64, 173
diagram, 176, 259, 264
fold, 57, 64, 258
global, 56, 260
heteroclinic, 56, 260, 262, 366
indiﬀerence, 262
local, 56, 260
pitchfork, 66
subcritical, 67
supercritical, 66
Poincaré–Andronov–Hopf (PAH), 39,
71, 301
subcritical, 73
supercritical, 73
saddle-node, 64, 258, 263
theory, 55–77
transcritical, 65, 175, 258, 263
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big-O, see Landau symbols
bijective function, 443
Bolza problem, 182
Bolzano–Weierstrass theorem, 462, 482,
487
boundary
condition, 85
value problem, see BVP
boundary arc, 144, 146, 282, 359, 369,
385
boundary corrector method, 355
boundary of a set, 462
bounded function, 444
brachistochrone problem, 230
bribery, 98, 295, 322
bridge building model, 378
Brownian motion, 423
Brusselator, 95
BVP, 18, 85–89, 110, 328–330, 336–339
C 1 norm, 465
calculus of variations, 102, 212–228
canonical
basis, 447
system, 110, 126, 147, 171, 358, 369,
398
capital accumulation
game, 435
model, 93, 102, 124, 145, 180, 181,
268, 319, 434
multi-stage, 427
Carathéodory solution, 97
Cartesian product, 442
catching up optimality, 156
cattle-ranching model, 432
Cauchy-Schwarz inequality, 456
center, 24, 39
center manifold, 43, 74
approximation, 48, 268
non-uniqueness, 46
role of, 57
two-dimensional, 71
chain rule, 466
chaos, 23, 98
characteristic polynomial, 342, 457
recursive formula of, 459
closed set, 461
closed-loop
solution, 428

strategy, 392, 393, 394
closure of a set, 462
Cobb–Douglas function, 94, 307
cobweb model, 93, 98
cocaine epidemic, 51–55, 168–177,
264–267, 314
codimension, 97
codomain of a function, 442
cold turkey, 424
column vector, 449
commutative group, 444
compact set, 51, 192, 462, 481
complementary slackness condition,
144, 146, 150, 177, 201, 210
concave function, 471
cone, 472
convex, 472
positive, 472
conjugate point, 250
constraint qualiﬁcation, 148, 198
failing of, 204
Karush–Kuhn–Tucker, 198
of optimal control problem, 144, 146,
148, 151, 153, 228, 359, 369
consumption vs. investment model,
124–127, 145–147, 153–154,
165–167
consumption–pollution model, 93, 180,
186
multistage, 425
contact point/time, 143
continuation method, 330–339
continuity, 463
continuously diﬀerentiable function, 465
contour line, 444
control
singular, 132
control region, 105
convergence, 462
convex
analysis, 471–472
cone, 472
function, 471
hull, 472
set, 471
cooperative game, 434, 435
corner condition, 150, 225, 289, 357,
361, 385
corrupt government, 298, 379, 395, 430

Index
corruption, 10, 98, 271, 322
game, 395–402, 428
model, 14–16, 91, 294–306, 379, 430
multi-stage, 426
costate, 109, 118, 211, 384
discontinuous, 150
equation, 109, 147
sign, 145, 281
counter-terror measure, 27, 90, 140, 428
in multi-stage scenario, 386
crackdowns, 137
cream skimming, 169
current-value notation, 111, 125
cusp point, 204, 250
cycle, see periodic solution
cycle of violence, 323
decreasing function, 444
delayed system, 420–422
demographic model, 434, 436
depreciation rate, 94, 124, 315, 425
derivative, 465
determinant, 454
diagonal matrix, 449
diagonalizable matrix, 457
diﬀeomorphism, 474
diﬀerence
equation, 18
game, 389
diﬀerentiable
function, 465
manifold, 475
diﬀerential
equation, see ODE
game, 389–415, 434
cooperative, 434, 435
linear–quadratic, 395
non-zero-sum, 390, 429
noncooperative, 390, 405, 434
inclusion, 97, 242
diﬀusion model, 93, 178, 267
Dirac delta function, 424, 480
direct numerical method, 380
directional derivative, 215, 467
discount rate, 106, 403
distributed parameter control, 383, 417,
437
distribution (generalized function), 479
derivative, 479
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disutility, 183
DNSS
curve, 236, 310, 366, 375
point, 236, 247, 253, 267, 270, 364,
366
Dockner’s formula, 343
domain of a function, 442
drug, 10, 323
chemical foundation, 322
consumption, 270
control, 278
enforcement, 137
epidemic, 54
law enforcement, 68, 271
model, 137, 278–294, 316, 317,
368–377, 379, 426
age-structured, 418–420
cocaine epidemic, 51–55, 68–70,
74–77, 168–177, 264–267, 314
constant treatment, 91
multi-stage, 385–386
prevention, 278, 280, 291, 292, 294,
386, 418, 421
price-raising enforcement, 185
substitution program, 379
treatment, 54, 68, 75, 169, 185, 279,
284, 291, 292, 294, 316, 317, 386
use, 322, 323
user (heavy, light), 52
dual space, 455, 479
Dubois–Reymond lemma, 214, 220, 477
duration-speciﬁc model, 436
dynamic game, see diﬀerential game
dynamic optimization, see optimal
control problem
dynamic programming, 127–130
dynamical system, 20
Easterlin cycle, 95
economic equilibrium, 110
economics of crime, 271, 424
game, 435
eigenspace, 286, 457
center, 41
stable, 41
unstable, 41
eigenvalue, 32, 457
eigenvector, 345, 350, 353, 457
adjoint, 354
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empty set, 441
end
constraint, see terminal, constraint
time, see terminal, time
enforcement swamping, 14, 271
entry point/time, 143, 362
envelope theorem, 207
proof of, 496
environmental
game, 430
model, 93, 180, 186, 238, 322
age-structured, 436
multi-stage, 425
epigraph of a function, 444, 484
equality constraint, 189, 195
equilibrium, 12, 21, 110
economic, 110
solution, 21
Euclidean vector space, 460
Euler equation, 217, 220, 230
exit point/time, 143, 287, 362
extortion game, 435
extremal, 122, 152, 184
point, 200, 212, 221
solution, 110
multiple, 254, 264
state trajectory, 110
Farkas lemma, 201, 228, 453
proof of the, 483
fashion cycle, 272
feedback strategy, see closed-loop,
strategy
ﬁnite partition, 475
ﬁre strategy, 27, 139, 387, 388
ﬁre-and-water model, see terror model,
ﬁre-and-water
ﬁrst variation, see variation
ﬁshery model, 92
ﬁxed point, see equilibrium
Floquet
multiplier, 85
theory, 80–85
focus, 38, 247, 254, 264
Fredholm alternative theorem, 452
Fritz John
multiplier, 202
full rank, 450
function, 442

of bounded variation, 224, 478
functional, 107, 443
fundamental matrix solution, 79
fundamental theorem of calculus, 476
fundamental theorem of the calculus of
variations, 478
game theory, see diﬀerential game
general linear group, 451
global manifold, 44
stable, 44
unstable, 45
global Maximum Principle, see
Maximum Principle
Gordon–Schäfer model, 92
Gould’s model, 178, 267
gradient, 182, 198, 202, 467
Gram-Schmidt Process, 460
growth model, 94, 124–127, 145–147,
153–154, 165–167, 268, 270
half-space, 196, 453, 456
Hamilton–Jacobi–Bellman equation
(HJB), 128, 427
proof of the, 129
stochastic, 423
Hamiltonian, 109
current-value, 111, 125
discontinuous, 150
distributed, 417
linear in the control, 132
maximized, 110
maximizing condition, 109, 212
objective value by the, 161
present-value, 111, 161, 419
regular, 113
harm reduction, 323, 384, 385
model, 315, 386, 434
multi-stage, 426
Hartman–Grobman theorem, 43, 348
health and consumption model, 432
health investment, 432, 436
Heaviside function, 480
Heine–Borel theorem, 462
heroin dynamics, 51
Hessian matrix, 113, 205, 469
heteroclinic
connection, 46, 262
computation, 366–367

Index
cycle, 50, 51
heterogeneity, 27, 51, 52, 98, 270, 383
heterogeneous drug use, 316
higher order derivative, 468
history-dependence, 236, 253, 263
HIV, 98, 315, 323, 436
Holling-type function, 91
homeomorphism, 25, 60, 474
homoclinic
connection, 47
Hopf bifurcation, see bifurcation,
Poincaré–Andronov–Hopf (PAH)
de l’Hospital rule, 169, 466
housing policy, 269
hyperbolic
equilibrium, 30, 42, 284
limit cycle, 82
hyperplane, 83, 345, 447
identity function, 443
illicit drug, see drug
implicit function theorem, 332, 473
impulse control, 423–424
inactive constraint, 143
Inada-conditions, 125, 269
increasing function, 444
indiﬀerence point, 185, 247, 252, 270,
273
indirect numerical method, 380
inequality constraint, 142, 185, 189, 195
inﬁmum, 442, 470
inﬂow, 69, 169, 307, 387, 407
initial condition, 17, 107, 400, 417
initial value problem (IVP), 17, 85, 357
initiation
of drug users, 53, 76, 98, 278, 316,
386, 418, 426, 437
of terrorists, 28
term, 75, 169
injection drug use, 51, 317
injective function, 443
innovator/imitator, 53
integral equation, 18, 97
integration
by parts, 219, 477
by substitution, 477, 485
theory, 475–478
integro-diﬀerential equation, 421
intensity-splitting model, 272

539

interior
of a set, 462
interior arc, 144, 287, 359, 369, 385
invariant set, 23
inverse
function, 443
function theorem, 474
of a matrix, 450
invertible matrix, 450
isocline, 21, 166, 236, 260
isomorphism, 448
Itô integral, 423
Jacobian matrix, 27, 42, 467
Jordan normal form, 32, 458
Jorgenson’s investment model, 182
jump, 464
of the costate, 150, 228
of the state, 423
junction point/time, 143, 225, 360
Karush–Kuhn–Tucker
conditions, 201
constraint qualiﬁcation, 198
kernel, 448, 450
kink, 466
Lagrange
multiplier, 146, 201, 208, 283, 358,
359, 369
problem, 182
Lagrange–Karush–Kuhn–Tucker
theorem, 201, 211
weak, 202, 210
Lagrangian, 201, 207
approach, 202–204
general, 202
of optimal control problem, 144, 150,
210, 282
overall, 211
Landau symbols, 444
law enforcement, 68, 271, 429, 430, 435
Lawden’s spiral, 185
leader–follower game, 402, 405–415
Lebesgue integral, 97, 475
left continuity, 464
left-hand side derivative, 466
Legendre–Clebsch condition, 113, 131
generalized, 134, 138, 185
strict, 113, 281, 308
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Leslie matrix, 415
level set, 444
LH-model, 51–55, 278–294, 323, 379
LHE-model, 98
LHY -model, 98
limit, 462
right/left-hand, 464
set, 23
limit cycle, 23, 51, 76, 301
numerical computation, 302
numerical computation of a, 344–346
of saddle-type, 82
of the canonical system, 347
stability, 303
linear
(in)dependent, 447
combination, 445
equation, 452
form, 455
transformation, 448
linear ODE, see autonomous, linear
ODE
linear–quadratic
game, 395
optimal control problem, 132
linearization, 13, 26, 473
Liouville Formula, 80, 83
Lipschitz continuity, 463
little-o, see Landau symbols
local manifold, 43
existence, 43
stable, 44
unstable, 44
local Maximum Principle, 221
logistic growth, 91, 269
Lorenz attractor, 95
Lotka integral equation, 415
Lotka–Volterra model, 98
Lyapunov coeﬃcient, 72, 73
maintenance model, 179
Mangasarian suﬃciency conditions, 120,
154, 159, 297
manifold
center, 43, 47
diﬀerentiable, 475
global, 44
local, 43, 44

manifold theorem for ﬂows, 43, 48, 62,
348
Markov
property, 107
strategy, 392, 393, 394
Markov perfect equilibrium, 405
MatCont, 97
mathematical epidemiology, 415
MATLAB, 97
matrix, 449
ODE, 33
product, 450
transposition, 451
maximizer, 469
existence, 470
maximum, 442
local/global, 189, 469
strict, 469
Maximum Principle
economic interpretation, 117–119
for autonomous system over inﬁnite
horizon, 160
for constrained variable time, 116
for distributed parameter models, 417
for general inequality constraints, 149
for inﬁnite time horizon, 156
for mixed path constraints, 144
for pure state constraints, 149
for variable terminal time, 116
proof of, 130, 222
with terminal constraints, 111
without terminal constraints, 109
Maxwell set, 272, 273
Mayer problem, 182
McKendrick equation, 415, 418, 432,
436
mean value theorem, 473
methadone maintenance treatment
(MMT), 317, 368–377
Michel’s theorem, 160
proof of, 484
Minimum Principle, see Maximum
Principle
mixed path constraint, 142, 145, 227,
281, 357
monodromy matrix, 82, 85, 303, 346
monopolist, 102, 178, 180
monotone function, 444

Index
most rapid approach path (MRAP),
134, 138, 141, 270
multilinear, 454
multiple drug use model, 316, 323
multiple equilibria, 185, 236, 261, 270,
309, 401
multiple optimal solutions, see
indiﬀerence point or DNSS point
multi-stage optimal control problem,
384–389
multivalued function, 97, 242, 249, 442
Musto hypothesis, 53, 316
Nabla operator, 417, 467
Nash equilibrium, 392
Markovian (MNE), 393, 394, 405, 411
open-loop (OLNE), 393, 395, 400,
403, 408
necessary optimality condition
of optimal control problem, see
Maximum Principle
of real-valued problem, 470
general, 199
of the calculus of variations, 216
second order, 470
needle variation, 184, 225
negative (semi)deﬁnite matrix, 451
neighborhood (topological), 461
neoclassical optimal growth model, 124,
268, 270
Nerlove–Arrow model, 421
Nerlove-Arrow model, 178
node, 38, 254
degenerate, 39
star, 39
nonadmissible direction, 197
noncooperative game, see diﬀerential
game, noncooperative
nondegeneracy condition (bifurcation),
59, 61, 72
nondiﬀerentiable
function, 465
value function, 164–165
nonhyperbolic equilibrium, 47
nonlinear ODE, see autonomous,
nonlinear ODE
nonsingular matrix, 450
nonsmooth
optimization, 128, 189, 437
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systems, 424
noopolitik, 307
norm, 459
topology, 461
normal
form, 57–62
problem, 112, 125
null matrix, 449
objective function(al), 106, 188
OCMat toolbox, VIII, 325, 381
ODE, 10, 17, 96, 105
autonomous, 13, 19, 111
nonautonomous, 19, 33
open set, 461
open-loop
Nash solution, 393, 400
open-loop Stackelberg equilibrium
(OLSE), see Stackelberg equilibrium
open-loop strategy, 392
optimal
arc, 108
control, 108
costate rule, 240, 241
dynamics, 239, 260, 264, 492
solution, 108, 188, 485
state trajectory, 108
vector ﬁeld, 249, 256, 371, 375
bifurcation, 260, 262
optimal control history, 101–104
optimal control problem, 127, 182, 188,
216
autonomous, 111
discrete, 195, 209
ﬁnite time horizon, 105
inﬁnite time horizon, 105, 155
lagged, see delayed system
linear–quadratic, 132
singular, 131
standard, 107, 148
stochastic, 422–423
with inequality constraint, 142
with variable terminal time, 116, 117
optimal costate rule, 245
optimal vector ﬁeld, 242
optimum, 470
orbit, 20, 25, 45, 60, 73, 349
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order
of arc, 133
of indiﬀerence point, 252
of problem, 133
of pure state constraint, 148, 149, 359
ordinary diﬀerential equation, see ODE
orthogonal, 81, 460
complement, 460
orthonormal, 460
outﬂow, 28, 69, 75, 139, 169, 279, 307,
388, 406
overtaking optimality, 156
partial derivative, 467
partial diﬀerential equation (PDE), 18,
383, 415
path, see trajectory
path-dependence, see historydependence
periodic solution, 22, 76, 317, 345, 353
persistent oscillation, 95, 322, 400
phase condition, 345, 346
phase portrait, 11
analysis, 166, 243–245
Picard–Lindelöf theorem, 18
piecewise continuity, 464
piecewise continuous derivative, 466
pilfering rate, 429
planning horizon, 101, see terminal,
time
planning the unusual, 186
Poincaré map, 83
Poincaré–Bendixson theorem, 50, 95,
399
pollution game, 430
Pontryagin’s Maximum Principle, see
Maximum Principle
positive (semi)deﬁnite matrix, 451
poverty trap, 270
predator–prey model, 91
preimage for a function, 442
present-value notation, 111
price dynamics, 93
principal agent game, 430
principal matrix solution, 33, 79
principle of optimality, 128, 252
production–inventory model, 179, 186,
271, 424

proﬁt of optimal control problem, 106,
118
public opinion, 306
pure state constraint, 142, 148, 153,
158, 178, 180, 183, 185, 225, 269,
357, 361
quasi-admissible direction, 198
quasiconcave function, 472
Ramsey model, 268, 272
ﬁnite time, 124–127
general constraints, 153–154
inﬁnite time, 165–167, 181
mixed path constraints, 145–147
rank
linear transformation, 448
matrix, 331, 450
rational addiction, 322
reaction function, 402, 412
real vector space, see vector space
real-valued function, 443
recruitment, 436
of drug users, 53
of honest people, 14
of terrorists, 27, 28, 89, 307, 387, 407
reducible matrix, 458
repeller, 13, 25, 30, 256, 262
repelling set, 24, 73, 347
reproductive value, 434
reputation
for counter-terror, 306
of a drug, 53, 55, 98, 285, 292, 317,
418
of a politician, 299, 428
resale value, 179
resonant term, 72
Riccati diﬀerential equation, 184
Riemann–Stieltjes integral, 476
right continuity, 464
right-hand side derivative, 466
Rosenzweig & MacArthur predator–
prey model, 91
row vector, 449
saddle path, see stable, path
saddle point, 38, 42, 45, 166, 264
stability, 45, 236, 299
salvage value, 106, 119, 160, 391, 425

Index
scalar product, 214, 456, 482
Schelling diagram, 271
scrap value, see salvage value
second derivative, 468
semistable
equilibrium, 25, 30, 64, 256, 262
limit cycle, 25, 321
separation theorems, 472, 481
set, 441
shadow price, 117, 145, 170, 208, 281,
298, 308, 394, 409
shallow lake model, 270
similar matrix, 457
single-valued function, 442
singleton, 113, 441
singular arc, 132, 138, 185
singular matrix, 450
sink, see attractor
SIR-model, 323
skew-symmetric matrix, 451
Skiba point, see DNSS point
social value of life (SVOL), 433
Solow growth model, 94
solution of
IVP, 17, 18
optimal control problem, 108
source, see repeller
span, 446
spiral, see focus
sporadically catching up optimality, 156
square matrix, 449
stability of an invariant set, 23
stable manifold, 38, 44, 82
computation, 347
BVP approach, 350, 353
IVP approach, 304, 346, 348, 352
dimension, 343, 497
global, 246, 264, 304
stable path, 45, 166, 168, 250, 262, 351,
371
Stackelberg
dominance, 405
equilibrium, 402, 403, 405, 412–415,
427
game, 402, 411
state
dynamics, 15, 17, 30, 105, 109, 138,
161, 209, 395, 421
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trajectory, 106, 116, 164, 168, 241,
242, 410
state-separable diﬀerential game, 395,
402, 404, 435
static optimization, 195–212, 323
steady state, see equilibrium
stochastic
diﬀerential equation, 423
diﬀerential game, 437
Hamilton–Jacobi–Bellman equation,
423
optimal control problem, 422–423,
437
process, 422
strictly in/decreasing function, 444
structural stability, 26
subgame perfectness, 405
subset, 441
subspace, 41, 57, 446
suﬃciency condition
of real-valued problem, 470
suﬃciency conditions, 393, 404
Arrow type
ﬁnite time, 121
inﬁnite time, 159
with constraints, 154
Mangasarian type
ﬁnite time, 120
inﬁnite time, 159, 297
with constraints, 154
of static optimization, 205–206
supergradient, 121, 472, 484
superposition principle, 33, 78, 92
supremum, 128, 442, 470
supremum norm, 463
surjective function, 443
susceptibles, 52, 89, 315
switching
function, 132, 135
point, 179
time, 384, 385, 387, 425, 427
symmetric matrix, 451
system dynamics, see state, dynamics
tabloid press, 395, 402, 430
tangent space, 475
Taylor theorem, 27, 48, 473
technological progress, 179
technology model, 320, 427
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terminal
constraint, 105, 107, 142, 149, 177,
185
state, 106, 136
time, 105, 116, 119, 127, 179, 195
terror, 10, 324
collateral damage, 27, 307, 407
game, 405–415, 427, 428, 435
law enforcement, 406
model, 89, 306–314, 379
ﬁre-and-water, 27–30, 90, 139–141,
378, 387
multi-stage, 386–389, 426
thief–police game, 429, 435
threshold point, 253
time consistency, 405
tipping point, 266, 271
tobacco dynamics, 51
Tonelli’s direct optimization method,
122
topological equivalence, 25, 60
local, 26
orbital, 25
trace of a matrix, 449
trajectory, 19, 23, 50, 106
transposed matrix, 451
transversality condition, 109, 112, 144,
150, 210, 490
calculus of variation, 220
diﬀerential game, 394
economic interpretation of the, 119
inﬁnite time, 161
diﬀerential game, 394
limiting, 159, 297
proof of the, 489–490
violation of the, 162–163
transversality condition (bifurcation),
62, 76
triangular matrix, 458
turnpike property, 178, 185
uniform continuity, 464
unit matrix, 450

unstable manifold, 38, 82, 304
unstable path, 45
unstable set, 24
unusual optimal control problems, 186
upper bound, 133, 442
upper triangular matrix, 458
US cocaine epidemic, see drug model,
cocaine epidemic
utility, 14, 106, 118, 180, 183, 296, 397,
425, 437
marginal, 119, 298
vaccination (optimal), 436
value function, 207, 232, 423, 470
of optimal control, 118
of optimal control problem, 108, 162,
164
nondiﬀerentiable, 249
sensitivity, see envelope theorem
variation, 215, 230, 492
admissible, 213, 215, 227, 491
variation of constants method, 96
variational equation, 27, 87, 303, 346,
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